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Abstract: We propose a practically stable explicit finite difference method (FDM) for the ternary Cahn—Hilliard (CH) system, which
involves challenging fourth-order nonlinear terms. Therefore, if we use a fully explicit numerical method such as the explicit Euler
scheme, then the excessively restrictive time-step limitation makes it impractical to use. The proposed algorithm is based on the
alternating direction explicit (ADE) scheme, which ensures both simplicity of implementation and stability of the computational
solutions for the ternary CH system. To show the high performance of the proposed algorithm, we present multiple numerical
experiments. The numerical tests demonstrate that the proposed method overcomes the stringent time-step limitations inherent in the
explicit Euler method.
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1. Introduction its study enhances our ability to engineer materials for
diverse applications in fields ranging from physics and

chemistry to engineering and biology. Numerical algorithms

The ternary Cahn—Hilliard (CH) system was proposed are essential for solving the ternary CH system due

by Morral and Cahn [1] to model spinodal decomposition to its complex nature and lack of analytical solutions.

in three- lloys.  Th H . N -
in- three-component alloys ¢ ternary CH system These methods enable efficient approximation, providing

can be used for materials science and phase separation . . . . .
insights into phase separation phenomena and helping

studies by capturing complex phase behavior in materials . L . . .
y cap g piex p in understanding important materials science and physics

with three distinct components to design and understand . . . . ..
P & phenomena. While a simple numerical method like explicit

advanced materials [2]. The mathematical equations in . . . . .
Euler is easy to implement, it becomes impractical for

the ternary CH system involve challenging fourth-order solving the ternary CH system due to stringent time step

nonlinear terms, which describe intricate phenomena such . L. )
constraints. Implicit methods are preferred for effectively

as domain coarsening [3] and pattern formation [4]. Park [3] solving the challenges associated with the ternary CH

expanded the binary phase field model to a ternary model by system. Lee et al. [6] developed a high-order convex

extending a fourth-order free energy function. Researchers splitting method for a vector-valued CH system, which has

use the ternary CH system to explore and predict material . . .
Y y P p three components, with nonlinearly coupled phase variables.

properties, informing the development of new materials Chen et al. [7] presented an unconditionally energy stable

with tailored structures and functionalities. Consequently,
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numerical algorithm with Fourier pseudo-spectral method
and convex splitting for the ternary CH system. Chen
et al. [8] proposed an unconditionally stable method for the
ternary CH type phase-field model for tri-block copolymers
by using the scalar auxiliary variable method. Dong et al. [9]
presented a positivity preserving and unconditionally energy
stable finite difference method (FDM) for ternary CH system
with a Flory—Huggins—de Gennes free energy potential. The
developed method was theoretically analyzed by them for
the uniqueness of the solution and its unconditional energy
stability. Wang et al. [10] presented a time-marching method
based on a combination of the projection algorithm and the
invariant energy quadratization scheme to solve the ternary
CH system and achieved linear and second-order accuracy
in time

In addition, the ternary CH system can be applied in
fluids. Rohde and Wolff [11] proposed a phase-field
approach that couples Navier-Stokes equations with solid’s
ion concentration transportation with the ternary CH system.
Zhan et al. [12] developed a ternary phase-field model for
two-phase fluid flows in complex geometries by integrating
a single CH equation with degenerate mobility and modified
Navier—Stokes equations. A demonstration on fundamental
conservation constraints, the second law of thermodynamics
and vanishing interfacial width was given in the study.
Manzanero et al. [13] presented how the three-component
CH system can be used to model polymer blends at a
continuum scale. The authors demonstrated the Gibbs
free energy and showed that it is central in formulating
a well-posed model, and provided various thermodynamic
models. The ternary CH system can be expanded to the
general multi-component system [14]. Multi-component
CH system with singular potentials was studied by Gal
et al. [15].
posedness and the regularity of the system of nonlinear

The authors of this study proved the well-

diffusion equations that model phase segregation of ideal
Zhou and Xie [16]
presented a projected gradient method to simulate a multi-
Li et al

unconditionally stable direct discretization schemes for the

mixture of multiple components.
[17] proposed

component CH equation.

