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Abstract: In this study, we obtained the fractional formula of the Anuj transformation, which is utilized to acquire an accurate outcome
for linear fractional differential equations (LFDEs). It is employed for Riemann-Liouville’s and Caputo’s fractional derivatives. To
do this, we started with developing the Anuj transform of basic functions in mathematics and then examined its primary properties,
which may be used in solving different mathematical models, especially fractional differential equations. We then proceeded to present
the exact solution for a particular case of a fractional differential equation. We explored four numerical challenges and presented a
thorough solution for each to illustrate how the studied transform may be useful. The findings revealed that the newly recommended
transformation and the specific solutions that have been supplied are more effective and straightforward in solving mathematical models.
The obtained formula has been utilized to solve different cases of fractional differential equations and reach a precise solution. The
outcomes have been expressed using two-dimensional graphs.
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1. Introduction of scientific and technical domains, such as chemistry,

biology, finance, fluid mechanics, abnormal diffusion,

viscoelasticity, and more. In most applications, a set of

Studying fractional derivatives and integrals is

fundamental to solving fractional differential equations. integro-differential and integro equations with singularities

yields fractional differential equations [3, 4]. Fractional

Fractional differential equations are effective in simulating

complicated physical processes such as diffusion, differential equations may already be solved using an

array of published analytical or numerical approaches,

viscoelasticity, and wave propagation. The application

of fractional differential equations in control systems, signal ~including [5].  Since integral transforms have advantages

processing, and mechanical systems has gained momentum over other mathematical methods for solving models

owing to their ability to capture non-local and memory- related to basic science, modeling, and special physical

dependent phenomena. Fractional differential equations engineering, including simplicity, and the capacity to

have developed as a strong tool for modeling biological
phenomena such as population dynamics, bio-molecular
interactions, and neural signaling. In all, the applications
of fractional differential equations cover many domains
and give a better insight into the behavior of complex

systems [1,2]. They may be utilized in the broadening

generate results without requiring boring calculations, they

are currently the approach of choice for investigators [6—8].

The Kamal transformation is one of the unique integral

transformations that was created to solve ordinary

differential equations, including first- and higher-

order differential equations and fractional differential
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equations [9]. Aboodh [10], Sumudu [11], Anuj [12],
Aggarwal, and other specialists addressed common issues
with a variety of integral transformations such as the Rishi
transformation [13, 14]. Sawi transformations are some
examples of contemporary developments in fractional
differential equations and integral transforms [15, 16], the
Bessel collocation method to solve Fredholm—Volterra
integro-fractional differential equations of multi-high order
in the Caputo sense [17], the existence and uniqueness of
the solution for a fractional-order Regge problem [18], the
asymptotic behavior of eigenvalues and eigenfunctions of
the fractional Regge problem [19], the Anuj transform to
solve Volterra integral equations of the first kind [20], and
the Kamal transform to solve fractional ordinary differential
equations [21]. Researchers have created and developed
several methods to solve various mathematical models.
These include: the Bernoulli sub-ODE and its improved
version, methods related to trigonometric, and hyperbolic
trigonometric functions with various improvements and
[22-25] the modified rational sin—cos

the (1/G’) expansion scheme,

modifications
technique, the ansatz
approach, and conjugate direction methods [26-29]. The
existence and uniqueness of solutions for Hadamard implicit
fractional differential equations with extended Hadamard
fractional integro-differential boundary conditions were
established using the contraction concept of the Banach
and Leray-Schauder fixed point theorems [30]. A coupled
system of nonlinear impulsive Langevin equations with
four Hilfer fractional-order derivatives was examined
by employing the methodologies of nonlinear functional
analysis [31]. The jerk-type fractional differential equations
in the method of Hadamard and Caputo fractional
derivatives with detached boundary conditions were
studied in [32], and the corresponding solutions of ordinary
with variable coeflicients

differential equations were

obtained using the Anuj transform in [33].

