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Abstract:

This manuscript demonstrates the existence, uniqueness, and different kinds of Ulam stability for a g-Caputo implicit

fractional jerk coupled system involving g-fractional Erdélyi-Kober integral conditions. The existence and uniqueness results were
investigated by employing the Leray-Schauder alternative and the Banach contraction mapping principle. We also derived various kinds
of Ulam stability under specific conditions. We provided an example to verify our main results.
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1. Introduction

Fractional differential equations (¥ DEs) have gained
more attention from researchers and mathematicians in
recent times. These equations incorporate derivatives of
non-integer order and are recently gaining importance due
to their great accuracy and practical applications in various
scientific fields. FDEs are special mathematical tools that
help us to create models for different phenomena. 7 DEs
have a variety of applications in various areas, including
polymer rheology, electrodynamics of complex medium,
biology, aerodynamics, and more. For more information,
visit [1-5].
F DEs has drawn interest in various fields including physics,

The study of coupled systems (CSs) of

biology, and psychology.
7]. Due to the non-local nature of FPDEs and their

The reader may refer to [6,

applicability in real-world problems such as disease models,
synchronization of chaotic systems, anomalous diffusion,
etc., efforts [8, 9] are made to the theoretical work of CSs
of classical differential equations (DEs) and F DEs.

In 1910, Jackson [10] made significant contributions in
quantum calculus (QC). Later, Agarwal [11] and Salam [12]
made more progress and presented important theoretical
results in QC. Many researchers have taken interest in this
field, particularly solving problems involving g-F DEs [13,
14].

of particle physics, discrete mathematics, the theory of

QC theory includes many practical aspects in areas

relativity, combinatorics, and complex analysis. For more
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information on the primitive notion of QC, see [15-17] and
the references therein.

The basic requirement of qualitative theory is the
particular behavior of solutions, for which we need the
existence and uniqueness (&%) of solutions [3, 6, 18].
Various fixed point (FP) theorems [19] such as the Leray-
Schauder alternative, the Banach contraction principle, and
the Arzela-Ascoli theorem are utilized for the existing
solutions of ¥DEs. Moreover, stability analysis is an
important aspect of qualitative theory of DEs. Ulam
stability (7 .#) was introduced in 1940 by Ulam [20] and
had been further expanded by Hyers and Rassias [21].
Recent advancements on Ulam-Hyers stability (UHS) have
The idea of .7 is
beneficial for various fields including biology, numerical

relaxed the stability conditions.

analysis, economics, optimization theory, and so on [22].
For further details, see [14,23-26].

In 1978, Schot [27] presented the idea of the jerk
equation (J &) which is described as the rate of change of
acceleration. A well known, three dimensional dynamic
system can be given by m'(0) = a,d (o) = e, (o) =
f(m, a,e), which can be written in the form of m” =
f(m, m’, m"). The J& is a third-order DE that has been
applied in various fields, such as secure communication,
signal processing, control systems, electrical engineering,
economic systems, bio-mechanics, acoustics, electrical
circuits, mechanics, and dynamical processes [28,29]. The
reader may refer to [29-32] for details on applications of
JEs.

Alam et al. [33] demonstrated different kinds of % .¥
and the existence uniqueness (&%) for the implicit
g-fractional CS involving Erdélyi-Kober and non-local
Reimann-Liouville (RL) g-fractional integral conditions

(FICs):

07 M(©)lp=0 = T2 om(&1). @ € (1,2],
n T
cm(T) = Z ﬂi[Z’;é‘ivﬁim(Ti) + f m(Q)dqQ,
i=1 0
REDP u(0) + (e, u(e), *EDE m(e) = 0.0 € T = (0, T),

0 PU(©)lp=0 = T u(&2). B € (1,21,

n T
() = Y AT Uty + [ uodae,
0

i=1
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REDE ym(o) + fi (0, m(0), *£ D u(0)) = 0,0 € T = (0, T),

where f|, f, are appropriate functions, (RLDZ’O and RLDﬁyo are
the RL fractional g-derivatives having orders @ and 3, on J
with 0 as the lower limit, I"' Hibi
Kober fractional integral (7"[ Yand ¢1,¢0,4; (i =1,2,...,n)

are the particular constants.

represents the gq- Erdélyi-

In [34], the authors investigated the existence of coupled
fractional jerk differential equations (_# Z¢&’) with multi-
point boundary conditions (BCs):

Dy, mi(0) = my (o),

Dp, ms(0) = ms(o),

D}, m3(0) = f(u;(0), U2(0), uz(0)),
m(0) = m3(0) =0

n—1

m;(0) = > ami (),

i=1

D}, ui(0) = ux(o),

D5, ux(0) = us(e),

D}, u3(0) = g(my(0), ma(0), M3(0)),
u2(0) = u3(0) =0

n=1
ui0) = )" by (&),
i=1

where o € (0,1), o = {a,0,7,0,{,n}, Dy,
fractional derivative (CFD). f, g are some suitable functions.
0€(0,1),0< 1 <x2< <an\ 0<éi < fz
o<1, Y5 e =30 b= 1,301 al()cl)—Z b(fz)i
0.

Majeed et al. [35] studied the implicit Langevin equations

is the Caputo

using Stieltjes integral BCs and mixed derivatives:

Dy (D + ADm(o) = file,m(e), o€ (0,11,
m(0) =0,
4
CI)BO 1 — f DB d )
oM = ; ) ,M(©)d,0
D} (D + L)u(e) = (o, u(@), ¢ € (0,1],
u0) =0,
‘DY u) = Zf CDg‘Qu(Q)d 0.

where f;,f, are continuous functions, CDgQ and CDgg
represent the Caputo derivatives (CD) of orders @ and y

with 0 as a lower bound, o,y € (0,1), A;,1, are real
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constants except zero. p,j € N,Bi€e Z (Vi =0,...,p),
Bo € [0,a), & € Z (Vi = 0,....7), & € [0,9),
and the integrals resulting from BCs are Reimann-Stieltjes
integrals with y; (i = 1,. .., p/j) being functions of bounded
variation.

In [23], Wang et al. studied the various forms of % . and
& for the following nonlinear implicit fractional integro-

DEs involving CPDs of fractional order:

°o-9s)"!
o T(o)

“D*m(s))ds,0o € J =[0,T],

“Dm(p) = x(o, u(0), “D"m(p)) +

M(©)lp=0 = —M(Q)lo=7>
CDPm(0)ly=0 = = DPm(0)ly-r,

_ v—1
“Dfu(o) = &(o, m(0), “Dfu(o)) + fe -9
o Io)

Diu(s))ds, o€ J =10,T1,

f2(s, m(s),

U(©)lo=0 = ~U(©)lo=7>
CDWU(Q)|Q=0 = _CD'IU(Q)lng,

where J = [0,T] with T > 0,v,0 > 0,1 < a,{ < 2,0 <
B.n < 2, and y,¢&,f,f, are given real-valued continuous
functions.

In [36], the authors investigated the following q-Caputo
fractional implicit (_# &) having Erdélyi-Kober q-7 1

conditions:

“DLEDL(EDY + Q)Im(o) = f(0) — p(0, M(0))

— [0, M(o), “Dm(0)) — xp(o. M(0), “Dim(0))
° (0—qs)”!

~J [y(e)

m(0) = 0,

(CDLED + Q)m(s) =0,

h(s, m(s), “Dym(s))dgs,0 € T = (0, T),

am(T) = " ATe* P m(),
i=1

where Q,ILy € Z7,0<6,{; < T,0< a,w,0 < 1,v <0,
7 < 6, and the CFD is D}, ¢ € {a,w,0,v,7} of order ¢.
T >Z, ¢ TXRE—> R, andé,p,h: TXRB* > R

are given continuous functions. 77

denotes the Erdélyi-
Kober g-F I having order y; on J where y;, 5; are greater
than zero and 7; is a real number. a,%,¢ > 0,4; (i =

1,2,...,n) are appropriate constants.

Mathematical Modelling and Control

fi (s, u(s),

J x #* — A are given continuous functions.

Influenced by the aforementioned works, the objective of
this dissertation is to examine the £% and different forms
of % .# for the following g-Caputo implicit fractional jerk
coupled system (¥ JCS) including g-Erdélyi-Kober FICs:

DI (DYDY + Q)m(o) = f1(0) — ¢1(0, M(0))
— ;&1 (0, m(0), “Di?u(e)) — x1p1(0, M(0), D u(0))
(Y e-g)"!

L T hi(s,m(s), “D}?u(s))dgs,

0eJ =(0,T),
m(0) =0,
€D (DY +Q)m(s)) = 0,

am(T) = " ATy m(),
i=1

EDZ(CDL(CDE + 1))u(o) = f2(0) — $2(0, u(0))
—IL& (o, u(o), CDE‘ m(o)) — x2p2(0, u(p), CDQ‘ m(o))

- Og %hz(& u(s), €Dy m(s))dgs,
0ed =(0,T),
u(0) =0,
(“DG(CDg + T)u(E2) =0,
au(T) = Z AT,
. (1.1)
where Q, Y, 11,1, x1,x2 € Z*, 0 < 61,00,4; < T.

