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Abstract. Solid tumours grow through two distinct phases: the avascular
and the vascular phase. During the avascular growth phase, the size of the
solid tumour is restricted largely by a diffusion-limited nutrient supply and the
solid tumour remains localised and grows to a maximum of a few millimetres
in diameter. However, during the vascular growth stage the process of cancer
invasion of peritumoral tissue can and does take place. A crucial component of
tissue invasion is the over-expression by the cancer cells of proteolytic enzyme
activity, such as the urokinase-type plasminogen activator (uPA) and matrix
metalloproteinases (MMPs). uPA itself initiates the activation of an enzymatic
cascade that primarily involves the activation of plasminogen and subsequently
its matrix degrading protein plasmin. Degradation of the matrix then enables
the cancer cells to migrate through the tissue and subsequently to spread to
secondary sites in the body.

In this paper we consider a relatively simple mathematical model of can-
cer cell invasion of tissue (extracellular matrix) which focuses on the role of a
generic matrix degrading enzyme such as uPA. The model consists of a sys-
tem of reaction-diffusion-taxis partial differential equations describing the in-
teractions between cancer cells, the matrix degrading enzyme and the host
tissue. The results obtained from numerical computations carried out on the
model equations produce dynamic, heterogeneous spatio-temporal solutions
and demonstrate the ability of a rather simple model to produce complicated
dynamics, all of which are associated with tumour heterogeneity and cancer
cell progression and invasion.

1. Introduction. The word cancer is an “umbrella term” for approximately 200
diseases. There are two broad categories of tumours: Benign and Malignant ([2]).
Benign tumours remain localized to the tissue in which they arise and although they
may grow large, they will not spread to other parts of the body. Commonly, they are
completely enclosed in a protective capsule of collagenous tissue and they typically
do not prove fatal unlike malignant tumours. If found early, benign tumours can
be cured either by surgical removal or in some cases by radiation therapy. Unlike
benign tumours, and even though both benign and malignant tumours grow in an
uncontrolled way, malignant (“cancerous”) tumours are a far more serious matter.
Some of their cells break off from the main primary tumour mass, invading and
destroying surrounding tissue or travelling through the blood or lymph system to
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distant parts of the body, where new tumours might form. These malignant cells
could break off again and establish even more colonies ([46]).

At the early growth stage the tumour is relatively harmless and is still avascular,
that is, it lacks its own network of blood vessels for supplying nutrients, including
oxygen, and for removing wastes ([41],[42]). The critical event that converts a self-
contained pocket of aberrant cells into a rapidly growing malignancy comes when
the tumour becomes vascularized ([42]).

Cancers also possess the ability to actively invade the local tissue and then
spread throughout the body. Invasion and metastasis are the most insidious and
life-threatening aspects of cancer ([57], [58]). Whether physiological or malignant
invasion, the regulation for its necessary events involves spatial and temporal co-
ordination, as well as certain cyclic “on-off” processes, at the level of individual
cells. Motility, coupled with regulated, intermittent adhesion to the extracellu-
lar matrix and degradation of matrix molecules, allows an invading cell to move
through the three-dimensional tissue matrix. At the leading edge of the motile
cell, receptor-ligand and proteolytic-antiproteolytic complexes coordinate sensing,
protrusion, burrowing and traction of the cell ([58], [55]).

The most significant turning point in the disease (cancer), however, is the es-
tablishment of metastasis. Metastasis is defined as the formation of secondary
tumour foci at a site discontinuous from the primary tumour ([57], [58]). Metas-
tasis unequivocally signifies that a tumour is malignant and this is in fact what
makes cancer so lethal. In principal, metastases can form following invasion and
penetration into adjacent tissues followed by dissemination of cells in the blood vas-
cular system (hematogeneous metastasis) and lymphatics (lymphatic metastases)
[3]. The molecular mechanisms of metastasis are poorly understood as a result of
their apparent complexity. However, sequential steps in the so-called “metastatic
cascade” are believed to include the following:

• metastatic cells arise within a population of neoplastic/tumourigenic cells as
a result of genomic instabilities;

• vascularization of the tumour through the angiogenesis process;
• detachment of metastatic-competent cells that have already evolved;
• migration of the metastatic cells;
• local invasion of cancer cells into the surrounding tissue, requiring adhesion

to and subsequent degradation of extracellular matrix (ECM) components;
• transport of metastatic cells either travelling individually or as emboli com-

posed of tumour cells (homotypic) or of tumour cells and host cells (het-
erotypic);

• metastatic cells survive their journey in the circulation system;
• adhesion/arrest of the metastatic cells at the secondary site, cells or emboli

arrest either because of physical limitations (i.e. too large to traverse a lumen)
or by binding to specific molecules in particular organs or tissues;

• escape from the blood circulation (extravasation);
• proliferation of the metastatic tumour cells;
• growth of the secondary tumour in the new organ.

Metastases can appear shortly after surgery but can also remain undetected
for more than a decade before manifesting themselves clinically ([19], [40]). This
indicates that disseminated cancer cells can persist in a dormant state, unable to
form a progressively increasing tumor mass ([19]) Such heterogeneity of outcome
indicates that the fate of tumour cells that disseminate to distant organs before
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surgery must be regulated by either inherent cancer cell properties or the milieu
of the target organs, or both. Identifying the mechanisms that keep metastases in
their dormant, occult state is one of the most challenging and important avenues
of cancer research ([19], [40]).

In this paper we present a mathematical model for invasion of tissue by cancerous
cells, focussing on the role of matrix degrading enzymes, chemotaxis and haptotaxis.
This initial model is a simplification of that presented in [23] and enables one to focus
on the potential competition between chemotaxis and haptotaxis. In a development
of this basic model, the inclusion of a nonlinear haptotaxis function demonstrates
the ability of this simple model to produce dynamic, heterogeneous solutions. Next,
through the incorporation of limit-cycle kinetics into the proliferation terms of the
model (representing the observed cycles in uPA receptor dynamics and endocytosis)
we observe the effect this has on the spatio-temporal behaviour of the solutions.
Finally, we present two-dimensional computational simulations of the full model
developed by Chaplain and Lolas [23].

In the next two sections, we present a brief overview of the underlying biology
of extracellular matrix degradation and cell migration, before developing the math-
ematical model in section 4. In section 5 we present the results of computational
simulations of our model and conclude the paper with a discussion section.

2. Proteolysis and extracellular matrix degradation. The prognosis of a can-
cer is primarily dependent on its ability to invade and metastasize. Many steps that
occur during tumour invasion and metastasis require the regulated turnover of ex-
tracellular matrix (ECM) macromolecules. Breakdown of the ECM is accomplished
by the concerted action of two general classes of proteases: the metalloproteinases
and the serine proteases ([6], [7]).

However, proteolytic degradation of the extracellular matrix is essential for the
processes of tissue remodelling as well. These processes take place in a number of
distinct physiological events in the healthy organism, such as trophoblast invasion,
mammary gland involution, and skin wound healing. The plasminogen activation
system has an important position among the extracellular proteases engaged in these
degradation reactions. This system is organized as a proteolytic cascade with active
proteases and their pro-enzymes, protease inhibitors, and extracellular binding pro-
teins. In the following section, we will demonstrate the pleiotropic activities that
the urokinase plasminogen activation system has in cell migration, cell movement,
tumour progression, and metastasis ([13], [6], [7]).

2.1. Structure and function of the plasminogen activation system. The en-
zymatic system consists of the urokinase receptor (uPAR), urokinase plasminogen
activator (uPA), the matrix-like protein vitronectin (VN) and plasminogen activa-
tor inhibitors: type-1 (PAI-1) and type-2 (PAI-2). uPA is an extracellular serine
protease produced from cells as a single-chain proenzyme pro-uPA. Two major func-
tional domains make up the uPA molecule: the protease domain and the growth
factor domain. The protease moiety activates plasminogen and, hence, generates
plasmin, a serine protease capable of digesting basement membrane and extracellu-
lar matrix proteins. Thus, the unrestrained generation of plasmin from plasminogen
by the action of plasminogen activator (PA) is potentially hazardous to cells. In
this regard, the process of plasminogen activation in a healthy organism is strictly
controlled through the availability of PAs, localized activation, and interaction with
specific inhibitors (PAIs). One of these inhibitors, PAI-1, which is believed to be
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the most abundant, fast-acting inhibitor of uPA in vivo ([6], [7]). In other words,
for cells to protect themselves they must secrete a surplus of inhibitors to guarantee
restraint of pericellular proteolysis. Indeed secreted uPA is often associated with
plasminogen activator inhibitor-1 (PAI-1) and remains inactive.

The growth factor domain has no protease activity but can bind a specific, high
affinity cell-surface receptor, uPAR (or CD87). uPAR is expressed in considerable
amounts on the cell surface of various cell types such blood leukocytes, endothelial
cells, macrophages, fibroblasts, and by different types of cells in human cancer.
In addition, as implied by its name, uPAR was first identified as a high-affinity
receptor for uPA. uPAR mediates the binding of the zymogen pro-uPA to the plasma
membrane where plasmin converts pro-uPA to the active zymogen, uPA, which
in turn converts plasma membrane-associated plasminogen into plasmin ([6], [7]).
Importantly, uPA is not the only ligand for uPAR that is able to bind to the matrix-
like form of vitronectin (VN) and thus place emphasis on a non-proteolytic role for
uPAR ([81], [24]). uPAR contains a vitronectin binding site(s) distinct form the
urokinase binding site. The strength of interaction between uPAR and VN is not
mutually exclusive; rather inactive pro-uPA, as well as active uPA promote VN
binding. In addition, uPAR can also bind integrins at sites distinct from its uPA-
and VN-binding sites. These interactions account for the effects of uPAR on cell
adhesion and migration ([83]).

Vitronectin is a versatile glycoprotein that is found in circulation, in the extra-
cellular matrix of endothelial cells, and within various tissues of the human body
([26]). As the name indicates, VN binds strongly to glass surfaces (vitro = glass).
Interactions with an assortment of biological molecules are responsible for the mul-
tiple functions exhibited by vitronectin. Other functions of the protein that are
confined to surfaces or tissues include cell-adhesion and regulation of pericellular
proteolysis ([26]). Moreover VN functions as the major high-affinity binding pro-
tein of PAI-1, uPAR and integrins. Since VN is recognized as the major binding
protein of PAI-1, and its binding to uPAR could be expected to bring PAI-1 in
close approximation with uPA, thereby promoting inhibition and clearance of uPA
from its receptor uPAR. We postulate that this process may effect a lower avidity
of cellular attachment to vitronectin. In this paradigm, PAI-1, although decreas-
ing uPA activity, would also promote detachment of the cell from its contact site.
Thus, PAI-1 in circumstances where sustained proteolytic activity is not vital to
movement could promote rather than retard migration.

