NETWORKS AND HETEROGENEOUS MEDIA d0i:10.3934/nhm.2010.5.257
©American Institute of Mathematical Sciences
Volume 5, Number 2, June 2010 pp. 257—298

RATE-INDEPENDENT PHASE TRANSITIONS IN ELASTIC
MATERIALS: A YOUNG-MEASURE APPROACH

ALICE FI1ASCHI

IMATI-CNR
v. Ferrata 1
27100, Pavia, Italy

(Communicated by Claude Le Bris)

ABSTRACT. A quasistatic evolution problem for a phase transition model with
nonconvex energy density is considered in terms of Young measures. We focus
on the particular case of a finite number of phases. The new feature consists
in the usage of suitable regularity arguments in order to prove an existence
result for a notion of evolution presenting some improvements with respect to
the one defined in [13], for infinitely many phases.

1. Introduction. In the last years the energetic formulation of rate-independent
processes has been widely used to describe mesoscopic models for the isothermal
stress-induced transformation in crystalline materials (see, e.g. [2], [15], [19], [21],
[25], [26]).

Assuming that the reference configuration of the crystalline material is a bounded
region D C RY, the state of the system is determined by two functions: the defor-
mation v: D — RY and the internal variable z: D — Z C R, which takes into
account the phase transformations of the material.

In our framework, Z is a finite set {1,..., ¢}, representing the different phases
(or phase variants) of the crystal, and z represents the phase distribution of the
material. Then the stored energy of the system can be written as:

W(z,v) = /DW(z(x),Vv(x)) dx.

From a physical point of view, the energy functional should also depend on the
temperature, but we omit this dependence since we are dealing with isothermal
transformations. We assume that changes of the phase distribution of the material
lead to an energy dissipation, which is represented by

/ H (znew (), 2o1a(x)) dx,
D

where H is a metric distance on Z, z,q4 is the old phase distribution and zjeq
the new one. Moreover, we require that the admissible deformations satisfy a pre-
scribed time-dependent boundary condition ¢(t), which we impose on the whole
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boundary 0D to avoid some technical difficulties; for the same reason, we neglect
any contribution due to external forces.

The natural form for the stored-energy density W is a multiple-well potential
form (see [30], [29], [19], [15], [27], [28]), more in general we deal with a density
which does not satisfy any convexity assumption with respect to z. As in [13], this
lack of convexity gives rise to many technical difficulties, making unsolvable in usual
functional spaces the incremental minimum problems used in the construction of
approximate solutions (see [23] and references therein); it is also responsible for
the formation of microstructures (see, e.g., [19], [22], [31]). To overcome these
difficulties, many authors have proposed to introduce suitable regularizing terms in
the energy functional (see [2], [15], [20]).

To avoid any artificial regularization, in this paper we follow the same approach
of [13], and set the problem in a suitable space of Young measures, where the
incremental minimum problems can be solved.

Since we are assuming that the internal variable takes only a finite number of
values, we are able to give a more explicit description of the Young measure v which
is going to substitute the pair (z, Vv) in our extended setting: v can be written as

q
V=" bal0a ®Aa),
a=1

for suitable families (\y)o of Young measures on D with values in RV*4 and

(ba)a in L*(D;[0,1]), with }°_ by =1 a.e. in D. The energy associated to a pair
(b, A) = (ba, Aa)a of family of coefficients and Young measures will be indicated
with (W, (b, A)).

In our language, when a Young measure with values in Z is representable by a
function z, the corresponding family of coefficients b is defined by

ba = lizeD : 2(a)=a} for every a.

In this case the Young measure representation can be interpreted in the following
way: the material assumes a pure phase distribution, i.e., to every point x is associ-
ated a pure phase v € Z. While in the general case we say that the material has a
mized phase distribution meaning that at each point z we have a mixture of phases
a with volume fractions b, ().

Many authors have proposed relaxation of nonconvex problems in terms of Young
measures (see [19], [24], [22], [26], [28], [6], [4], [5], [32]). A key point in the analysis
of our model is related to the relaxation of the dissipation functional.

In order to express the energy dissipated between two times s and ¢ in terms of
Young measures, we need to deal with a measure on D x Z2, coupling the measures
s and py associated to s and t respectively. To this end, some authors consider
a measure coupling ps and gy in an “independent” or “non-correlated” way (i.e.,
a measure with disintegration (u* ® uf),), or the Wasserstein distance between s
and pu; (see, e.g., [19], [27], and [22]). In these cases, the dissipation distance is
univocally determined by ps and p (in our language, by (b%), and (b))

We adopt, instead, the approach proposed in [7], and followed in [8] and in [13],
based on the notion of compatible systems of Young measures, introduced in [9].
Our discrete setting again allows us to deal with a more explicit expression for these
objects: every compatible system of Young measures p on D, with time set A and
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values in Z can be written as

— t1~~~t7n
ity = E bal...amé(ah...,am)a

(0‘17“-;04771)

m

for a suitable family (btojlff?am)(al,...,am) in L>°(D;|0,1]) satisfying
1 m
Z bgl'.'fam =1 ae. inD,
(0‘1 ,,,,,Ozm)

for every t; < -+- < t,, in A (for the precise definition of compatible systems of
Young measures, see Section 3, p. 6). According to our statistical interpretation,
if we consider two time instants s < ¢, bgfﬁ(x) represents the volume fraction at x
undergoing the phase transition from « at time s to 3 at time ¢, and the energy
dissipated between s and ¢ is given by

< H,b*" >:=) H(S,q) /D bils(x) da.

af

The knowledge of b’ and bf, separately does not keep the complete information
about the energy spent in the transition. Indeed, if we consider the case of a
homogeneous phase distribution b}, = 1/q for every «, and we suppose that the
material undergoes a transition from s to ¢ just permuting the phases and leaving
the volume fractions unchanged, we have b' = b°; hence the dissipation computed
using only b® and b is 0, while the dissipation energy computed using b*" depends
on the permutation and it is different from zero. Therefore, our description seems
to give a more realistic picture of the dissipation phenomenon, if compared with the
one proposed in [19], [27], and [22], which only take into account the contribution
of single time instants.

The aim of the paper is to prove an existence result for the quasistatic evolution
in a time interval [0, T, defined as a pair (b, A) formed by a family of coefficients and
a family of Young measures, and satisfying an admissibility condition, a suitably
reformulated stability condition, and an energy balance.

The admissibility condition requires suitable approximation properties by means
of functions which satisfy the boundary condition. Due to the technicalities in
this condition, we do not want to enter in the details of these properties here (see
Section 5); we just point out that they guarantee the Young measure b AL s
a “Gradient Young Measure”. This means that it can be generated by a sequence
of gradients; in particular it satisfies the conditions proven in the characterization
provided by Kinderlehrer and Pedregal in [18]. Unfortunately, in our case these
properties are not enough to describe the elements of the admissible set of solutions.
Indeed we do not only ask the measure ) b, A\’ to be a Gradient Young Measure,
but we also need a connection between the sequence of gradients approximating
> b’ AL | and the sequence of functions approximating b:,. for subsequent times

a Tatar ot
t1 < .-+ < ty, in order to preserve some good properties of the set of admissible
solutions.

The stability condition is a global minimality condition satisfied by the evolution
at each time ¢, but the set of competitors is a proper subset of the admissible pairs;
for this reason we call this condition partial-global stability.

A natural class of tests for the minimality condition can be obtained by modifying
the evolution (b, A) at time ¢ with permutations of the phase volume fractions (b)),
and the measures (A.),. The competitors (b, \) constructed in this way can be
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written in the form (M - b", M - A"), where M is a ¢ x ¢ matrix with entries equal
to 0 or 1 and exactly one nonzero entry on each column and row: M - b", M - A
represent the product of the matrix M and the vectors (b.)a, (A,)s respectively.
The minimality condition for this class of competitors is as follows

(W, (6", X)) < (W, (b, X)) + H(b,b"), (1.1)

where
H(b, b)) = g H(G, « M, Oth dzx.
( ) ) o ( ) )/ B8 a(I)

The class of tests can be enlarged by including the pairs obtained with the trans-
lation of the measures (Ag)s by gradients of functions @ € Hg(D; RN): hence (1.1)
holds true for (b,A) = (M - b", Tga(M - A")). A further extension of the class of
competitors is possible: we are able to prove the minimality not only with respect
to permutations (i.e. Mg, = 0,1) but also with respect to rearrangements of the
phase volume fractions (b’,), and the measures (A,,),: in this case M is a measur-
able map on D with values in a special set of ¢ X ¢ real matrices. The elements of
this set are the matrices with nonnegative entries such that the sum of the entries of
each column is 1; in probabilistic language they are called stochastic matrices (see,
e.g., [1, Part 2]), and their entries Mg, represent the probability of a transition
from phase « to phase §. In our model, Mg, (z) is the proportion of the volume
fraction at z originally in phase a undergoing a phase transition to 8. According
to the picture described so far, the quantity

H (B, a) Mpa ()b, ()

can be interpreted as the energy density dissipated at the point x by the phase
transition from « to 3. Therefore, the following expression

H(b,b):aZﬁH(ﬁ,a)/DMga(x)ba(:c) dz

represents the energy which would be dissipated on the whole domain D, if we
performed the microscopic phase transition determined by M.

We observe that any other phase distribution (Bﬁ) g can be obtained by the action
of a suitable stochastic matrix: indeed, it is enough to choose Mg, (x) := l;g(x) for
every «, 3.

From the stability property we can deduce a pointwise condition. If we call
active at = the phases a for which b’ (z) > 0, then the Euler equation for the
internal variable can be written as follows: for a.e. x with active phase a, we have

W (a, F) d(Xg)*(F) < W (B3, F) d(A)" (F) + H(f, ),
RN xd RN xd
for every 8. According to the above physical picture, this condition can be inter-
preted as an optimality condition of the active phases. Clearly, an Euler equation
for the deformation can be derived as well: it is the classical equilibrium condition
on the stress o (see Remark 5.5 for the definition of o).
The energy equality expressed in terms of (b, A) takes the following form:

(W, (b, A1)} + Dissy (b; 0, 1) = W(ZO,UO)JF/O (o (5), Voo (s))a ds,
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for every ¢ € [0,T], where ¢ is the time-dependent boundary condition. The dissi-
pation Dissy (b;0,t) is defined by

k
Dissy (b; 0,t) := supZZH(ﬁ,a)/D b (x) dr,
i=1 af
where the supremum is taken over all partitions 0 = sy < -+ < s, = t of the
interval [0, ¢].

The proof of the existence theorem (Theorem 6.3) follows the classical scheme
of time-discretization, resolution of incremental minimum problems, and passage to
the limit in the sequence of approximate solutions.

The main new feature concerns the choice of the solutions to the discretized
minimum problems. In the spirit of [11], we use the Ekeland Principle to choose
minimizers satisfying special approximability properties. Then the regularity results
for quasi-minima of integral functionals (see [16]) are used to prove a uniform bound
on the moments of order 2r > 2 of the selected minimizers, and consequently of
the approximate solutions (bfl, )\;) As a by-product of this selection, we get the
continuity of the functional

(bl Xn) = (W, (b, X))

Thanks to this continuity, we are able to obtain in the limit the stability condition
and the energy equality written above, which improve the notion of quasistatic
evolution proposed in [13]. Under weaker assumptions on W than in [13], we can
obtain a better notion of stability, since the minimality property is now satisfied
with a quite large set of competitors including all possible rearrangements of the
phase distribution. Moreover we can obtain not only an upper energy estimate as
in [13], but a complete energy balance.