@, w0, € (0,1], vi,v2, 71,72 < 6, with {r = 1,2}, and
the g-CFDs are Dy, ¢ € {ay,w,01,v2, 72} and D, x €

{aa, w2,0,,v, 71} of orders ¢ and »x, respectively. fj,f, :

j - %’ ¢19¢2 : jx'% - '@and 619629p19p29h1sh2 :

I’li#ivﬁi
q
denotes the Erdélyi-Kober q-#7 having order y; on J
where y;, B; are greater than zero and 7; is a real number.
a,az, 91,9, 91,02 > 0,4; (i = 1,2,...,n) are constants.
The main aspects of this typescript are as follows:
(1) We implement Erdélyi-Kober g-FICs motivated by

previous work [33] in order to describe the q-Caputo implicit

FJCS in the literature.

(2) In this dissertation, we establish the necessary
conditions of &% and various types of % .7 for the
suggested -7 JCS (1.1).

(3) Different from prior studies that used multi-point
BCs [34], anti-periodic BCs [23], and implicit Langevin
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equations with mixed derivatives [35], we achieve better
results by employing Erdélyi-Kober g-FICs for g-F JCSs.

This manuscript is organized in the following manner:
In Section 2, we define some basic lemmas and theorems
for the suggested q-7 JCS (1.1).
establish sufficient criteria for the &% of the considered
a-FJCS (1.1) by using different FP theorems such as the
Leray-Schauder alternative and Banach contraction mapping

In Section 3, we

principle. Various kinds of %/.% are derived in Section 4

under specific conditions. In Section 5, an example is

presented to verify our theoretical outcomes.
2. Basic results

Here we recall a few basic notions which will be utilized

for our objectives.

Definition 2.1. [37] The operator CDg is q-CFD of order ¢
and is given by:
Dim(o) = I¥DE m(o), ¢ >0,

and “Dim(o) =

function.

m(o), where [¢] denotes the greatest integer

Definition 2.2. [38] The fractional RL type q-integral of
the function m is given by

Iameo) =

1 ff »
(0 —as) ' m(s)dgs, 0>0, ¢>0,
To) Jo ¢ at @

and Igm(g) = m(p).

Definition 2.3. [39] For 0 < q < 1, the Erdélyi-Kober q-
F I of order u > O with 8 > 0 and n € Z of a continuous
Sunctionf: J — Z is defined as

ﬁg—ﬁ(ﬂ"ﬂ])

]'Wlﬁ f —
q  10) o)

0
f (@ — as#) UV §M(s5)dys.

0
Lemma 2.1. [38] Let ¢ € Z*\.AN . Then the following
equality is fulfilled:

n—1

J
75DEm(g) = m(g) - » | =

CyJ
—~Dim(0),
= LG+ 1) 4

where n represents the greatest integer function.

Mathematical Modelling and Control

Theorem 2.1. (Banach fixed point theorem, [19]) Let X be
a Banach space. Then each contraction mapping B : X — X

has a precisely unique FP.

Lemma 2.2. Let X = {m(0) : m € C(J, %)} be a Banach
space endowed with the norm given by ||m|lx = sup{im(o)| :
o € J}. Consequently, the norm established on the product
space is ||(m,W)|lxxx = lImllx + llullx. It is obvious that the
Banach space is obtained by (X x X, ||(m, U)||xxx)-

Theorem 2.2. (Leray-Schauder alternative, [19]) Let B :
X — X be a completely continuous operator. Assume that
the set 7 (B) = {m € 2 : m = yB(m), forsome 0 < y <
1}. Then:

(1) The set 7 (B) is unbounded, or
(2) B has at least one FP.

3. Existence and uniqueness

We present the sufficient criteria for the &% of the
solution for the suggested system (1.1) in this section.

Lemma 3.1. Assume that g1 € C(J,%).
fractional jerk problem (F JP) is given as:

Then the q-

‘DI (EDY(EDY + Q)m(o) = g1(0),0 € T = (0, 7),
m(0) =0
(‘D (“Dg + )m(61) = 0

am(T) = ) ALL* P m),
i=1
3.1
where 0 < a1, w1,601 <1, Q2>0,0< 061, <T. (3.1) admits

the following solution:

(Q _ qs)al+w1+91—1

d,
Fq(al + w; + 91) gl(S) a¥

m(o) =

o 1 Bk
¥ Aqufell n 1)(;/l"ﬁlérqw,-)ﬂ7 , G et
i (7. — 6-1
x( A %gl(s)dqs)dqs
T (T _ gqg)01t@i+6i-1 0
—a | (T (a?s-: w+l :011) §1(5)dgs) + Q(Wl-ﬂ)
A ir

i=1
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“Gi—a™!
X =2 2 m(s)d s)d s)
( o Ty@) $as)a
(0—as)"™!
—————m(s)d, s)
o Ig(6) d
fl ((51 _ qs)al—l 9«91 Tw1+«91
+ ( (a
0 Ty(@) \ATq@ + D\ 'Tq(w; + 6, + 1)
2/1,8[ 1] Lq(mi +1 +—w;9])§;)'+9] )
B T + i+ 1+ g (w) + 6 + 1)
Qw1+0|

- £ d, s,
Tq(w; +6; + 1))8‘(5) at

where A is given by

0,

a1T9‘ e

A = /lI']ll‘llﬁl 4
"0 + 1) Z Lg(6r + 1)

From [36], it is easy to prove Lemma 3.1, so we omit its
proof.

Consequently, the solution of the suggested system (1.1)
is similar to the q-7 JCS given by Lemma 3.1.
For o € J, we have

0 (Q _ qs)a2+w2+92—1 96’2
u(o) = f ——————o()dgs + ————
o gl +w+6) T A6 + 1)
e —Biui+n:)

(Z” Ta(u) f0{i<ﬁff—qsﬂf>(”i‘l>s”f
pa q

i ({ _ qs)az+w2+0—2
X - d )d
( 0 Fq(a2 + wy + 92) gz(S) af J4q$

T (T _ qs)az+wz+€2—1

—-a s)d, s)
: 0o Tglar+wy+6,) §2(5)dq
0 T -1
0 (T —as)
+ ‘Y’(—(a ———U(s)dys
ATq(6, + D\ T4(6) .

é’ —Bi(ui+ni)

i
- § A Pi _ qsP)wi=D g
- Ty(w) fo (6 = ash s

x(fgi (& —a9)*!
0 l—‘q(92)

?(0—as)”!
o Tq(61)

N fﬁz Ry S
0 Iq(a2) AL, + 1) 2l"q(a)z +6,+1)

n | Fq(ni +1+ w6y )4«9)2+92
- > Bl S )
— Bi "Tqi +ni+ 1+ 2 g(wz + 62 + 1)

wy+0,

u(s)dqs)dqs)

m(s)dqs)

ng +6,

e

- £ d,s.
To(ws + 6 + 1))32(s) a¥

Mathematical Modelling and Control

where A; is given by

ap T

Ay = —2
2T Ty, + 1)

_ z”: A'[ﬂ[sﬂiﬁr 492
T Ty + 1)

i=1
If m,u are the solutions of the proposed system (1.1) and
o0 € 9, then we have

(Q _ qs)a|+w|+9]—1

m(o) = (@ 1o v 0 )gl(s)dqs
q
135 R ‘ i N\ (i—1) i
W(Z T [ apens
di (é’l _ qs)m+w1+6—1
X( o m&(s)dqs)dqs
T (T _ qs)al+w]+0|—1
—a o Tol@ +wr +6)) g1(s)dqs)
Q91 T (T _ qs)el_]
o irrnla [, ey e
—Biui+ni) i
leﬁz( o 1 ( (43,- _ Py gn
i=1 q
(¢ —qs)” (0 - qs)h!
X (j(; Wm(s)dqs)dqs) - Wm(s)dqs)
T{JJ1+91

.\ f (61
0

—as)"”! ( " (

To@) \ATq6 + D\"'Tq(w; +6; + 1)

Zn:/lﬁ[ 1 ] (i + 1+ —wggl) {UJ1+91)
B g+ i 1+ O g(wy + 6+ 1)
Qw1+01 )
- d ,
Tt + 6 + 1) )81 (a8
and
(Q _ qs)dz+a)2+92—1
S L—— Y
u(e) To(@> + @2+ 65) 82(8)dys
0> —Biui+n:) i
ﬁ(z ﬁl§ (é’lﬁr _ qsﬁi)(/li_l)sni
2Ig(62 + 1) q(ll) 0
i (é' _ qs)arz+w2+9 2
X AL A — N ) ) s)d K
( o Ta(@r + an + 6y 52 as fa
T ar+wr+6,—1
(T —gs)mrenr™ )
- d,
“ o Tglaz +wy+6) 82(5)dys
0, T -1
0 (T - qs)
T(—(a ——————u(s)dys
AT+ D\2 )y Ty %
Big Pt )
/l (é’tﬁ' _qSBt)(I—‘t )S”‘
; Lo Jo
(¢ — a9 (0 —qs)”!
oY R LY s)d s) Y e s)
(L I'4(62) A o a0 4

Tw2+92

2 (52 _ qs)az—l ( 992 (

a
0 To(@) \ATq@ + D\ To(w; + 6, + 1)
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n 1 Ty + 1+ wzﬁ—f"Z)
- Z/liﬂi[—]q - it . ;
— Bi Ty +ni+ 1+ ) g(wr + 62 + 1)
Qw2+62

9 e
Tq(w + 6, + 1))g2(s) a%

where g (o) and g,(0) are given by

g1(0) = f1(0) — ¢1(0, M(0)) — 111 (0, M(0), “ D} u(p))
- x1p1(0.M(0), “Dg u(0))

(o —aqs)"!
o Tqlen)

=f2(0) — ¢2(0, U(0)) — Théx (0, U(e), “ D' m(e))
- x2p2(0, u(0), “Di'm(0))

(0 —qs)”!
o Tqgle2)

hi(s,m(s), “Di2u(s))dgs,

82(0)

hi (s, u(s), €D} m(s))dys.