By developing a novel integral transform called the Anuj
transform, which has certain characteristics necessary for
fractional calculus and fractional differential equations, our
current effort aims to solve fractional differential equations.
One can observe that the Anuj transform that offered here,
is better than the other transforms that have previously
been produced, as it addresses the difficulties properly
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Both the

popular and widely used Laplace transform and the Anuj

and does not need complicated calculations.

transformation are dualistic. We want to create a fractional
formula for additional transformations, as is done with most
transformations. We have acquired the fractional formula of
the transformation and used it to analyze several problems.
A number of other transformations for fractional derivatives
and integrals were also devised. This study introduces the
Anuj transform, a new integral transformation designed to
solve ordinary, partial, and fractional differential equations.
It provides exact solutions more efficiently than existing
transforms, including the Laplace transform. A fractional
formula was also derived to handle fractional integrals and
derivatives using this transform.

This investigation inquiry ia organized as follows:
Section 1 is restricted for reviewing the literature connected
to the Anuj transform technique and assessing it in a simple
summary. The important and universal characteristics of
fractional calculus are illustrated in Section 2. The main
properties of the suggested technique have been provided
in Section 3. Anuj transformations of fractional integrals
and fractional derivatives have been presented in Section 4.
Section 5 is specialized for certain interesting cases. The
acquired findings have been described in Section 6. Finally,

the closing remarks are offered in Section 7.
2. Fundamental properties of fractional calculus

We have provided remark, definitions, theorems, and
propositions for the various fraction types that are necessary
for our goal in this section.

Remark 2.1. In this article, we have dealt with C"[a, b]

space, so we have the following mathematical statement:
f(t) € C"[0,b], §DYf(r) € C"[0, ],

where Cla, b] is the space of all continuous functions from

closed interval [a, b] to R.

Definition 2.1. (See [2, 5]) The Riemann-Liouville

fractional integral of fractional order 8 > 0 is:

1

B =
Lef (%) = 7

fx (x— u)ﬂ’lf(u)du,—oo <a<x<oo,2.1)
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such that gamma function I” (8) is defined by:

QB = foo e dx.
0

Definition 2.2. (See [2, 5, 7]) The fractional derivative of
order (3 in the sense of Riemann-Liouville where 8> 0 and
u =[] 1s defined as:

1 ar x 5
S0 = i [ @y e 2

Definition 2.3. (See [5,17]) The Liouville-Caputo fractional
n = [B], and f(x) is

a differentiable function, for all x € [a, o0), is defined as

derivative of order S where 8 > 0,

follows:
1 * d\
QCD'if(x>=r(n—_ﬁ) f (x — )y (E)f(u)du- 2.3)

In the rest of this section, we want to demonstrate some
of the introductory characteristics of fractional calculus [2,
5,18,19]:

(1) Fractional linear and

differential).

operators  are (integral

(2) The following represents the definition of composition
between two Riemann-Liouville integrations of orders
eand b:

JEF () = IS ()= IEPF (). (24)

(3) Forl > Band f(s) € C|la,b], and for every element

s € [a, b], then

ol (L F @) =D f (s),

the relation is done.

(4) The Liouville-Caputo operator of order « is defined
as follows in terms of composition between fractional

differentiating and fractional integrating.

LDl (EFs) = f(9). 2.5)

&)

The Liouville-Caputo operator of order @, between
fractional (integration and differentiation) composition

and m = [a], is defined as:

m—1
o[ LCk _ B t-a 4
A (D) = £ >N e

Mathematical Modelling and Control

In general,
k. o o k
LD} (1) # 17 (£ ).

(6) Using the differential and fractional integral of the
Liouville-Caputo operator of function s, m > 0, we

obtain:
rd
a]tﬂsm = i mta 2.7
I'l+m+a)
and
LC 1k m r(l + m) m—a
D == 2.8
a it I"(1+m—a)s (2.8)

3. Basic features of Anuj transformations

Here, we define the Anuj transform and its characteristics.
We provide an overview of the fractional formula of the new

transform by several further investigations [12,20].