PAI-1, the inhibitor of uPA, belongs to the serpin (serine protein inhibitors) fam-
ily ([6], [7]) and can specifically bind to and inhibit not only free, but also receptor-
bound uPA. When PAI-1 is available, it can bind to the uPA/uPAR complex trig-
gering the internalization of the uPA/uPAR/PAI-1 complex by receptor-mediated
endocytosis. The uPA/uPAR/PAI-1 complex will be dissociated and PAI-1 and uPA
will be digested, but the receptor will be recycled to the cell surface and concentrate
the uPA (if available) on the cell surface again. This process will lead to clearing of
PAI-1 from the vicinity of the cell surface ([27], [28], [65]). It is not clear why PAI-1
is concentrated in the nucleus of the cancer cell. However, many receptor-binding
proteins bind to the receptor and are then endocytosed. It is, therefore, conceivable
that such protein signalling (or their degradation products) acts directly within
the cell, or cell nucleus. It has been reported that the receptor-mediated internal-
ization of uPA/uPAR/PAI-1 complexes may trigger the proliferation of the cancer
cells. Additionally, inhibition of cell adhesion and migration by PAI-1 on VN occurs
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because the same region of VN is required for interaction with PAI-1, uPAR and
integrins. In other words, PAI-1 competes with uPAR for binding to VN.

The uPA/uPAR/PAI-1/VN system therefore appears to be a very important
function in the regulation of the attachment/detachment machinery, namely to in-
form cells when, how and where to move. Availiable data suggests that cells respond
to a “go” signal through the stimulation of surface proteolysis, exposure to chemo-
tactic epitope(s), and recycling of “naked” uPAR to novel surface proteolysis, and
to a “stop” signal via PAI-1-dependent internalization and degradation of uPA.
Additionally, cells respond to a “pause” signal through transient uPAR-dependent
adhesion stages, thus shifting the cells between an “adhesion - mode” and a “mi-
gration - mode”. Thus occupation of cell surface uPAR by uPA and concomitant
urokinase activity are ephemeral in the settings of this protease inhibitor.

3. Proteolytic stimulation of cell migration. Cell migration plays a central
role in a wide variety of physiological and pathophysiological processes, for instance
embryonal development, inflammation, and cancer metastasis (for reviews see [55]).
Cell migration is the locomotion of a cell on a substratum of ECM proteins. Cells
require attachment sites on extracellular matrices in order to reorganize their cy-
toskeleton and initiate protrusions important to migration. In this regard, cancer
cells require a well-regulated, pericellular proteolysis to migrate.

Cell migration proceeds through extension of the leading cytoplasmic edge, a
process which among other events involves adhesion, mediated by several proteases
and their extracellular matrix protein ligands. Such interactions lead to the gen-
eration of specific intracellular signals and reorganization of the cytoskeleton. The
adhesions at the leading cellular edge are thought to provide guidance and traction
for pulling the cell body forward. Dissociation of integrin/ligand and cell surface
receptor/ligand complexes, via regulated signals delivered from the cell interior,
allows retraction of the trailing edge ([55]).

This adhesion may not be so stringent as to prevent movement, nor too weak to
provide traction. The extent of migration may thus vary with the avidity of adhe-
sion. In addition, adhesion must be regulatable or reversible to allow detachment.
Extracellular proteolytic enzyme systems like the plasminogen activation system
may facilitate release of the trailing edge by degradation of ECM proteins. Several
proteases are involved in cell migration and invasion, but an important role has
been ascribed to the plasminogen activation system.

The effects of the plasminogen activation system in cell migration may be due
to a proteolytic as well as a non-proteolytic mechanism ([6], [7]). A proteolytic
mechanism of cell migration implies plasmin generation at focal adhesion sites,
catalyzed by uPAR-bound uPA, which could help to break physical barriers and
promote detachment of the trailing edge of the cells from matrix proteins that might
impede their migration. On the other hand, with a non-proteolytic mechanism,
uPA is thought to promote cell migration by enhancing adhesion at the leading
edge, through stimulation of binding of uPAR to VN, modulation of uPAR/integrin
interactions and/or by initiation of signal transduction cascades ([83]). It is also
possible that both mechanisms operate simultaneously in migrating cells.

Soon after it was reported that uPAR contains a vitronectin-binding site, it was
realized that active PAI-1 blocks the interaction of uPAR and vitronectin. In this
regard, Waltz et al. (1997) and Deng et al. ([34]) reported that PAI-1 regulates
proteolytic activity (both on the cell surface and in solution), blocks binding of and



404 M.A.J. CHAPLAIN AND G. LOLAS

adhesion to vitronectin by myeloid cells and also blocks binding of soluble uPAR
(suPAR)-that is lacking the GPI-anchor- to vitronectin. Moreover in [48], Kanse
et al. ([48]) demonstrated that PAI-1 blocks binding of vitronectin to uPAR on
endothelial cells. Inhibition of both uPA activity and of uPA/uPAR interactions
prevents extracellular matrix degradation. On the other hand, when PAI-1 binds
to VN, it interferes with vitronectin recognition by integrins, thereby stimulating
release of cells from the matrix and paradoxically supporting cell migration.

It seems possible to arrive at a model unifying the many observations by assuming
that proteolytic and non-proteolytic mechanisms of uPA action on cell migration
are operating simultaneously in individual migrating cells. If pro-uPA is converted
to active uPA at the ventral surface of the cells, non-proteolytic mechanisms could
dominate at the leading edge and proteolytic mechanisms at the trailing edge. The
relative importance of the proteolytic and the non-proteolytic elements and the
net effect of (pro-)uPA and PAI-1 would be expected to depend on the level of
expression by the migrating cells of uPAR, endocytosis receptors, and integrins,
of the composition of the ECM, of the pericellular localization of (pro-)uPA and
PAI-1, of mechanisms for pro-uPA activation, and of the stimuli that induce cell
motility.

3.1. Chemotaxis and haptotaxis. Tumour cells encounter a variety of soluble
and substratum-bound factors which may influence their directed migration at dif-
ferent stages in the process of tumour invasion and metastasis. Such factors can
promote the directed movement of tumour cells by at least two mechanisms, termed
chemotaxis and haptotaxis.

Chemotaxis is defined as cellular locomotion directed in response to a concen-
tration gradient of a chemical factor in solution ([53]). Cells sense the chemical
and migrate toward higher concentrations of this substance until they reach the
source secreting it. On the other hand, gradients do not have to be in solution.
An adhesive molecule could be present in increasing amounts along an extracellular
matrix. A cell that was constantly making and breaking adhesions with such a mol-
ecule would move from a region of low concentration to an area where that adhesive
molecule was more highly concentrated. Such a phenomenon is called haptotaxis

([17], [29]).
The potential importance of a chemotactic response to ECM components is ap-

parent when considering that during the process of tumour invasion and metastasis,
proteolytic degradation results in solubilization of ECM components ([56], [9]). As
a result, tumour cells could conceivably detect and respond to the soluble fragments
as well as to the insoluble intact matrix molecules. Therefore, chemotaxis and hap-
totaxis to ECM components represent two separate and distinguishable means by
which tumour cells penetrate membranes and interstitial stroma ([56], [9]).

Induction of chemotaxis and chemokinesis by uPA has been reported in a variety
of cell types ([67], [45], [74], [38]). This activity is exerted through its specific, high
affinity cell surface receptor uPAR (or CD87) ([45], [74]). The receptor anchors
uPA at the leading edge of migrating cells and localizes it at the focal contacts and
to cell-to-cell contact sites ([13], [12], [38]). These sites also contain adhesion mole-
cules, integrins, cadherins, cytoskeleton-connecting proteins, and signal transducing
molecules.

Cell motility (e.g. chemotaxis, chemokinesis, migration) stimulated by active
uPA can involve plasmin generation and the subsequent degradation of ECM pro-
teins and/or proteolytic trimming of cell surface components, including adhesion



MATHEMATICAL MODELLING OF CANCER INVASION OF TISSUE 405

receptors and uPAR itself. uPAR has been reported to associate with many signal-
ing molecules and to mediate signal transduction ([83], [1], [84]). Much attention
has been focused on the possibility that uPA binding uPAR activates intracellular
signal transduction cascades. Recent reports observed that the binding of uPA to
uPAR in tumour or endothelial cells activates the mitogen-activated protein kinases
extracellular regulated kinase 1 and 2 (ERK-1, ERK-2) ([64]). However, a major
question is how uPAR mediates cellular signaling, since uPAR is not a transmem-
brane molecule but belongs to the group of proteins that are tethered to the plasma
membrane.

The membrane attachment of uPAR via a GPI anchor, i.e. the lack of an intra-
cytoplasmic region capable of connecting with the cytoplasmic signal transducers,
suggests the existence of one or more hypothetical “transmembrane adapter mole-
cules” that connects uPAR and signalling molecules ([6], [7]). Integrins may serve
as such signal transducers, and indeed uPAR has been shown to be associated in
the plasma membrane with complexes of integrins and tyrosin kinases suggesting
a role for these complexes in transmembrane transmission of signals via uPAR.
uPA/uPAR interaction causes catalytically independent responses in endothelial
cells, including chemotaxis and chemokinesis. Based on the fact that the binding
of ligands to integrins initiates a signal-transduction cascade it was speculated that
the reported binding of uPA to the ligand VN is involved in initiation of a signal
transducing cascade ([6], [7]).

Certain actions of uPA on different cell types in culture suggest that a signal is
initiated by binding of uPA to uPAR. A chemotactic activity of uPA has long been
recognized in vitro on different cell types in culture ([15], [45], [74]). The chemotactic
activity of uPA strictly depends on binding to its receptor uPAR: it does not occur
in murine cells lacking uPAR, or containing uPAR but not recognizing human uPA;
it can be restored by transfection of the uPAR; and it is inhibited by antibodies
that prevent uPA/uPAR interaction ([74]). Occupancy of uPAR transduces a signal
that results in the movement of cells; indeed uPA binding to uPAR activates several
tyrosine kinases ([15], [74]). It is noteworthy that the signaling pathways activated
by uPA/uPAR seem to be the same pathways that induce their own expression.
Thus, it is possible that over-expression of the uPA/uPAR system in tumour cells
leads to a signalling loop and/or activation of additional mechanisms dependent on
these molecules that contribute to enhanced pericellular proteolysis, migration and
proliferation ([1]).