N-component CH system on curved surfaces.

The primary purpose of this article is to propose a
stable FDM using an alternating direction explicit (ADE)
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scheme for solving the ternary CH system. The ADE
scheme proposed by [18, 19] is an unconditionally stable
explicit scheme. The diffusion and biharmonic terms,
which are linear, can be solved with stability using the
ADE scheme. For the nonlinear fourth-order CH equation,
while unconditional stability is not guaranteed, it exhibits
practical stability. The diffusion term can be discretized
using isotropic finite difference discretization. This scheme
not only relaxes the stringent time step requirement [20]
but also effectively simulates phase separation [21] in both
regular and complex computational domains, and under
various boundary conditions [22, 23]. We should note that
for a complex domain, an efficient discontinuous Galerkin
method, such as the one developed and rigorously analyzed
for the stochastic AC equation with multiplicative noise, can
be applied [21].

The structure of this paper is as follows: In Section 2,
we present the ternary CH system. In Section 3, the
computational solution method is described. In Section 4,
the computational experiments are given. We conclude the

paper in Section 5.

2. Ternary Cahn-Hilliard system

We consider the following ternary CH system [24]:

a s
% = A(x 1), for xeQ, @2.1)
0 = Fex,0) = €Acy(x,1) + Ble(x, 1),
for k=1,2,3, 2.2)
where F'(¢t) = ¢ — 15¢; + 05¢; and Be) =

- Zi:l F’(cy)/3. Here, € is a positive constant and ¢(x, ) =
(c1(x, 1), ca(x, 1), c3(X, 1)) is ternary phase variable with the
constraint ¢; + ¢; + ¢3 = 1, ¢ € Gy, where

3
GS:{CER3 chz 1,0<c <1, fork= 1,2,3}.

k=1
Here, we use the following total free energy functional of

the ternary system on a domain Q.

3 2 3
E(e(x, 1)) = f (Z Fledx.0) + 5 )" IVer(x, t)|2]dx,
Q=1 k=1

which satisfies energy dissipation

3
d 2
Z6(0 = - fg > IVudx <0,

k=1
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and the governing system satisfies mass conservation

d
dl deX f—d LA/.lkdX = 0,

under the zero Neumann boundary condition [25]:

n~Vck=n~V/1k=0, on 0Q.

3. Computational method

We present the discrete numerical solution algorithms for
solving the CH system. We consider the ternary CH system
in Q = (L, Ry) X (Ly,Ry). We set the uniform grid size

(Ry — Ly)/N, (Ry — Ly)/Ny, where N, and N,
are the number of grid points for the x- and y-directions,
respectively. To discretize the domain, Q is divided into
square cells with side length 4, and each of these squares is
defined as a cell. We define Q;, = {(x, = Ly +h(p—-0.5),y, =
L, + h(qg—-0.5))1 < p <Ny, 1 <g < N,}, which is the set
of cell-centers. Let cz’p’q = ci(xp,yq, nAt), where At is the
uniform time step size. Then, we discretize the ternary CH
system (Eqs (2.1) and (2.2)) using the linear convex splitting
scheme [26]:

n+l _ n
kpg  “kpg o _ noo\3_ 3. \2 1 n+1
At = Ad((ck’p’q) Z(Ck,p,q) ) + zAdck,p,q
—EN2cpl AP ), 3.1

where B(c} | ) =— Zi:l [(Cz,p,q)s - 1.5(c’,j’p’q)2 + O.SCZ’M] /3.
Discrete Laplacian and biharmonic operators are defined as
— ey p o)/
Ag(Agcy p,q), Tespectively. Zero Neumann