The next stage is to convert the proposed system g-
FIJCS (1.1) into an FP problem. Let the operator B : X —
X be defined as follows:

(3.2)

B, u)(g) = (Bl(m)(g)]

By(u)e) )

Hence, the FP of o and the solution of the system (1.1) are

congruent, where

0 _ ) +w+0,—1
Bi(m)(o) = fo (119 - i)

Fq(al + w; + 01)
o
—TLE(S) — X1 a(s) — hlms))dqs +

Aqu(01+1)
B Pt f{" , )
AP B _ sy g

(Z TG Jy @ A

(i L a+w;+0; -1
x( [ (1)~ 911ts)
0

Fq(al + w; + 91)

— L () = X1P1(s) —hlfn(s))dqs)dqs

T T — @) +w;+6;—1
P (i ()= 179

0 Fq(a1+a)1+91)
—TLE(S) — X1 a(s) — hlms))dqs)

" (T - g™
L'q(61)

+ Q( M(s)dys

o (
— % (g4
ATq(6) + 1)

ﬂ é’ —Bi(ui+n:) f(r ) o '
/1 P SB' (ui=1) i
; T Jo @ s
(g —qs)h!
X( A Wm(s)dqs)dqs)

Mathematical Modelling and Control

P +92) _

_ 0,-1 g 51 — a;—1
&m(s)dqs) + w
0 I4(61) 0 Ig(ay)
(1 w1 +6; n
0 r 1
— ﬁi (=
X (A]Fq(g] + 1)((/11 rq(ﬂ)l +6; + 1) ; ﬁ [ﬁl]q

y ol + 1+ &) )_ 01+ )
Co(ui + i+ 1+ 2280 Tg(wy + 6, + 1)/ Talwr +61+1)

x (f1<s> — G1(9) — TLEH(S) — x1p1(s) — hlrn(s>)dqs,

and

0 (Q _ qs)az+w2+6'z—l

By (u)(0) = o To@+ant0)

(f2) - 92509
"
Azrq(GQ + 1)

_ qsﬁi)(ﬂi—l)s']:

— L& (s) — xapai(s) - hﬁ(s))dqs +

Bil; —Bilpi+ni)
(; AR R Lq(u)

(i (gl _ qs)arz+w2+92—l
X
( 0 Fq(a’z + wy + 92)

= Tty (9) ~ x202i(5) = () dasdas

T (T — gqs)xtertta-l ) *
o Tglaz+wr+6) (fZ(S) = ¢2y(s) = s, (s)

= X2p25(8) = hzﬂ(s))dqs)

i
&
0

(fz(S) 0

—an

T( " (aZ T (T -9

ATg(6, + 1) I'4(62)

n ﬁié’i_ﬁi(ﬂi“'ﬂz‘) f(i ‘ .

X U(S)dgs — ¥ A [ (&P~ qsPy D

4 ; Ly(ui) 0
(& - as)®! (0 —qs)”!

X —USdS)d S)— —USdS)
(, oy “Oatfdas] = | T gy U
f (52 _ qs)az 992 Tw2+92

Tq(a2) Azrq(@2 + 1)(“2 To(ws + 6 + 1)
1 Lo + 1 + 220yt

Y Al = __r )

o B TG+ 1+ 2 Tg(wr + 6, + 1)

Qw2+6’2
)(fz(s) — $2(5) — Thé&s' (s)

CTy(wa + 6, + 1)

— X2p25(8) — hzﬂ(s))dqs.
Also, we have

2 (0 — qs)V

D Bim©) = | T
q

(DgBu)(8)dys, 91 = 2,72,

(3.3)
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and ~ T3 (9) ~ x202i(5) = (9 s s
(0 —qs) T r+wy+0r—1
D*(Byu)(o) = ——————(DgBom)(8)dys, 92 = v, 71, (T — qs)®rerte .
a (D2 o Lq(l—gy) 1 2SS, 92 V:3T41) ) o Dglar+wr+6)) (fZ(s) ~92(s)
- ThEl) xap(s) — hais) s
where o o . T )0 |
0 _ ay+w)+6;-2 Y —2 a© —_ as)” d.
Da(Bim)(e) = f r(g - (9 - 179 (AzF © + 1)(“2 oy 0%
o Tol@r+@r+6-1) i)
CTLE () — w0 (s) — Ryt - Z B 7 ({ﬁ 5P g
Hlflm(s) lelm(s) hlm(s) qu g q('u) 0

[611a0" ! Bl P Y e “Gi—an®!
Aqu(01+1)<z To) fo(é.’,-ﬁ - qs?) s x( | To0) U(s)dqs)dqs)

(g = gs)m et . _(*le—a9)* f‘52 (62— qs)™!
x( fo (IORE oD U(s)dgs) + e

To(a) + w; + 6;) a(@2)
rez'lqgez—l Tw2+02 n 1
CTLE(5) = xipra(s) = B )d )d x( ( N a8~
L1 (8) = X101m(8) = hin(9) )das )das AT D T 6 v D 21] Ailzla
T @1 +w;+0,-1 B
(T — gs)*ren™a ( p W46 +6
- f1(s) — ¢1: Lg(mi + 1+ =227
a | Tl + o 760 1(8) = d1n () o a7 s )

Co(ui +mi + 1+ ) g(wr + 65 + 1)

~ T (9) = X1P1(5) = () o) _fon g
( [617q0" ( " (T —qs)"! Lg(wr +6, + 1)

EDS o6 %
. “g e o X (f2(5) = 92309 = Mooy (9) = x2p2i(5) = hai(s)Jdas:

_ 18 f{i i _ g W=D g
Z S Lo Jo (é'iﬁ T

i=1

The following hypothesis will be used for further analysis.

(g —aqs)h! n 0
X( ‘—m(s)dqs)dqs) aT? wpi S
Fi) Al = o = ) ATy s 0,
S
0-qs m(s)d S f 6 —a)™! W7 s L
Iq(61 - 1)  Tgla) Ag= —— Z g R,
r01 gt st Ty + 1) Tt 1)
q . 2
(Ao s\ oo (F2) The functions &, &1, . € CLT. ). 1,62 €

w1+91) C(j9 %)9 and fla f2 € C(j)-
Bi (F3) Jconstant b; > 0, [ = 1,2,3,4 in such way that V ¢ €
J andm;,w; € Z (I =1,2), we have

ZH:/I,B[I] (i + 1+
B qrq(lli+77i+1+w'ﬁ—t0‘)rq(w1 +60,+1)

X §9’1+el) _ [wi + 91]q9w1+e]_1
! Fq((,z)l + 91 + 1)

J(f1) - (o)

|€1(0, My, My) — &1(0, wi, wo)| < br(Imy —wi|+my —wal),
S TLE(S) — x1p1a(S) — (s))d s,
m m me lo1(e, M1, M2) = pi1(@, wi, w)l < ba(Imy — wil+Ima — wal),

and 11 (0. M1, M) = iy (0, Wi, wa)] < b3(IMy — wyl+ma — wal),

(fz(S) — Py (s) and

(Q _ qs)(l/2+a)2+92—2

Fq(wz + wy + 92 - 1)

Dq(Byu)(0) =

. . . [0,7q0""
% p — Thotnl () — xapa’i(s) — hzu(s))dqs + m I$1(0, M) — 10, w)l < ba(Imy — wi).
(Z’l Bigi P f&(ﬁf — gy gn (F4) d constant p; > 0, k = 1,2,3,4 in such way that ¥
Fa(u) '

0 €9 and ug, x, € Z (k = 1,2), we have

(i (é’l _ qs)(t2+w2+62—1
X
( 0 Fq(a2+a)2+92)

(f2<s> — 625(5)

1£2(0, Uy, Up) — &2(0, X1, X2)| < pr(Jup — x1| + |uz — x2)),
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lo2(0, U, Ua) — 02(0, x1, X2)| < p2(Jup — x1| + |Uz — x2)),
|h2(9, uj, u2) - hZ(Q, xl’x2)| < p3(|ul - -xll + |u2 - -x2|),

and
[2(0, U1) — $2(0, X2)| < pa(luy — x1)).

(Fs) dconstants V; > 0, ] = 1,2,3,4,5 in such way that V
0 €9 and m,w € Z, we have

lo1(o, m,w)| < Va,
[p1(0, M)| < Vy,

I€1(0, M, W)l < Vi,

lhi(0,m, w)| < Vs, Ifi(0)l < Vs.

(F¢) dconstants Ay > 0, k = 1,2,3,4,5 in such way that ¥V
0 €9 and u, x € Z, we have

lo2(0, U, X)| < A,
[p2(0, U)| < Ay,

&0, u, )| < Ay,

lh2(0, u, X)I < Az, f2(0)l < As.

(F7) Ay,z € C(J, %) is increasing and M,, M, > 0, such
that

Ig]+a)1+01 [¥(0)] < M,y(0),
I [2(0)] < Mcz(o).