One technical point in the proof of the stability condition is the approximation
of the right hand-side of (1.1) by integrals corresponding to functions satisfying
the prescribed boundary condition. This is done by adapting to our problem the
classical Riemann-Lebesgue Lemma.

The proof of the lower energy estimate requires a more delicate argument than
in the standard case (see e.g. [15, Step 5, p. 7]). Usually the proof of this estimate
is based on a suitable minimality property guaranteed by the stability condition.
In our case, due to the restriction of the set of competitors in the partial-global
stability, we can only prove a weaker version of this minimality property, using
the continuity provided by the regularity argument. This fact makes more delicate
the last step of the proof, where we need to approximate a Lebesgue integral with
Riemann sums.

The outline of this paper is as follows. In Section 2 and 3 we provide some
mathematical preliminaries and technical tools. In Section 4 we fix the setting
of the problem. In Section 5 we describe the admissible set where we look for the
quasistatic evolution, which is defined in Section 6. Section 7 is devoted to the proof
of the existence theorem, and finally in Section 8 we derive the Fuler equations for
the partial-stability condition.

2. Mathematical preliminaries. The symbol 15 indicates the characteristic func-
tion of a subset B of R, The Lebesgue measure on R%, d > 1, is denoted by £%; we
sometimes use the notation |FE| for the Lebesgue measure of a measurable subset
E of RY. The Borel o-algebra on D is denoted by B(D). For 1 < p < +o0, || - ||,
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is the usual norm on LP, while W1 ?(D;RY) denotes the usual Sobolev space of
all L? functions from an open domain D C R? into RY with LP first derivatives.
We indicate W12(D;RY) with H'(D;RY). The symbol (-, )2 denotes the duality
product in L?. Given a function f € Ll(D) and a measurable subset Q C D, the
mean value of f over @ is denoted by (f)q , i.e.

fa = |Q|/f

We recall the well-known following lemma.

Lemma 2.1. Let f € L*(D), and consider a finite measurable partition (D;)!_; of
D. The projection of f onto the space

K:={geL*D) : g|p, is constant for everyi=1,... I}
18
I

PK(f) = Z(f)leDw

i=1

The symbol qufq denotes the set of all stochastic matrices of size g X ¢, i.e. the
set of all matrices (Mgq)g,o With

e 0 < Mg, <1 for every a, 3,

e > 5 Mg =1, for every a.

For the notion of quasi-minimum and the related results, we refer to the Appen-
dix.

3. Young measures and discrete sets of values. For the mathematical pre-
liminaries about measures and Young measures we refer to [13, Section 2 and 4].
Here we just recall a definition and fix some notation.

Given a sequence (pu)r of Young measures in Y (D;R"™), we say that up — u
p-weakly ™, for 1 < p < oo, if

e 1 — p in the weak™ topology of the space of bounded Radon measures on

D x R™,
e the p-moments of (ug)g

/ € dpun (e, €),
D xR™

are equibounded.

Let (©2,F) be a measure space, E a finite dimensional Hilbert space, and u €
Y (D;E). For every bounded measurable function g: D — R, the product gu is
defined by

0. dlan)(w.€) = [ @)oo, €) du(o. ),

for every bounded Borel function ¢: D x = — R. For every B(D x Z)-F-measurable
function f: D xZ — €, the image measure, defined by u(f~1(B)) for every measur-
able set B C 2, will be denoted by f(u). In particular, if we define the translation
map T assocw,ted to a function G € L'(D;Z) by

Tc(z,€) == (z,§ + G(x)), fora.e.xz € D and every € =, (3.1)

Dx=
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for every measure p € Y(D;E) we can consider the translated measure Tg(u),
defined by

o(2,€) dla(p)(z,§) = ¢(x,§ + G(x)) du(,§), (3-2)
DxE DxZE
for every bounded Borel function ¢: D x = — R. If p = (i), is a finite family
in Y(D; =), we denote by 7¢(p) the family of translated measures (7 (i), .
Given & € E, the measure ¢, € M;(Z) is defined by

[ 1 43,0 = 1(&),

for every bounded Borel function f: E — R; fixed a B(D)-B(Z)-measurable function
u: D — E, the Young measure 8, € Y(D;Z) is defined by

/DXEg(x,g) déu(x,g):/[)g(x,u(x)) dz.

for every bounded Borel function g: D x & — R. In particular d¢, is the Young
measure associated to the constant function u(z) = &y, which should not be confused
with the measure dg,.

We recall the statement of a lemma which will be useful in the regularization
of the approximate solutions. We will use the statement of Fonseca, Miiller, and
Pedregal (see [14, Lemma 1.2]).

Lemma 3.1. (Decomposition Lemma) Let (v;); be a bounded sequence in H'(D; E).
Then there exist a subsequence (vj )i of (vj);, and a bounded sequence (wy)x in
HY(D;E), such that (|Vwg|?)y is equiintegrable and

L{vj, # wg or Vv, # Vwg}) — 0, (3.3)

as k — oo.

In the whole paper D is a bounded connected open subset of R% with Lipschitz
boundary; Z denotes a nonempty finite subset {1,...,¢q} of R™, and H is a metric
on Z; A C R denotes a set of indices.

The space of Young measures on D with values in Z is indicated with Y (D; Z)
and the space of compatible systems on D with time set A and values in Z is denoted
by SY (A, D; Z). We recall that a compatible system of Young measures on D with
time set A and values in Z is a family p = (py, 4 )t,..1,, of Young measures
Wy, g €Y (D;Z™), with t; < --- < t,, varying among all strictly increasing finite
sequences of elements of A, satisfying the following projection property:

~t1...tm —
7T511...sn (ll’tl,.,tm) - p’sl...sn7
whenever {s1,...,sn} € {t1,...,tm}, where 7l1-tm: D x Z™ — D x Z™ is defined
by ﬁ-g?:(xv gy yeney atm) = (Ia [EZIRRRE )asn)'
It is easy to see that p € Y(D; Z) if and only if it can be written as

q
p="> baba, (3.4)
a=1

where b, are functions in L>°(D; [0, 1]) satisfying the condition

q
Z bo(z) =1, forae. x€ D. (3.5)
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In disintegrated form, formula (3.4) can be written as
q
nr = Z bo(2)0s for ae. x € D.
a=1

Therefore Y (D; Z) can be identified with the set of all families b = (by)%_; in
L*>(D;0,1]) satisfying condition (3.5).

Set @' = {1,...,q}". If p € SY(A,D;Z), then for every t; < --- < t,
in A there exists a finite family b = (b 'n Vo, amews in L(D;[0,1]),
satisfying the property

Yoo bl (@) =1, forae zeD, (3.6)
(a1,...an) €/
and such that
Hiy .t = > bl e Blan,an)s (3.7)

(ar,...,an)ELN

for every finite sequence t; < --- < t,, in A. The projection property of compatible
systems can be reformulated in a simpler way using this language: given any finite
sequence t; < --- < t,, in A, we have

a
t1..ti—1tig1...tn . ti.tic1titigr...tn
ba1~~~ai—10¢i+1~~~0¢n - E :bal...ai,lﬁai+1..,an7 (38)
B=1
: n—1 .
a.e. in D, for every (a,...,0—1,Qi41,...,Qp) € A and every ¢ = 1,...,n.

Therefore we can identify the space SY (A, D;Z) with the set S(A, D,q) of all
families b = (b "), <...<t,,, with t; < --- < t,, varying in A, such that " =
BE " Yo, an)eay satisfy properties (3.6) and (3.8).

If A is a finite set with n elements, we write A(D,n,q) to indicate the set of
all families of coefficients (ba,...a,)(as,....an)een 0 L%(D;[0,1]) satisfying (3.6).
A(D,n,q) can be seen as a generalized version of the Gibbs simplex associated
with the pure phases é1,...,é4 € R?" | where ¢; is the jth unit vector.

Let A = [0,T]. Using the previous identification, we can rewrite the H-variation
of a compatible system p € SY (A, D; Z) in the interval [, d] C [0,T] (see [13, (4.9)])
in terms of the family b corresponding to p: Varg(w; ¢, d) = Dissy (b; ¢, d), with

k
Dissy (b; ¢, d) := SupZZH(ﬁ,a)/ btof[;lti (x) dx, (3.9)
D

i=1 af

where the supremum is taken over all finite partitions ¢ =ty < --- < t, = d of the
interval [e,d] (with the convention Dissg (b;c,d) =0, if ¢ = d).

It is easy to see that given a sequence (u*) = (30, 058, ), in Y/(D; Z), pb —
p=>32_,ba8, weakly* in Y(D; Z) if and only if b% — b, L>-weakly*, for every
a=1,...,q. Therefore a compatible system p € SY ([0, T], D; Z) is left continuous
if and only if the correspondent b € S([0,T], D, q) satisfies the following property:

for every finite sequence t; < --- < t,, in [0, 7]
S1...8n  _ pli-tn [e'e]
by bl [ weakly*, (3.10)

Qi Qi

as s; — t;, with s; € [0,T] and s; < t;, for every (ay,...,a,) € &,". We denote the
set of all b € S([0,T7], D, q) satistying (3.10) by S_([0,7], D, q).
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Definition 3.2. Fixed a sequence 0 = t; < -+ < t,,, = T in [0,7T], and given
a family (ba,..am)(ar,..., am)edm 1D L*>°(D;|[0,1]) with Z(al VVVVV
in D, we define b**“ € S([0,T], D, q) as the family corresponding to the piecewise
constant interpolation of the measure p = Z(al___am) bay...amO(ay,....an), as defined
in [13, Definition 4.12].

am) bay...a, = 1 ace.

.....

More in details, for every finite sequence 73 < -+ < 7, in [0,T] such that for
every j = 1,...,m there exists i = 1,...,n with t; < 7; <t;41, we have
0 if B; # Pig1 with t; <7 < i1 < tjpr
(bpwc)gll'.'.'.gl = for some ¢ and j

bas...a,, Otherwise,

for every (B1,...,0,) € &

We can reformulate Helly’s Theorem for compatible systems of Young measures
(see [13, Theorem 4.10]) in the discrete setting as follows.

Theorem 3.3. Let (b"); be a sequence in S([0,T], D, q) such that Dissg (b*;0,T) <
C, for a finite constant C' > 0 independent of k. Then there exist a subsequence,
still denoted by (b%)y., a set T C [0,T] containing 0 and such that [0,T]\ T is at
most countable, and b € S_([0,T], D, q) with Dissy(b;0,T) < C, such that

(M)eya, = e, L -weakly®, (3.11)
as k — oo, for every finite sequence t1 < --- < t, in T, and every (aq,...,an) €

;.

Now we state a lemma to describe the canonical form of the space Y?(D; Z x
RN *4) of all Young measures on D with values in Z x RY*4 and finite p-moments,
for 1 < p < 4o0.