Definition 3.1. Anuj transforms (See [12]) The piece-wise
continuous function that is exponentially ordered and has the
Anuj transform function f(«) defined in the interval [0, co)
is as follows:

1

A{f ) = p? fo fe b lau=Fp), p>0. (3.1

Property 1: [20] Some basic functions and their Anuj

transformations have been organized in the Table 1:

Table 1. Anuj transformations for some basic
functions.
f(0), >0 Alfy=F(p)  f(0, >0 A{f(n} = F(p)
3 : kp*
1 p sin kt H[ﬁ
ek ’ cos kt o
1-kp 1+k21;2
# BeN PP Bl sinh kr ,fk"z,,z
# B>-1,BeR pPPTB+1)  coshkt 2

1-k2p2

Property 2: [12] The inverse Anuj transformations for some
fundamental functions have been addressed in the following
(Table 2):

Volume 6, Issue 2, 140-150.
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Table 2. The inverse Anuj transformations for

some well-known functions.

Alf0}=F(p)  f@), 1>0 Alf0)=F(p)  f@®), 1>0

p: 1 Hiﬁ cos kt

i &M ]},:;pz sinh kt

pre %,B>—l,ﬁeR ]7’;7 cosh kt

P g BeN ]:‘Z’sz sin kt
Property 3. (See [12]) (Convolution theorem) let

A{k(x)} = K(p) and A {{(x)} = L(p), and then

1
Alk(x) * [(x)} = ?K(p)L(p),

such that * shows the convolution of L and [/, and

k(x)=1(x)= f k(x — w)l(uw)du.
0

Property 4. (See [12]) Both the Anuj transform and its

inverse are linear operators:

(i) The Anuj transformation is a linear operator.

A {Zn: a,-ﬁ(t)} = Zn: aA{fiD)},

i=0 i=0

such that g; are arbitrary constants.

(i) The inverse Anuj transformation is also a linear

operator.

If f;(t) = A~ {Fi(p)}, then
A {Z a,-Fi(p)} = Y @A Fi(p)),
i=0 i=0
such that g; are arbitrary constants.

4. Anuj transformation of fractional integrals and

fractional derivatives

In the following section, we provide the modified
fractional formula of the Anuj transform linked to fractional
integrals and fractional derivatives by combining the

existing convolution rule with the existing properties.

Mathematical Modelling and Control

Property 5. (See [12] ) The Anuj transformation for the
function f(¢) that has an integer-order derivative is defined
as follows:

n—1

1
AL = Fp) - > P, “.1)
k=0

The proof is omitted, as it is easy to prove by using

mathematical induction.

4.1. Anuj transformation of fractional integrals

Theorem 4.1. If « € [n - 1,n), the fractional integral by
applying the Anuj transform is:

A[I*f®)] = p"F(p). 4.2)
Proof.
A{I°f(n} = A{D™" f(n)},
— 1 ' _ a1
= mA {j(; (t—u f(u)du} )
_ 1 1 a—1
= T ;A{r LF(p),
_ 1 a+2
= mﬁp I'()F (p),
= p*F(p).
O

4.2. Anuj transformation of fractional derivatives

The Anuj transform for derivatives with integer numbers
has been described by Eq (4.1).
develop the Anuj transform for fractional derivatives of

We aim to refine and

both sorts (Caputo and Reimann). The primary key to this
improvement is the indicated formula (4.1). To reach this
goal, we first start with the following theorems:

Theorem 4.2. If f(¢) is a function and F(p) is an Anuj
transform for the Reimann-Liouville fractional derivative
with order «, then:

n—1

A[Df()] = pF(p)= Y| P70 (P O). (43)
k=0

Proof. By using the Riemann-Liouville fractional derivative

and the corresponding fractional integral property, the

following is achieved:

Volume 6, Issue 2, 140-150.
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5. Illustrative examples

A[Df(H)] = A{D" I f(1)},
This section contains four fractional problems that

and from the properties of the Anuj transform for illustrate how to use the Anuj transform to identify the exact

derivatives, we have: (analytic) solution of the provided multiple high-order linear
fractional differential equations in the sense of Liouville-

n—1
1
A{f" )} = ﬁF(P) - Z PN 0), Caputo and Riemann-Liouville.