The following notations will be used in the upcoming
results.
O

%
U =(Hb +viby + —MMM —
LA e Da(en)

b3 + b4),

Us = (1 - FDAD,

where
T T
=(ors cm)
! " Ta2-v)  Tq2-12)
w1 w1
Y =9 + + ,
TN T2 - T2-1)
with

T(l/1+lx)1+91
0, =
Fq(a1 + w; + 91 + l)
T n B i—ﬁi(/lf+77i)
N (Z Bid,
A6+ D\Ld ™ o
6 (g — asty g
X
L‘ Fq(al + w; + 01 + 1)
alTa1+w1+91
Fq(a'l + wq +01 + 1))

dqys
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+ 6(:] ( T91 ( alTw1+9]
Fa(ar + DVIAT(0) + D\Tq(w; +6; + 1)
: 1 Tq(n + 1+ 250z
+ ) ABl=Ta o |
i=1 Bi Ty +mi+ 1+ =5 Mg(wi +6,+ 1)
Tw1+(-)1
e
Fq(a)] + 91 + 1)
T (
|A1|Fq(01 + 1)
f{f (% — qsPrymDgngh
X
0 [q(61 + 1)

)

ang‘
g6 +1)

dqs) +

.\ Z”: /liﬁigi*ﬁi(ﬂfrm)
L)

T
Fq(01 + 1))’

@, =Q(

a

nd
T011+w1+91—1 |'01'|qT6'1—1
T =
! [rq(a, +w+0) AT + 1)
“ e —Biim)  pl (P — g By wimD) g partwio
X( /liﬁlévt f (4 qs™) é:
P Fq(yi) 0 Fq(a1 + wq +91 + 1)
alT(11+w1+9|
Fq(al + w; + 91 + 1))
Lo ( (617" (
Fy(ar + D\|A(Ty(6; + 1)
S Lol + 1+ <525
+ ) ABil=Ta A )
i=1 Bi " To(ui + i + 1+ 25 g(w; + 6 + 1)
[wy + 91'|qu1+(7‘1—1 )
Fq(a)1 + 91 + 1) ’

dqs

a Ta)| +6;

Fq(w1 + 91 + 1)

9,1. 70! T n A,B; i’ﬁi(ﬂi+']i)
wl:Q<F11q ( a +Z Bid
AT + D\Tq(6; + 1) ()
i (évﬁx _ qsﬁ;)(}lﬁl)sﬂié‘el 701
X f : : dqs) + )
0 Lq(61 +1) I'q(61)
Similarly,
o”
U, = (H + +————p3+ )
2 2P1 T X2P2 fﬂquFq(cpz)pS P4
Uy = (1= F)(A),
where
Uy T
Ay = (@ + + )
2T\ - T2-1)
W=y b —2 P2
I2-v) Ta2-1y)
with

@ +wy+6)
T

T%
@2 = +
Fq(az + wy + 92 + 1) |A2|rq(92 + 1)
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(i ﬂiﬁié’i—ﬁi(ﬂi‘*m) f{i (é’lﬁ‘ _ qfi)@i’l)sni§?|+w2+92
X dgs
0

P Fq(/.li) Fq(a’z + wy + 92 + 1)
azT(12+a)2+92
Fq(a’z +wy; + 0y + 1))
&y T’
* Tl (
Fg(az + D\[A2|lq(62 + 1)
w 0,
PP Ta(ni + 1+ <52
+ 3 ABil=1q A )
P Bi " Tq(ui +mi + 1+ 22 Tg(wa + 62 + 1)
Tw2+€2
)
Fq(a)2 + 02 + 1)

a Tmz+92

Fq(a)z + 92 + 1)

s

76 "B Bt
ap 4 Z 118151
[q(62 + 1) L (ui)
fzf (glﬁf — qsP)Dgn gl T0:
X dqs) + —)
0 [q6,+1) [0, +1)

T (

® =T<
27 A6, + 1)

and

[ T(12+w2+02—l |'92'qu02—1
T =
2T Tylar + wy +62)  |AglTq(62 + 1)
1 /l.ﬁ,év._ﬁi(ﬂi“'ﬂi) di (é’ﬁ‘ — qsﬁi)(m—l)smé*f’ﬁ‘”ﬁez
% ( iPi6i f i i
; l"q(,ui) 0 Fq(a’z + wy + 92 + 1)
a2T02+w2+92 )
+
Fq(ag + wy + 92 + 1)
. 6(2’2 ( {gﬂqTf)z*l ( asz2+92
Fq(a2 + 1) |A2|Fq(02 + ]) Fq(w2 + 02 + ])
w w|+6>
- 1 To(ni + 1+ 5200
+ 3 B g .. )
— Bi T +mi+ 1+ ) g(w2 + 62 + 1)
[wy + 61T+ )
Fq(wz + 92 + 1) ’

dgs

n

a2T92 . Z /l[ﬂié*i*ﬁi(llt“]i)
Lq(62+1) Lq(u)

o = ( f921qT92*1 (
> 7 AT, + 1)

i (é‘lﬁ' — qﬁi)@i*l)sﬂi§?2 7621
X f dqs) + —)
0 l—‘4:1(92 + 1) 1—‘q(02)
Theorem 3.1. Assume that (Fy)—(F4) and

{(Lll < (Ll3,

7/{2 < (L{4
hold. Then g-F JCS (1.1) has a unique solution.

Proof. Consider

Ol

Q
ﬂ](H] txit [P17al (1)

+ 2)’V

vy >

1—(3{1(¢11)+ly1)

Mathematical Modelling and Control

(3.5)

and V = max{V,, o = 1,2,3,4,5}. Here V, are given by

YV, = supgejlflm(@ 0,0), V, = Supgejlplm((_), 0,0)l,
V3 = supoeglhim(o,0,0)|, V4 = sup,eqlpim(o, 0)l,

and Vs = supyeqlfi(0)l. Then, we show that BW, < W,
where
W,, ={meX:|mllx <vi}.

Using (F3), we get

€2 (0] = I€1(0, (o), “ Dy m(o))|
< Ié1(0, m(0), D2 m()) — &1(0, 0, 0)| + I€1 (0, 0, 0)]
< bi(Imll + 1€DZml) + Vy

< bymllx + Vi < byvy + V4, 3.7

0™ (0) = Im(o, m(0), Dy m(0))|
< lpi(e, m(0), *DZM(0)) - p1(0, 0,0)| + |o1 (0, 0, 0)|
< by(lmll + 1€ DZml) + V5

< bolimllx + Va2 < bovy + Vs, (3-8)

(o —as)"!
o Tgler)

3
< e
[P 1l q(e1)
+ |1 (s,0,0)

9,
o
[P11lq(e1)

o
o
[P11alq(e1)

o
o
[P11alq(e1)

|72 (o)l = 1 (s, m(s), “DZm(s))ldq(s)

1 (s, m(s), “Dm(s)) — I (s,0,0)|

bs(|lm[ + [ Dgzml}) + Vs
bsllmllx + V3
b3V| +(V3, (39)

and

[¢1m (@) = l¢1 (0, M(0))]
< I¢1(0, m(0)) — ¢1(0, 0)] + |1 (0, 0)]
< ba(llml) + Vs
< byllmllx + V4
b

N

W1+ Vi (3.10)

’ (36 From (3.7)-(3.10), we can write
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o
[P 1ala(e1)
+ 2)”V]

|mmm<Kmm+mh+ m+my

o"

H - =
+(1+X”Tmhqwo

Tm+w1+9| T91

|A1[Tq(6) + 1)

X( ﬁ{ —Bi(pi+ni) .fo‘,(gf’ ~ qsﬁi)(l‘i_l)sni
(F

X

q(aq + wq +91 + 1)

- Tqu)
(y1+w1+91
X )dqs
g +w1 +60+1)
a1T01+w1+91 6?1 Té'[
q(a1+w1+91+1)) q(al+1)(|A1|Fq(€1+l)

alT(x)1+91
/ll 1
( (wl +6,+1) Z 'B
q(ni + 1 + wlﬁ_-‘x-gl) u)|+6|)
oy +1i + 1+ “S80) gy + 61 + 1)
Ta)|+9|
)
q(a)l + 91 + 1)

Q( yadd ( aT?
[AITq(61 + D\T(61 + 1)

A P
A i _ qsPryHi=D) g
+Z] T J, @ e s

x(rq(%{l))dqsp %)

—_— Q—
= (@1(711) + @1)\/1 + (Hl txit [911qCq(e1)

O
+ 2)(1/.