Lemma 3.4. A measure v is an element of YP(D; Z x RVN*) if and only if it can
be written as

q
V= ba6a ®Aa), (3.12)
a=1
where (by)L_, is a family in L*°(D;[0,1]) satisfying (3.5) and, for every a =
1,...,q, Ao is a Young measure on D with values in RN*¢ such that
/ bo(2)|FIP dAa(z, F) < o0, (3.13)
D xRN xd
for everya=1,...,q.

Proof. For every « = 1,...,q, let us consider b, € L>*(D;[0,1]) and a Young
measure \, € Y (D;RY*) satisfying (3.5) and (3.13). It is immediate to see that
the measure defined by (3.12) is an element of Y?(D; Z x RN*4),

On the other hand, if v belongs to € YP(D;Z x RVN*?) and (v%),ep is its

disintegration, for a.e. x € D and every o = 1,...,q we define
bo(z) := % ({a} x RV*d); (3.14)
let us fix a probability measure w on RV*?; for a« = 1,...,q and for a.e. z € D let

us define a probability measure A2 on RV*? by setting for every B, € B(RN*9)

vidaixBa) ipp (2) £0

A (By) = { ba ()

w(By) if bo(x) =0 (3.15)
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By construction b, is measurable with nonnegative values for every a,, Y2 _ by (z) =
v (Z x RVN*4) =1 for a.e. x € D, and (\2), is a measurable family of probability
measures satisfying (3.13), for every « . It is now immediate to see that the measure
7 whose disintegration is given by

q
7" = ba(2)(0a ® A) for ae. x € D, (3.16)
a=1
is exactly v. Indeed every Borel subset B of Z x RNV*? can be written as the union

of disjoint sets of the form {a} x B,, for suitable B, € B(RV*4), for a =1,...,¢;
hence we have

q
v(B) = Zba(x))‘Z(Ba)
a=1
q
v*({a} x Ba)
= ) bala)———— =v"(B).
a=1 ba(.’IJ)
O
Remark 3.5. The functions b, and the measures b, A\, @ = 1,...,q, satisfying

the properties described in the previous lemma are uniquely determined by v. In
particular if we consider the disintegration of Ay, (A%)zep, we obtain that AZ is
uniquely determined for a.e. z in {z € D : by(z) > 0}.

Remark 3.6. Let vF =3 b (6, @ A5), v =" ba(da ® Aa) belong to YP(D; Z x
RNV>4) A simple computation shows that a sequence (v*), in YP(D; Z x RV*d)
p-weakly* converges to v € YP(D; Z x RV*4) if and only if

VENE b\, p-weakly* (3.17)
forevery a =1,...,q.

Remark 3.7. For every a = 1,...,¢, let (b", \")}, be a sequence in L*>(D; [0,1]) x
Y (D; RV*4) satisfying (3.5) for every h, and

sup/ bl (x)|F|P d\! (z, F) < C,
h  JDXRNxd

for a positive constant C, for every a. Then there exists (by, \o) € L°(D; [0, 1]) x

Y (D; RNV*4) for every a, satisfying (3.5) and (3.13), and such that, up to a subse-
quence,

b —~ b, L*®-weakly*
AN~ BNy p-weakly*,

as h — oo.

4. The mechanical model. The reference configuration is the set D introduced
in the previous section.

We indicate the deformation with v and the internal variable with z.

We denote the stored energy density by W: Z x RV*4 — [0, 400) and the dis-
sipation rate density by H: Z? — [0,+00). For every a € Z and F € RV*? we
make the following assumptions:



RATE-INDEPENDENT PHASE TRANSITIONS IN ELASTIC MATERIALS 267

(W.1) there exist two positive constants ¢, C' such that
o|F[ = C < W(a, F) < C(1+[F);

(W.2) W(a,-) is of class C! and

oW

(H.1) H is a metric on Z2.
Let W be the functional

W(z,v) = /DW(z(x),Vv(x)) dx,
for every z € L>(D; Z) and every v € H'(D;R"Y), and H the functional
H(z, %) ::/ H(z(z),2(x)) dx,
for every z,z € L>®(D; Z). ’

Given two distinct times s < t, the global dissipation of a function z: [0,T] —
L>°(D; Z) in the interval [s, t] will be

k
Varg (z;s,t) := sup Z H(z(1:), 2(Ti=1)),
i=1
where the supremum will be taken among all finite partitions s = <7 < -+ <

T = t.

The prescribed boundary datum on 9D at time ¢ is denoted by ¢(t); we assume
@ € AC([0, T]; WhP(D;RYN)), with 2 < p < 4o00.

The kinematically admissible values at time ¢ for v are those which make the total
energy finite and satisfy the boundary condition, i.e., v = ¢(t) on 9D H? '-a.e. (in
the sense of traces).

5. Admissible set in terms of Young measures.

Definition 5.1. Given A C R and w: A — H*(D;RY), we define the admissible
set for the time set A and the boundary datum w, Ad(A,q, w), as the set of all
pairs (b,A) € S(A,D,q) x (Y/(D;RN*4)2)4 such that property (3.13) (for p = 2)
is satisfied by bg)\’;, for every av and t, and the following condition holds: for every
finite sequence t; < --- < t,, in A, for every i = 1,...,n, and every k € N, there
exist a measurable partition (D%¥)?_, of D and a function v¥ € w(t;)+ Ha(D; RY)
such that:

(1) for every (ai,...,q,) € 2

1D(1M,1xc Lok = biltn  L-weakly*, as k — oo
2) for every i = 1,...,n there exists a subsequence (k?);, possibly depending on
773
i, such that
1 iwidypi, — bl 2-weakly*, as j — oo
Dy ? ki
forevery a=1,...,q.

The following remark compares the notion of Ad(A,q,w) with the notion of
admissible set in terms of Young measures AY (A4, Z, w), as defined in [13, Section
6.2].
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Remark 5.2. Given A C R and w: A — HY(D;RY), let us consider (b,\) €
S(A, D, q)x (Y (D;RV*H) A with (b', A') satisfying (3.13) (for p = 2), and (v, ) €
Y2(D; Z x RN*N)A x SY (A, D; Z), satisfying

q

v, = Z b (6o @ ALi), for every t € A
a=1
By p, = Z bg{ff&l&(m,...,an) for every t; < --- < t, in A.
(a1;~~~7an)
Then (b, ) € Ad(A,q,w) if and only if (v, u) € AY (A, Z, w), i.e. for every finite
sequence t; < --- < t, in A there exist sequences (zF), € L>(D;Z), (vF), C

w(t;) + HY(D;RY), for i = 1,...,n such that
(appl)z; we have

Ok ak) = My, g, Weakly™, (5.1)

as k — oo
app2)z for every i = 1,...,n, there exists a sequence of integers (k%);, possibly
2)y fi =1 th ist f int k;); ibl
depending on 7, such that

6( i k;;) — vy, 2-weakly™®, (5.2)
z;7,Vu,

as j — 00.

Indeed, given (D%F),satisfying the approximation property for b% we define z¥ by

2F(z) = a whenever x € D%F, or equivalently, given zf satisfying the approximation

? .
property for v, we consider D4 .= {z € D : 2F(z) =a}, fora=1,...,q.

The closure properties of Ad(A, ¢, w) are described by the following lemma, which
is the formulation in our discrete setting of [13, Lemma 6.7].

Lemma 5.3. Let (w’); be a sequence of functions from A into H*(D,R™), such
that w’(t) — w(t) strongly in H', for every t € A and let (b,\) € S(A,D,q) x
(Y (D; RN XA yith (b*, X" satisfying (3.13) for p = 2, for every t € A. Assume
that for every finite sequence t1 < --- < t,, in A there exists a sequence (bj,)\j) €
Ad({t1,.. . tn},q, w’) such that

(b)) ta, = bl L -weakly™, (5.3)
as j — oo for every (au,...,an) € 1, and such that for every i there exists a

sequence of integers (ji)n, possibly depending on i, satisfying
((Bm)E (W) — BN 2-weakly™, (5.4)

as h — oo for every o =1,...,q. Then (b,A) € Ad(A, q,w).

The following lemma will be used in order to provide a class of competitors for
the discretized minimum problem in Section 7.1.

Lemma 5.4. Let 0 < t1 < -+ < t,, < T be a finite sequence in A. For every

j=1,...,m, let us consider v; € w(t;) + Hi(D;RY) and a measurable partition
(DI)E_, of D. Let M: D — ML, 2+ (Mpo())ga be a measurable map, and i

an element of H} (D;RY).
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Let (v, ) € Y2(D; Z x RN*){titm} 5 SY2({ty, ... tm}, D; Z) be defined by

vy, = ZMﬁalD;"(s(ﬁ,va-‘rVﬁ)v
a,p
vy, = Z 1pib(a,vo,) for every j <m,
a=1
Byt = Y. Mpalpy oo Lpm=1 1Dp0(ar,.am-1,8)-

Then (v,p) € AY {t1,...,tm}, Z,w).

Proof. Let us consider first the particular case of M: D — M%?q constant.

Fix o € {1,...,q} and define a measure v¢ on D x Z x RN*d by
V?m = ZMﬁalD;”‘s(ﬁ=Vﬁm)=
B

where ¥y, := vy, + @ Consider a measurable partition (S§)s of the unitary cube
[0,1]¢, with |S§| = Mg, for every (3 (it is possible to find such a partition since
0 < Mgy <1 and Eﬁ Mpga = 1, by the hypotheses on M). Let us now define a
measurable function 2°: [0,1]¢ — Z by setting

2%(x) = forae xeSj,

for every 3 =1,...,q, and extend it by periodicity to all R?. For every 6 > 0, the
function z§': RY — Z defined by z§(z) := 2%(%), for a.e. z € R?, is d-periodic. By
the Riemann Lebesgue Theorem, we have

Liverd : z8(a)=p) — Mpa L -weakly*,

as § — 0. Let now 1 € Co(D x Z x RNV*4) = Cy(D x RN*4)Z; we have

q
1D;" (I)d)(I,E?(ZE%Vﬁm( - le Z z, B, V’Um ))1{16Rd :2(‘;‘(1):6}($)7

for a.e. 2 € D, and the function = +— 1pm (2)Y(x, B, Vi, (x)) is in L*(D) for every
(. Hence we can deduce that

/ ¢($=%F) d(nglé(E?,V'Dm))(xa’-y?F)
DxZxRNxd
:/ Lpm (2)¢(x, 2§ (1), Vi, (z)) do
D
=3 [ 102000, 8. Vm (@) 1ve 511 @) da
5 /D

@) ; /D Mﬁangl (517)1/)(517a 67 V'Dm (.I)) dx

_ / W(a,, F) dWw§ ) (@,y, F).
DX Z xRN xd

Defined Z5: D — Z by Z5(z) := 2§ (z) if x € D!
v, 2-weakly*, as § — 0.

we can conclude that §z, 5,.) —

)
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We observe that

R Z MﬁalDél o 1Dmm11 '1DgL5(a1 ..... am—_1,0)
Q1o — 1,0, 3
— ZMﬁﬂtleé(zl _____ zm—1 ﬁ),
af
where 27 (z) := o whenever x € D, for j = 1,...,m — 1. Therefore, we can apply

the same argument used for vy, to p,, , ~anddeducethat o, . .. . ) = My 4,
weakly* as § — 0. Hence it is enough to consider a sequence §* — 0, and, for every
k, zjk = z; for j < m, 2k = Zsk, vf = v; for j < m, and vk = ¥, to obtain the
required approximation properties considered in Remark 5.2