Example 5.1. For Riemann-Liouville’s fractional derivative,

SO, . . . . . . .
consider the following linear fractional differential equation:
A{D" fin} = A{D" I f(D)}, d 6
1 Dy (0 +25y (0 = ———17
1 n- ank dt re.7n 51
= —A{I""f(n} - Z P> I" *f0), 2 > oD
p — - 27+ 617 — 4t
I1.7)
—i"”F 2k k=10 £ 0 N g :
= o p (p) - Z p (f ), where the following initial conditions are provided:
S ©) =0 [RDO'3(y(t))] =0, and RD’””(y(t))] =
= pF(p) = ), D" ), Y= o iR (e o
k=0
Solution: By applying the Anuj transform to both sides,
D Where Theorem 4.2 is considered, one achieves this form:
Theorem 4.3. Let f(#) be a function and F(p) be an d
) S0 be 2 N Aftply@}+ a2y o
Anuj transform. Then the Anuj transform for the Caputo

(5.2)

fractional derivative of order « is: =A 6 j7__2 1 +67 — 4ty
rae.7 r(1.7)

A{DifO} = p™ - F(p) - Z P ). By apply Theorem 4.2 and Property 1, we get:
=0

1
Proof. Using the Caputo fractional derivative and the related ~ p~'3y(p) — Z p* [ORL D:'3_k_1y(t)]
— 1=0

fractional integral, one obtains:

1 0
2| =Y (p) - § 2hyA=1=h g
A{DEf(} = Al=D" f(1)), ’ [ ) Py ()]

= —( Q.7 - (p)* "I (1.7) + 12p° — 4p*,

SO, r .7 r (1 7
-13 2 RL 103 RL 0.7
P () - (] D y(”],zo"’[o D, y(”],:o

A{D]f(n)} = A{I""D" - f (1)},

2
1 = +=Y(p) - 2py (0) = 6p
=" {EF(”) -, p2"‘f""<‘1(0>}, P
k=0

and

7 _2p3 £ 12p° — 4pt,

n—1

- pfafF (p) _ Z pn7a7k+2fn7k71 (O) .

P Y (p)(p? +2) = = 6p*7 = 2p77 + 12p° - 4p,

1
p
0 yp) (p—0.3 + 2) _ 6p5'7 + 12p6 _ 2p4'7 _ 4p5,
1

A comparison among formulas of the well-known Y (p)= p‘T+2 (6p6 (p_0'3 + 2) — 2p5 (p_0'3 + 2)) s
transformations of Laplace, Rishi, and Anuj has been 1
. . . . — —(6p6_2p )(p—0.3+2),
introduced in Table 3 on the following page [14, 17]: p 0342

Mathematical Modelling and Control Volume 6, Issue 2, 140-150.
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Table 3. A comparison table among formulas of Laplace, Rishi, and Anuj transformations.

Transformations Laplace Rishi Anuj

" derivative  L{f"(0)} = $'F(s) — R{f0} = (D"F(gp) - Al@) = wF(p) -
Yol I gk 1=k Z:ol (%)k—lf(mflfk)(o) Zk S Kl (1)

Fractional L[I°f(n] = 22 R0} = (2) F(g.p) A[I*f(0)] = p"F(p)

integral

Reimann- [D"f(x)] = $7F (s) - {RL D fw) = (4)'F (g.p) - [D“f(t)] = p™ - F(p) -

Liouville sl skDek £ (0) - (;)k I[RL Dy (t)Lo S pPEDREL(F (0))

fractional

derivative

Caputo LIDif] = s"F(5) - R{SDIf0) = (4) Fla.p) - ALDEf@] = P F(p)-

fractional 1 ekl () ()T ey B PR O)

derivative

hence can state:

Y (p) = 6p° - 2p°-

Taking the inverse Anuj transformation on both sides,

ATy =a6p® - 2p° |

the exact solution is:
yty=r@-1.