Also, we can observe that

9

[P11qL (1)

9
%
+ (I + +—+2)W]
(1 X 9T alen)

[ Tortentti-] [O11a 7" ( Z (B
Lyl + w1 +61)  |ATq0; + 1) q(/l)

I°DgBi(M)] <

(H]bl +X1b2 + b3 + b4)V1

i ) é«fr|+w|+91
(@ —as (S ki
f(; ({lﬂ 1 ) s Fq(al+w1+01+l) a¥

a1T01+w1+01 ) 6?’1 ( rel'IqTO]—l
q(al + w; + 91 + 1) q(al + 1) |A1|Fq(91 + 1)

Tw] +91
(e Zﬁﬁ

q(wl +6; + 1)
qm+1+%#>

fu]+51)

o(ui +mi + 1+ 228 Tg(w1 + 61 + 1)

[wi + 61T+ ! )} N ( CANAGE (
Fq(wl + 91 + 1) |A1|Fq(01 + 1)

alTe‘
T,0+1)
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a 0 Fq(m + wq +9|)

Bili —Bi(ui+ni) f{i ‘ o _
/ll Pi_ SBI (ui=1) i
+Z; S O(ﬁ as®) s

9 011
x (rq((i 1))dqs) * %)
9

=(n|(ﬂ1)+w|)v1 +(Hl S m +2)(v

Using (3.3), we get

1—V2
€Dy B (m)]| < m([m(%) + wl]Vl
C
©
+(H1 +x1+ m +2)(V),
and
c 1*‘1’2
I“Dg By (m)]| < m([ﬂ'l(ﬂl) + wu]vl
%
©
+ (H[ +x1 + m + 2)(‘/)

In consequence, we obtain

1B1(m)]|5
=[IBi(m)|| + DB (m)|| + D By (m)]|
T T
< [(@1 T2 - Tq2- rz))(%) " \P‘]vl
%
¢
[P 1l q(e1)

= [ﬂl(ﬂ1)+‘1’1]vl +ﬂ1(H1 +x1+ m +2)(V

+(H1+X1+ +2)(V

H
S34D

which means that BW, c W,,.
(F3), we have

For m,w € W,, and by

|Bim(0) — Biw(o)|

0 _ a+w+6;—1
(- as) (181005 = 61,5 + T (5

- &, +X1|me(S) = P (] + 1Ay (s) —

ﬁ
Aqu(el + 1)(2

i (7. _ a)+w+0;—
« ( (&i — as)
o Tglar +wi+6))

h’{w(s)l)dqs
4
f (é/lﬁz _ qSBi)(ﬂi—l)s'h
0

¢ —Bipi+m:)
Lq (i)

1
Qﬁﬂn—ﬁgm+nﬁam

= &L+ x1101m($) = 1, (D] + Ay (s) — A

alf
0

*;w(s)|)dqs)dqs
(T _ qs)(t1+w1+61—1
Fq(al + wp + 91)

Oﬁﬂﬂ—ﬁﬁﬂ+ﬂﬁm@)
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— & O+ x1105m(5) = ], ()] + 1] (5) = hTW(S)|)qu) Theorem 3.2. Let fi,f2,¢1,¢2, é1,62,01,02, 01,00 be
continuous and satisfy (F»), (Fs), and (F¢). If ¥ < 1, where

fJI (01 — qs)™ 1 le Twi1+01
" W is given by (3.11), then the q- has at least
0 Fy(ar) (Aqu(91 + 1)(a1rq(a)1 +0;+1) 1 .glven Y ( ), then the q-F JCS has at least one
To(; + 1 + 2yt solution.
+Z/liﬁi[_q o B 7 ) .
i=1 Bi "To(ui+mi+ 1+ —wgel Wg(w; +6; +1) Proof. From the continuity of f, f, ¢1, ¢2, &1, &, p1, P2,

hy, hy, and B are also continuous. Assume that the set & is

Qw]+61 * * o sk
+ Ty(w; +6; + 1))(|¢lm(s) = ¢1, N+ IlE i (5) = &7, (9)] bounded. Thus, for each m,u € &, we get
+ X1P1m($) = P, (D] + |1y () — hTW(S)I)qu- Er = {(Mu) e X : Ml < o, llullx <o, o > 0).
So, we obtain Then, for all m € &, and (F5s), by using (3.2), we have

T(l/|+w|+9| T@]
+
q((ll + w; + 01 + 1) |A1|rq(91 + 1)

Bidi Pl f{’ . 1) 7
/1 - Sﬁ' (ui=1) i
(,Z: Fq(ud)  Jo @ —as

1B1(m) — Bi(w)]| < (@1(%) + <1>1)||m — wlx.

l1Bi (M)l < [

On the other hand, we have

I€DgB1 (M) — CDgBi (W)l < (m(%) + wl)nm — .

é,fl|+(u|+9| alT(ll+(A)1+9]
x( ! ) s+ )
By (3.3), we have Fq(al +w +6,+1) Tq(a/] +w+6,+1)
o' 7% a T 1
1 1
C C + + /li =
I”Dg* Bi(m) = =Dy’ B (w)ll Tq(ar + 1)(|A1|Fq(91 + 1)(rq(w, 0+ 1) Z‘ Filg Ja
I*VZ B
< e {m(@) + @ Jim - wik, Ta(y; + 1+ 2ty T+
T2 = 2) x 2 )+ )
Lol +mi + 1+ 52 ‘)Fq(wl +6;+1)) Tglwr+6;+1)

I€DF Bi(m) — DT Bi(w)l|
< (V) + 1 Vot — & V.t V)
( 1V1ITX1V2 Wl]q q(q)l) 3 Z 1

1-1,
< m(nl(ﬂl) * WI)”m B W”X Té)l CllTel ﬁ {_,Bz(llﬁﬂz
Consequently, we obtain + O—Q(IA1|Fq(91 T 1)(1~q(91 D ; i Toa)
1B1m) = Bl < (A (L) + ¥4 Jim = il f @ = PV (_4’01 Jios) + - _ )
L6, + 1)/ [0+ 1)

19 1

5
:@(HV +y1Vo+ ———V3 + V)+d5
v +x1va Wl]q (O] 3 IZ: 1 10.

By applying the same procedure and (Fy), we get

1B2() = Ba(ll < (Aa(Us) + P2 lu = .
In a similar way, for all u € &, and (Fg), we get

The solution of g-# JCS (1.1) has a unique FP. O
U

Q
We show the existence of solutions for g-F.JCS (1.1) by [1BiWIl < QZ(HZAI +x2A2 + (91T (@2)/\3 + Z Ak) + @y0.
alq -
employing Lemma 2.2. The following notations will be used =

in the next theorem. On the other hand, for any m,u € &, we get

w1 w1

¥, =@ + + s

T2 T2 1) DB < 1 (T Vi + )1 V2 4 =S s + Z v)

W) wH [ l]q q( 1)

‘1}2 = @2 + + s

1—‘q(z_vl) rq(z_Tl) + w0,
Y = max{¥,, ¥,}. (3.11)
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w16,
Bl )

and 1 1 Cq(pi+1+ "
+ Z ﬂ,ﬁ,[—]q o140, é} 1+01)
- 1 l"q(,ui +n+ 1+ T)rq(wl + 91 + 1)

DB < (T + 12y + 25 @2)/\3 +ZAk) |le+e, S o
aa —1) X (H1V1 +x1Vo + ———V;
oo Fy(wi +61 +1) [P g (P1)
’ 5 n
|Q1 _Qz (lng]
. + V)+ Q( ( + ) A
By using (3.3), we get ; Nre AT q(01 + D\[g(6; + 1) ;
7. —Bilitn;)
Tl—vz ;Blgl i Sﬁi (wi=1) ni
Cryv N -
D?Bi(M)|| < ——— (HV+ v (@ —as) Vs
I Dg? Bi(m)] Fq(2—vz)[m 1Vi+x1V2 T Jo
6, 0
9 5 ( lsd ) ) |92_Q1|)
0 X[ ———\dgs| + ———).
@ IZVI) + wla}, o1+ D/ Tq@ + 1)
=4

In a similar way, using (F¢) we have

and
T'™ -
DG Bim)l < —[m(nm +x1V2 Bauten) = Baulen)
[4(2-12) |Qm+¢m+92 Qaa+w2+62| |Q _Q 2|
2 1 2
9 5
+ o"! V3+ZV[)+W10']. |: q(a2+w2+92+ 1) |A2|Fq(02+ 1)
[t 1q0q(D1) = Bili “Bilwitn) G
(Z’l i (% - sy D g
In a similar way, by using (3.4), we get i=1 Ta(ui) 0
(lz+a)2+02 )
Cry ' X ( i )dqs + ree )
I Dq‘ By(u)]| < m[ﬂz(nzl\l +)(2A2 Fq(a2 +wy+6,+1) Fq(az +wy+6,+1)
q a
92 5 + %’ ( o7 — 05’ ( a T
F g A ree| T T DR D\ 4 D
21lglq 2 k=4 q(nl + 1 + wz[;i—@z) o
v Z A,ﬁ, o)
and Bi Tyl +mi + 1+ ) Tq(wa + 6, + 1)
c Tl—T] |Qw2+ﬁo 0 2+02| 9>
D Byl < —[71’2(1_[21\1 e —1) x (n A+l + —2 A
; a2 -11) To(ws + 6> + D/ 7 U TR T R F@y) ™
9> 5 5 h 0ol 0 n
0 |191 0, a,T*™
2 A+ Ak) + wza}. + YA )+ a'r( ( + 34
[01aT4(®2) ; ng ¢ |A2lCq (62 + D\Tq(62 + 1) Zl
. . L. ﬁig‘i—ﬁi(#ﬁm) G Dy
The above mentioned inequalities imply that an operator B« F—Qu) f ( glﬁ — gsP) =D g
exhibits uniform boundedness. Next, we confirm that B has s
2 —_
equi-continuous form. Let m,u € &, and 01,0, € J with (L)d s) + M)
[4(6,+1) [4(6,+1)

02 < 01. Then by (F5), we obtain

On the other hand, we have
|[Bim(o1) — Bim(p2)|

| ) +w; +6; a+w+0;
< 9, Qz | |Q1 - Qz I
(al+w1+01+1) |A1|Fq(01+1)