Consider now the case of Mg, in C1(D). Fixed a positive parameter e, consider

a finite family (QZ) of disjoint cubes in R¢, with diameter ¢, covering D, and set

. 1
Mpgy)t = (M iaD = ——— Mpgo(x) da,
( 501)5 ( ﬁQ)QsﬁD |Qé N D| QinD Ba( )
for every i = 1,...,I(¢), and every «, . For a fixed «, we can define a measure v
on R% x Z x RN*? by setting
I(e) ¢
Z Z Mﬁa 1Q1 1D7n6(ﬁ Vm)-
i=1 g=1
Let us fix ¢ = 1,...,I(e) and reproduce the arguments used in the constant case:

consider a measurable partition ((S2)§)s of the unitary cube [0,1]%, with |(SZ)°‘| =
(Mga) for every (8 (it is possible to find such a partition since ZB(M[M)
|QimD\ meD >3 Mpa)(z) dz = 1, by the hypotheses on M), and define the map

(Z9)L: R? — Z as the 1-periodic measurable function satisfying

(2*)i(x) =B for ae. x € (S;)g‘,

for every = 1,...,q. For every 6 > 0, consider the function (20‘);5: R — Z

defined by (2*)% 5(z) := (2*)(%), for a.e. z € R%. Fixed €, we obtain as before that
1D&n(5(gg5)f}m) — I/? 2—Weakly*, (55)

as § — 0, where 2%;: R — Z is the function defined by 22, := 1% 1Q1( *)L 5

Now we want to show that ve — g 2-weakly™ as ¢ — O.
For every v € Co(D x Z x RN*4) we have

‘/ ¢($=%F) dV?m($,77F)—/ 1/’(957%F) dV?(,CC,’}/,F)‘
DX Z xRN D

xd X Z xRN xd
_’Z/ |(Mpa(e 21@ )(Mpa): (@) | (@, B, Vi (@) da|.

Since for every x € D there exists a unique i, = 1,...,I(¢) with x € Q%, we have

I(e)
M) = 3 Lo (DO = 5o (0) = (o)1 < [V Mol
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for every z € D' and every 8 =1,...,q. Therefore we have
‘/ ¢($=%F) dV?m($,’77F)—/ 1/’(957%F) dV?(,CC,’}/,F)
DxZxRNxd DX Z xRN xd
<D IVMgallool¥ | De,
B

which tends to 0 as € — 0.

Since Y (D; Z x RV*?) is contained in a bounded subset of the dual of a separable
Banach space, it is metrizable with respect to the weak* topology. Let us denote
by d a metric inducing on Y (D; Z x RV*9) the weak* topology, so that we have

o d(v2,vg ) —0ase— 0;
e for every fixed ¢, d(1pn 0z, vi),Ve) — 0asd — 0.
Applying as before the same argument to p,, , , we deduce, using a diagonal-
ization argument, that there exist sequences d; — 0 and e, — 0 such that
(1) for every a, 1pmdza \ Vumva) = V§ 2-weakly* as k — oo;
@ B m
(2) for every «a, we have
Lppd(t, emze )= Y Mgalps - clpmet 1pmd(ar, e 1.0)
A1y —1,3
weakly™®, as k — oo.
Now it is enough to define 2. 5: D — Z, by Zz 5 := >, 1pm 2, to prove the thesis.

It remains only to treat the general case of Mg, € L°°(D). We can reproduce the
same construction proposed in the C'-case; the only difference is that we have to use
an approximation argument to show that v2 — v 2-weakly*. Indeed it is enough
to consider, for every 3, a sequence (Mﬁa)n in C'(D), with M3 — Mg, strongly in
L'(D), as n — oo, and let (M}, )L := (M},)qinp- Forevery ¢ € Co(D x Z x RN*d),

we have

[ e B a @) - [ e ) detF)
DxZ xRN D

%d X ZXRNxd
| / ) ZMﬁa@wx,ﬁ,wm@) da

I(e

/ Z 1Q’ Z Mﬁa)éd}(xvﬁv Vo, (z)) d:c‘
b 5

a =1

<’Z/ (Mo — M3,)(= 21@ )Mo = M) (e, B, Vi (2)) d:z:’

I(e)

+ ‘ Z/n Mﬁa Zl@ )(M,)%(x )}1&(%5, Vo, (z)) dx‘.
8 u

We know that
I(e)
|Mﬁa Z 1Ql Mﬁa | - |Mﬁa( ) (Mga)zsﬂ < ||VMga||0057
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for every x € D' and every 3 =1,...,q. On the other hand, using Lemma 2.1, we
can deduce that

/ (Mo — M)z Zl@ )(Mpo — M2))| da

< [ Mpo - M3, @) o

Let us now fix 1 > 0; choosing i such that ) 5 || Mg — M, [l1][¥]lcc < 1/2, we have

|/ Ve, F) g, (w0, F) - Y@, F) dv (., F)| < .
Dx ZxRNxd DxZ xRN xd

for every e < &, := (25 [IVM},[lco|[¥]lco| D|)~"; therefore we obtain that ve —
v 2-weakly* as ¢ — 0 and we can prove the thesis as in the previous case. |

Remark 5.5. If (b, A) € Ad(A, q, w), for every t € A there exists a unique function
v(t) € w(t) + HY(D;RY) such that Vo(t) = Y bl bar(A,); moreover, for every
t € A, the function o (t) representing the stress and defined by

q
= bel(:v / oW (o, F) d(AL)*(F) for a.e. z €D
RN xd 3F

belongs to L2(D; RN *4).

6. Definition of quasistatic evolution and main result. First of all we fix
some notation and give the definition of quasistatic evolution in the discrete setting.

We will use the following compact notation: given an admissible pair (b, ) €
Ad(A, q, ), we will write

(W, (6", X)) = Z/D RNdeg(:c)W(a,F) A\ (z, F),

H(b',b%) = (H,b%) = aZﬁH(ﬁ,a)/Dbiﬁ(x) dr,

for every s < t in A. To describe the set of competitors for the stability condition
satisfied by the quasistatic evolution, we need to introduce some other notation.
Given a measurable map M: D — MSt , we consider the following operators:

My A(D,1,q) — A(D,2,q)
(ba)a +— (Mgaba)(a,p)
and
(M, Mip): AD, 1,q) x Y(D;RY*)7 - —  A(D,1,q) x Y(D; RV
(b, A) = (M (b), M3, (b, N)),

where
(M () = Z(MM(b))aB:ZMﬁaba a.e. in D
B0 = Ea el i S M @) > 0,

for a.e. z € D and every B =1,...,q.
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Given b € A(D,1,q) and M € L*>(D; M), we set

H(M3,(b),b) := (H, My (b)) = ZH(&,Q)/DMM(x)bQ(x) dzx. (6.1)
a,B

Remark 6.1. If we want to consider a modification of (b, A) due to a permutation of
phase distributions and Young measures, the corresponding M will be independent
on z, with entries equals to 0 or 1, and with exactly one nonzero entry on each
row. In this case M}, (b) is the product M -b between the matrix M and the vector
(ba)a, while (M3,(b,\))s = (M - \)g for a.e. x € D such that (M - b)g(x) > 0.
Definition 6.2. Given ¢ € AC([0,T]; W'P(D;RN)), for 2 < p < 400, T > 0, 29 €
L>(D; Z), and vy € A(0), a quasistatic evolution of Young measures with boundary
datum ¢ and initial condition (zg,vg), in the time interval [0,77], is a pair (b, ) €
Ad([0,T),q,¢), with b € S_([0,T], D, q), satisfying the following conditions:
(ev0) initial condition: with DO := {x € D : z(x) = a}, we have b) = 1po and
(A2)® = 854y if @ € DY, for every a;
(evl) partial-global stability: for every t € [0,T], we have
(W, (6", X)) < (W, (b, )) + H(b, b"),
for (b, \) varying in the set
{(Mi ("), Toa(M3, (6", X)) - @ € Hy(D;RY), M € L*™(D; M)},
where H(b, b') = H(M1,(b"),b") is defined as in (6.1);
(ev2) energy equality: if o is the function defined in Remark 5.5, then the map
t = (o (t), Ve(t))a (6.2)
is integrable on [0, T, and for every t € [0,T]

(W, (b, A%)) + Dissyr (b; 0, £) = Wiz, v0) + / (o(5), Vo (s)): ds,

where Dissy (b; 0,1) is defined by (3.9).

Theorem 6.3. Let p € AC([0,T); H*(D;RY)) and T > 0. Assume that the partial-
global stability condition is satisfied by (z0,v0) € L=(D; Z) x (¢(0) + HL(D; RY)).
Then there exists a quasistatic evolution of Young measures with boundary datum
@ and initial condition (z9,vo) in the time interval [0,T].

7. Proof of the main theorem. The proof is obtained via time-discretization,
resolution of incremental minimum problems, and passing to the limit.

7.1. The incremental minimum problem. The first step of the proof consists
in the definition of an approximate solution via an inductive minimization process.
Let us fix a sequence of subdivisions of [0,7],0 =t < tL < ... < ™) = T such
that sup;—q, k) 78 — 0,asn — oo, where 78 = t!, —ti=1 foreveryi = 1,...,k(n).
For every i = 0,1,...,k(n) we set ¢!, := (t).
We define (b!), X)) € Ad({t%,...,t%}, q, ) by induction on i: set

(b91>a(>‘?z)a = 1po v,

where DO := {x € D : z(x) = a}; for i > 0 we define (b, \!)) as a pair satisfying
the following properties:
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(min) (b, %) is a minimizer of the functional
(W, (b X)) + (H, b0 =

:Z/ bl (2)( | W(a, F) d(A)*(F)) dut (7.1)

D RN xd
ti*lti
+Y H(B, a)/ bl (@) da,
a,B D
over the set A% (bi"1 A1) of all (b, A) € Ad({t9,...,t.}, ¢, o) satisfying

op...ai—10

(0 4i i_1at0 i1 . q
Zb nn = (b, )y d;i_, a.e.in D, for every (a,...,i—1) € 7 (7.2)
B

)\f} = ()\fz_l)tof‘, for every j < i and every «; (7.3)

(reg) there exist two constants » > 1 and v > 0, both independent of i and n, such
that

Zq:/ Nxd(bZ)Z‘(INFFT ANl (x, F)
. DXR‘] v _ (7.4)
=7 [1 + (Z/DXRNXd(b;)EEL(x)lFF AN )i (;C,F))T]

The existence of such a pair (b’,, A’) is proven in Lemma 7.2 below.

Lemma 7.1. For everyi > 1 and every (bi_l,)\i_l) € Ad({tY, ... . t:=1 q, ), the
set AL ("1 XYY s nonempty.