AdCipq = (Ciprig + Chp-1g + Chpgrl + Copg-1
2

and Ajcrpg

boundary condition [27] is used as follows:

n

n _n n _n n _
Clp—-1 = Chkp22 Chp0 = Chp,1> Chp N+l = ChopNyo
n — n —_ 7 —_ n
ChpNya2 = ChpNy—1> for p=1,...,N,, Choq = Ckog
n _n n _n n _ n
Ck0g = Skl CkNotlg = CkNog CkN2g = CkN-1g°
forg=1,...,N,.
Equation (3.1) can be arranged as
n+1 n
k.p,.q _ ckl”l +A (( 15 n )
Ar At d Ckpq Chpg
n+1 _ Cn+1 n+1 Cn+1
k,p+l.q k.p.q k.p.q k.p—l.q
+0.5 -
h? h?
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1 n+1 n+1 n+1
ot - c -
+ k.p.g+1 kp.a  “kpg  “kpg-1
h? h?
+1 _ n+l n+1 _ .+l
Ck 220~ Skprlg _ Ckptia ~ Skpa
h2 h? h?
n+1 _ antl n+1 n+1
Ck,p+l,q+1 Ck,p+l,q Ck p+lg Ck p+1,g-1
h? h?
n+1 Cn+1 n+1 n+1
k,p.q k,p— l,q k.,p—1l,g k.p—2,q
h? h?
n+l Cn+l n+l Cn+l
Ckp-1g+1 kp-lgq Ckp-1q ~ Ckp-lg-1
h? h?
n+1 _ .+l n+1 _ .+l
+ Ckptigrl ~ Skpgrl  Ckpgrl T Ckp-lgrl
h? h?
n+1 n+1 n+1 _ n+l
+ kpgr2 ~ Ckpa+l _ kpg+rl ~ Ckpa
h? h?
Cn+l _ an+l n+l1 n+1
kp+lg-1 k.p.g-1 k.p.g-1 kp-1,g-1
h? h?
Cn+1 n+1 n+1 n+1
" kpg  “kpg-1 kpg-1 " “kpag-2
h2 h2
n+1 n+1 n+1 n+1
C —C C —C
_4 kp+lg  “kpg  “kpg  “kp-lg
h2 h2
n+1 n+1 n+1 n+1
C —C C —C
+ k.p,g+1 kp.a — “kpg k.p.g—1
h2 h2
n
+AdB(C),,)- (3.2)

In two-dimensional space, the ADE scheme has 8 different
alternating direction loops. We describe one of the 8 loops
By using the ADE scheme [19]
to Eq (3.2), we have the following fully discrete form as

with following example.

follows:
Forp = 1,2,...,Nyandg=1,2,...,N,,
% n
c c
kpg  _ “kpg n
A - A T Ad((ckpq L.5¢k,,)
n Sk _ %
+0.5 c kp+lg k,p,q _ Ck)p,q Ck,p—l,q
h? h?
J i * *
c - c -c
g _kpatl  “kpa  “kpq  kpg-l
h? h?
n _an n _an
€ ck,p+2,q Ck)p+l)q ck,p+l,q ck,p,q
h2 h? h?
n _an N/ _an
+Ck,p+1,q+1 Coprlg  Ckpitg ~ Ckprig-1
h? h?
* * * *
2 Hpa " kpotg  Ckpola ” Ckp-2g
h? h?
* * * £
+ck,p71,q+1 T Cp-1g _ Ckp-14 ~ Chkp-1,g-1
h? h2
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n _an n _an
N Ckprigrt ~ Skpgrl  Ckpgrl T Ckp-lgel
h? h?
n _an n _an
+Ck,p,q+2 Ck,p,qul _ Ck,p,q+1 Ck,p,q
h2 h?
n _ an * %
L Septigst ~ hpg-t gl T Chpoige
h? h?
* * * *
c -c c -c
+ k.p.q kpg-1  “kpg-1 k.p.g—2
h? h2
1 A * 3k
c -c c -c
_4 k.p+lq kp.a  “kpg k.p—lgq
h2 h2

n n * *
C —C c —C
" k.p.g+1 kpa  “kpg k,p.g—1
h? h?

+APB(C,,).