3.2. Cell adhesion and haptotaxis. Both cell-cell interactions and cell-stroma
interactions play an important role during the invasive cascade. Connections through
cell adhesion molecules, integrins, and cadherins stabilize tissue integrity, whereas
loss or alteration of these cell surface proteins has been shown to be associated with
increased metastatic potential. The strength and duration of cellular interactions
are modulated by (a) the repertoire of receptor expression (especially integrins); (b)
the relative abundance of adhesive and counteradhesive factors in the extracellular
matrix; and (c) extracellular hydrolytic enzyme systems. In this regard, pericel-
lular proteolysis initiated by the plasminogen activator/plasmin system fulfils piv-
otal functions in cellular migration. Direct binding of plasminogen activators and
plasminogen/plasmin to cell surface receptors or to extracellular matrix drastically
increases the local concentration and the efficiency of protease formation/action.
The nonclassical activities of the plasminogen activation system and the pericel-
lular cooperation of its components with adhesion receptors, extracellular matrix
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(ECM) proteins and signalling molecules, have provided new insights into their role
as molecular coordinators of cell adhesion.

The classical role of plasminogen activation is one counteracting cell-substratum
and cell-cell adhesion, as pericellular plasmin generation leads to degradation of
adhesion receptors and their extracellular matrix ligands ([61]). However, under
some conditions, binding of uPA to uPAR promotes cell-substratum adhesion. In
this regard, binding of uPA to uPAR stimulates the adhesion of several integrin-
independent cell lines to VN. On the other hand, PAI-1 inhibits uPAR-dependent
adhesion to VN. These observations show that uPA and uPAR may also affect
cell adhesion. Additionally, the avidity of uPAR for VN is strongly promoted by
occupancy of the receptor with uPA.

Recently, it has become clear that uPAR is involved in cell-stroma interactions
and signal transducing events that are independent of its role in plasminogen ac-
tivation. Both the expression pattern of uPAR and its proximity to adhesion and
signalling molecules places this protease receptor at the crossroads of cellular ad-
hesion. uPAR can be found at various locations depending on the cell type and
activation state ([50]). For example, it can be found at the apical surface of qui-
escent epithelial or endothelial cells or concentrated at focal or cell-cell contacts in
invasive cells in association with other proteins, such as ECM adhesion molecules,
cytoskeletal elements, integrins and signalling factors. It participates in cell adhe-
sion directly by binding to vitronectin and indirectly by modulating the affinity of
integrins for their complementary ligands ([71]).

uPAR has been shown to bind not only uPA, but also but also the extracellu-
lar matrix protein, vitronectin (VN). By virtue of the latter activity, it acts as an
adhesion receptor ([83]). The vitronectin/uPAR complex is enhanced by the si-
multaneous binding of urokinase ([83], [48]). The uPA/uPAR interaction increases
the binding of vitronectin to the cells meaning that, somewhat paradoxically, uPA
promotes cell adhesion. In this regard, it has been proposed by Wei et al. ([83])
that the interaction of uPAR binding to vitronectin takes part in a balanced at-
tachment and release scenario, directed by the PAI-1, which competes with uPAR
in the vitronectin binding process ([34]).

A further, indirect role of uPAR in adhesion is provided by interactions with
certain integrins, influencing the binding properties of the latter ([83], [80]). This
broadens the currently held concept of uPAR-integrin interactions, in which uPAR
is proposed to interact exclusively with integrins residing on the same cell (cis in-
teraction) as an “associated protein” that mediates signal transduction directly or
through the mediation of a distinct transmembrane adaptor protein. The simul-
taneous recognition of vitronectin by uPAR and integrins co-localizes these two
receptors to adhesion structures and directs (haptotaxis) the proteolytic activity of
plasminogen systems to the matrix.

Likewise, to make matters even more complicated, active PAI-1, which is the
main PA antagonist, serves as a potent competitor for vitronectin binding to uPAR
and integrins and thus disrupts uPAR-mediated adhesion, but also sterically in-
hibits integrin binding to vitronectin. Vitronectin is considered the primary PAI-1
binding plasma protein. Like PAI-1, vitronectin is significantly increased at sites of
disease, or injury, where it binds collagens, uPAR or integrins. PAI-1 also seems to
play a central role in cell adhesion mediated through integrins or the uPA/uPAR
complex. However, when PAI-1 inhibits uPA or when PAI-1 binds vitronectin, the
uPA/uPAR complex no longer interacts with vitronectin. The higher affinity of



MATHEMATICAL MODELLING OF CANCER INVASION OF TISSUE 407

PAI-1 to vitronectin than that of the uPA/uPAR complex to vitronectin is likely
to be responsible for the release of cells from this substratum by an excess of PAI-
1 (Czekay et al., 2003). Therefore Deng et al. ([34]) suggested that the delicate
balance between cell adhesion and cell detachment is governed by PAI-1. It is
tempting to speculate that the de-adhesive effects of PAI-1 are related to the ob-
servation that high PAI-1 levels are associated with a poor prognosis for survival in
several metastatic human cancers ([7]).

4. Spatio-Temporal models of the uPA system and tissue invasion. In this
section evolution equations (partial differential equations) describing the “kinesis”,
“taxis” and reactions of the urokinase plasminogen activation system (consisting
of cancer cells, urokinase plasminogen activator (uPA) and extracellular matrix
components i.e. vitronectin, fibronectin, laminin) are derived and developed to
consider several key components of the system. In this regard, the components
of this chapter are arranged as follows. First, we look at previous attempts to
investigate tumour invasion and metastasis using deterministic continuum models.
We will then discuss the basic framework of the urokinase plasminogen activation
system and also discuss the estimation of various parameters of the model that can
be obtained using experimental results whenever this is possible. We then present
simulation results of the model.

Previously several studies have incorporated mathematical models for cancer in-
vasion and metastasis e.g. [21], [44], [66], [16], [69], [70], [4], [5], [23]. Many of
these papers examine how cancer cells respond to ECM gradients via haptotaxis.
The gradients are created through the degradation of the ECM by matrix degrad-
ing enzymes (MDEs). In this paper, we will base our initial mathematical model
on generic solid tumour growth, which for simplicity we assume is at the avascular
stage, focusing solely on the interactions between the cancer cells and the surround-
ing tissue. We initially develop a mathematical model consisting of three coupled
partial differential equations (PDEs) describing the evolution in time and space of
the system variables. The key physical variables are assumed to be the tumour cell
density (denoted by c); extracellular matrix protein density (denoted by v) and the
urokinase plasminogen activator concentration (denoted by u).

We now describe the way in which the tumour cell density c(x, t), the urokinase
plasminogen activator (uPA) protease concentration u(x, t) and the extracellular
matrix density v(x, t) are involved in invasion and derive partial differential equa-
tions governing the evolution of each variable.

(a) Cancer cells:

We assume that there is a change in cell number density due to dispersion, arising
from random locomotion and we take Dc as the cell random motility coefficient,
characterising how cells would disperse from higher to lower densities. However, in
some cases we will use a physically meaningful expression to describe their random
motion other than the common linear diffusion and therefore nonlinear diffusion will
be also used. We assume that D ∝ D(cp, vq, ur), (p, q, r ≥ 1); for example the case
D(c, v, u) = u v is a representative example illustrating a chemokinetic response
i.e. increased random dispersion will be observed for regions of high uPA and VN
concentrations.

In addition, the important features that the nonlinearity of the random motility
captures are the finite speed of dispersion as well as the preservation of initial
conditions of compact support. In other words, this means that if the initial cancer
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cell profile is localized in a finite region then at all subsequent times it will be
confined to a finite region whose size however could change over time. On the other
hand by choosing Dc to be constant we impose that an infinitesimally small density
of cancer cells penetrate the entire spatial domain immediately which is physically
unrealistic. However such a choice does not affect the general framework of the
process since the contribution of the chemokinetic term Dc is always the smallest
in cancer cell locomotion.

The second most important term that quantifies the change in cell number den-
sity is that of the “directional flow” of cells due to spatial gradients of environ-
mental stimuli, such as those stimulating chemotactic or haptotactic responses. We
refer to this directed movement of tumour cells in the urokinase plasminogen ac-
tivation model as chemotaxis and haptotaxis - namely a response to gradients of
diffusible and non-diffusible macromolecules such as urokinase plasminogen activa-
tor ([12], [38], [13]) and vitronectin ([9]) respectively. To incorporate this response
into our mathematical model we take the cancer cell flux (due to gradients) to
be Jflux = Jchemo + Jhapto, namely Jflux = χcc∇u + ξcc∇v, where χc, ξc > 0
are the chemotactic and haptotactic coefficients respectively, characterising biased
directional movement in response to spatial gradients.

Regarding the proliferation of cancer cells, we assume that in the absence of any
extracellular matrix (ECM), cancer cell proliferation satisfies a logistic growth law.
The presence of ECM leads to competition for space between the cancer cells and
the ECM and we model this by including a crowding term which is proportional to
the product cv. This distinguishes our model from the one proposed by Anderson et
al. ([4]) since they do not consider any cell proliferation in order for them to focus
entirely on cell-matrix interactions. On the contrary, Byrne et al. [16] consider a
similar term in their work concerning trophoblast invasion.

To summarise, the conservation of mass applied to the cancer cell density c leads
to the following equation:

∂c

∂t
+ ∇ · (Jrandom + Jchemotaxis + Jhaptotaxis) = Rc ,

where Rc is the net rate of production or loss of cells by mechanisms other than
migration (e.g. proliferation or death) and hence the resulting partial differential
equation for the cancer cell motion is,

∂c

∂t
= ∇ · (Dc∇c)

︸ ︷︷ ︸

dispersion

−∇ · (χcc∇u)
︸ ︷︷ ︸

chemotaxis

−∇ · (ξcc∇v)
︸ ︷︷ ︸

haptotaxis

+ µ1 c (1 −
c

co
−

v

vo
)

︸ ︷︷ ︸

proliferation

, (1)

where Dc is (linear or nonlinear) the random motility coefficient; χc and ξc are the
chemotactic and haptotactic functions respectively. Furthermore, µ1 is the
proliferation rate of the cells, while co and vo are the maximum sustainable
tumour cell and extracellular matrix densities respectively.

