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ABSTRACT. We consider the class of integer rectifiable currents without bound-
ary in R™ x R satisfying a positivity condition. We establish that these currents
can be written as a linear superposition of graphs of finitely many functions
with bounded variation.

1. Introduction and statement of the main result. It is well known that a
locally integrable function in R™ belongs to BVj,. (the space of functions of locally
bounded variation) if and only if its subgraph has locally finite perimeter in R” x R.
The connections between the analytic properties of u and the geometric properties
of its (sub)graph are well described, using the more powerful language of currents, in
[7,4.5.9] or [8, 4.1.5]. Recall that currents provide a very natural setting to discuss
analytic problems with a geometrical content, and have been successfully used in
many areas. In particular, Giaquinta, Modica, and Soucek introduced the notion of
Cartesian current and used it to attack many problems in the calculus of variations
(see the extensive monograph [3]) including non-linear elasticity, harmonic maps
between manifolds, relaxed energies, etc.

The aim of this paper is to show the representation of a suitable class of integer
rectifiable currents in R™ xR as the superposition of finitely many graphs (referred to
as “leaves”) of functions with bounded variation. In some sense this result has some
connections with Almgren’s theory [1], [2] (developed in arbitrary dimension and
codimension) of approximation, up to sets of small measure, of (minimal) currents
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by multi-valued Lipschitz graphs: here the regularity condition is weakened to BV,
and this allows a complete description of the current, at least in codimension one, as
a multi-valued graph. We rely on techniques of geometric measure theory, especially
the concept of BV maps and currents in metric spaces developed in Ambrosio [3]
and Ambrosio and Kirchheim [6].

We refer to the following section for the notation and state now the main result
of this paper. If v : R™ — R is a locally BV function, we denote by i(u) the
n-dimensional boundary-free current canonically associated with the graph of u in
R™ x R, obtained (roughly speaking) by completion of the discontinuities of u with
vertical segments.

Theorem 1. Let T € Z,(R"™) be an n-dimensional integer rectifiable current
in R"1 = R” x R, satisfying the zero-boundary condition OT = 0, the positivity
condition T dx > 0 and the cylindrical mass condition

Mg, 0)xr(T) < 00 for every R > 0. (1)

Then, there exist a wunique integer N and a wunique family of functions
uj € BVoc(R™;R), 1 < j < N, satisfying

ur <wuz < ... < up, (2)

such that the given currentT' is the superposition of the canonical Cartesian currents
i(u;) associated with the functions u;, that is,

N
T =) i(u;). (3)
j=1
In addition, the following additivity property holds:

N
1T =D lliCuy)|l. (4)
j=1

We call each function u; a leaf of the decomposition of 7', and we refer to (3)
as the canonical leaf decomposition of T. Heuristically (4) follows from (3) because
all graphs have a common orientation in their intersection, so that no cancella-
tions occur; notice that the additivity property (4) does not hold for more general
decompositions which satisfy condition (3), but not the monotonicity assumption
(2).

For an application of this result we refer to [5], where a geometric approach to
tackle multi-dimensional scalar conservation laws is developed. Therein, solutions
are defined geometrically as currents, rather than as functions satisfying entropy
inequalities. The leaf decomposition is used to show the existence of entropy solu-
tions in this setting, as the superposition of graphs of entropy solutions. (See [5]
for details.)

2. Preliminaries and notation.

2.1. Currents. We denote by D,, (R¥) the space of m-dimensional currents in R¥,
that is the dual space of all linear and continuous functionals defined on the space
D™ (RF) of all smooth and compactly supported differential m-forms. The space
D,,,(RF) is equipped with the usual weak-star topology induced by this duality. The
duality bracket between a current T' € D,,(R*) and a form w € D™ (R¥) is denoted
by (T, w).
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The boundary of a current T' € D,,(R¥) is the current 9T € Dy,_1(R¥) defined
by
(0T, w) = (T, dw),  we D™ Y RF),
where dw € D™ (RF) denotes the differential of the form w € D™~Y(R¥). If T €
D,,(R¥) and a € D"(R¥) for some h < m, we denote by TLa € D,,_,(RF) the
saturation of the current 7" with the form «, which is defined by

(TLa,w) = (T,aAw), w € D™T(RP).