(3.3)

Here, the discretization at time n and n + 1 follows the
definition of the first derivative, where the already updated
values are assigned to time »n + 1, while the others remain
at time n. The loops over p and ¢ must be executed
in the specified order, as the computations depend on the
sequential update direction of values. We emphasize that a
different directional loop order is applied at each time step.
The numerical solution can be updated for k = 1,2 using

Eq (3.3) as follows:

1,2,.
1 kpq
At

For p ..Nyandg=1,2,...,

*
Chpa + Ad((ckp q

n * n
+ 202 (ck,ml,q * Crp-g zck,p,q)

n *
+ 202 (Llwhq+1 + Ck.p.q—l)

E2

n * n *
_F[Ck,p+2,q + ck,p—Z,q + ck,p,q+2 + ck,p,q—Z
n * n
FC prtg-1 T Chpotg-1 T 2Ck prigal

+2ckp Lg+] +2ckp_] -1

n
Ck,p—l,q - 8ck,p+1,q - Sck,p,tﬁl

=8¢} g1 + IOCZ’M] + Adﬂ(czypyq)},

~TChp1q~

where R = 1/Ar + 1/h* + 10€2/h*. The other 7 nested
loops are defined similarly. Because the ADE scheme does
not satisfy conservation of the CH equation, we apply a

previously developed mass correction process.

\/F( kpq

qu(ckpq kpq
/F(ckpq
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n+l I
Chpq = Ckpg T

(3.4)

n+1 n+l \2¢,.n+l _ 1\2
for k = 1,2, where F(c ) =0.25(c} p’q) (ck’p’q 1)-. Here,
the mass correction process in (3.4) for mass conservation
numerically demonstrates that mass is preserved through the
following equation while maintaining the original interface

profile.

Z o qu(ckpq kpq
kpq T

pPq qu w,F(Ckpq

_ Z &+ Zqu(ck,p,q kp q
- k.p.q
P9 Zp,q

_ 0
- Z Ckpa
P4

Y F(Ck P q
Z Y F(Ck P> q

Flep ) pa

n+l1
Z Ckp.a
P9

Finally, the third component is updated using cgzlq =1-
n+1 n+1
CLpa ™ “2pa

Similarly, we describe the discrete computational scheme
for the three-dimensional domain Q = (L, R,) X (L, R,) X
(L;, R;). Then, the domain is discretized into a cell centered
domain Q;, = {(x, = L,+h(p—0.5), y, = L,+h(q=0.5), z, =
L,+h(r=05)1 < p<N,,1<g<N,1<7r <
N} with ¢, .
Assuming constant mobility, i.e. M =

being the approximation of ci(x,,y,, zr, RAL).
1, we start with
discretizing Eqs (2.1) and (2.2) using the linear convex

splitting scheme:

n+1

c - 3 1
k.p.q,r k.p.q.r n 3 n 2 n+l
At = Aa [(Ckpqr) - E(Ckypyq,r) ] + EAdck;,qJ
—EAGC L+ DB, ), (3.5)
where
B, ) ==Y [(cz’p’q’rf — 15, P+ o.sc'k{p,q,r]/&

In three-dimensional domain, discrete Laplacian and

biharmonic operators are defined as

Adck,p,q,r = (Ck,p+1,q,r + Cl,p—1,q.r + Ck,p.q+1,r + Cl,p.g-1,r +
Cl,p,q.r+1 + Cl,p,gr—1 — 6ck,p,q,r)/h2
and
Azck,p,q,r = Ad(Ade,p,q,r)s
respectively.
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The boundary conditions are defined in the same way:

n _n n _n
Ch-1gr =Ck24r  CkOgr = Cklgr
n _n n J——
CkN+1gr ~ChNogrr CkNe2gr = CkNe-1gr
forg=1,...,Nyandr=1,...,N,,
n _n n _n
Clp-1r =Chkp2r Ckpor = Chplr
n —n n — n
ClpNy+1r =ChkpNyrr Ckp N2 = ChpN—1,r
forp=1,...,Nyandr=1,...,N,,
n _n n —n
Ckpag-1 =Ckpq2s Ckpao = Ckpagl’
n _n n _
CepaN+t =ChpaNs  ChpaNaz = ChpaN-1»
forp=1,...,.Nyandg=1,...,N

We have introduced that the ADE scheme has 8 different
cases of nested loops in two-dimensional space. In three
dimensional space, it has 48 cases. Here, we present an
Applying the ADE scheme [19, 28], the fully

discrete form of Eq (3.5) for k = 1,2 is given as follows:

example.