(b) Extracellular matrix

We now turn attention to the ECM. This is known to contain many macromole-
cules such as vitronectin, laminin and fibronectin which can be degraded by several
matrix degrading enzymes and especially by plasminogen activation. Since ECM is
“static”, we neglect any random motion and focus solely on its degradation by the
uPA protease. We assume that uPA degrades the ECM upon contact and we also
suggest that ECM components re-establish or re-model while they are competing
for space with the invasive cells in a manner similar to that describing cancer cell
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proliferation. Thus, in the absence of cancer cells, extracellular matrix remodels in
a logistic manner. On the other hand, the presence of cancer cells leads to com-
petition for space betweeen the cancer cells and the ECM which again we model
by incorporating a crowding term into the logistic growth. Using a modified lo-
gistic growth with rate constant µ2 to describe the ECM production, and taking
δuv to represent the rate of degradation, we have the following equation for the
extracellular matrix:

∂v

∂t
= −δ u v

︸ ︷︷ ︸

proteolysis

+ µ2 v (1 −
c

co
−

v

vo
)

︸ ︷︷ ︸

re−establishment

. (2)

[In general µ1 6= µ2].

(c) urokinase Plasminogen Activator (uPA) protease

Factors influencing the protease concentration are assumed to be diffusion, pro-
tease production and protease decay. Specifically, uPA is produced by cancer cells,
diffuses throughout the extracellular matrix, with constant diffusion coefficient Du,
and undergoes decay of the form β u. The equation governing the evolution of uPA
concentration is therefore given by:

∂u

∂t
= Du ∇2u

︸ ︷︷ ︸

dispersion

+ α c
︸︷︷︸

production

− (β u)
︸ ︷︷ ︸

decay

. (3)

Hence, the complete system of equations describing the interactions between the
tumour cells, extracellular matrix and uPA is:

∂c

∂t
= ∇ · (Dc∇c)

︸ ︷︷ ︸

dispersion

−∇ · (χcc∇u)
︸ ︷︷ ︸

chemotaxis

−∇ · (ξcc∇v)
︸ ︷︷ ︸

haptotaxis

+ µ1 c (1 −
c

co
−

v

vo
)

︸ ︷︷ ︸

proliferation

,

∂v

∂t
= −δ u v

︸ ︷︷ ︸

proteolysis

+ µ2 v (1 −
c

co
−

v

vo
)

︸ ︷︷ ︸

re−establishment

, (4)

∂u

∂t
= Du ∇2u

︸ ︷︷ ︸

dispersion

+ α c
︸︷︷︸

production

− (β u)
︸ ︷︷ ︸

decay

(d) Nondimensionalization

In order to solve the system numerically, we first of all non-dimensionalise the
equations. The variables and parameters in the uPA system equations and their
associated boundary conditions are transformed into dimensionless quantities using
the following reference variables:

1. Reference length scale, L, (e.g. the maximum invasion distance of the cancer
cells at this early stage of invasion 0.1 − 1cm),

2. reference time unit, τ = L2

D , where D is a reference chemical diffusion coef-

ficient e.g. 10−6cm2s−1 ([14]). Therefore, we deduce that τ varies between
104 − 106sec.

3. reference tumour cell density co, extracellular matrix density vo and refer-
ence uPA concentration uo (where co, vo and uo are appropriate reference
variables).
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We thus define the non-dimensional variables:

t̃ =
t

τ
, x̃ =

x

L
, c̃ =

c

co
, ṽ =

v

vo
, ũ =

u

uo
.

and new parameters via the following scaling:

D̃c =
Dc

D
, D̃u =

Du

D
, χ̃ = χc

uo

D
, ξ̃ = ξc

vo

D
,

µ̃1 = µ1τ, µ̃2 = µ2τ, δ̃ = δuoτ, α̃ = ατ
co

uo
, β̃ = βτ.

Henceforth, we omit the tildes for notational simplicity. The dimensionless gov-
erning equations can then be written in the following general form:

∂c

∂t
= ∇ · (Dc∇c)

︸ ︷︷ ︸

dispersion

−∇ · (χcc∇u)
︸ ︷︷ ︸

chemotaxis

−∇ · (ξcc∇v)
︸ ︷︷ ︸

haptotaxis

+ µ1 c (1 − c − v)
︸ ︷︷ ︸

proliferation

,

∂v

∂t
= −δ u v

︸ ︷︷ ︸

proteolysis

+ µ2 v (1 − c − v)
︸ ︷︷ ︸

re−establishment

, (5)

∂u

∂t
= Du ∇2u

︸ ︷︷ ︸

dispersion

+ α c
︸︷︷︸

production

− (β u)
︸ ︷︷ ︸

decay

.

(e) Boundary and initial conditions.

In order to close the system, boundary and initial conditions for c, u and v are
required.

Boundary conditions: Guided by the in vitro experimental protocol in which
invasion takes place within an isolated system, we assume that there is no-flux of
tumour cells or protease across the boundary of the domain, namely x = 0 and
x = 1, in one-space dimension. These boundary conditions are represented by the
following equations,

(−Dc
∂c

∂x
+ c χ

∂u

∂x
+ c ξ

∂v

∂x
) = 0, at x = 0, 1, (6)

∂u

∂x
= 0, at x = 0, 1. (7)

Initial conditions: Finally, the initial distribution of the tumour cells, the pro-
tease concentration and the ECM density are prescribed by the system of equations
(8). Initially we assume that there is a cluster of cancer cells already present and
that they have penetrated a short distance into the extracellular matrix while the
remaining space is occupied by the matrix alone. Finally, for the uPA protease ini-
tial concentration we suppose that it is proportional to the initial tumour density.
Combining the above we have,

c(x, 0) = exp(
−x2

ǫ
), x ∈ [0, 1] and ǫ > 0,

v(x, 0) = 1 −
1

2
exp(

−x2

ǫ
), x ∈ [0, 1] and ǫ > 0, (8)

u(x, 0) =
1

2
exp(

−x2

ǫ
), x ∈ [0, 1] and ǫ > 0 ,

where we took ǫ = 0.01.
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4.1. Estimation of parameters. Whenever possible parameter values are esti-
mated from available experimental data. However, given the large number of pa-
rameters in the model to be determined, it is perhaps not surprising that several
remain unquantified. Focusing on the aim of our model which is to produce certain
experimentally observed events of the urokinase plasminogen activation system in a
qualitative manner, in the cases where no experimental data could be found, para-
meter values were chosen to give the best qualitative numerical simulation results.
This is in line with previous papers successfully simulating tumour invasion and
angiogenesis ([66], [16], [4], [23]).

4.1.1. Estimation of the reference diffusion coefficients D, Dc, Du. We introduce
D a reference chemical diffusion coefficient e.g. D ∼ 10−6cm2s−1 ([14]). In
their model of epidermal wound healing Sherratt and Murray ([75]), used values of
3×10−9cm2s−1 - 5.9×10−11cm2s−1 for the random motility of epidermal cells. Fur-
thermore, in their study of individual endothelial cells (ECs), Stokes et al. ([77]) cal-
culated a random motility coefficient of (7.1±2.7)×10−9cm2s−1 for ECs migrating
in a culture containing an angiogenic factor αFGF, heparin and fetal serum as well
as a random motility coefficient of migrating endothelial cells with agarose overlays
(2.3±0.6)×10−9cm2s−1 and without agarose overlays of (6.9±2.6)×10−9cm2s−1.
In agreement with the aforementioned measurements for cell dispersion Bray ([14])
estimated the animal cell random motility coefficient to be ∼ 5 × 10−10cm2s−1.
In this regard, our choice for cell dispersion will vary betweeen 10−9cm2s−1 and
10−11cm2s−1, so our nondimensional value will be between: Dc = 10−3 − 10−5.

For the diffusion coefficient of the chemotactic chemical, Sherratt and Murray
([75]) took values of 3.1 × 10−7cm2s−1- 6.9 × 10−6cm2s−1 for an activator and
inhibitor chemical respectively while Chaplain et al. ([21]) chose 3.3×10−8cm2s−1.
Assuming that the diffusion coefficient of a diffusible chemical is in the range 10−6−

10−9cm2s−1, we obtain a dimensionless estimate of Du in the range 0.001 - 1.

4.1.2. The chemotactic (χc) and the haptotactic (ξc) coefficients. Stokes et al. (1991)
estimated the chemotaxis coefficient of ECs migrating in a culture containing αFGF,
to be 2600cm2s−1M−1. Andreasen et al. ([6]) estimated the blood plasma concen-
tration of uPA to be around 20pM while Collen et al. (1986) considered a uPA
concentration around 8nM in his studies. Choosing χc between 0.001 - 1 gives a
value of uo in the range 0.38 × 10−9M − 0.38 × 10−12M which is consistent with
experimental measurements. In the absence of reliable empirical data, we chose the
haptotaxis coefficient ξc to be in the range of 2.5× 10−3 − 2.5× 10−1 cm2s−1M−1.
Therefore, considering the fact that the vitronectin blood plasma concentration is
around 4µM (Comper, 1985) leads to a dimensionless estimate of the haptotaxis
coefficient ξc in the range between 0.001 - 1.

4.1.3. Proliferation rate constant, µ1. Yu et al. ([85]) estimated the doubling time
of human epidermoid carminoma cells (HEp3) from in vitro proliferation experi-
ments time to be 24h. However, small differences in growth rate were observed but
they did not bear a relation to the level of the uPAR. In contrast, HEp3 with a full
uPAR complement grows best when crowded. By taking the proliferation rate as
the reciprocal of the cell-cycle time we get µ̃1 ∼ 0.042h−1.

Previously, Sherratt and Murray ([75]) as well as Stokes and Lauffenburger ([77])
estimated the growth rate constant to be 0.04h−1 and 0.056h−1 respectively, assum-
ing that all cells are proliferating. Nevertheless, Stokes and Lauffenburger ([77]),
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[21]), as well as Orme and Chaplain ([66]), reduced the chosen value of the prolifer-
ation rate to be 0.02h−1 in order for them to compensate with the assumption that
fibronectin can inhibit endothelial cell proliferation and furthermore that during the
angiogenesis process proliferation is mainly confined to a zone just proximal to the
tips of the capillary sprouts.

In this regard, in our numerical simulations we will choose the proliferation rate
to be between 0.02h−1 − 0.72h−1, and thus obtain the dimensionless parameter of
µ1 in the range 0.05 - 2.

4.1.4. uPA neutralisation. It is possible to estimate the parameter β from experi-
mental data. We estimate β in the case of uPA by using experimental data on uPA-
bound uPAR. Estreicher et al. ([37]) have shown that receptor-bound uPA remains
exposed at the cell-surface with a half-life of 4-5 h, while Blasi et al. ([13]) calcu-
lated that bound uPA does not dissociate rapidly from the cell surface (t1/2 > 5h),
nor is it appreciably endocytosed and/or degraded. These results extend the ob-
servations of Stoppeli et al. ([79]) and Bajpai and Baker ([11]) who had reported
that a large fraction of uPA is accessible to trypsin or acid elution 2 − 4h after
binding to the cells. However, the slow endocytosis of uPA is in contrast to the
rapid internalization of other ligands of cell surface receptors present on the same
cell, for example insulin. In this regard, considering t1/2 = ln2

β ([8]), and since the

uPA half-life time is estimated between 2 − 5h we thus choose the dimensionless
estimate of β ≈ 0.13 − 0.95.