The (local) mass of a current 7' € D,, (R¥) is defined for every open set Q C R*

as
Mq(T) = sup {(T,w) : we D™(R"), suppw C Q, |w|| < 1}.

If T has locally finite mass, the set function  +— Mg (T) is the restriction to
bounded open sets of a nonnegative Radon measure that we shall denote by ||T],
so that ||T|(Q) = Mq(T) for all bounded open sets  C R¥. Given a current
T € D,,(R¥) with locally finite mass, there exists a unique (up to ||T'||-negligible
sets) ||T|-measurable map T defined on R¥ and with values in the set of m-vectors
such that T is a unit m-vector | T'||-almost everywhere and (here (-, -) is the standard
duality between m-vectors and m-covectors)

(T, w) = /Rk (T(2),w(z) d|Tl|(x),  weD™RY). (5)

Whenever (5) holds, we shall write 7' = T T

We will be especially interested in the subclass Z,,(R¥) C D,,(R¥) of all m-
dimensional integer rectifiable currents 7' for which, by definition, there exists a
triple (M, 0, 7), where M C R* is a countably #™-rectifiable set, 6 : M — N\ {0}
is a locally integrable function and 7 is a Borel orientation of M (i.e. a Borel map
x— 1(x) = &(z) Ao A&y (x) with values in unit and simple m-vectors whose
span is the approximate tangent space to M at z) such that T'= 70™L M, or
equivalently T = 7 and ||T|| = 0.#™L M. We shall also write T = (M, 0, 7), and
we refer to M as the support of 7" and to € as the multiplicity of 7' (both are
uniquely determined up to .#-negligible sets).

2.2. 0-dimensional integer rectifiable currents with finite mass. In this sec-
tion we consider a very special class of integer rectifiable currents, the 0-dimensional
ones with finite mass on the real line R. We denote by Zo(R) the set of these cur-
rents and we notice that it consists of those currents that can be expressed as a
finite sum of Dirac masses with weight £1. This means that every S € Zy(R) can

be written as
1
S = Z Uj5Aj;
=1

where the A; are (not necessarily distinct) points of R and o; = +1. We will call
average of the current S € Zp(R) the integer Zj 0;. For every h € N we denote by

IMR) C Zo(R) the set consisting of all nonnegative 0-dimensional integer rectifiable
currents in R with average h:

h
TMR) = {Seio(R) : S:Z(SA]}; (6)
j=1

notice again that the points A; € R need not be distinct.
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On the set Zo(R) we define

F(S) := sup {(S, o) pE Lipr(R)} , S € Iy (R),
where Lip, ; (R) denotes the set of bounded real-valued Lipschitz functions defined

on R with Lipschitz constant less or equal than one. Notice that, if S € Zo(R) has
non-zero average, then obviously F(S) = +o00; on the other hand

F(S) < Mg(S) diam (supp S) < 400

for all S € Zo(R) with zero average. It is also immediate to check that, for S =
da — 0p, we have F(S) = |A — B|. A generalization of this fact is given by the
following well-known lemma.