Proof. Fixed (b ', A\""1) € Ad({t°,...,t:='},q, ), let b be the unique element of
SH{tY ... ti}, D, q) satisfying
. 0 i—1
ot (b N, if oy = i (7.5)
0 otherwise;

Q... 10 "

for every (ap,...,q;) € 7 ; define A € (Y (D; RN*d)a){tn.t0} by

Al ::()\i_l)g‘ if j <14, for every a,

4 PRI (76)
)\OZ‘ ::TVLpiLfVLpifl((A )an ),
. i—1
where the translated measure 7g, _vwrl(()\kl)f}j‘ ) is defined as in (3.2). It is
immediate to see that (b, A) satisfy the properties (7.2) and (7.3). By construction
birAln € Y2(D;RN*4), for every a and every j = 0,...,i: indeed for j < i it is
obvious, while for ¢ we have
k3 0 i—141
by = ) b
(ag...ai—1)
1

=Y BTEE e = 0

(ag...a5—2)
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for every «, therefore

/ bi}m( PR a () da |
= [ @ [P+ Ve - Ve @ d D) ) da

Nxd

. i1 . i—1 . )
< [ @ 0E" @ [ PP aaE ) et 196 + 1961 < o,
for every . It is now easy to prove the approximations properties (1) and (2) of
Definition 5.1 for (b, A) defined by (7.5) and (7.6). Suppose that for every k and
every j =0,...,i—1, (D'"1)%*), is a measurable partition of D and (v*~!)7* is a
function in ¢J + Hg(D;RY), which satisfy conditions (1) and (2) for (b"~*, A" 1).
Then (D%F), and v7*, defined by

DIF = (DYHYIF forj <
Di,k — (D’Lfl)ifl,k
VP = (YR for j <
Vi = (piT)itlh i il
for every « and every k, satisfy (1) and (2) for (b, \). O

Lemma 7.2. There exist constants v > 0 and v > 1, such that for every n, every
i=1,...,k(n), and every (bzfl, ).‘1—1) € Ad({t%, ... ti=1 q,¢), the functional (7.1)
has a minimizer over A% (b1, X'Y), which satisfies (7.4).

Proof. Let (bh7 )\h)h be a minimizing sequence. By the bounds on W we have
b / FI? d(AM5)*(F)) da — C
Z/D< W@ [ IFE A ) da

<(W, (0" (AMy))) <

(7.7)

for every h, for a positive constant C’ independent of h. Moreover, we have
sup 1M oo < 1,
for every (ap,...,q;) € . Therefore, we can deduce that there exists
(blag...a)) (ap...ar) € (L(D;0, 1]))‘11‘+1 satisfying (3.6) and
(M) = by, L®-weakly*,
as h — oo, up to a subsequence. In particular,

(bh)ié?é Z bag...c, 1o LZ-weakly*. (7.8)

(ag...oti—1)

From (7.7), we can deduce using Remark 3.7 and (7.8) that there exists
A € Y/(D; R¥*4)4 such that

/D . > bagaia(@)|FI? dha(z, F) < oo,
X x (
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and

BYEAE = S bagariata 2-weakly¥,

(ag...ot5-1)

as h — oo, up to a subsequence. We now define

. o
)\ZL = ()\l_l)fl", for every j < i and every «,

i
Alp o i= )\, for every a,

and b as the unique element in S({t,... t}}, D, q) satisfying

i

Ol q
by a = bag..a; forevery (ag...q;) € 7.

It is immediate to see that the hypotheses of Lemma 5.3 are satisfied by (b, A),
hence (b,\) € Ad({t%,...,t\},q,). Moreover (b, A) satisfies (7.2) and (7.3), by
construction; hence (b, \) € A% ("1 A1),

The term of (7.1) containing W is lower semicontinuous with respect to the 2-
weak™® convergence of Young measures, while the one containing H is L*°-weakly™*
continuous; therefore the functional (7.1) is lower semicontinuous with respect to
the convergence we are considering, and this implies that (b, A) is a solution of our
minimum problem.

Now we want to construct from (b, A) a new minimizer (b, A) satisfying property
(7.4). Let us set

(Wi = Z P (00 ® ( xﬁ?)
>

(N;)t%...tﬁl =

From the definition of A% (b°”!A""1) it follows that (v, ul) € AY ({t2,...,t1}, Z, o);
in particular there exist sequences (z ey ( 2l 1k in L2°(D; Z), and (v}, k)k in A(t)
satisfying

6(1 1 — (H’il)tifltj@ Weakly*,

0. i 2-weakly™,

n, k’ )

as k — oo. Thanks to Lemma 3.1, we can assume, without loss of generality,
that (V! . |?)x are equiintegrable; hence by the Fundamental Theorem for Young
measures (see, e.g., [3]) we may assume that

swp [Voielf < P2 v}y (00, F) + 1. (79)
k DxZxRNxd

/ W (2l (@), Vol o (2) de — W(a, F) d(V!)y i (7,0, F).  (7.10)
D DX ZxRNxd
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Denote by I’ the minimum value of (7.1) over A% (b*"*, A*"!). Thanks to (7.10),
we can deduce that

liin[/ W(thk(x),valk d:v-i—/ H(z,, (), nk( z)) dx
D
:/ W(a, F) d(”fz)t:'l (z,a, F)

DxZ xRN xd

+/ H (i, 1) d(p,) i o (@ a1, 05) = I
DxZ?

Now we want to consider the following auxiliary minimum problem, for every k:

I, k U—engJfrHl W(z nk( ), Vo(z)) d:E—I—/DH(z;)k(x),zf;kl(:v)) dx. (7.11)

For every k, we choose @}, , € ¢f, + Hj(D; RN %) such that

/W(z;k(x),w; () d:c—l—/ H(z, . (x), P k( x))dx <1, + 1. (7.12)
D

Using vf%k as competitor in (7.11), we can easily deduce, from (7.12) and the growth
hypothesis on W, that

IVr, kll3 < CQ+ (V0 413),

for a suitable positive constant C', independent of n. Hence, thanks to (7.9),
supy, [|[ Va7, |3 is bounded; in particular there exists 7, € Y?(D;Z x RN*4) such
that, up to a subsequence, é(zi’kyvﬁ;’k) — 7! 2-weakly* as k — oo. Thanks to
Lemma 3.1 we can assume, up to a subsequence, that |Vﬁ;7k|2 is equiintegrable in
k.

Since mpxz(7;,) = D, (bfl)zléa, by Remark 3.5 there exists a family of Young
measures X!, = ((\})q)a such that it holds

q

Z T (00 ®@ (A))a); (7.13)

since 7, € Y2(D; Z x RV*d), (bz) ()\Z )o satisfies (3.13) for p = 2. We have

/ Wi, F) dv! (z,a, F) + H(og, 1) d(un) (x a, f3)
DxZxRNxd Dx 72
gnminf[/ Wz 4 (), Vi, da:+/ H(zl 4 (2), 27 (@) da:}

k D (7.14)

<lim inf] L+ 17K
Slimkinf[/ W (z), . (x), V), 1. (2) da?—l—/ H(z, . (2), 2 k( x)) da:} =1.
D

The construction of 7/, implies that the pair (b, X), with

A= (AL AT
i—1\¢0 PN R
= (()‘ l)tnv"'v(A 1)tn 7)‘71)7
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is an element of Ad({t},...,t}},q, p); moreover it satisfies the “memory properties”
(7.2) and (7.3) required to be in A% (b""*, X*"1). Hence

I, < W(a, F) dv, (2,0, F) + | H(aj, ai-1) d(py,)yio1y (2,0, 0); (7.15)
DxZxRNxd DxZz2

we can deduce from (7.14) and (7.15) that (b, A) is a minimizer of (7.1) on the set
Al (bi—l }\i—l)

n ? :

Now we want to apply Ekeland Principle in order to construct a more regular
sequence (07 . k)k which, together with 2’ ok generates U,

We define @, , as the function o}, , — ¢}, € Hg(D; RN ). Consider the functional

& defined on the Banach space Wol’l(D; RY) by

() = oW x), Vi (r) + Vu(r)) de  if u € H}(D;RYN);
+00 otherwise.

This functional is strongly lower semicontinuous with respect to the VVO1 o1 topology,
it is positive and not infinite everywhere: hence we apply Ekeland Principle (see [12,
Corollary 6.1, p. 30]) to Wy'' (D; RY) endowed with the norm ||u||W01,1 = [|Vul,

and we deduce that there exists a; x € H}(D;RY) with the following properties:

/D W (2 o (2), Vil () + Vi, () de
<

eri’{l(fD‘RN ) +1/k=

)
=  inf W (24 1 (2), Vigh, (2) + Vu(z)) dz + 1/k (7.16)
ueH1 D;RN)

< inf / (W (2} (), Vo(z)) do+ H(z, . (2), Z:;kl ()] da

ve€w, +H5(DRN) Jp
+1/k =1, +1/k;

, 1
Vi, Vun < —; 7.17
Vg, Kl 7k (7.17)
[ Wit s, V6 () + Vit (o) do
D ) (7.18)
< [ [W(Ehe(@), V6l (@) + Vula)) + = [Vu - V] da,
D vk
for every u € H}(D; RY).
In particular these properties imply that

sup IV, k3 < C1+ Sup 1Vitr, &113), (7.19)

for a suitable positive constant C' independent of k, n, and 4, and
O, Vo tvai ) — Vn 2-weakly®,

as k — oo.
Using the growth hypotheses on W, it is easy to deduce from (7.18) that, for k
sufficiently large, T)fz) . is a Q-quasi-minimum of the functional F: H*(D;RY) — R
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defined by F(v) = [, (14 |Vo(x)|?) dz, for a suitable positive constant Q indepen-
dent of k, n, and i. Indeed, let us consider a cube Qg C R? and a function w such
that o, , —w € Hy(DN QR;]RN). We can extend w to D\ Qg by setting w = v}, ,
a.e. in D\ Qg and this extension (not relabeled) is in ¢! + H}(D;RY). If we take
w as a competitor in (7.18), we obtain

[ W@, Vo) ot [ W (0, Vol k() do <
D\Qr

DNQr
<[ WL o) dot [ W (), Vu) dos
D\Qr DNQr
1 .
o= [ Vul@) - V(o) da
DNQr '
using the growth hypotheses on W, the previous inequality implies

/ (VT y(2)]? = C) dz < / C(|Vw|? + 1) dz
DNQr DNQr

1 .
—/ |[Vw(z) — Vo, . (x)| d.
k DNQr '
Now we have
Vuw(z) = Vo, 1, (2)] < [Vw(e) = Vo, ()] + 1 < 2(|Vu(e) | + VT, ,(2)]?) + 1;

hence

/ |V, (2)]? doe < / C(|Vw|? 4 2) dz
DNQr DNQr
1 .
o= [ V@ + 95 @) + 1] da,
k DNQr

We can rewrite the previous inequality as follows:

2 i 2
o= —) /D (¥ 1) de s
g(c+%)/m2 (IVw(@)? + 1) dx+/mQ (cw-%) o

hence, if k is sufficiently large we can assume that ¢/2 < ¢ — (3/Vk) < ¢, so that
we obtain

[ vaia@p 1) ar < 12D
DNQRr

C

[ vu@P+1) d
DNQr

which proves that o}, , is a 4(C + ¢)/c-quasi-minimum of F.
We can now apply Theorem 8.7, and conclude that there exist two constants
~v > 0 and r > 1, both independent of k, n, and 4, such that

/|Vv z)*" dfC<7 1+ /|ank( ) dw)r}a

for every k. In particular, thanks to (7.19), we have

| 9@ do <1+ 19 @RI <

| (7.20)
<5+ IVEIE].
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for a suitable constant ¥ > 0 independent of k, n, and . Thanks to the equiinte-
grability of |V1§:I k|2, using the Fundamental Theorem for Young measures we can
deduce that

q . )
S [ BE@IFP dNF)
a—1 DXRNXd
Sliminf/ |Vl 1 (2)]*" de
k D ’
<11+ (i | |vo:;,k|2 x|
A1+ ( Z/ (2)|F|* dX. (z, F))].