For p =1,2,. » g=12,...,N,, r=1,2,. s
* 1 CZ»[’»‘]”" n 3 n
Ck,p,q,r :E[ At + Ad((ck,p,q,r) - l'sck,p,q,r)

n * n *
+ 2]12 (Ck,p+l,q,r + ck,p—l,q,r + Ck,p,q+l,r + ck,p,q—l,r

n * N
t Cparet T Chpgr1~ 3Lk,p,q,r)

2
_ 6_ 1 + * + n + *
. Clp+2,ar T Chp-24r T Chpar2r T Chpg-2,r

n * n *
* Cpgre2  Chpagr-2 T Chprtg-1r T Chprig-1r

n * n *
+ Ck,p,q+1,r—l + ck,p,q+1,r—1 + Ck,p+1,q,r—1 + Ck,p+1,q,r—1

n * *
+ 2(Ck,p+l,q+1,r + Ck,p—l,q+l,r + Ck,p—l,q—l,r

n n *
+ Ck,p,q+l,r+l + Ck,p,q—l,r+1 + Ck,p,q—l,r—l

n * *
+ Ck,p+1,q,r+1 + Ck,p—l,q,r + Ck,p—l,q,r—l)
n *
Ck,p,q—l,r - 116k,p,q—l,r

n * _
- 2Ck,p—1,q,r - 106k,p—l,q,r

n n n *
- 12(Ck,p+l,q,r + Ck,p,q+l,r + ck,p,q,r+l + Ck,p,q,r—l)

+ 210247’%,] + AdB} o))

3.6)
1/At + 3/2h* + 21€2/h*.  The loops over

p and g must be executed in the specified order, as the

where R =
computations depend on the sequential update direction of
values. The other 47 cases are defined in the same way. We

emphasize that a different directional loop order is applied
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at each time step. Saul’yev-type scheme does not satisfy
mass conservation of the CH equation. Therefore, we apply
a previously developed mass correction process to achieve

mass conservation:

*

DO (e C
1 P4k, p,g,r k.p.q.r
Chpar = Chpar* F(c;, ). (3.7)
by F(c ) e
ps9q, k

Psqsr

for k = 1,2, where F(czpqr)
1)%.

mass conservation demonstrates numerically that mass is

* 20 %
0.25(ck’p’q’r) (Ck’p’q’r -

Here, the mass correction process in (3.7) for

conserved through the following equation.

n+1
chpqr

Pa.r
_Z o ZP‘I’( %oar ~ Ckpar) Fic:
- kpar ¥ /— kp, q,
p.q.r qur F(Ck’p q.r
" ZI’»‘I”(ck,pqu k D> q,
= c + F(c;
k.p.q.r - k.p.q ’
par Zp,q,r 1/F(der,,q, p-qr
_ 0
= Z Ckpar
pq.r

Finally, the third component is updated using

n+l

n+1
Cqur

1,p.q.r

n+l

c3pqr—l—c

4. Computational tests

Now, we conduct several computational experiments for
the ternary CH system using the proposed ADE method on
two- and three-dimensional spaces. We consider the phase
separation and liquid lens dynamics within the ternary CH
system. From the equilibrium profile of the CH equation,
the distance over which the concentration field varies from
0.05 to 0.95 is approximately 4 V2 tanh™'(0.9). Therefore,
we take interfacial thickness control parameter € as €, =
hm/[4V2tanh™'(0.9)] to ensure that the distance of the
interface spans m grid points [29].

4.1. Two-dimensional space

We present the performance of the proposed algorithm
for the ternary CH system by adopting various numerical
experiments such as ternary phase separation and liquid lens.
We consider the ternary CH system on two-dimensional
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computational domain (0, 1) x (0, 1) with uniform grid N, =
Ny, = 128 and h = 1/128. We take time step size as
At = 0.5h* and interfacial parameter as € = €. First, we
investigate the phase evolutions of the ternary CH system
with the following random initial conditions with random
permutation of the integers r; and r,, and r3 from 1 to 3:
[r1 72 3] = randperm(3) for 1 < p < N,, 1 < g < N,.