4.1.5. Remaining Parameters. There were a couple of parameters in the model that
we were unable to estimate. Therefore, we chose their values in order to give the
best qualitative results in the simulations. Considering the uPA secretion from
the cancer cells we chose the nondimensional value of α to vary between 0.05 - 1,
whereas for the extracellular matrix degradation rate we consider δ to vary between
1 - 20. Furthermore, we chose the extracellular matrix remodelling rate to be three
to five times higher than the cancer cells proliferation rate, and therefore we took
µ2 in the range of 0.15 - 2.5. Last but not least, we consider τ = 104seconds.

5. Numerical results for the PDE model. To compute numerical solutions
of our model in one space dimension we use the NAG library subroutine D03PCF.
This method uses finite difference approximations to perform a spatial discretisation
of the model equations, thereby reducing them to a system of (time-dependent)
ordinary differential equations which are readily integrated (this is the method of
lines). The (stiff) ODE system is solved using a backward difference formula.

5.1. Haptotaxis-only model. In this section we will focus on the role of hapto-
taxis in the cancer invasion of tissue. As has already been described previously in
the paper cancer cell membrane receptors (such as uPAR) can bind to ECM com-
ponents (such as VN) and either degrade them through the activation of several
proteases (such as uPA) or use them in order to move to distant sites. On the other
hand, uPA production supports uPAR and VN binding. In this regard, we will try
to clearly demonstrate these important interactions using as a basis the following
theoretical framework, which focuses on haptotaxis as the dominant mechanism for
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the movement of the cancer cells:
∂c

∂t
= ∇ · (Dc∇c)

︸ ︷︷ ︸

dispersion

−∇ · (ξcc∇v)
︸ ︷︷ ︸

haptotaxis

+ µ1 c (1 − c − v)
︸ ︷︷ ︸

proliferation

,

∂v

∂t
= −δ u v

︸ ︷︷ ︸

proteolysis

+ µ2 v (1 − c − v)
︸ ︷︷ ︸

renewal

, (9)

∂u

∂t
= Du ∇2u

︸ ︷︷ ︸

diffusion

+ α c
︸︷︷︸

production

− β u
︸︷︷︸

decay

.

In order for us to to solve the system (9), we impose the boundary conditions
presented by the equations (6) and (7) and we consider the initial conditions pre-
scribed by the system (8). Additionally, to obtain the following simulations we used
the following dimensionless parameter values: Dc = 10−4, Du = 10−2, χc = 0, ξc =
5 × 10−3, α = 0.05, β = 0.3, δ = 10, µ1 = µ2 = 0, L = 0.1cm, τ = 104sec (unless
specified otherwise).
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Figure 1. Sequence of profiles showing the evolution of the tumour
cell density c(x, t) (solid black line), the protease concentration
u(x, t) (dot-dashed blue line) and the ECM density v(x, t) (dashed
red line), in which haptotaxis dominates the cancer cells’ directed
movement. Parameter values: Dc = 10−4, Du = 10−2, ξc =
0.05, χc = 0, α = 0.05, β = 0.3, δ = 10, µ1 = µ2 = 0, L =
0.1cm, τ = 104sec.

In Figure 1, six snapshots in time of the tumour cell density, extracellular matrix
(ECM) density and the uPA concentration are presented. Initially, by t = 1 (∼ 3
hours) cancer cells have migrated a small distance into the domain. By t = 30 (∼
3.5 days), (low densities of) cancer cells have migrated almost half way through the
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domain due to VN-mediated migration. Therefore, as time evolves by t = 100 (∼
11 days) cancer cells continue to migrate to regions where high ECM densities are
situated.

In Figure 2 we increase the haptotactic coefficient ξc by a factor of 10, i.e.
ξc = 5 × 10−2 (all other parameters remain unchanged from Figures 1). The tu-
mour cell density distribution at t = 1 (∼ 3 hours), in Figure 2, shows that a
rather large cluster of cells has built up at the leading edge of the tumour due to
increased haptotactic migration. By the time t = 9 (∼ 1 day) this initial cluster of
cells reach the right-hand boundary. In this regard we assume that the right-hand
boundary represents a region of hard tissue or bone that the cancer cells are unable
to penetrate (zero flux boundary conditions) and thus they start to move in the
opposite direction to their initial direction, driven mainly by haptotaxis in response
to the undegraded extracellular matrix components gradient. This becomes even
more apparent in Figure 3.
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Figure 2. Sequence of profiles showing the evolution of the tu-
mour cell density c(x, t) (solid black line), the protease concen-
tration u(x, t) (dot-dashed blue line) and the ECM density v(x, t)
(dashed red line), with increased haptotactic coefficient. Cancer
cells invade the degraded ECM and a large cluster of cancer cells has
formed at the tumour front which migrate further as time evolves.
Parameter values: Dc = 10−4, Du = 10−2, ξc = 0.05, χc = 0, α =
0.05, β = 0.3, δ = 10, µ1 = µ2 = 0, L = 0.1cm, τ = 104sec.

In Figure 3 we increase the haptotactic coefficient even further i.e. ξc = 1×10−1.
At t = 1 (∼ 3 hours), there is a large cluster of cells which has migrated from the
main body of the tumour. Comparing the plot at t = 6 (∼ 16 hours) in Figure 3
with that at t = 9 (∼ 25 hours) in Figure 2, we see that cell migration is now much
faster, as expected due to the increased haptotactic coefficient. However, by the
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time that this invading cluster of cells reaches the right-hand boundary (which as in
Figure 2 may be taken to represent a region of hard tissue or bone, that the cancer
cells are unable to penetrate) they once again start (t = 9, (∼ 25 hours)) to move
backwards into the tissue space driven mainly by haptotaxis and the remaining
(undegraded) extracellular components.
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Figure 3. Sequence of profiles showing the evolution of the tu-
mour cell density c(x, t) (solid black line), the protease concen-
tration u(x, t) (dot-dashed blue line) and the ECM density v(x, t)
(dashed red line), with increased haptotactic coefficient. Cancer
cells invade the degraded ECM and a large cluster of cancer cells has
formed at the tumour front which migrate further as time evolves.
Parameter values: Dc = 10−4, Du = 10−2, χc = 0, ξc = 0.1, α =
0.05, β = 0.3, δ = 10, µ1 = µ2 = 0, L = 0.1cm, τ = 104sec.

Having examined the previously described Figures 1 to 3 we note that invasion
must be properly controlled. Therefore, in Figure 1 we had poor invasion due to
the fact that the extracellular matrix was degraded too quickly. On the contrary, in
Figures 2 and 3 cancer cells can respond more quickly to the gradients and therefore
invasion is successful. Indeed the results of Figures 2 and 3 show that cancer cells
may move backwards following the extracellular matrix components gradient.

We now consider a number of combined changes. We consider the effect of the
proliferation of the cancer cells and the remodelling of the extracellular matrix
components (i.e. µ1 = 0.5 µ2 = 1.25) in the model. Additionally, since directed
cell migration requires localized proteolysis, and polarized expression of the uPA
receptor could be a way to focus plasmin-mediated extracellular matrix degradation
to the leading edge of migrating cancer cells therefore we included the term αc(1−c)
in the uPA evolution equation (3) in order to “polarize” the uPA production at the
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Figure 4. Sequence of profiles showing the evolution of the tu-
mour cell density c(x, t) (solid black line), the protease concen-
tration u(x, t) (dot-dashed blue line) and the ECM density v(x, t)
(dashed red line), for which successful invasion occurs and a trav-
elling wave which propagates into the tissue is established. Para-
meter values: Dc = 10−4, Du = 10−2, χc = 0, ξc = 5 × 10−3, α =
0.075, β = 0.15, δ = 10, µ1 = 0.5, µ2 = 1.25, L = 0.1cm, τ = 104.

invading leading edge (Estreicher et al., 1990, [16]). Therefore, system (9) takes the
following form:

∂c

∂t
= ∇ · (Dc∇c)

︸ ︷︷ ︸

dispersion

−∇ · (χcc∇v)
︸ ︷︷ ︸

haptotaxis

+ µ1 c (1 − c − v)
︸ ︷︷ ︸

proliferation

,

∂v

∂t
= −δ u v

︸ ︷︷ ︸

proteolysis

+ µ2 v (1 − c − v)
︸ ︷︷ ︸

renewal

, (10)

∂u

∂t
= Du ∇2u

︸ ︷︷ ︸

diffusion

+ α c (1 − c)
︸ ︷︷ ︸

production

− β u
︸︷︷︸

decay

.

We use the same initial and boundary conditions considered for system (9) while
also regarding the Figure 4 we have increased the uPA production rate α = 0.075
and we have decreased the uPA decay rate as well β = 0.15 (all other parameters
having the same value as in Figure 1).

In Figure 4, we note that by t = 1 (∼ 3 hours) a cluster of cells has built up at the
tumour leading edge. By t = 10 (∼ 1 day) this cluster of cells has migrated almost
half way through the domain driven by the ECM-mediated haptotaxis. In other
words, uPA is produced by the cancer cells at the leading edge and thus degrades the
ECM at the invading leading front. The cancer cells haptotactically migrate into
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the region of degraded tissue in response to the gradient in v. By t = 27 (∼ 3 days)
cancer cells have migrated almost all the way through the degraded extracellular
milieu.

Next the results shown in Figure 5 consider the same combined changes with
those discussed in Figure 4. However, in addition we also consider the effect of
increased haptotaxis coefficient (i.e. ξc = 0.0075) as well as the effect of increased
cancer cell proliferation and tissue remodelling rate (i.e. µ1 = 0.75, µ2 = 3.5, all
other parameters having the same value as for Figure 4). Comparing the plot at
t = 10 (∼ 1 day) with that in Figure 4, we see that cancer cell invasion is now faster,
as is to be expected, due to the increased haptotactic coefficient that we considered.
Therefore, by t = 30 (∼ 3.5 days), in Figure 5, cancer cells have migrated all the
way through the domain.
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Figure 5. Sequence of profiles showing the evolution of the tu-
mour cell density c(x, t) (solid line), the protease concentration
u(x, t) (dot-dashed line) and the ECM density v(x, t) (dashed line),
for which successful invasion occurs and a travelling wave which
propagates into the tissue is established. Parameter values: Dc =
10−4, Du = 10−2, χc = 0, ξc = 0.0075, α = 0.075, β = 0.15, δ =
10, µ1 = 0.75, µ2 = 3.5, L = 0.1cm, τ = 104sec.