Example 5.2. (See [21]) Examine the fractional derivative of
Riemann-Liouville’s linear fractional differential equation,

which is as follows:

Vi

RL 1y} _l,ov
0 D,f(t)+f(t)—2t+ =

(5.3)

with the provided initial condition:
-1
|7 | -
=0
Solution: By using the Anuj transform on both sides of

acquire the following:

Vi

the above model, and considering Theorem 4.2, one can
t+ —

2l

By applying Theorem 4.2, Property 1, and Definition 3.1 we

1 1
A {”fo <t>} +A(f()) = A {5 (5.4)

Mathematical Modelling and Control

f (t)]t:0

1t+
2

0
1 _1 _ -
Afte i o) = e - Y e
k=0
r
1, ;3
P ﬁpzr(i)’

t
oz
1
F (p)- The above equation can be

where R{f (1)}
expressed as follows:

1 .3
pHF () - P D] 2f<r>] FF(p) = 5 + 2P ).
1 1 -
7'-(17)(7+1) 5 +§P§’
T
501+ 55)
1
7—‘<p>=5p4

So, from the inverse Anuj transform, we obtain:

41
- s}

which implies that the exact solution is as follows:

AHF (p)}

1
[ = Et

The analytic exact solutions that are obtained above are
illustrated by the following two-dimensional graphs, where
t € [0,2] (see Figures 1 and 2).

Volume 6, Issue 2, 140-150.
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—_—

Exact solution is: f(t)=t/2

00 02 04 06 08 10 1.2 14 16 1.8 2.0
t

Figure 1. Two-dimensional graph representing

the obtained exact solution for Example 5.1.

#91 —«  Exact solution is: f(t)=t2(t-1)
3.6
3.2
2.8
2.4

T 20

T 1e
12
0.8
0.4

0.0

00 02 04 06 08 10 12 14 16 1.8 2.0
t

Figure 2. Two-dimensional graph represents the

obtained exact solution for Example 5.2.

Remark 5.1.
previous example in [14, 21].

analytic exact solutions.

Example 5.3. For the Caputo fractional derivative [14],

consider the following linear fractional differential equation:

res)
T3’

F(ZS) 1.3 1.5
res’

CEO+SD @0+ fo) =

Mathematical Modelling and Control

Kamal and other scholars demonstrated the
Both techniques produced

where f(0) = 1, f’(0) = 0 are given as initial conditions.

Solution: After applying the Anuj transform on both

sides, one can obtain the following:

AfSp 0+ 5D ) + AL o)

_ res),; 25 5 5
_A{F(l.?a)t +F(2.3)t +t +1}.

By applying Theorem 4.2, we get:

(5.5)

1
p71.27: (p) _ Z p271.87k+2f(17k) (0) + p70.27_- (p)

0

_ 2 p1—0.8—k+2f(—k) 0)+F (p) = #3? 33]“(] 3)
F(25) e 4.5

+ ey Te+res)p +p

When simplifying the above statement, one ends up with:

=P O = p"2f () + p 7 F (p) = p*2f (0)
rQ@s)p?+resp*+resp* +p

p 2 F (p)
+F (p) =

After including the starting conditions, one obtains:
F (p)(p™'? + p?