0

Crpg randy 4,

0 _

Chpg = (I=cppgrandy g, 4.1
0 _ _ 0 _ 0

Cripg = 1 Cripg ~ Crpg

where rand; ,, and rand; ,, are uniform random numbers

between 0 and 1.

0 0.2 0.4 0.6 08 x 1

0 0.2 0.4 0.6 08 z 1

(b)

A Total energy

En(u") —e— Average concentration of ¢;
0.8 —k— Average concentration of c|7

—o— Average concentration of c;

1 1 1 1
0 0.2 0.4 0.6 0.8 t 1

(d)
Figure 1. Temporal evolutions of the ternary CH

system, where ¢y, ¢;, and c3 are represented as
filled contours at level 0.5 in red, green, and blue,
respectively. (a), (b), and (c) are snapshots at

= 0.0122, 0.6104, and 15.2588, respectively.
(d) Temporal evolution of the discrete total energy
and average concentrations.

Mathematical Modelling and Control

In Figure 1(a)—(c), the snapshots of the ternary phase
separation for the ternary CH system are illustrated. Here,
c1, 2, and c3 are represented as filled contours at level 0.5
in red, green, and blue, respectively. Figure 1(d) shows
the time evolution of the discrete total energy and average
concentrations for ¢y, ¢, and ¢3. We can observe that the
total energy decreases and the average concentrations are
constant. In two-dimensional space, discrete total energy is

defined as follows:

N, Ny &2 Ny
2 2
&=y [h S F,+ S (< )
p=1 g=1 g=1
N,—1
n n 2 n n 2
+ Z (ck,p+1,q - Ck,p,q) + (Ck,NX+1,q - Ck,NX,q) )
p=1
Ny—1

E Ny
n n 2
3 Z ((ck,p,l - Ck,p,o) +
p:

n n 2
+ (ck,p,M.+1 - Ck,p,Ny) )}

-

n n 2
Z (Ck,p,q+1 N Ck,p,q)
q=1

To validate the practical stability of the proposed
numerical algorithm, we compare the maximum stable time
step size Atnax, between the fully explicit method and
the proposed method for various mesh sizes h = 1/16,
1/32, 1/64, and 1/128 under the given random initial
condition (4.1). First, we define the numerical solution
as stable if it satisfies the following condition. —0.2 <
cz;lq < 12forp = 1,...,Ny, ¢ = 1,...,N,, k =
1,2,3. Next, to determine the maximum stable time step,
= 0.14* and

increment At by h? x 1.0e-8. If the numerical solution stays

we begin with an initial time step size of At

stable for 500 iterations, we consider the corresponding Ar a
stable time step size, incrementing At again by 4% X 1.0e-8.
Consequently, when At first leads to an unstable numerical
solution within 500 iterations, the maximum stable time step
h? % 1.0e-8. Table 1 lists Afpax

for the proposed and the fully explicit methods with various

size Atmax 1s defined as Ar —

mesh sizes. It can be observed that the maximum time step
size of the proposed method is significantly larger than that
of the fully explicit method.

Next, we consider a spreading of a rectangular liquid lens
on the unit computational domain (0, 1) X (0, 1) with various
interfacial parameters € =

&, €, and €. The rectangular

liquid lens (cp) is located at the center of the domain,

Volume 5, Issue 3, 280-291.
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between two fluids ¢; and c3. The initial condition for the
liquid lens is illustrated in the first column of Figure 2(a).
Figure 2 shows the temporal evolution of a liquid lens with
a rectangular liquid lens for the ternary CH system until # =
3.8147 for various interfacial parameters €. From the results
in Figure 2, when € is too small (e.g., € = &), the numerical
solution is pinned and does not evolve. Conversely, when
€ is too large (e.g., € = &), the vacuum phenomenon at
the triple junction becomes significant, and as a result, the
numerical solution spreads.

To simulate phase separation of the ternary CH system
using the proposed scheme, the initial conditions are set to
stiff u-shape as seen in Figure 3(a). The temporal evolutions
of the ternary CH system can be seen in Figure 3(b)—(d).
At final time t = 12.4359, the phase separation is well
performed using the proposed scheme.