) +w+0;—1 ) +w+0;—1
-0 |

I°DyBim(o1) — “DyBim(02)| < [ ‘ 2

T (aq +w; +6))

Bilpitni) i o=l _ o071 -Biwi+n) G
(Z AP " f (& — qP Vg L [Ordaley -0 (Z B P f (& — qsy D g
0 0

£ T ATq6r + 1) T
{fll“"”gl a, T+ é’f’l"'wl"'gl a; To+er+h
(s Jas+ [ s s+ )
Fgla) + w1 +6; + 1) Iyl + w1 +6; + 1) Fglay + w1 +6; +1) Fglay +wy +6; +1)
sy ( o} — 05| ( a T+ s &) (Fﬁﬂqlgf‘_l - gi“H( a,Te+0
Fglar + DVAIT(01 + D\Tg(w; + 6, + 1) Fglar + D\ ATq(0) +1) \Tg(w; + 6, +1)
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0
L@ + 1+ “57)

¥ Z B, &)

Bi rq(m i+ 1+ wlﬁ—f‘)l)rq(wl +0,+1)

, [@1+61Tdlos g‘r'*”w)
q(w1 + 6‘1 + 1)

w1 +0;—

01
%

X |\ILVy + 1 Vo + ————V3 + V)

( V1 +Xx1va [911aC4(@1) 3 ; I

-1
|

Q( [6114l0 " - o

|A[g(6) + 1)
—Bi(pi+ni)

+Z/1,’B§

i=1

Fo(ui)

Ql 4%
x (rq(egll + 1))"‘”) =

Similarly,

( a1T9‘
g0, +1)

i
f (é'fr _ qsﬁf)(ﬂi—l)sm
0

-1 61-1
1 _91] |

Lq(61) )

[“DyByu(01) — “DygBau(o2)|

@y +wy+6r—1 @y +wy+6,—1
lo; -0, I
<

Ty(az + wy + 67)
—Bi(pi+n:)

L)

[611al0? ™" — 027" (B P
|ALIC4(6, + 1) (Z

i
Xf ({;31 _qsﬁi)(lJi—l)ST]i
0
{q2+w2+92
Je )

rq((lz + wy + 92 + 1)

a2T02+a)2+92
rq(a’z + wy + 92 + 1))
a2Tw2+02

Fq(w2 + 92 + 1)
wWr+6>
p)

55 (reﬂqmi’“ - 932“|(
T(az + D\ [Agllq(6; + 1)

n Ty + 1
St =

; Fq(pi+n,-+ 1+ “’Zﬁ—f(’z)l"q(w2+02+ ™

Wy +6,— Wy +6>

[w) + 621gl05 -0 |)
q(a)z + 92 + 1)

5 0,—1 0,—1
[ 1qloy " — 0, |
A3 + A)+ T(
3 Z TN T AalCy(@: + 1)
(12T2 ﬁ,
(q(92+1) Z

X( q(ei2+ 1))d S)+ o

Now by (3.3), we have

X (H2Al + X2z

o™

" T951qT4(@2)

& —Bi(ui+ni)

_ Sﬁf (wi=1) i
Taa) W

i 5
| (&

- 91 |)
L6 /)

I“DBim(01) — “Dy? Bim(oy)|
o)™ - 0y
< (2—_52)|CDqum(Q1) - DyBim(02)),
I'g
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and

I“DZBim(01) — DT Bim(0y)|

|Ql -T2 _Ql T‘7|
< (Z—jz)FDqum(gl) - “DyB1m(02)!.
q

Similarly, by (3.4), we get

1D} Bu(or) - “D};! Bou(o)|

1-v; l—v1|

lQ(z—_'le)FDquu(QO ~ CDyByu(o))
and
DY Byu(o1) — Dy Bou(o)|
< lglqr(lz—_gél_;”CDquu(gl) - DyB1u(02)l.

From the above inequalities, we can state that ||Bym(o;) —
Bim(02)ll — 0 and ||Bou(o1) — Bau(@2)ll — 0 as o1 — 0o.
It is inferred that operator B is completely continuous by
utilizing the Arzela-Ascoli theorem. Lastly, the validity of a

set 7 is provided as follows:
HC={m,u) e X > X:(Mm,u) =yB(M,u),0<y<1}

is bounded. Let (m,u) € 4, and then (m,u) = yB(m, u)
for some 0 < vy < 1. Thus for any o € J, we can write

m(o) = yB1(M)(p), u(o) = yB,(u)(0). Then by (Fs), we get
o” :
< @(HV Vot —2 v V) @ Imllx.
Imil < ¥6, (L V1 +11 V2 + s 3+; 1)+ @1 lImilx

In a similar way, using (F¢), we obtain

%

|—792-|qu

lull < 7@2<H2A1 oA+ &

5
Ast Y A) + ilulx.
=4

On the other hand, we get

€ Dg(m)]|
91

Y
< ILV,+yiVo+ ——
7”1( Y1+ Xx1Ve (911 (@)

5
Vit Vi) + @limi
=4

Similarly,
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271

1€ Dy (Ul
0y

Y
< LA + oAy + ———
7”2( 20A] + X200 (921 [o(@2)

5
Az + Z Ak) + @ lullx.
=

Using (3.3), we have

1-v,

D2 (M)l < )[wn(nlvl +x1V2

r,2-v

8 5
1%

+———V3+ V)+w||m|| ]

(9Tl o(@1) Z; )

and

1 -T2

I°DZ(m)I| < )['}’ﬂ](nlvl +x1V2

Fq(2 — T2

O 5

4
9 y. V)+w”ﬂﬂ.
[911aTa(@p) ;’ T

Similarly, using (3.4), we get

1-v;

1Dyl < )[')’”2(1_[2/\1 +x2A0

a2 -
o :

+——— A3+ A)+w ullx |,

ERRRCALE ; o) + @l ||x]

and

1—‘(‘1

Fq(z - T1)

¥ 5
@
RS A)+wuw}
[921aTa(@2) kZ; k)T

€D (u)ll < [771'2(1_[2/\1 + x2A2

It follows from the above inequalities that

9 5
ATV +11V2 + e Vs + 24 Vi)

milx <
Imil i~

T1-v)

(3.12)
and similarly

-
ﬂz(nzm +x2M0 + Wz@z)lh + Y0y Ak)

llullx <
1-¥,

1=,

(3.13)
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Let ¥ = max{¥,, ¥,}, and then (3.12) and (3.13) become

N|+N2
1-¥°

(M, Wllxxx <

where 8, N, are given by

%, 5

Y
N = (H A A ——A A ),
1 = AL A + x2As + 7977, Ca(@2) 3+ 1;:4 k

with

ﬂl = (@1 + il il )

+
I[(2-v) Tq2-1)
Similarly,

05

5
@
N:ﬂ(HA+ A+—A+EA),
2 2| Lo Ar + x2 /A 7971 Lo(®) 3 2, k

with

Ay = (@2 + 4 e ),

+
Iq2-vi) T2-11)

and YV is given by (3.11). This proves that .5 is a bounded
set. Thus, by Theorem 2.2, the operator B has at least one
FP. Therefore, q—% JCS (1.1) has at least one solution. O

4. Stability results

We will discuss types of . in the g-FJCS (1.1)
described in [40] in this section.

Definition 4.1. The -7 JCS (1.1) is said to be Ulam-Hyers
stable (UHS) if there exists a real number Dy g pe s =
max(Dy; & or nn 1o Dgr e o) > 0 in such a way that for

each € = max(en, €y) > 0 and (m, u) € X X X satisfying

€D (CDY (CDY + )m(o) ~ (F1(0) — 15 (0)
—m&?@%wWQWm—mW@m<%,ge$MD
€D (CDY(CDY + M)u(o) — (f2(0) — d25(0)

— 163" (0) = x202m ' (0) — oy (@) < &, 0€ T,

A a solution (M, 0) € X X X of (1.1) with
|(rﬁ’ 0)(9) - (m7 U)(Q)l < Dqﬁ*,f*,p*,h*,fem,U’ % € j
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Definition 4.2. The q-F JCS (1.1) is said to be Ulam- Theorem 4.1. If the assumptions (F»)—(F4) and (3.5) hold,
Hyers Rassias stable (UHRS) corresponding to M,, = then the -7 JCS (1.1) is UHS.
(My, MZ) with M Z € C(X, %4.), l‘f E| D¢*’§*’p*,h*'f =

Proof. Consider m € X is the unique solution of the given
max(Dg; e or e 115 D goprmit,) > 0 in such a way that for ) q &

blem:
each € = max(en, €y) > 0 and (m,u) € X X X, satisfying probiem

“Dg'(“DF (DG + )M(0) = 11(0) ~ ¢im(0) — &} (0)
~X1Pm ©) = h3” (), 0€T =(0,T),

m(0) = m(0),

(42) (DG (Dg + )m(61) = (CDG'(“Dg + )m(Sy),
aim(T) = aym(T),

“Dg (DY (“DY + Q)m(o) — (F1(0) — $170(0)
—IL&157 () — x1p15 7 (0) — hi g™ (0)] < My(0)ém,
o€,
“Dg2 (‘DD + T)u(o) — (f2(0) — p23(0)
—Th&7" (0) = x2p2m  (0) — oy (@) < M (0)eu, . .
0ed. DALy = 3 4TI mE),
i=1 i=1