+ Q25 p" +r@25)p* +p* + p'? + p*?
=1 @5 p* (p 2+ p 02+ 1)+ p* (p72

+1)=I@2.5)p*

. +p—0.2 + 1)

= (P2 +p 2 +1)[r @5 p* + pY,

which implies that

F(p)= I'(25) p*° +p*

Taking the inverse Anuj transform on both sides, we get:

HF Y =AT {res)pt +pY),

so the desired solution takes the following form:
fO =1+t

Example 5.4. Examine the fractional differential equation
that is linear and provided by
Pe 41,

f O+f@®= (5.6)

r(1 1)

where £(0) =1, f/(0) =0

Volume 6, Issue 2, 140-150.
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Solution: Applying the Anuj transform on both sides, we 4.50
obtain: 4.05
3.60
A {gD,"gf (t)} +A{f(D}=A {r a 1):‘“ +12+ 1} . (5.7 3.15
2.70
225

If Theorem 4.2 is considered, then one achieves: =
1.80
1.35

1
p71.9j('_- (p) _ Z p271.97k+2f(17k) (O) + T (p) 0.90
k=0

0.45

2 3.1 5 3
=——p TA.D+pT@B)+p’,
ra.n 0.00

P F (0) = P 0) = pt F(0) + F (p)
- 2173'1 +2p5 +p3-

—+— Exact solution is: f(t)=1+tvt

00 02 04 06 08 10 1.2 14 16 1.8 2.0
t

Figure 3. Two-dimensional graph representing

the obtained exact solution for Example 5.3.

When starting conditions are entered, we obtain:

—e— Exact solution is: f(t)=1+t2

5.0
F (p) (p—lg + 1) =2p* +2p% + pP + pM, s
_ 1 S( -19 3(,-19
Fp)= P19+ 1 (2p (p + 1) tp (p + 1)) 4.0
_ 1 -19 5, .3 3.5
(g e ) ) -
= ]73 + 2]75' 3.0
=25
y—
Finally, from the inverse Anuj transformations, we obtain: 2.0
15
1 1{.3 5 10
ATHF (P = a7 P+ 2p%),
0.5
0.0

so, the obtained solution is:

0.0 02 04 06 08 1.0 1.2 14 16 1.8 2.0
t

Figure 4. Two-dimensional graph representing

the
f@O =1+

obtained exact solution for Example 5.4.

6. Results and discussion

The analytic exact solutions that are obtained above are

illustrated by the following two-dimensional graphs, where The effectiveness and reliability of this strategy are

t € [0,2] (see Figures 3 and 4). supported by the evidence that it produces distinct classes of

Mathematical Modelling and Control
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functions in all four examples discussed in this article. These
functions consist of a linear function, a quadratic function,
a cubic function, and a nonlinear polynomial. Furthermore,
all the results obtained have been verified and inserted into
the associated fractional differential equations; they are fully
fulfilled. However, earlier works focused on various types
of integral transformations. Out of these methods, the
Anuj transformation has been used to solve ordinary/partial
differential equations and to handle linear Volterra integral
equations of the first class. The primary objective of this
work is to hold the fractional differential equations with
varying formulations. We have presented a table containing
a brief comparison among well-known transformations by

Laplace, Rishi, and Anuj; see Table 3.

7. Conclusions
Currently, the Anuj transformation method is an

acceptable, well-organized tool for solving various
formations of fractional differential equations (FDEs). This
investigation successfully derived some new formulas for
the Anuj transform, which will be helpful for upcoming
research. The process starts with converting the linear
fractional differential models into a more simplified form.
Our findings are dependable; they express the worth, trust,
and effectiveness of the applied method. The functionality
of the applied method is not restricted to solving fractional
models; it is also applicable in reducing the orders. With
more study and refinement, the applied method can become
an even more powerful and useful tool for dealing with these
more complex FDEs. The outcomes of these fractional
models indicate that the proposed Anuj transformation
supplies remarkable results without necessitating boring
computations. Ultimately, the Anuj transformation approach

is found to be an excellent method to handle FDEs.
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