The main advantage of the proposed ADE method
lies in its implicit formulation, which allows for explicit
computations while maintaining numerical stability.
Traditional implicit or semi-implicit methods often involve
significant computational complexity, making them
challenging to apply to problems in complex domains.
In contrast, the proposed ADE method offers a simpler
computational approach, making it more convenient and
efficient for solving problems in such domains. Figure 4
shows the temporal evolutions of the ternary CH system
with randomly perturbed initial condition in a complex
domain. Phase separation of the ternary CH system can
be observed even in a complex domain. Here, we use the
parameters as h = 1/150, At = K%, and € = €.

To study the accuracy of the proposed method for the
ternary CH system, we conduct convergence tests for both
time and space using reference solutions [30]. We set the

initial condition

_l x— 1/3 B l X — 1/3 _
c1(x,0) ‘s[tanh(o.oz \/E) " 1] 4[tanh(0.02 \/E) 1]’
N x=2/3\ 1.1 x-2/3)_
c2(x,0) "S[tanh(o.oz «/Z) " 1] 4[tanh(o.02 «/E) 1]

1 x—1/3
* g[tanh(o.ozx/i)_ 1]’
e3(x.0) =1 — ¢1(x,0) — ¢5(x, 0),
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on Q = (0,1) X (0,0.1). For the temporal convergence
1/150, € = 4h/(4 V2tanh™'(0.9)).

Since the analytic solution is hard to find, we use high-

analysis, we set h =

resolution reference solution [31] by using the time step
Aty = 2720,
be used as a reference solution [32]. We use increasingly
coarser time steps At = 32At.¢, 64Ater, and 128At,s. The

We note that a manufactured solution may

test is conducted until 7 = 2713, Table 2 lists l;-errors and
convergence rates for time. As demonstrated, the proposed
scheme maintains first-order temporal accuracy.

For the spatial convergence analysis, we fix the time step
size At = 1078, We take high resolution reference solution
by using mesh size h = 4 x 107* [33]. We use increasingly
1/20, h = 1/40, and h = 1/80. The
convergence test is conducted until # = 1076, Table 3 lists

fine grids h =

l-errors and convergence rates for space. Since the central
difference method is used for the spatial discretization, it can
be confirmed that the proposed algorithm achieves second-
order accuracy in space.

Finally, we measure the CPU time for progressively
larger-scale simulations to demonstrate the temporal
efficiency and memory usage of the proposed method. The
test is conducted with a fixed step size 7 = 1/100 and a time
step size At = h?, on computational domains of increasing
scale: (0,1)%,(0,2)2, (0, 3)2,(0,4)2,(0,5)2, and (0, 6)% over
2000 iterations. For the test, the randomly perturbed initial
conditions in Eq (4.1) are used to measure CPU time for the
simulation. Figure 5 illustrates the relation between CPU
time and the number of grid points for the proposed method.
The circles correspond to the numerical results from the
experiment, while the dashed red line is a linear fitted line for
these results. This linear relationship suggests that the CPU
time increases almost proportionally with the number of grid
points and indicates a typical computational cost scaling in

numerical simulations.
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Table 1. Maximum time step Afy.x ensuring stable computation for the proposed method and fully explicit

method.
Mesh size h 116 132 1/64 1/128
Proposed method (a) 2.5539 x 1072 42315%x 1073 1.1750 x 1073 1.6815 x 107
Fully explicit method (b) 49762 x 10 12419 x 107 3.1470 x 1075 7.8070 x 1076
Ratio (a/b) 51.3223 34.0728 37.3371 21.5384

0.4 0.6 08 x 1

0 0 NSNS 0
0 0.2 0.4 0.6 08 x 1 0 0.2 0.4 0.6 08 x 1 0 0.2
(@) (b) ©
Figure 2. Temporal evolution of liquid lens with various interfacial parameters. From top to bottom row, the
interfacial parameters are € = e, €, and €. The times shown are (a) t = 0, (b) r = 0.2441, and (c) r = 3.8147.

Here, ¢, ¢, and c3 are represented as filled contours at level 0.5 in red, green, and blue, respectively.
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0.4

(a)

0.2

0 0
0 0.2 0.4 0.6 08 z= 1 0 0.2 0.4 0.6 08 =z
() (d)

Figure 3. Temporal evolutions of the ternary

CH system, where cj, ¢, and c3 are represented
as filled contours at level 0.5 in red, green, and
blue, respectively. The times corresponding to
(a)—(e) are t = 0, 1.2970, 3.8147, and 12.4359,

respectively.