Lemma 1. If S and S’ € Iy(R) are of the form

h h
S=>ba, S§'=> 6p,
j=1 j=1

with Ay < Ay < ... < A and By < By < ... < By, then

h
> |4; - Bj| =F(S - 5. (7)

Jj=1

Proof. We give an elementary proof, which uses ideas from the theory of optimal
transportation (see [11]). We notice first that the inequality > in (7) is an obvious
consequence of the inequality |A; — Bj| > |¢(A;) — ¢(B;)| for all ¢ € Lip, ,(R), so
we need only to build ¢ € Lip; ;,(R) such that

h
D A= Bl < (S-S 9). (8)
j=1

By the compactness of the support of S — S’, it suffices to construct a 1-Lipschitz

function ¢ with this property. To this aim, we first notice that the fact that the list
of the A;’s and of the B;’s are ordered implies

h h
D 14; = Bl < |Aj — By (9)
j=1 j=1

for any permutation o of {1,...,h} (this can be seen by showing that the right
hand side does not increase if a permutation o with B,;) > B,(;) for some i < j
is replaced by another one & with (i) = o(j), 6(j) = o(i) and 5(k) = o(k) for
k # i, j). More generally, one can use (9) and the fact that permutation matrices
are extremal points in the class of bi-stochastic matrices to obtain (the so-called
Birkhoff theorem, see [11])

h h
D 14, =Bl < ) mylA; - Byl (10)
j=1 ij=1

for any nonnegative m;; with >, m;; = >, mj; =1forall j=1,... h.

The minimization of the functional m — 37, s m;|A; — B;| subject to the above
constraints on m is a (very) particular case of Monge-Kantorovich optimal transport
problem of finding an optimal coupling between S and S” with cost function ¢(x, y) =
|z —y|. Kantorovich’s duality theory gives that the infimum of this problem, namely
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>_;|A; — Bj|, is (see [11] again, where an explicit construction of the maximizing
¢ is given)
max (S —5", ).
¢€LiP1(R)< ¢>
O

For every fixed h € N we define
d(S,5) :=F(S—8") =sup{(S,¢) — (5,¢) : ¢ €Lip,;(R)}, S, €I}R),

which is easily seen to be a finite distance in Z}'(R) (indeed, since S and S’ belong
to the same set Z/(R), the difference S — S’ has zero average).

2.3. Slices of a current. Given T € Z,,(R™ x R) we consider the vertical slices of
T at x € R",

T, = (T,dx,x) € To(R),
see for instance [6], [10]. This family of currents is uniquely determined, up to
Z™-negligible sets, by the identity f]R" T,dr=TLdz,ie.

[ (Tepta o = (7L ) (1)

for all ¢ € C°(R™ x R). Furthermore, the masses of T, are related to the mass of
T by

AMR(TQC) dx S MQXR(T) (12)

for all bounded open sets 2 C R”™. As a consequence, T, € Zy(R) for Z"-a.e. x €
whenever Mg g (T) < +00.

2.4. The current associated to the graph of a BV function. Recall that
u € L{ (R™) is said to be a locally BV function if its distributional derivative
Du = (Dqu,...,Dyu) is an R"-valued measure with locally finite total variation in
R™, and we shall denote by ||Dul| this total variation.

In this section we are going to describe how we can canonically associate to
u € BVioc(R™) a current i(u) € Z,(R™ x R) with no boundary, finite mass on

cylinders 2 x R with 2 bounded, and satisfying
(i(u), pdx) := / o(z,u(x)) de Vo € CF(R™ x R). (13)
Q

These two conditions are actually sufficient to characterize a unique current, see
step 5 of the proof of Theorem 1.

Geometrically, this current corresponds to the integration on the graph of wu,
with the orientation induced by the map = — (z,u(z)), and this description works
perfectly well when v € C'. In order to define i(u) in the general case when
u € BVige, we first define the subgraph E(u) of u by

E(u):={(z,y) e R" xR: y <u(x)}.

It is well known that E(u) has locally finite perimeter in R" x R (i.e. xpgw) €
BVioc(R™ x R)), so it has a measure-theoretic boundary (the set of points where
the density of E(u) is neither 0 nor 1), that we shall denote by I'(u). De Giorgi’s
theorem on sets of finite perimeter ensures that I'(u) is countably JZ"-rectifiable,
and that

Dxpw) = —vew " LT (u) (14)
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(the unit vector vpg(,) is the so-called approximate outer normal to E(u)). Then,
we define

i(u) == (I'(u), 1, 7), (15)
where 7, is the unit n-vector spanning Vi:(u) (the approximate tangent space to
I'(u)), characterized by

(dzy A+ Ndxp Ndy , Ty AVE@)) > 0.