XRNXd

This concludes the proof. O

Using the minimization process described so far, it is possible to construct in-

ductively (b%, AL), for every i = 1,...,k(n) and every n.
Set 77(s) := ti, whenever !, < s < ti+1 where we set t,
For every i and n we set

Z/]RNxd bl " aW(a F) d(()‘;)g;)w(F)u

K+l p + %

and define
on(t,x) =o' (x), (7.21)
for a.e. x € D, whenever !, <t < titl
For every a = 1,...,q, we define (\,), € Y/(D; RV*)[0T] hy
()i = ()i (722)
whenever t!, = 7"(s), for every s € [0,T]; we define also b,, € S([0,T], D;R™) as

the piecewise constant interpolation of b%(™ (see Definition 3.2).
Note that (b, A,) € Ad([0,T],q,¢(7™())) by construction.

7.2. A priori estimates. Set
q . v
i bi \in ity
(Vn)tib = Z( ) (6 ® )‘n>01 )7
a=1

(
(bi )QB 0416(010, Q)

(Q0seeeyi)

for every i = 1,...,k(n), and
q
(n)e = Z(bn)iy@a ® (An)a);
a=1

(H‘n)to---tm = Z (b )f)?o t&nn‘s (0y.eeym )
(a07~~~;0¢7n)
for every t € [0,T] and every tg < - -+ < ty, in [0, T].
As in [13, Section 7.2], we want to deduce a discrete version of the energy in-
equality for (b, A,,). We briefly recall the argument for the reader’s convenience.
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Using the competitor defined in the proof of Lemma 7.1, we have
/ W(a F) d(vh)s, (.0, )
DxZxRNxd "
+/ H(ai — aio1) d(py,) i1 (2,0, 9)
Dx(Z)? "
S/ W(a, F) dwiY),i-1(z,a,F)
DxZ xRN xd "
+/ (W (0, F + Vigh(2) — Vigh (&) — W (et )] (v ) (a0, ).
DxZ xRN xd

Let us fix ¢ in (0,77 and suppose that ¢!, <t < ti*1 for suitable i = 0, ..., k(n)+
1; using

/ (W(a, F + Vi, (2) = Vo ' () = W(a, F)] d(v;7 ) -1 (2,0, F)
DxZxRNxd

t,
:/ (/ a—W(a,F—i—s"(s,:E))Vc'p(s,x) d(l/n)s(x,a,F)> ds,
it \JpxzxrNxa OF

where £"(s,z) := Vo(s,x) — V(7" (s),z), for every s € [0,T] and every = € D,
and iterating from 7 to 1, we obtain
/ W(a, F) dwy)i(z, o, F) + Vargy (p,,; 0, %)
DxZxRNx*d

T"(t)
W)+ [ (ou(s). Vo) ds

T (t) oW oW (7.23)
ar 7F " ’ A 7F jl
+/0 (/DXZX]RNM [8F (o, P+ (s, 7)) = F (e F)
Ve(s) d(l/n)s(x,a,F)> ds.
From (7.23), we can deduce the following a priori estimates on (v, u,,).
Lemma 7.3. There exists a positive constant C, such that
sup sup / |F|?" d(vy)i(z, 0, F) < C, (7.24)
n t€[0,T]J Dx ZxRNxd
sup Varg (p,,;0,7) < C. (7.25)
Remark 7.4. Since Z is finite, (7.24) implies that
sup sup / |(a, F)]*" d(v)i(z, 0, F) < C. (7.26)
n t€[0,T] J DxZ xRN xd

Proof of Lemma 7.3. Using the fact that fOT ()] g2 dt is finite, the hypotheses
on W and the inequality

sup [ FI2 d(vn)s(, 0, F) < oo,
$€[0,T] J Dx Z xRN xd
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(since v,, are piecewise constant interpolations of Young measures with finite second
moments), we can deduce from (7.23) that, for n sufficiently large,

/ |F|2 dvy)i(x, o, F)
DxZxRNxd

U 1/2
<C+0 s (14 PP dw)a(w0F))
s€[0,T] DxZxRNxd
for suitable positive constants C and ¢ independent of ¢ and n.
Since this can be repeated for every t € [0, 7], we deduce

sup sup / |F|2 dwn)i(z, o, F) < C, (7.27)
n t€[0,7]J Dx Z xRN xd

Inequality (7.24) comes now from (7.27) and (7.4), while inequality (7.25) follows

from (7.27) and (7.23). O

Using Lemma 7.3 and adapting the proof of [13, Lemma 7.5], we can deduce the
following discrete version of the energy inequality: for every ¢ in (0, 7]

/ W (s F) d(w)i(a 0, F) + Vars (0, 1)
DX ZxRNxd

() (7.28)

W)+ [ {ea(s). V@l)e ds+

where p, — 0 as n — 0.

7.3. Passage to the limit. Thanks to (7.25), we can apply Helly’s Theorem (The-
orem 3.3) to the sequence (b, ), and obtain a subsequence, still indicated with (b, )y,
a subset 7 of [0,7T], containing 0, with £1([0, 7]\ 7) =0, and b € S_([0,T], D, q),
such that, for every finite sequence t; < --- < t; in 7, we have

(by)fr-tt s plit 1o weakly*, (7.29)

x1...0¢] a1...0

asn — oo, for every (a1, ..., o) € &} Denote by p the element in SY_([0, 7], D; Z)
corresponding to b.

Let 7’ be a dense countable subset of 7 containing 0. Thanks to (7.26) and
Remark 3.7, we can find with a diagonalization process a subsequence of (A;,)n,
still indicated by (X,)n, and A* = (AL), € Y(D; RY*4)4 for every ¢ € T, such that

/ bl (x)|F|* d\ (z, F) < C, (7.30)
DXRNxd

and

(b))t (An)E, — AL, 2r-weakly*, as n — oo, (7.31)

for every t € T'. Note that the family of coefficients b appearing here is the same as
in (7.29), because Tpxz((Wn)t) = (u,): for every t € [0,T] and thanks to Remark
3.5; moreover, by construction of (v, ,,) we have

by = (b)o = 1pg, (7.32)
()\g)m = (()\n)g)m = 0vyy(z) forae e Dg, (7.33)
(7.34)

where D% :={z € D : 2o(z) = a}.
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For every t € T\ 7', let us choose an increasing sequence of integers n},, possibly
depending on ¢, such that

limsup(o, (1), Ve(t))2 = lim(o, (1), V()2 (7.35)

n

(this choice is crucial in order to apply the argument in [10, Section 7]). Again
by (7.26) and Remark 3.7, we can extract a further subsequence, still denoted by
(Ant )k, satisfying (7.35) and such that there exists A € Y(D; RV*4) with

[ M@ ) < (7.36)
DXRNXd

(Bt )Mt )l — bGAL  2r-weakly*, as k — oo. (7.37)
Note that, thanks to (W.2), we have

limsup(ora (1), Vé(1))2 = (o(t), Ve (1)), (7.38)

n
where

olta) = Ybe) [ FlaF) d ().

for every ¢ € 7. This implies that the map (6.2) is measurable on [0, T]; moreover
for every t € T’ we have

lim sup(r, (). Vp(t))2 = lim(era (£), V().

The family v will denote the element of Y?"(D; Z x RN*%)7 corresponding to
(b,A). Let t € [0, 7]\ 7, and fix a sequence s; in 7 converging to ¢ with s; < t; by
(7.30), and (7.36), we have

s /D b3 (x) / PP AR (R)) de < O

for every j; again by Remark 3.7, we can find a subsequence, not relabeled, and
' € Y(D;RY*?) such that

/ bl (x)|F|* d\. (z, F) < C, (7.39)
DXRNxd
and

bSIAY — b Al 2r-weakly*, as j — oo. (7.40)

Note that, since mpx z(vi) = p, for every t € 7, the left continuity of b defined
in (7.29) ensures that the family of coefficients appearing in (7.40) is the same as
in (7.29).

In this way we defined A € (Y (D; RN *4)9)[0T] and consequently v € Y27 (D; Z x
RV*4)0.T] Tt can be shown that (b,A) € Ad([0,T],q, ) using Lemma 5.3 and
adapting the argument in [13, Section 7.3].

By construction (b, A) satisfies (ev0).
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7.4. Stability. Fix nand i =1,...,k(n). Let
M:D — M%Xq
z = (Mpa(2))sas

be a measurable map, and let @ € Hj(D;R"). We define (D, k) € Y2(D; Z x
RN ) {tetid 5 SV ({t5,..., 11}, D, Z) by

Ty = W)y ifj <i
(’)iz)t; Z Mﬁa 56 ® TVu()‘Z ) n)
(ﬂ’%)t%t; ZMﬁa bl OZ) 061 10t6(a0,...,a1'7175)’

where Ty is defined as in (3.1).
Lemma 7.5. The pair (0, ii') is in AY ({t9,..., 1}, Z ¢).

Proof. Consider (v, pu1,) € AY({t},...,t},},Z,¢): for every j = 0,...,i, there
exist a sequence (v},)), contained in ¢ (#,) + H} (D; RY), and a sequence ((D2,)x)q,
indexed by k, of measurable partitions of D, such that

(1) we have

Z Loy yi o LD, )i O(ao,cor) = ()10 weakly*,
[STOPERRRYe 2
as k — oo ‘
(2) for every j =0,...,1, there exists a subsequence (k] );, possibly dependent on
J, such that
q .
Z (a vv ) — (V:l)tgl 2-weakly™,
a=1 l
as | — oo.