Table 2. Temporal errors and convergence rates.

0.2 0.4 0.6 08 x 1

(b)

At 128Ates 64 Ater 32Atyer
L-error 0.0712 x 107 0.1656 x 107 0.3331 x 107
rate 1.2186 1.0079

Table 3. Spatial errors and convergence rates.

h 1/20 1/40 1/80
L-error 1.589 x 10~ 3.235x 1078 7.0164 x 10~
rate 2.2963 2.2050
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0
0 0.2 0.4 0.6 08 = 1 0 0.2 0.4 0.6 08 z= 1

() (d)
Figure 4. On a complex domain, temporal
evolutions of the ternary CH system with
randomly perturbed initial condition, where
c1, ¢, and c¢3 are represented as filled
contours at level 0.5 in red, green, and blue,
respectively. The times corresponding to (a)—(e)
are + = 0.0089, 0.0889, 0.4978, and 19.9911,

respectively.

—©—Numerical results
L |- - - Linear fitted line

©
o

[e2]
o

CPU time (s)
5

n
o
T

I

0 Il Il Il
0 1 2 3 4

Number of grid points x10°
Figure 5. CPU time with respect to the number
of grid points. The circles represent the numerical
results, and the dashed line is the linear fit.
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4.2. Three-dimensional space

We investigate the phase evolutions of the ternary CH
system with the following random initial conditions with
random permutation of the integers ry, r», and r3 from 1 to
3: [ry rp r3] = randperm(3) for 1 < p < N,, 1 < g < N,,
1<r<N..

0 _ 0 —
crl,p,q,r - randl,Paq,V’ Crz,p,q,r - (1 - C"l ’P,q,’)randzvp»q,r’
0 _1_,.0 _ 0
Cripar = 1= Cripar = Crpar

where rand, ,, ;- and rand, ,, , - are uniform random numbers
between 0 and 1. Here, we use € = €, h = 1/64 and At =
0.2h2.

The temporal evolutions of the ternary CH system with
random perturbed initial condition can be seen in Figure 6.
In Figure 6, ¢y, ¢, and c3 are represented as isosurfaces at
0.5 level in black, dark gray, and light gray, respectively.
We can note the coarser phase separation occurring at ¢
1.0758, which differs from the finer state observed at ¢
0.0211. In a three-dimensional unit domain, we consider the

spreading of a cuboid liquid lens on the unit computational
domain (0, 1) X (0,1) x (0,1). The cuboid liquid lens (c;)
is located at the center of the domain, between two fluids,
c1 and c¢3. The initial condition is illustrated in Figure 7(a).
Here, we use € = &, h = 1/64 and Ar = 0.1742.

Figure 6. Temporal evolutions of a three-
dimensional ternary CH system, where cy, ¢, and
c3 are represented as isosurfaces at the 0.5 level
in black, dark gray, and light gray, respectively.
The times corresponding to (a)-(c) are ¢t =

0.0211, 0.0352, and 1.0758, respectively.

Mathematical Modelling and Control

()
Figure 7.
dimensional liquid lens at (a) r = 0, (b) r = 0.0059,

(d

Temporal evolution of a three-

(¢) t = 0.1430, and (d) r = 0.8156. Here,
c1, ¢, and c3 are represented as isosurfaces at
the 0.5 level in light gray, black, and dark gray,
respectively.

5. Conclusions

the

challenge of numerically solving the ternary CH system,

In this article, we have successfully overcome

which includes fourth-order nonlinear terms, by using a
highly practical and stable explicit FDM. The proposed
method not only offers simplicity of implementation but
also ensures numerical stability. Therefore, we can use
larger time steps and significantly reduce the computational
cost. Through a series of computational experiments,
we have demonstrated the improved performance of the
proposed FDM over a fully explicit Euler-type method. We
expect that our work will inspire further investigations and
advancements in numerical methods for multi-component

systems.
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