Equivalently, invoking the relation (14), we can define

mwwmw:—/ o dDyX (o),
R xR

(i(u), pdx; A dy) ::/ ©dDixpw), Jj=1,...,n
R™ xR
(here gg\cj = (—=1)"Idz' A+ Adzd T AdaITE A Ada™). In the case u € CH(R™),
using the area formula, it is easy to check that this definition coincides with the
geometric picture, and in particular that 0(i(u)) = 0 and (13) hold. In the general
case both can be obtained, for instance, by approximation (notice that u; — u in
L{ . implies E(u;) — E(u) in L . and therefore weak convergence of the associated
currents).
We will need the following strong locality property of 7,,.

Lemma 2. Let u, v € BVjoc(R™) withuw > v. Then 1, = 7, A" -a.e. onT'(u)NI'(v).

Proof. Tt suffices to show that vg(,) = Vg, " -a.e. on I'(u) NI'(v). It is a general
property of sets of finite perimeter £ C R"*! that, for /#"-a.e. w € 0*E, the
rescaled sets (E — w)/r converge in L{ _ as r | 0 to the halfspace having vg(w) as
outer normal. In our case, F(u) D E(v) because u > v, so that all points w where
both (F(u) — w)/r and (E(v) —w)/r converge to a halfspace, the halfspace has to

be the same. This implies the stated equality #"-a.e. of the outer normals. O

2.5. Metric spaces valued BV functions. We now recall the main features of
the theory of BV functions with values in a metric space, developed in Ambrosio
[3] and Ambrosio and Kirchheim [6]. Let (F,d) be a metric space such that there
exists a countable family 7 C Lip,, ; (E) which generates the distance, in the sense
that

d(z,y) = sup |®(x) — @(y)|, =, y€k.
PEF
We say that a function f : R” — E'is a function of metric locally bounded variation,

and we write f € M BVioo(R™; E), if o f € BVjoc(R") for every ® € F and if there
exists a positive locally finite measure v in R™ such that

v>|D(@®o f)], decF.

The minimal v such that the previous condition holds will still be denoted by
[[Df]l. Tt is possible to check that the class M BVj,.(R™; E) and the measure || D f]]
are independent of the choice of the family F.

We now consider the metric space (Z!(R),d) previously defined. To every ¢ €
Lip, ; (R) we associate the map ®4 € Lip, (Z{/(R)) defined by

®y(S) = (3,0), S eI(R).
Indeed, it is immediate to check the Lipschitz continuity
@5(S) — @4(S)| = [(S,0) — (5", 0)| < d(S,8"), S, 5" € IH(R).
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By a standard density argument, it is possible to select a countable family F C
Lip;, ; (R) N C*°(R) with the property that

d(s,s’) = ;gg{@, o) — (9. ¢}, 5 8 eIfR). (16)

Lemma 3. Let E and F be metric spaces. Then Mo f € M BVio.(R¥; F) whenever
f € MBWoo(R¥; E) and M : E — F is an L-Lipschitz function, and |D(M o f)|| <
L|Df|. Furthermore, M BVioe(R¥;R) coincides with BViy.(RF).

Proof. Let ¢ € Lip, ;(F), g = Mo f and ¢ = ¢ o M; then ¢ € Lip,(E) and its
Lipschitz constant is less than L; as a consequence, || D(v o f)|| < L||Df]|. Since
Yo f = ¢ogwe obtain that g € M BVj.(R¥; F) and || Dg|| < L||Df|.