In Figures 6 and 7 we consider the effect that combined changes to several terms
could have on the model results. In this regard, several studies suggest that over-
expression of uPA bound to the tumour cell-surface receptors leads to a signalling
loop and/or activation of additional mechanisms related to this binding that con-
tribute not only to enhanced pericellular proteolysis, survival and migration of the
tumour cells, but surprisingly also to tumour growth and proliferation ([1]). There-
fore, we introduce the term γuc in both the cancer cell equation and the uPA
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equation representing cancer cell proliferation γuc and uPA neutralization −γuc

respectively.
Recent evidence from Bafetti et al. (1998) indicate that vitronectin may induce

the secretion of several proteases (MMP-2, uPA) in B16F1 and B16F10 cells while
Khan and Falcone (1997) demonstrate that macrophage expression of uPA and
MMP-9 is up-regulated when cultured on basement membrane extracts. In this
regard, we consider the term αcv as a representation of uPA production through the
cell-matrix signalling cascade. This term has also been considered by Perumpanani
and Byrne (1999).
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Figure 6. Sequence of profiles showing the evolution of the tu-
mour cell density c(x, t) (solid black line), the protease concen-
tration u(x, t) (dot-dashed blue line) and the ECM density v(x, t)
(dashed red line), for which successful invasion and metastasis oc-
cur when we consider D(c, u, v) = Dc(1 + uv), ξ = ξc

κ1

(κ2+κ3v)2 ,

and (γuv). Parameter values: Dc = 10−5, Du = 15 × 10−3, ξc =
15×10−2, α = 0.05, β = 0.3, γ = 0.15, δ = 10, µ1 = µ2 = 0, κ1,2,3 =
1, L = 0.1cm, τ = 104sec.

Moreover, regarding the haptotactic function ξc(v) we consider the function
κ1

(κ2+κ3v)2 representing the desensitization of cancer cells in response to a dense

extracellular matrix ([54], [20], [76], [22]). Additionally, we consider a nonlinear
diffusion term D(c, u, v) = Dc (1+uv) representing the increased cell random move-
ment towards regions where high amounts of uPA and VN are situated.
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Considering all of the above combined changes, our modifies haptotaxis-only
model now takes the following form:

∂c

∂t
= ∇ · (Dc∇c)

︸ ︷︷ ︸

dispersion

−∇ · (ξc
κ1

(κ2 + κ3v)2
c∇v)

︸ ︷︷ ︸

haptotaxis

+ γ cu
︸︷︷︸

proliferation

,

∂v

∂t
= −δ u v

︸ ︷︷ ︸

proteolysis

, (11)

∂u

∂t
= Du ∇2u

︸ ︷︷ ︸

diffusion

+ α c v
︸︷︷︸

production

− β u
︸︷︷︸

decay

− γ u c
︸︷︷︸

binding

,

Subjest to the initial and boundary conditions presented by the equations (6)-
(7) and system (8) respectively. Additionally, to obtain the following simulations
we used the following dimensionless parameter values: Dc = 10−4, Du = 15 ×

10−3, χc = 0, ξc = 15 × 10−2, α = 0.05, β = 0.3, γ = 0.15, δ = 10, µ1 = µ2 = 0, κ1 =
κ2 = κ3 = 1, L = 0.1cm, τ = 104sec (unless specified otherwise).
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Figure 7. Sequence of profiles showing the evolution of the tu-
mour cell density c(x, t) (solid line), the protease concentration
u(x, t) (dot-dashed line) and the ECM density v(x, t) (dashed
line), for which successful invasion and metastasis occur when we
consider D(c, u, v) = Dc(1 + uv), ξ = ξc

κ1

(κ2+κ3v)2 , and neutral-

ization/proliferation γuv. Parameter values: Dc = 10−5, Du =
15 × 10−3, ξc = 15 × 10−2, α = 0.05, β = 0.3, γ = 0.15, δ =
10, µ1,2 = 0, κ1,2,3 = 1, L = 0.1cm, τ = 104sec.

The results are presented in the following Figures 6 and 7. By t = 1 (∼ 3 hours)
in Figure 6 a large cluster of cells has built up at the leading edge of the tumour
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driven by both haptotaxis and haptokinesis. As time evolves, t = 10 (∼ 1 day), this
large cluster of cancer cells has already reached the right hand boundary which once
again we assume represents hard tissue or bone that the cancer cells are unable to
penetrate. Consequently, the cancer cells start to move backwards driven by the
ECM-mediated haptotaxis and haptokinesis. In addition, at t = 85 (∼ 10 days),
two clusters of cells start to form, giving us the indication that the initial cluster
of cells the may be able to break into two or more separate clusters, and therefore
invade and metastasize to distant sites of the body.

As time evolves, at t = 150 (∼ 17 days) in Figure 7, we note that a new cluster of
cells start to form as a result of cancer cell proliferation. This is even more evident
at t = 300 (∼ 35 days) where three cluster of cells have formed. In additon, by
t = 500 (∼ 58 days) the cluster of cells situated near the right-hand boundary starts
to migrate as a result of ECM mediated haptotaxis.

The results presented in the next set of Figures 8 and 9, arise from simulations
of the modified system (11) with the only change being that we consider linear
diffusion. Therefore, we solved the system (11) subject to the following parameter
values: Dc = 10−5, Du = 25 × 10−3, ξ = 0.1, α = 0.05, β = 0.3, δ = 10, γ =
0.075, µ1 = µ2 = 0, κ1,2,3 = 1, L = 0.1cm, τ = 104sec.
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Figure 8. Sequence of profiles showing the evolution of the tumour
cell density c(x, t) (solid black line), the protease concentration
u(x, t) (dot-dashed blue line) and the ECM density v(x, t) (dashed
red line), for which successful invasion and several metastases occur
due to a receptor-kinetic haptotaxis function ξ = ξc

κ1

(κ2+κ3v)2 , and

neutralization/proliferation term γcu. Parameter values: Dc =
10−5, Du = 25× 10−3, χc = 0, ξc = 1× 10−1, α = 0.05, β = 0.3, δ =
10, µ1 = µ2 = 0, γ = 0.075, κ1,2,3 = 1, L = 0.1cm, τ = 104sec.
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In Figure 8 we note that by t = 1 (∼ 3 hours) a large group of cells has built up
at the leading edge of the tumour. At t = 10 (∼ 1 day) this large group of cells has
migrated further into the region driven by the ECM-mediated haptotaxis. As time
evolves, at t = 30 (∼ 3.5 days), cancer cells have reached the right hand boundary
and start to move backwards driven mainly by the ECM-mediated haptotaxis.

By t = 100 (∼ 11.5 days) in Figure 9 this large cluster of cells is situated in the
centre of the domain and at t = 130 (∼ 15 days) a new group of cancer cells start
to form the secondary tumour. This new cluster of cancer cells is building up the
leading front of the secondary tumour and starts to migrate towards the right hand
boundary driven by the ECM mediated haptotaxis. As time evolves, at t = 380 (∼
44 days) the two groups of cells start to migrate in different directions and therefore
invade the rest of the remaining undegraded extracellular matrix components.
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Figure 9. Sequence of profiles showing the evolution of the tumour
cell density c(x, t) (solid black line), the protease concentration
u(x, t) (dot-dashed blue line) and the ECM density v(x, t) (dashed
red line), for which successful invasion and several metastases occur
due to a receptor-kinetic haptotaxis function ξ = ξc

κ1

(κ2+κ3v)2 , and

neutralization/proliferation term γcu. Parameter values: Dc =
10−5, Du = 25× 10−3, χc = 0, ξc = 1× 10−1, α = 0.05, β = 0.3, δ =
10, µ1 = µ2 = 0, γ = 0.075, κ1,2,3 = 1, L = 0.1cm, τ = 104sec.

5.2. A combined chemotactic - haptotactic model. Since in the previous
sections we focused our attention on the role of chemotaxis and haptotaxis indi-
vidually, we now try to elucidate the motility-retarding or accelerating effects of
uPA-chemotaxis and ECM-haptotaxis on the cancer cells invasion process. The
demonstration that chemotaxis and haptotaxis operate through different receptors
and have different signal transduction pathways has presented the possibility of two
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separate targets to retard invasion. In this regard, we will now investigate the results
when these two characteristic migrating mechanisms operate synchronously. Thus,
the combined chemotaxis and haptotaxis theoretical framework is the following:

∂c

∂t
= ∇ · (Dc∇c)

︸ ︷︷ ︸

dispersion

−∇ · (χcc∇u)
︸ ︷︷ ︸

chemotaxis

−∇ · (ξcc∇v)
︸ ︷︷ ︸

haptotaxis

+ µ1 c (1 − c − v)
︸ ︷︷ ︸

proliferation

,

∂v

∂t
= −δ u v

︸ ︷︷ ︸

proteolysis

+ µ2 v (1 − c − v)
︸ ︷︷ ︸

renewal

, (12)

∂u

∂t
= Du ∇2u

︸ ︷︷ ︸

diffusion

+ α c
︸︷︷︸

production

− β u
︸︷︷︸

decay

.

In order for us to to close the system (12), we impose the boundary conditions
presented by the equations (6) and (7) and we consider the initial conditions pre-
scribed by the system (8). Additionally, the following numerical results used the
dimensionless parameter values below: Dc = 10−4, Du = 102, χc = 5 × 10−3, ξc =
5 × 10−3, α = 0.05, β = 0.3, µ1 = µ2 = 0.
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Figure 10. Sequence of profiles showing the evolution of the tu-
mour cell density c(x, t) (solid line), the protease concentration
u(x, t) (dot-dashed line) and the ECM density v(x, t) (dashed line).
Parameter values: Dc = 10−4, Du = 10−2, χc = ξc = 5×10−3, α =
0.05, β = 0.3, δ = 10, µ1 = 0 = µ2, L = 0.1cm, τ = 104sec.

With all the parameter values as above, we produce the plots given in Figure 10.
In Figure 10 chemotaxis and the uPA-gradient direct cancer cells towards regions of
high uPA concentration, whereas on the other hand haptotaxis and ECM-gradient
directs cancer movement to regions of high extracellular matrix density. Therefore,
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by t = 1 (∼ 3 hours) cancer cells have migrated only a short distance in the domain,
while by t = 50 (∼ 6 days) cancer cells have migrated almost half the way into the
domain, as a result, of course, of the oppositely directed uPA and ECM gradients.