4.3)
such that inequality (4.1) can be solved for m € X. By

(1, 0)(©) — (M, U)(©)| < Dy g p i My -(Qemy, 0 €. ~ Remark4.l, wehave

A a solution (M, 0) € X x X of (1.1) with

w+0]

Remark 4.1. Consider (m,u) € X X X is a solution of the m(o) = Ig]m'w] [g1m(©)] - Qfg] [M(e)] + 60m

inequality (4.1), if there exist functions Ly, Ly, € C(J, %) 0, .
~ ~ a1 +w +
depending on (m, u), respectively, such that ta T@ + 1) + G+ T [ Lm0,

(1) | Ln@)| < €m, |Lu@I<e&, 0€J, where
(2)

gim(0) = f1(0) — ¢14(0) =L (0) — x1p5, 7 (@) — hy” (0),
‘DI (EDY (D + Q)m(o) — (F1(0) — d17n(0)

—TLES(0) = x1p1572(0) = h2(0)) + Lm(0), and [Ln()| € €n, 0 € J. By Lemma 3.1 and Remark 4.1,
we have
0ed,
1023 w: (2 %
CDq (Cqu(CDq2 + THu(e) — (f2(0) — #2(0) |rﬁ(g) — Brﬁ(g)l — |]g|+w|+91 (L]l < Gmfgl+w1+9| (T).
~Théy" (0) = x2p2m " (0) = hag (0)) + Lu(0),
So,
oed. €TI0 +1
I — Blx < T 2m Y 4.4)
Remark 4.2. (m,u) € X is a solution of (4.2), if and only if (@ Fartw+6)
A M, € X depending on (m, u), respectively, such that On the other hand, we have
(1) IMy(@)| < enM,y(0), IM (o)l < M (o) Y 0€T; If(0) — m(o)| = |M(o) — 75" [g1m(0)] + QI [M(0)]
(2) 0@+ o
(&)

T T +o+ 1) T+
= |M(o) — B(o) + Bri(o) — Bm(o)|
< M) — Bh(o)| + | + Bh(o) — Bm(o).

I“Dg'(EDE (DY + Q)m(0) — (F1(0) — p1ia(0)
—IL&E T (0) — x1e15 () — hig " (0)l
<My, 0€ T,

I“DE(CD* (DY + T))u(o) — (f2(0) — ¢2;,(0) By (4.4) and (F3), we obtain
— L& (0) — x2p2m  (0) — ha (0)) 6 Tar+on 01

Mm-milx < + +¥)lIfh—mllx.
<Mio).0€J. I =l < ooy oy D+ -mlx
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Then
. EmTlll+a)1+(91+l
IMm—milx < )
Fq(2 +a; +w; + 91)[1 - (ﬂ](ﬂ]) + l{jl)]
4.5)
If we put

Tm+w1+9,+l

Dye oo o p. = .
Imémindntti T T2+ @y +wp + 0)[1 — (FA(Ur) + ¥)]

Similarly, by using Remark 4.1 and (F4), we obtain

€ T(12+w2+92+1

L2+ @ + wy + 6)[1 = (A(U) + ¥2)]
4.6)

10— ullx <

If we take
T +wr+6r+1

Dy o o . = :
WA T2 4 4y + w + )1 — (FAa(Ts) + ¥a)]

From (4.5) and (4.6), we get

(M, G)(@) — (M, W)(©@)lIxxx < Dye £ p e €mus»

where Dy g prieg = max(Dys, e pr i 10 Doy sippngs,) and
€mu = max(em,€). Therefore, we have derived that g-
FICS given by (1.1) is UHS. O

Theorem 4.2. If the assumptions (F»)—(Fy4), (F7), and (3.5)
hold, then the q-7 JCS (1.1) is UHRS.

Proof. From Remark 4.2, we get

w1+91

m(o) = 73" [gim(0)] — QI [h(0)] + &
o

+ ~ + ~ +I(Y|+w|+€] ,
Cl—l_,q(gl D G+ 1, (M, (0)]

where |[M,(0)| < enM,(0), 0 € J. Thus, the inequality (4.2)
has a solution rh € X. The unique solution of (4.3) is given

by m € X. By applying Lemma 3.1 and (F7), we get

[(m) — Bra(o)| = 172 M, (o)l
< enZd T y(0)]
< enM,¥(0).

4.7

From these relations, we have

IM(e) — m(o)l = [M(o) — Ig" " " [gim(0)] + QI [M(0)]

w1 +6 0

Co 9 —C1 ot -
Co(w; +6; + 1) L6 + 1)

2
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Fq(wl +9] + 1)

= |M(o) — Bi(o) + Bri(o) — Bm(o)|
< [M(o) — Bh(o)| + | + B(e) — Bm(o)|.

By (4.7), we have

I — milx < enM,y(0) + [A(U;) + ¥ ]IIM — mllx.

Then, we get
lifh — mllx < . eny(@), 0€J. (4.8)
1—[A(U) +9,] "
If we take
M,
Dy:. et prninti = ,
' 1= [A(UY) + ]
similarly, using Remark 4.2, we have
M
10— ullx < - «z(0), 0€J. (49
1 — [A(Uy) + W]
If we take
D M.
L Enpn g = ,
(R 2 l _ [\?{Z(WZ) + \PZ]
from (4.8) and (4.9), we obtain
(I, B)(©) — (M, W(@)lIxxx < Dy & o i 1My €mus
where Dy pirs = max(Dy e or i o> Doy i) and

€mu = mMax(em, ). Thus, the -7 JCS (1.1)is UHRS. O

5. Example

Example 5.1. Consider the q-F JCS as follows:

Volume 5, Issue 3, 258-279.
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C iC éC % 1
D] (‘D3 ( D?+—IO))m(g)
3 3 3

_ sinh(0) +3  cos(m(o)) VI3 | sin(e? +2)
T 1+ 24(e¢ +4) 74517 5

N m)|
450((Yg" + i) + 21)0} +mio)

tan~! (€ Df’ m(e)

N —)
450(( Vel 4 1o + 21)

V3 I +1)+4
201¢!7 Sn

arccos(m(0))

234(e@+17 + %)

10
D [ m(o)l
i 3

3
234{ee17 + (1D F meo)l +2)
3

7
_ f (o— %Y)g_ sin(e) (tan(ex +5)
L3 20v11 35
3
Im(s)|

150((%4 +In(s) + 435)(% +m(s))

+

3
cos™!(°D ¥ m(s))
+ —§)qu 0eJ =01,
150((3F + in(s) + 435)

m(0) =

and

C 4 C 3 C z 1
D]EDT (D + 5@
3 3 3

_ cosh(o) +7 _ cos(u(o)) _ log(23)(cos(e9 +5)
T 34+e 45(\o+4) 190 7
+ lu@)l

559((Y% + o + 41)0 + w0

sz’n*‘(CDF u(e)

log(43) (ln(eg +4)+5
34519 n

. ))

559(

arctan(u(o))

167(69“9 + %’) 167(&*19 + ﬁ))
-! cos(+/e) ( tanh(e® +4)
4911 19

.3
_f(@—gs)é
o r%(g)
lugs)l

.
257((% +In(s) + 348)(\% +us)

3
sin™ (€D T u(s))
+ —j)dqs, 0ed =01,
23432 + in(s)) + 34)

u0) =0,

—_
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5.1

(5.2)

whereq = 3, a1 =3, =% w =% w =3 60 = ¢,

_ 3 _ 3 _ 5 _10 o _ 1 _ 1
h=svi=gn=5n=30=53=3T=1
=t =%=0=Lth=mp=38=4%4

_ 3 _ 6 _ 2 _ 1 _ 4 _ 4

ﬁz_ﬁ)ﬁ3_ﬁyﬁ4_3)11_3)12_BJ13_ﬁ;
_ 7 _ 3 _ 4 _ 7 _ 3 1
M= m=5m=75Mm=17M=30=1

_ 2 _ 9 _ 1 _ 2 _ 3 _ 1
O=FH =04 =17M=7HMKk=1H =1
MHa = 15—2 1—2a2—4n—2andT—1

H 4 1 1 sinho + 3
Crh7[Ch3[CHs _ _ RS S
D%( D%( Di+ 10))m(9) ( Tte Pim

V13 v V31 wr,  Sin(e) h*yyz)
- - -— < €m,

7 (—51 1m 201el7p1m 20\/ﬁ Im m
CP7{CP3[(Cs _ _Sil’lh@+3_*
D}(D}(D} + g5 )~ (T ~ ¥

Vi3 . V3l o sine) ) M)
IV T 301 i T gg gy im )| < Ab@en
where
. _ cos(m(p))
Pin@) = 24+ 4y
. sin(e? +2) Im(o)|
&m0 = 5 o 1
4505 a3 +men
3
tan~' (‘D f m(o))
+
450((r )
. Ine? +1)+4 arccos(m(o))
P (0) = st
234(e9+17 4 f—g)
e
| Dfm(Q)l
+

234(e@+l7 + )(|CD o)l + 2)

ey (o- %s)%— (tan(es +5)
h (o) =

Im(s)l
150( + Ins) + 435)(5 + m(s))

+

cos™! (CDi% m(s))

+ - )dqs.
150(( NI n(s)) + 435)

Here, we have

V13 V31 1 1

=, Xl = b Q = T bl - — >
TN51n 201817 10 4_50(\/6T +21)
1 1 1

D234+ 50X 4 435) e+ 4
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Ly i i i\ (i—1) o1i 70 4
Uy = TLby + x1bs + ————— by + by ~ 0.00648873. "f @' —ash s d S) N T_)
[P11al (1) 0 Lo + 1) )T 6, + 1)
Similarly, ~ 0.205737,
60, 60> o .R.pBiluitn)
log(23) log(43) ®, = ‘r( T ( aol™ | 3 AiBid;
I = 10g8 X2 = 345 NG [A2[Cq (82 + D\T4(62 + 1) Lq(ui)
1 di (é’ﬁ’ — qsﬁi)(#i—l)sﬂié'? T
T=—,p —, xf : ’dqs)+—)
11 559( VeZ 141y 0 Tq6:+ 1) Ty, + 1)
1 1 1 ~ 0.18897,
Pr= 16700 + )P P+ =335
@+ 5" 2573 1 3a8)
¥y
) and
U, =11 -_ ~ 0.00445599.
2 2P1 + xop2 + rﬁZ]qrq(¢2)p3 + P4
[6:1q = 0.250975, [6,] = 0.533409, . [ T+ +6 -1 . 16,17 (i AP
Tyl +wi +61)  |ATg(6; + 1) o)

[wi +601]q = 0.98135, [wy + 6,14 = 0.974981.