The inclusion BVie.(RF) € M BW,.(R*;R) is a simple consequence of the sta-
bility of BV functions under left composition with Lipschitz maps; to prove the
opposite inclusion, let f € M BW,.(R¥;R) and fix an open ball B C R*; by defini-
tion all truncated functions f, := —aV (fAa) belong to BV (B) and ||Df,|| < ||Df]|,
since we can see f, as the composition of f with the map 7, € Lip, ;(R) defined
as the identity for z € [—a,a], as the constant a for © > a and as the constant —a
for 2 < —a. Therefore, denoting by f, their averages in B, by Poincaré inequality
we obtain that f, — f, is bounded in L'(B). Thanks to the compactness of the
embedding of BV in L', we can find a sequence a; — +oo such that f,, converges
to some m € R and f,, — fa, converge in L'(B) and .#"-almost everywhere to
g € BV(B): if m € R we immediately obtain that f =m + g € BV(B). If not, we
obtain that |f] = +oo0 £ ™-almost everywhere, contradicting the assumption that f
is real valued. O

3. Proof of the main theorem. This section is entirely devoted to the proof of
Theorem 1. We address separately the existence of the decomposition, its unique-
ness and the equality of the total variations. In the course of the proof we will
occasionally use forms w in R™ x R whose supports are not compact, but have a
compact projection on R™. Their use can be easily justified by a truncation argu-
ment, based on the fact that the currents under consideration have finite mass on
cylinders 2 x R with Q2 C R™ bounded.

3.1. Existence of a decomposition. We proceed in 5 steps.

Step 1. We begin by proving that there exists an integer N (depending on T
only) such that, for #"-a.e. # € R", the slice T, € Zo(R) is the sum of N Dirac
masses with unit weight: more precisely, for Z"-a.e. © € R"™ there exist N real
values

up(x) <wus(z) < ... <upy(z) (17)
satisfying
N
To = bu,a): (18)
j=1

We first show that T, > 0. Fix two nonnegative functions ¢ € C°(R) and
¢ € C(R"), and apply (11) with p(z,y) = ¢ (2)d(y) to get

[ () vla) o = (TLdsg) > 0

since we assumed T'Ldx > 0. Hence, by the arbitrariness of ¢, we deduce that
(T, ) > 0 for L™a.e. x € R". By a simple density argument we can obtain an
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Z"-negligible set E independent of ¢ such that (T, ¢) > 0 for all p € C°(R) and
x € R"\ E. This proves that T, > 0 for all z € R" \ E.

Knowing that T, > 0, the mass of T, is simply given by (T,,1) (notice that
this function is locally integrable by (12) and assumption (1), and takes £ "-almost
everywhere its values in N because .£"™-almost all the slices are integer rectifiable).

We want to show that the map x — (T,,1) is Z™-equivalent to a constant in
R™. Indeed, for every function ¢ € C2°(R™) we can compute (applying again (11))

[ @ g @ de = (TLde, 55 = (-1 (wda:)) = o
since 0T = 0. Hence we denote by N € N the Z"-a.e. constant value of (T, 1),
and we can obviously assume that N > 1. In view of the representation (6), this
means that T, € ZY (R) for #™-a.e. x € R™. This leads us to the decomposition
(17)—(18).

Step 2. Next, we claim that the map
R" — (Z3'(R), d),

x Ty,

belongs to M BVi,.(R™; ZJ' (R)).