In Figures 11 and 12 we examine the effect of increasing both the chemotactic
coefficient (χc) and the haptotactic coefficient (ξc) by a factor of 10, i.e., ξc =
5 × 10−2, χc = 5 × 10−2 (all other parameters remain unchanged from Figure 10).

By t = 1 (3 hours), in Figure 11 we note that a large cluster of cells has built-
up at the leading edge of the tumour. Comparing the plot at t = 8 (∼ 3 hours),
in Figure 11 with that in Figure 2, we see that the cancer cells driven both by
haptotaxis and chemotaxis migrate at a slightly slower rate than those driven by
haptotaxis alone. This is a consequence of the uPA chemotaxis, namely the uPA
gradient slows the migration of the cancer cells towards the ECM due to their
opposite directions. Therefore, at t = 9 (∼ 1 day), in Figure 11, we note that two
separate cluster of cells are formed near each boundary. This is because the initial
cluster of cells remains near the left hand boundary as a result of increased levels of
uPA in this region while the second cluster of cells is situated near the right hand
boundary driven mainly by the ECM-mediated haptotaxis.
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Figure 11. Sequence of profiles showing the evolution of the tu-
mour cell density c(x, t) (solid black line), the protease concen-
tration u(x, t) (dot-dashed blue line) and the ECM density v(x, t)
(dashed red line), showing the effect of increasing χ as well as ξ by a
factor of 10. Parameter values: Dc = 10−4, Du = 10−2, χc = ξc =
5 × 10−2, α = 0.05, β = 0.3, δ = 10, µ1 = 0 = µ2, L = 0.1cm, τ

= 104sec.

In addition, by the time that this initial cluster of cells reaches the right-hand
boundary (at t = 12 (∼ 1.5 days) in Figure 11, which as has already been mentioned
earlier, could represent a region of hard tissue or bone) cancer cells start to move
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backwards (with regards to their initial direction) driven by the ECM-mediated
haptotaxis. As time evolves, at t = 85 (∼ 10 days) two separate cluster of cells
have formed, one near the left-hand boundary and the other almost in the centre
of the domain. By t = 155 (∼ 18 days), both cluster of cells remain in the position
that they used to occupy at t = 85 (∼ 10 days). This is because of the absence of
both uPA-mediated chemotaxis and ECM-mediated haptotaxis. However, as time
evolves t = 650 (∼ 75 days), the secondary metastatic cluster of cells starts its
invasive process again driven by chemotaxis and the uPA gradient.
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Figure 12. Sequence of profiles showing the evolution of the tu-
mour cell density c(x, t) (solid black line), the protease concen-
tration u(x, t) (dot-dashed blue line) and the ECM density v(x, t)
(dashed red line), showing the effect of increasing χ as well as ξ by a
factor of 10. Parameter values: Dc = 10−4, Du = 10−2, χc = ξc =
5 × 10−2, α = 0.05, β = 0.3, δ = 10, µ1 = 0 = µ2, L = 0.1cm, τ

= 104sec.

The influence of the proliferation function for both ECM and cancer cells is
examined in the results in Figures 13 and 14, together with increased chemotactic
and haptotactic coefficients (i.e. µ1 = 0.15, µ2 = 0.75, χc = 0.05, ξc = 0.065, with
all other parameters values as for Figure 10). In Figure 13, at t = 1 (∼ 3 hours)
we note that a large cluster of tumour cells has formed at the leading edge of the
primary tumour. By t = 5, (∼ 14 hours) cancer cells have migrated even further
into the region driven mainly by haptotaxis. As time evolves, at t = 30 (∼ 3.5 days)
cancer cells have migrated into the whole domain while the rest of the extracellular
matrix has been degraded.

At t = 45 (∼ 5 days), in Figure 14, a new cluster of cancer cells is starting to
form as a result of the cancer cell proliferation. By t = 70 (∼ 8 days) the cancer cells
start to migrate towards the right hand boundary driven by the uPA-chemotaxis
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Figure 13. Sequence of profiles showing the evolution of the tu-
mour cell density c(x, t) (solid black line), the protease concen-
tration u(x, t) (dot-dashed blue line) and the ECM density v(x, t)
(dashed red line), showing the effect of increasing χc, ξc as well
as by increased proliferation in cancer invasion. Parameter values:
Dc = 10−4, Du = 10−2, χc = 0.05, ξc = 0.065, α = 0.1, β = 0.3, δ =
10, µ1 = 0.15, µ2 = 0.75, L = 0.1cm, τ = 104sec.

gradient. As time evolves, at t = 100 (∼ 11.5 days), the previously mentioned
cluster of cells has reached the right hand boundary while a new cluster of cells
starts to form near the left hand boundary as a result of increased cell proliferation.
The “anarchy” of the cancer cell cluster formation lies in the uPA-cancer cell surface
receptors interactions and the increased level of cancer cell proliferation.

We now examine the effects that changing several key parameter values has on the
solution. In particular, we consider the effect of increasing the cancer cell diffusion
coefficient as well as decreasing the uPA diffusion coefficient, and the cancer cell
and extracellular matrix proliferation and redistributuion rates respectively (i.e.
Dc = Du = 0.001, ξc = 0.05, χc = 0.3, µ1 = 0.05, µ2 = 0.1). We note that, by
t = 1 (∼ 3 hours) a large cluster of cancer cells has built up at the leading edge
of the primary tumour. As time evolves, t = 10 (∼ 1 day) the invading cluster of
cancer cells has migrated all the way through the domain driven mainly by VN-
mediated haptotaxis. By t = 35 (∼ 4 days), most of the extracellular matrix has
been degraded and cancer cell locomotion is driven mainly by the uPA-mediated
chemotaxis.

As time evolves, at t = 45 (∼ 5 days), in Figure 16 we note that a rather large
cluster of cells has formed at the center of the plot as a result of the cancer cell
proliferation. By t = 65 (∼ 7.5 days) we observe that a new cluster of cells start
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Figure 14. Sequence of profiles showing the evolution of the tu-
mour cell density c(x, t) (solid black line), the protease concen-
tration u(x, t) (dot-dashed blue line) and the ECM density v(x, t)
(dashed red line), showing the effect of increasing χc, ξc as well
as by increased proliferation in cancer invasion. Parameter values:
Dc = 10−4, Du = 10−2, χc = 0.05, ξc = 0.065, α = 0.1, β = 0.3, δ =
10, µ1 = 0.15, µ2 = 0.75, L = 0.1cm, τ = 104sec.

to form near the right hand boundary, and therefore by t = 125 (∼ 14.5 days) two
large cluster of cells have formed accompanied by increased levels of uPA.

In Figure 17, at t = 130 (∼ 15 days) two large cluster of cells are formed. As
time evolves, these three group of cells are static and a spatially heterogeneous
profile/pattern is observed. Reminiscent perhaps of Turing-like instability. We will
return to this in a latter chapter. Therefore, we could assume that in this stage the
tumour is a dormant state. It has been observed ([1]) that the down-regulation of
cell surface receptors, especially in human carcinoma cells, brings about a state of
tumour dormancy. Especially in the absence of extracellular matrix components,
the cell-ECM signalling cascade that regulates cancer cell in vivo growth switches
to the “off” state and the cells become unable to grow in vivo.

5.3. Incorporation of the plasminogen activation cycle. In this section we
will use a novel approach related either to the haptotactic function and/or the
proliferation and degradation rates for cancer cells and the extracellular matrix
respectively. As we have already seen in the previous sections, the uPA “life-cycle”
has several stages such as:

• the production of the uPA by the cancer cells,
• the binding of uPA to uPAR,
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Figure 15. Sequence of profiles showing the evolution of the tu-
mour cell density c(x, t) (solid black line), the protease concen-
tration u(x, t) (dot-dashed blue line) and the ECM density v(x, t)
(dashed red line), showing the effect of increasing Dc, and decreas-
ing Du and µ1, µ2 have in cancer invasion. Parameter values:
Dc = 10−3, Du = 10−3, χc = 0.03, ξc = 0.05, α = 0.1, β = 0.3, δ =
10, µ1 = 0.05, µ2 = 0.1, L = 0.1cm, τ = 104sec.

• and most important, the dormant stage of subsequent down regulation of
uPAR and uPA respectively.

It is known that the uPA cycle is likely to possess (stable) limit cycle kinetics.
In order to model this effect in the PDE system, we assume that the proliferation
function is a function of a variable (e.g. uPAR) which has limit cycle kinetics. In
order to capture this effect qualitatively, we choose the following system for the
uPAR kinetics:

dp

dt
= q − 3

dq

dt
= (q − 3)(1 − (p − 2.1)2) − (p − 2.1) (13)

where p = uPA bound to the uPA receptor, and q = uPAR. This system 13 has
limit cycle kinetics as shown in Figure 18. We now assume that, the cancer cell
proliferation function as well as the extracellular matrix re-establishment function
are given by:

µc = µ(u, c, v, p), µv = µ(u, c, v, p)

and therefore the corresponding proliferation terms are also “oscillating”.
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Figure 16. Sequence of profiles showing the evolution of the tu-
mour cell density c(x, t) (solid black line), the protease concen-
tration u(x, t) (dot-dashed blue line) and the ECM density v(x, t)
(dashed red line), showing the effect of increasing Dc, and decreas-
ing Du and µ1, µ2 have in cancer invasion. Parameter values:
Dc = 10−3, Du = 10−3, χc = 0.03, ξc = 0.05, α = 0.1, β = 0.3, δ =
10, µ1 = 0.05, µ2 = 0.1, L = 0.1cm, τ = 104.

In this regard, the combined full system of equations takes the following form:

∂c

∂t
= ∇ · (Dc∇c)

︸ ︷︷ ︸

dispersion

−∇ · (χcc∇u)
︸ ︷︷ ︸

chemotaxis

−∇ · (ξcc∇v)
︸ ︷︷ ︸

haptotaxis

+ µ1 c p (1 − c − v)
︸ ︷︷ ︸

proliferation

,

∂v

∂t
= −δ u v

︸ ︷︷ ︸

proteolysis

+ µ2 v p (1 − c − v)
︸ ︷︷ ︸

renewal

, (14)

∂u

∂t
= Du ∇2u

︸ ︷︷ ︸

diffusion

+ α c
︸︷︷︸

production

− β u
︸︷︷︸

decay

,

dp

dt
= q − 3 ,

dq

dt
= (q − 3)(1 − (p − 2.1)2) − (p − 2.1) .