In particular these conditions imply that

k—oo ,~¢
> Mpal(pg ) Lipit )y, - Lo O(aimairs) = (Bn)eg .4, weakly™;

QO 0 — 1,003

l—o0 1 ~g
ZMﬁa Di, klé(ﬁ V'U +Vu) - (Vn)tib 2_Weak1y*;

o,
q l ‘
Z 1(D€;)kj5(a,v1ﬁj) - ('72)& 2-weakly*,
a=1 l ky
for every j < i. Thanks to Lemma 5.4, the pair ( ) € Y?(D; ZXRNXd){t?“ in
x SY2({t%,...,t:}, D; Z), defined by
iy
COINES ZMﬁal(Dé)k‘s(ﬁ,Vv;Jrva),
yﬁ
(f/k)ti; = Z Lipi) (a Vo) for every j < i,
(ng)t?lt; = Z Mﬁal(Dgo)k- 1(Dal Dk 1(Dé)k6(ao 7777 ai_1,0)s
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is an element of AY ({t2,...,t!},Z, ¢), for every k. Therefore the thesis can be

deduced using [13, Lemma 6.6]. O
Set
~1 to...tiilti i tl lti
(bn)oz),,,;i,lzi = ZMﬁa b Oto i1
(5\;)211 = (A )5 b for every j < i,
and

Syt Za Mpa(@) (b0 (@) Toae) (A)d)7)
(A" = o 1fZM5a () > 0
> o Maa(@)(b}) (@ )
for a.e. x € D, for every 3, and every (ag,...,a;—1) € .;zfqi, where Tv g () RNxd _,
RN is the map defined in (3.1); since (b,,, A,,) is the element corresponding to
(D%, 1!, we immediately deduce from Lemma 7.5 that (b, A, isin AL (b1 A7),
The minimizing property of (b;,, A;,) implies that

> [w@( [,
+ S e / (b)) () do
<Z/ Gr@( [ W) a3 ) dr

+ZH B, / (B)" (@) da

W(a, F) d((A,)&)*(F)) da

in other words
Z/D(b;)i?(x) .
Sy Mﬁa@xb%m(

FX A0 [ M@ G @) - Y ) [ @05 )
ay

aypB
(7.41)

W(a, F) d((AL)&)"(F)) da

W (3, F + Vi) d((Ail)Z?)x(F)) da

Since } 5 Mpa(z) = 1 for a.e. x € D and every «, we can deduce, using the triangle
inequality, that

ZHBW/MBQ )b Yo dw—ZH /bZ)tj;ltfl(:c)dx

afy
=S HBA) [Mpol@) W) @) de = 3 H(009) [ Mao()B)5 " @) da
aBy afy

<Y H(po) Mool >0 i (@) do = > H(Ba) [ Maola) B3 @) do.
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Hence we deduce from (7.41) that

> /D (b4)it () ( W (a, F) d((N)&)"(F)) da

RN xd

RN xd

S%:/[)Mﬁa(x)(bi)?(x)( W (B, F + Vi(z)) d((A;‘l)g%)z(F)) du

+ %;H(ﬁ, a) /D M () (b3)20 (2) da.

,k(n); we can rewrite the previous inequality in the

for every n and i = 1,...
following form

S [ wos@( [, W) day ) do

< [ Mool )@ [ WP+ Vale) dAL (F) e ()

RN xd

+ 3 HG) [ Maal@)(ba)h (o) do
af D
for every t € T \ {0} and every n. From (7.29) we can deduce that

S H(G,a) / Mya(2)(ba)l () do
afl D
(7.43)

*%H(ﬁa) /D Mo ()b () d,

as n — oo, for every t € T \ {0}.
Consider (); := 3,5 Mpa(bn), (95 @ (An),), for every t € (0,T]; we have

sup sup / (0, F)2" (@), 0, F)
DX Z xRN xd

n (0,7
—sup sup [ S M) B0 [ [GFIP d(A)* () de
n te(0.1]/D 5 RN xd
<gsup sup / > ()t @) ( / (e F)P" d((An)b)* (F)) da
n t€(0,T] /D RN xd
+ sup|af*
s sup [ (e F)P" d(wa)i(w, 0, F) + K,
n te(0,T] J Dx Z xRN xd

for K := sup,, |a|?"; therefore we can deduce from (7.26) that

sup sup [ (e F)PT d(@n)e(w, 0, F) < K +qC.
n t€[0,T]J Dx ZxRNxd

In particular for every t € 7 \ {0}, we deduce from (7.31) and (7.37) that

(Do)t = D= Mpabl, (65 @ Al,)  2r-weakly*,
af

(7.44)
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as k — oo, where (b, A) is the pair defined by (7.29), (7.31), and (7.37). Since
W (o, F + Vi(x))| < C(1+|Va(x)|?)+ C|F|?, we can use a suitable version of [13,
Remark 4.3] in the case 2r instead of 2, to deduce from (7.44) that

/ Mool@)(bw )o@) ([ | W3+ Vi) dl(Ang )7 (F) da
(7.45)
ﬁ%;/JJMﬁa(x)bg(x)( - W (B, F + Vi(x)) dAL)*(F) de,
as k — o0o. Analogously we deduce that
S [ ( [, W) ddg ) e)
(7.46)

-y / b (z) W (a, F) dAL)*(F)) da,

~ /D
as k — oo; therefore using (7.42), (7.46), (7.45), and (7.43), we can deduce imme-
diately (evl), for every t € T \ {0}, while for ¢ = 0 it is an obvious consequence of
(ev0) and the hypothesis on the initial datum. For ¢ € [0, T]\ 7, (ev1) can be easily
proved using (7.40) and (evl) for ¢ € T, as in [13, Section 7.3].

RN xd

7.5. Upper energy estimate. Let us fix t € 7. We have

3 /D bg(x)( W (a, F) d(xg)m(F)) dz + Dissp (b; 0, )

RN xd

< lim inf [Z /D (bt )g(x)( W(a, F) d((An )g)z(F)) dz + Dissgr (by:;0,1)]

RN xd

using (7.28), we can deduce that
> [ b
o Jp

T"(t)
WG, o) o+ timsp [ (o (5), V() ds
0

W (a, F) d(Ag)w(F)) dz + Dissp (b; 0, 1)

RN xd

n

since sup, sup,, ||o»(t)||2 is finite, we have by Fatou Lemma

(1)
limsup/ (on(5), Vp(s))2 ds
0

n

T
g/ limsup[l[oﬂ-n(t)] (S)<0'n(8), V‘P(S»ﬂ ds
0 n

- / (0(5), Vp(s))2 ds.
0

Hence we have

> | v

<W(z0,v9) +/0 (o(8),Vp(s))a ds

Using (7.40), (7.40), and the left continuity of b, the same argument as in [13,
Section 7.3] proves (ev2) for t € [0,T]\ 7.

W (a, F) d(Ag)w(F)) d + Dissp (b; 0, ¢)
RN xd

(7.47)
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7.6. Lower energy estimate. The standard procedure to prove the lower energy
estimate uses a special minimality condition satisfied by the limit of the approx-
imate solutions thanks to the stability property (see [15, Step 5, p. 7]). In our
case, the partial-global stability is not powerful enough to guarantee this minimal-
ity property, because of the restriction on the set of competitors. Nevertheless, the
desired minimality can be partially recovered using the properties of the approxi-

mate solutions.

Let us consider first s < ¢t with s € 7/ and ¢t € 7.

Thanks to the minimality property satisfied by the approximate solutions defined
in Subsection 7.1, and to the triangle inequality for H, we get

<VV7 (bfzv Afz)> < <Wa (bfw fV¢(7n(s))—V¢(T7‘(t))(A;)» + <H7 bfzt> (748)

In other words, we have

Z/[)X]RNXGI (a F) d(A")Z(IaF)
<Z/ W(a,F — V(" (1) + Vo(r™(s))) d(An)L (z, F)

XRNXd

+QZQH(6’O‘)/D(bn)ZB(I) dx.

We can rewrite the previous inequality as follows
= [ e (@) A )
DXRN xd

< Z /| W(a F = Volt) + Vipls) dM)o(e.F)  (7.49)

RNXd

+ ;H(ﬂ’ Oé) /D(bn)Zﬁ(fE) dx —+ p:”
with
’Z/wa W(a, F = Vo(r" (1)) + V(7" (s))) +
—W(a, F = Vo(t) + Vgp(sm A (z, F).

Since s +— (s) is continuous from [0,7] into W1P(D;RY), using (W.2), Holder
inequality, and (7.24), we can easily deduce that p/, — 0, as n — oo.
Since s € 7/ and t € 7, we will have

(o) — by L-weakly* as n — oo
(bp)s(An)s, — bAAL 2r-weakly™®, as n — oo,

[e3

(Bt )oAne)ly = BLAL 2r-weakly™, as k — oo,

[e3
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for every a, 3, where n}, is the sequence of integers chosen in (7.35), if ¢ ¢ 7'. Hence
passing to the limit in (7.49) we get

> / be (2)W (o, F) dXS,(x, F)
—im Y [ @ F) dA; @ F)

i3 [ )@ W, F) Ay i )

k
<t [ [ )@ Wl P = Vlt) + Vils)) dAg ) (7.50)

) RGO FORS EOIRCHERD
+ ;H(ﬁ,a) /D bils(x) d.
Hence we have obtained
%:/DXRNdeg(x)W(a,F) X (2, F)
D0 [ PW s Vld) £ Vels)) N, F) (131
+ %:H(ﬁ, o) /D bl(x) da.

If 7 € [0,7]\ 7, thanks to the left continuity of b and to (7.40) there exists a
sequence s; in 7 with s; < 7 and converging to 7 such that

b3AS — bl A\ 2r-weakly*, as j — oo. (7.52)

For every j (7.51) holds true for ¢ = s;, hence we use (7.52), (W.2), Holder
inequality, and the continuity of the map ¢t — V(t) to pass to the limit as j — oo
and to obtain (7.51) for s € 7" and 7 € [0, T\ 7.

By changing the choice of the subsequence in (7.50), we can obtain (7.51) in the
case of s € T and ¢t € 7/, and consequently for s € [0,T] and t € T'.

In particular, we observe that, unlike the classical case in which it comes from
the stability condition, we are not able to obtain (7.51) if both s and ¢ do not belong
to 7.

We can rewrite (7.51) as follows

(W, (b, X%)) <(W, (b", X")) + (H, b™)

t (7.53)
- / (o(t), V()2 dr + pl(s. 1),
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where
pst)= [{S [ b G r+ Vel - Vo)
+ %—V;(Q,F) V() dxg(x,F)} dr.

Let us now fix ¢ € [0, T]. We consider a sequence of partitions 0 = 5§ < s} --- <
s =t with s} < 1/j,t — s;fl <1/jand si —sit =1/j fori=2,... i; — 1; we
would like to choose these partitions in such a way that

for every i =1,...,i;, s' €T’ or 52_1 eT'; (7.54)

in this way (7.53) would hold true for 52_1, sé-, for every i, and we could iterate it
between 0 and ¢ and pass to the limit as j — oco. Unfortunately, to recover the
lower energy estimate in the limit, we need to approximate a Lebesgue integral by
Riemann sums (see [15, 4, Step 5]): this can be done for a careful choice of the
sequence of partitions 0 = s < s}--- < s;j =t (see e.g. [10, Lemma 4.12]), but
nothing guarantees that the appropriate sequence of partitions satisfies (7.54). We
recall the statement of the measure theoretic result for the reader’s convenience.