Zi (é,l}[ — qsP) =D g porer+o
X ! ! d
We can also find j(; Iyl +wi + 61 +1) at
0
Ta1+wi+6; To a 7o )
@1: + Fq(al+w1+01+l)
Fq(al + w; + 91 + 1) |A1|Fq(01 + 1)

o' [6114T" a; T 1
n BB G (P qgBry D) g gt e+ + ! ( a ( + ) ABil=
X(Zﬂtﬁté - f (@ a5 dys  Tal@ + D\IATG@) + D\To(w; + 6 + 1) ; Filgla
i=1 rq(ﬂi) 0 Fq(a,l twpt 91+ 1) T ( + 1+ wi+6; )§w1+91
q ni Bi i )

L
a T(l] +w+6; 6(11/1 T@] X
. X w]+6;
Tq(ar + w; +6; + 1)) q(al + 1)(|A1|Fq(91 0 Lalwtmi+ 1+ g + 6+ 1)
rw] +91‘|qu1+91—1

a T + )} ~ 0.694472
X( Cy(w; +6; + 1) Z’l‘ﬂ’ Ig(w) +6, + 1)

) T@rtwrt6r-1 0,1, 7% n AiB; i*ﬁi(l‘i*']i)
4mﬂ+ﬁ$m“ﬂ mz[ , [0 (34
x [q(u 1+ ¢ +6, o 0 1)) FQ(Q’Z + w2 +6) |A2|rq(92 +1) Fq(y,-)
ai +mi + 1+ =7=)g(wr + 6, + ‘ e
Twi+6, & Xf_(i (é“l(f‘ - qsﬁ")(ﬂf*”s”ig’. 2+wy+0; . a2T02+wz+92 )
T (w) +6 +1)) ~ 241643, 0 To@+wr+6+1) % Tglaa+wr+6,+1)
qlwi 1 N B . .
To+wrtts 7% P ( [627q 7% ( a 7% +Z/1ﬂ.[l]
0, = [Fq(ag Tt 6t D) + ATy + 1) Fg(az + D\[AyTq(62 + D\T'q(wa + 6, + 1) £ Bi q

Tq(ni + 1+ 2yt )

o ( i /liﬁi{i_ﬁi(}liJr”i) f(i ({lﬁ' — qfi)Wi*l)sni§71+wz+9zd %

i Do) o Tgm+wr+6,+1) % Tqi+m+1+ wzﬁ—tez)rq(wz +6,+1)

a2T02+w2+82 ) |—U.)2 + 92‘|qu2+92—1
Fq(a)z + 92 + 1)

)} ~ 1.68793,
Fq(az + wy + 92 + 1)

(5[2”2 ( T ( a, T+ —Q( |'91-|ng'71 ( a; T +i/liﬂié‘i*ﬁi(/‘i+m)

Tq(az + D\|A2T4(6: + D\Tq(ws + 6 + 1) |AIICq(0; + D\Tq( + 1) ~ &4 Tq(w)
Ta(; + 1 + 2Ly G (P — P g 70-1

+ > Bl ]y 2 ) x f @ ~as) d dqs)+ )z0.0516349,
o B T+ + 1+ ) Tg(wr + 6, + 1) 0 To(6) + 1) T,(60)

0,1, T%~1 T n B i—ﬁi(ﬂﬁm)
‘Y‘( [621q ( az +Z Bid

Tu)2+t92
~ 3.31115, wy) =
) 27 ATy (6, + D\T(6, + 1) Tq(u:)

+ —

Fq(a)2 + 02 + 1)

_ Q( T ( a7 .\ Z Aiig Pk " G (7 - gD
|AlCq(61 + D\Ig(61 + 1) & Tq(ui) 0 [0, + 1)

THZ—I
dqs) n ) ~ 0.100798.

D,
[4(62)
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T T
~(o, + + ) ~ 3.87166,
A ( 'TT,2-v)  T,2-1)
Y=+ — P 10313935,

+
[2-v) Tq2-12)
U = (1 =P)(A) ~ 0.177202,
U, ~ 0.00648873 < 0.177202 ~ Us.

Similarly,
V() T
A =(@ + + )z6.87511,
2 T 2-v)  T2-1)
Wy = Py 4+ — 2 D2 £ 0.401798,

+
[,2-v) Tq2-11)
Uy = (1 = W2)(A;") ~ 0.0870098,
U, ~ 0.00445599 < 0.0870098 ~ Uj.

Hence, the inequality (3.5) in Theorem 3.1 holds. On the

other hand, we see that

Vi = supoegléim(o,0,0)|

PN
= Supyey %’ = 0.199997,
V2 = supgegloim(o, 0, 0)|
n(e? + 1) + 4‘
= SUpyes|——————| = 0.130099,
Slfipéej 57‘[
V3 = supgeglhim(o,0,0)|
tan(e® + 5
= Supyey M‘ = 0.209255,
35
V4 = supoegldim(o,0)|
cos(m(o))
- 8 0.00620198
P |24 ee + 4) o8
Vs = supyeglfi(o)l
_ sinh(o) + 3| _
= supgej W‘ = 112288
Similarly,
Ky = supoegléau(o,0,0)|
Q 5
= Supoey W‘ = 0.0193262,
T = supoeglpau(o, 0,0)|
In(e® +5) + 4’
= T - 0.111915,
Supgej 771_
Kz = supgeglha(o,0,0)]
tanh(e® + 4
= Supoey %9’”‘ = 0.0526314,

Ky = suPoeg|dou(o,0)l

Mathematical Modelling and Control

cos(u(g))
= SUPgeg|———=2—| = 0.00444444,
NPT 45(\o + 4)
Ks = supoeglf2(0)l
_ cosh(o) + 7‘ B
= SUpey| 3o | = 0.232666.

Hence, V = maxV, ~ 1.12288 and K = maxK, =
0.232666. Therefore, according to Theorem 3.1, the Q-
FICS defined by (5.1) possesses a unique solution within
the interval [0, 1]. Now,

¥ = max{¥, ¥>} = max{0.313935,0.401798} < 1,

shows that

which (3.11) in Theorem 3.2 holds.
Therefore, (5.1) has at least one solution in the interval
[0,1]. Furthermore, in accordance with Theorem 4.1, the
UHS is given by

EmTal+w]+91+l

lIf — mllx <
ST+ +w +0)[1 — (A (Uy) +¥))]
< 0454923 ¢, €n > 0.
Similarly,
. € T(lz+(uz+t92+l
10— ullx < -

Fq(Z +ay +wy + 92)[1 - (ﬂz(ﬂz) + “Pz)]
<£0.452914¢,, ¢ >0.

2

e

Consider y(0) = 073, and then we obtain

+

Ll

1
*%

I [y(0)] < 0.646431p7 = M, ¥(0).

W=

Similarly, z(0) = QT‘E, and then we get

2
+3+%

RIS
ol

T 2(0)] < 0.8126740 = M.2(0).

wl

Consequently, y(o) = Q% 2(0) = ,QT\/E, M, = 0.646431,
and M, = 0.812674 satisfy hypothesis (F7). Theorem 4.2
indicates that -F JCS (5.1) is UHR stable, having

M —mllx <

Y
T [0 (U)) +\P1]€m)’(Q)

2
<0978044 €, 07, €n>0,0€]0,1],

and similarly we have

M,
1 = [A(U) + ¥

< 143186607, & >0,0€[0,1].

10— ullx <

] €,2(0)
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6. Conclusions

In this article, the sufficient conditions for obtaining the
& of the solution of our considered system (1.1) have been
derived with the help of the Leray-Schauder alternative and
the Banach FP theorem. Moreover, the different kinds of
% . have been derived for g-(F JCS) (1.1) under specific
assumptions. An example is presented at the end to verify
our main theoretical results. For the notion of Hyers-Ulam
stability, there is a gap between the exact and approximate
solutions of the problem under consideration. That is why
this theory has great importance in approximation theory and
numerical analysis. That is why our results may have many

applications in system theories of the mentioned areas.
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