Therefore, by incorporating the aforementioned oscillatory behaviour in the can-
cer cells and extracellular matrix proliferation term we overcome a certain weakness
of continuum models due to the fact that they normally only consider constant re-
production terms for cancer cells. In this regard, with the previously described
inclusion we deduce that when cancer cells secrete uPA this will result in an in-
crease in their proliferation rate while when there is a decay of uPA, e.g. due to
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Figure 17. Sequence of profiles showing the evolution of the tu-
mour cell density c(x, t) (solid black line), the protease concen-
tration u(x, t) (dot-dashed blue line) and the ECM density v(x, t)
(dashed red line), showing the effect of increasing Dc, and decreas-
ing Du and µ1, µ2 have in cancer invasion. Parameter values:
Dc = 10−3, Du = 10−3, χc = 0.03, ξc = 0.05, α = 0.1, β = 0.3, δ =
10, µ1 = 0.05, µ2 = 0.1, L = 0.1cm, τ = 104sec.
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Figure 18. Limit cycle kinetics for the urokinase plasminogen ac-
tivation system.
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the presence of the inhibitors, the cancer cell proliferation rate will slow down.
Figures 19 to 20 illustrate the results of the combined system (14).

We note that by t = 1 (∼ 3 hours) in Figure 19 a large group of cancer cells has
built up at the leading edge while by t = 10 (∼ 1 day) this large group of cell has
migrated all the way through the region. Comparing the plot at t = 35 (∼ 4 days)
in Figure 19, with that in Figure 15, we note the formation of a new cluster of cells,
while in Figure 15 the formation of this new cluster of cells is observed later.
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Figure 19. Sequence of profiles showing the evolution of the tu-
mour cell density c(x, t) (solid black line), the protease concen-
tration u(x, t) (dot-dashed blue line) and the ECM density v(x, t)
(dashed red line), showing the effect of cycling proliferatinf rates.
Parameter values: Dc = 10−3, Du = 10−3, χc = 0.03, ξc =
0.05, α = 0.1, β = 0.3, δ = 10, µ1 = 0.05, µ2 = 0.1, L = 0.1cm, τ

= 104sec.

As time evolves, at t = 45 (∼ 5 days) two groups of cells are observed while at the
same time in Figure 16 only a single large cluster of cells has formed. Considering
the successive times between t = 55 (6∼ days) to t = 125 (∼ 14.5 days) we observe
that the system remains in a “pause” state where the two cluster of cells are almost
static. Therefore, we could once again assume that for several days the tumour
in the absence of extracellular matrix which is vital for its movement components
remains in an “occult” stationary state for several days (∼ 8 days).

However, by t = 130 (∼ 15 days), in Figure 21, the cluster of cells situated near
the left hand boundary starts to migrate towards the left-hand boundary as a result
of the uPA-mediated gradient. Therefore, by t = 220 (∼ 25.5 days) the previously
mentioned group of cells has migrated to the left-hand boundary, while a new group
of cells has formed. By t = 240 (∼ 28 days) the formation of two cluster of cells is
evident while by t = 225 (∼ 30 days) these two cluster of cells start to join to form
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Figure 20. Sequence of profiles showing the evolution of the tu-
mour cell density c(x, t) (solid black line), the protease concen-
tration u(x, t) (dot-dashed blue line) and the ECM density v(x, t)
(dashed red line), showing the effect of cycling proliferatinf rates.
Parameter values: Dc = 10−3, Du = 10−3, χc = 0.03, ξc =
0.05, α = 0.1, β = 0.3, δ = 10, µ1 = 0.05, µ2 = 0.1, L = 0.1cm, τ

= 104sec.

a continuous band of cancer cell density. It is worth noting that in Figure 17, and
considering the same time that we mention describing Figure 21, we observe two
clusters of static cancer cells in a dormant state.

6. Discussion. In this paper we have presented a basic, minimal mathematical
model of cancer cell invasion of tissue and investigated the effect of chemotaxis,
haptotaxis as well as proliferation. In this regard, the model focuses specifically on
the role of the urokinase plasminogen activation system in cancer cell invasion of
tissue. The main achievement of this model is to demonstrate that fairly simple
mathematical models representing the interactions of the components of the plas-
minogen activation system coupled with cell migration were able to capture the
main characteristic effects of the system in cancer progression and invasion. The
results of the simulations of the model show a very rich dynamic spatio-temporal
behaviour. The observed spatio-temporal heterogeneities in the solution profiles
arise from the complex interplay between proliferative effects - cancer cell prolif-
eration and matrix remodelling - and gradient-driven migration (chemotaxis and
haptotaxis). Cancer cells initially degrade the matrix through the uPA system and
can initially move via taxis into the degraded matrix, coupled with cell proliferation.
However, as the matrix remodels, this provides the cancer cells with the opportu-
nity to “re-degrade” this re-generated matrix with the consequence that multiple
clusters of invading cancer cells appear throughout the domain.
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Figure 21. Sequence of profiles showing the evolution of the tu-
mour cell density c(x, t) (solid black line), the protease concen-
tration u(x, t) (dot-dashed blue line) and the ECM density v(x, t)
(dashed red line), showing the effect of cycling proliferatinf rates.
Parameter values: Dc = 10−3, Du = 10−3, χc = 0.03, ξc =
0.05, α = 0.1, β = 0.3, δ = 10, µ1 = 0.05, µ2 = 0.1, L = 0.1cm, τ

= 104sec.

The haptotaxis-only model results demonstrate the impact of interactions be-
tween tumour cells and the tisuue components on possible metastasis. Therefore,
we observe that by increasing the haptotactic coefficient ξc, a large cluster of cancer
cells breaks away from the primary tumour and migrates into the region. However,
by the time that this secondary tumour reaches the boundary, it reverses its direc-
tion driven by the gradient of the undegraded extracellular components. We could
presume that our boundary represents a hard tissue or bone and therefore we could
assume biologically that the cancer cells were unable to penetrate the hard tissue
or bone and thus reverse their direction directed by ECM components gradient.

The addition of the cancer cell proliferation term and tissue remodelling term
affected only the speed of the invasion since once again the invasion was success-
ful. However, when we consider the proliferation of the cancer cells as a result of
uPA-bound cell-surface receptor signalling we note the break-off of a large cluster
of cells. It is important also to mention that when cells move via random migration
and haptotaxis and the intensity of the random movement is dependent upon ex-
tracellular matrix components i.e. vitronectin, then a large cluster of cancer cells
breaks away from the primary tumour. Therefore, we could assume that a com-
bined anti-protease therapy accompanied by a haptotactic - anti-adhesive blocking
agent may result in faster cancer remission and could prevent any early increase in
invasion.
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Figure 22. Cancer cell density profile from a numerical computa-
tion of the 2-dimensional model (15). Plot shows the heterogeneous
distribution of cancer cell density as it invades the tissue.

Figure 23. Extracellular matrix (tissue) density profile from a nu-
merical computation of the 2-dimensional model (15). Plot shows
the heterogeneous distribution of tissue density as it is invaded by
the cancer cells.
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Figure 24. uPA concentration profile from a numerical computa-
tion of the 2-dimensional model (15).

Figure 25. PAI-1 concentration profile from a numerical compu-
tation of the 2-dimensional model (15).

The results of the model have shown that the spatially heterogeneous distri-
butions of cancer cells which arise as a consequence of simple binding reactions
and gradient-driven migration may help to explain certain clinically and experi-
mentally observed phenomena in carcinoma and multicellular spheroids, i.e. the
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Figure 26. Plasmin concentration profile from a numerical com-
putation of the 2-dimensional model (15).

heterogeneous “anarchic” spatial distribution of proliferating cancer cells and tis-
sue. Undoubtedly, the urokinase plasminogen activation system is far more complex
than the simplified approach outlined above ([59]). In this regard, the specific func-
tions of plasminogen activator inhibitor-1 (PAI-1) and plasmin should be included
explicitly for a more accurate reflection of the underlying biology since these are
likely to influence tissue invasion as well. In this regard, the work of Chaplain and
Lolas ([23]) has started to pursue this line of investigation and developed a model
of cancer cell invasion including both plasminogen activator inhbitor-1 (PAI-1) as
a uPA (protease) inhibitor and vitronectin (haptotactic blocking agent) ligand, as
well as plasmin activation. The system considered there is as follows:

∂c

∂t
= Dc

∂2c

∂x2
︸ ︷︷ ︸

Random Motion

−
∂

∂x
( χcc

∂u

∂x
︸ ︷︷ ︸

uPA−chemo

+ ζcc
∂p

∂x
︸ ︷︷ ︸

PAI−1−chemo

+ ξcc
∂v

∂x
︸ ︷︷ ︸

VN−hapto

) +

φ13 c u
︸ ︷︷ ︸

proliferation

+ µ1 c (1 − c)
︸ ︷︷ ︸

proliferation

,

∂v

∂t
= −δ v m

︸ ︷︷ ︸

degradation

+ φ21 u p
︸ ︷︷ ︸

uPA/PAI−1

− φ22 v p
︸ ︷︷ ︸

PAI−1/V N

+ µ2 v (1 − v)
︸ ︷︷ ︸

proliferation

,

∂u

∂t
= Du

∂2u

∂x2
︸ ︷︷ ︸

Diffusion

− φ31 p u
︸ ︷︷ ︸

PAI−1/uPA

− φ33 c u
︸ ︷︷ ︸

uPA/cells

+ α31 c
︸ ︷︷ ︸

production

, (15)
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∂p

∂t
= Dp

∂2p

∂x2
︸ ︷︷ ︸

Diffusion

− φ41 p u
︸ ︷︷ ︸

PAI−1/uPA

− φ42 p v
︸ ︷︷ ︸

PAI−1/VN

+ α41 m
︸ ︷︷ ︸

production

∂m

∂t
= Dm

∂2m

∂x2
︸ ︷︷ ︸

Diffusion

− φ51 p u
︸ ︷︷ ︸

PAI−1/uPA

+ φ52 p v
︸ ︷︷ ︸

PAI−1/VN

+ φ53 u c
︸ ︷︷ ︸

uPA/cells

.

where p and m represent the concentrations of plasminogen activator inhibitor (PAI-
1) and plasmin respectively. The computational simulations carried out in this
paper demonstrated even richer heterogeneous spatio-temporal dynamics caused by
a “taxis-driven-instability” of the underlying spatially homogeneous steady-state
(cf. Turing patterns). This work has recently been extended to 2-dimensions and
pictures showing the profiles of the variables in the above model are shown in figures
(22)-(26).
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