Lemma 7.6. Let X be a Banach space, and let F: [0,t] — X be a Bochner inte-
grable function. Then there exists a sequence of partitions S := {s;, 0<e<i4,7¢€
N} of the interval [0,t], with
O:sg<---<s;j’1 <s§j =1,
sh<1/j, t—sy~' <1/j, (7.55)

st—siTh =1/ fori=2,...,i; 1, (7.56)

such that

lim E / | F'(s5) — F(7)|| dr = 0. (7.57)
7 i—1
i=1"%;

We apply this Lemma to the functional defined by

F:[0,t] — L*D;RY)xR
T = (Vo(7),(a(7), Ve(7))2), (7.58)

in order to find a sequence of partitions S := {s?, 0 < i < i;,j € N} of [0,¢]
satisfying (7.55) and (7.56), and such that

> [ IVe(s) - Vel ar = 0. (159
i=1"%;

i3> [ 0160 V(o) — (o) Votral dr = 0. (160
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Whenever both 5371 and s belong to [0, 7]\ 7", we consider tz'fl € (séfl, 53»71 +
1/7%)NT’, so that (7.53) holds true for sZ ! tZ U and tz-_l s%. Hence we get

1

(W, (6% A )) <(W, (6%, A%)) + (H,b% 5 )+ (H,BY )

_ /i1<o’(s§), Ve (r))a dr

J

where
i—1 pi—1y _ 7 U ow i—1
p(si 1 >—/S;1 {3 v ] Grtor+ v - Ve ™)

z 1

+ %—I;/(oz F)}Vc'p( ) dAS (x,F)} dr,

o6, / S [ o[- G+ Vel - Vels)

¥ %—I;/(a )| ve(r) NS (e, F)} dr.

We iterate now from 0 to ¢; using (ev0) and
i

S ((H ST+ (H,BY %)) < Dissg(b;0,1),
i=1

we get

W(z0,v0) — (W, (b', X)) — Dissz (b0, 1)

D RCEA dT—Z/ o(1571) — o (5). V() dr
+Z 1‘ 1 t’L 1 +p(t;71,83)}

Reasoning as in [13, Lemma 7.5], we can deduce that

i

Z [p(szfl,t?l) + p(t;}l, s =0 asj — occ.
i=1
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Moreover, using Holder inequality and the fact that sup, ||o(¢)]|2 is bounded, we

can deduce that
}Z / o(t) ~ o(s}). Vo(r))s dr

ij it
2splo®l:Y [ 196l i
i=1"%;

—2sup o ()2 / Ve dr.
¢ U gi—1 tl*l]

i=11% Y
Since £ (U,[s5 ", t571) < (tj +2)/j% — 0 as j — oo, and V¢ € L'([0,T]; L*(D;
RN*4)) we get fU_[Slgl w1y IVe(T)|| dr — 0 as j — oo

it 0T

Hence it remains only to prove that

S [ o). Vetoa dr - [ lotr)Vptna dr — o

(7.61)
as j — oo.
Let us first prove that
O i . N i i
Z/Hw(sj),wwg dr — Z/Hw(sj),w(sj»g dr —0, (7.62)
i=1""5; i=1"9;

as j — oo.

Thanks to (7.59), using Holder inequality and the fact that sup,cio 7 [|o(t)]]2 is
finite we deduce that

‘Z/ » Ve(T))2 dT_;/S;1<U(S§)’V¢(S§)>2 dr
<Z/ o)) ]| Vep() — Vol [z dir <

< sup [l sz/ V() — V(s |2 dr — 0,

s

k)sk-'

as j — oo.
Finally

!i / Vols)s i~ [ (Ve ar| — o,

as j — oo, thanks to (7.60).

(7.63)

8. Euler conditions. In this section we derive the Euler equations for the partial-
global stability condition.
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Theorem 8.1. Let (b, \) € L>=(D;[0,1])? x Y (D;RN*))4 satisfy (3.5) and (3.13)
with p = 2. Assume that (b, \) satisfies

>

y ba(x
a=17D
< )ﬁz_l/DMﬁa(x)ba(x)(

[e3

)( [ e E) dAg(F)) dz

W (B, F + V() dXL(F)) dz (3.1)

RN xd

+ Z H(ﬁ,a)/DMga(x)ba(:v) dx,

or every @ € H(D;RN) and every measurable map M: D — M%? and denote
Y 0 Y St
by o the stress, i.e.,

! ow
o(z) =S b PV (@, F) d)Z (F), e zeD.
(x) O; (:C)/RNM 5F (a, F) (F), forae x€

Then the following conditions are satisfied:
(ec)1 equilibrium condition: dive(t) = 0;

(ec)2 optimality of active phases: for every o, 3 =1,...,q and every t € [0,T], we
have

o Wl F) = WP e (F) < H(B.o).
for a.e. x € D with b, (z) > 0.

Remark 8.2. We say that a phase « is active at x if b, (z) > 0. Hence the condition
(ec)2 can be rephrased as follows: if « is active at z, then « is a minimizer over Z
of the functional

B — W(B, F) dX(F) + H(B, )

RN xd

This is the reason why we call (ec)2 optimality of active phases.

Remark 8.3. Note that from (ec)s it descends immediately that
S Maba(o) [ [WlaiF) = W(5,F) - H(B.0)) dxs(F) <0,
o, R

for a.e. z € D and every stochastic matrix M € M%;.

Proof of Theorem 8.1. Let (b, \) satisfy the prescribed hypotheses. Choosing in
(8.1) the map M associating to every x € D the identity matrix I, we obtain

Z/Dba(x)[/RNXd [W(a, F + Vi(z)) — W(a, F)] dxa)z(F)} dz >0,

for every @ € H}(D;RY), which implies immediately (ec);.
Let us denote by (ev)?yzl the canonical basis of the vector space R?. Fixed «,
in {1,...,q}, define M € M%? by
Me, = e, foreveryy#«a
AZGQ = €3.
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Let us choose now in (8.1) @ = 0 and M :=I(1 — 14) + M 14, for any measurable
subset A of D: we obtain

/Aba(x){/ww [W(a, F) — W(3, F)] d)\”oi(F)} dz
S/ H(B, a)by () dx;
A

By the free choice of A among all measurable subsets of D, from (8.2) we deduce
immediately (ec)s. O

(8.2)

Appendix. In this Appendix we briefly recall the notion of cubic quasi-minimum,
introduced by Giaquinta and Giusti in [16], and the related results.
Given ¢ € HY(D;RY), let G be the functional defined by

G(v) =G(v, D) := /D G(z,Vu(x)) dzx

for every v € ¢ + H}(D;RY), where G: D x R¥*4 — R is a function satisfying
|Gz, F)| < L(IF* +1)
for a suitable positive constant L, for every (x, F) € D x

Definition 8.4. Let Q > 0. A function v € H'(D;RN*?) is said to be a cubic
Q-quasi-minimum for the functional G if for every cube of side R, Qr CC D, and
for every function w € H'(D;RN*?) with supp(v — w) C Qr, we have

G(v,Qr) < QG(w, Qr).

We restrict our analysis to the particular case of G(F) = 1+ |F|?, since this is
the integrand we will consider; for the reader’s convenience, we recall the statement
and the proof of the Caccioppoli inequality for quasi-minima of the corresponding
integral functional: for our purposes, we need a slightly different statement of the
result contained in [17, Theorem 6.5]; our statement does not involve the L? -norm
of the quasi-minimum but it is valid for every cube Qr. The precise result we will
use is the following.

RNxd

Theorem 8.5. Let v € H'(D;RY) be a Q-cubic quasi-minimum of the functional

G(w) = /D(1 + | Vw|?) dx.

Then there exist a positive constant C > 0, depending only on Q, such that

1
][|Vv|2 dr < O{ (]gwﬁm d:c) "4 1}, (8.3)

QRry/2
d

2+d

Proof. Let R/2 < t < s < R. We consider a cut-off function n € C§°(Qs), with
0<n<1n=1onQ,and|Vy < 2. Let ¢ :== n(v—v,), where v, denotes
the mean value (v)g, of v over Q; define a function w by w := v — ¢, so that

w=vs+ (1 —n)(v—vs). We have

/ |Vo|? dxg/ (IVv]? +1) d:zc—i—/ Vo> — |[Vo|?| da; (8.4)
Qs Qs Qs

for every cube Qr CC D, where m =
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Since by construction V¢ = Vv on @y, we have

[ wor = [vepldo= [ |96 - (7o do
Qs Qs\Qt (8.5)

§2{/ |Vo? d:c—i—/ |Vwl? d:c]
Qs\Qt Qs

Moreover, by the quasi-minimum property of v, we have

/ (Vo2 + 1) d:ch/ (Vul? +1) da; (8.6)
Qs

s

therefore (8.4), (8.5), and (8.6) imply

/ |Vo|? dz :/Q |Vo|? do g/Q |Vo|? da

(8.7)
§(Q+2)/ ([Vw|* +1) d:c+2/ |Vo|? da.
Qs Qs\Qt
Using the relation
[Vwl? = [(1 = n)Vo+ (v = v) Vi < c[(1 = 0)*|Vol* + (s = ) o — v,
we obtain from (8.7)
/ [Vo|? do <(c+1)(Q + 2){ |Vo|? dx
t . Qs\Qt (88)
2
— —vs|* d s|f-
g [, ol de Qi)
Since we have
/ |v — v|? dx < c/ |v — vg|? dr,
Qs QR
(8.8) implies
/ Vo2 do <(c+ 1)(Q+2){/ Vo2 do
¢ Q:\Q: (8.9)

1 / 9
+— v —vg|” dr+ Qs }.
(s =) Jon }
Now we use the “hole filling” method: we add to both terms of (8.9) the quantity

(c+ 1)(Q+2)/ |Vo|? dz,

t

to get
1
/ |Vo|? de < a/ |Vo|? dx + 72/ lv —vg|? de + |Qr|, (8.10)
t Qs (S _t) QR

with 1 > o = ((C+1)(Q+2) Therefore, we are in the position to apply the same

cHD(Q+2)+1°
technical Lemma as in [17] (see [17, Lemma 6.1]), obtaining

1
/ Vo2 dxgc{—Q/ o —vrl? da + |Qnl} (8.11)
Qnye R Jon
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Set now 2, := 22+_dd’ we have 2, < d and

2.d
d—2,
hence, by the Sobolev-Poincaré inequality (see [17, formula (3.32)]), we have

/R |v —vg|* dr < c(/R | Vol d:c)2/2* _ C(/R |Vo|>™ da:)l/m7

which together with (8.11) gives (8.3). O

2;

(2.)" =

If we deal with quasi-minima satisfying a prescribed boundary condition, the
following result can be proved with similar arguments (see [17, Section 6.5]).

Theorem 8.6. Let V€ WhP(D;RY), for 2 < p, and let v € V + HE(D;RY) be a
Q-cubic quasi-minimum of the functional

QM=LGHWMWM%

i.e., for every cube Qr C R?, and every function w such that v—w € H}(DNQRr)
we have

/ (1+ |Vol?) dz < Q/ (1+ |Vul?) da.
(QrND) QrND

Then there exist a positive constant C > 0, depending only on Q, such that

Q|RV/£1;—V)|2 szO{(]gZ(v—V)Pm da:)% +1}, (8.12)

d ‘ )
3 d and v —V is extended to 0 in Qr \ D.
Using Theorem 8.5 and Theorem 8.6, we can obtain as in [17, Theorem 6.8] the
following result
Theorem 8.7. Let V. € WLP(D;RY), for 2 < p, and let v € V + H}(D;RY) a
Q-cubic quasi-minimum of the functional

G(w) = /D(l + V() da.

Then there exist constants v > 0 and r > 1, depending only on Q and V, such that

/D Vol dx < ”y{(/D |Vo|? dz)" + 1}. (8.13)

for every cube Qr C R, where m =
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