We proceed as in the proof of Theorem 8.1 of [6]. Recalling the definitions
and the discussion in Subsection 2.5, we only need to show that for every ¢ €
Lip;, 1 (R) N C*°(R) the map

z— (Ty, ¢)

belongs to BVje.(R™), with a uniform (with respect to ¢) control of the derivative.
For every ¢ € C2°(R™), applying once more (11) we compute
N N N
T.,¢)—(x)de = (TLdx, —¢) = (T,
[ (o) 5o @) do = (T o, 52 0) = (1, 5
using in the last equality the fact that 9T = 0. Therefore, taking the modulus of
both sides, we obtain

¢dx) = —(T, ¢t dz; A dy),

0
| roge@an < [ iz,

where 7w : R™ x R — R"™ is the projection on the x variable. This implies that the
total variation of the distributional derivative of x +— (T}, ¢) satisfies

I1D(Tz, @) || < mrge || T

Step 3. Given S € Z)V(R) of the form
N
S=> 64,  withA; <Ay <. <Ay,
j=1

let us prove that the map
(Z3'(R),d) — R,
S AN}

is 1-Lipschitz continuous.
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Let S € I (R) be of the form above and S’ € Z)¥(R) be of the same form
N
= dur, with A} < A < ... < Al
j=1
Then

N N N
|An — AN| <D |A; — A =F Z&Aj—Z(SA; =d(s,s"),
j=1 j=1

j=1

where we have used Lemma 1.

Step 4. Finally we claim that the map
x — upy(x), R*" - R

belongs to BVjec(R™).
We have already seen in Step 2 that the map

r— T,  R" = IN(R)

is M BVjo. and in Step 3 that the map defined by

N
Z&zj — max z;, YV (R) — R

‘ 1<i<n
j=1

is Lipschitz continuous. Then, Lemma 3 yields that their composition, namely uy,
belongs to M BVi,.(R™; R), which is nothing but BVi,.(R™).

Step 5. Induction and conclusion of the proof.
Up to now we have selected the top leaf of the decomposition. Now define

T=T-i(uy).

It is readily checked that T is an n-dimensional integer rectifiable current in R™+1
satisfying the zero-boundary condition, the positivity condition and the cylindrical
mass condition as in the statement of the theorem, and that for Z"-a.e. z € R™ we
have

N—-1
T, =T, — 5UN(;IJ) = Z 5uj(w)
j=1

Then, it suffices to apply again N —1 times the construction described in the previous
steps to deduce that all functions u; belong to BVe.(R™) and, by construction,

(T - Zjvzl i(uj)) Ldr =0. Let now R :=T — Zjvzl i(u;) and let us prove that
OR = 0 and RLdx = 0 imply R = 0. Indeed, given ¢ € C>(R"™ x R), let
o(z,y) = ff’oo Y(x, s)ds; then for every j =1,...,n we have

0= (9R, pdx;) = (-1)" (R, %pdx +pda; Ady) = (—1)" (R, wda; A dy).
i

Finally, property (2) is a consequence of the choice we have done in (17).
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3.2. Uniqueness of the decomposition. The uniqueness of this decomposition
is immediate. Assume that we have two decompositions

N

T =) i(u;) Zi vj),

Jj=1 Jj=1
with u; € BVioc(R") for j =1,..., N and v; € BVioc(R") for j =1,..., M satisfy-
ing

wp <us <...<uy and v <wy <...< vy (19)

For #™a.e. x € R™ the slice T, satisfies

N M
To = buyw) = D Ou;(a)-
j=1 j=1

This immediately implies that N = M and, together with (19), that u;(z) = v;(z)
for L™-a.e. x € R" for every j =1,..., N.
3.3. Equality of the total variations. We know that i(u;) = (I'(u;), 1, 7y,), and

the locality property stated in Lemma 2 allows us to find a Borel orientation 7 of
I' := U,;T'(u;) with the property

T = Ty, H"-ae. on I'(uy), for j=1,...,N, (20)

since by construction the functions u; satisfy (2). Let us define #(w) as the cardi-
nality of the set {j € {1,..., N} : w € I'(u;)}; taking (20) into account, we have
then

(T,w>=i( i(uj), Z/ (Tu;,w) dA" = /9 (T,w) dI".

j=1

This proves that 7= (I',0, 7). As a consequence

N N
IT| = 0" LT =Y " LT (uy) =Y [liu))]-
7j=1 Jj=1
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