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Abstract: In tissue engineering, it is important to conceive and construct artificial bio-mimetic
scaffolds that mimic the native extracellular matrix and are able to foster cell migration, which
represents a fundamental process in wound healing and tissue regeneration. In order to do that,
cubically symmetric and triply periodic porous structures have emerged as promising candidates,
for instance for the in vitro reconstruction of cartilage and bones, also due to their tunable
mechanical characteristics and highly interconnected porous architectures that resemble trabecular
bone hyperboloidal topography. The problem addressed in this article is the identification of the
geometrical characteristics of such scaffolds that best favor cell migration into the porous structures
to speed-up their re-population. The method is based on the observation that cell nucleus deformations
should be avoided, because they can slow down cell migration, while the pore size should remain
sufficiently small to favor cell adhesion to the scaffold walls and the generation of traction forces, that
are fundamental for more efficient movements of the cells. Mathematically speaking, at the cellular
scale, this leads to the calculation of the size of the largest sphere that can traverse the bio-mimetic
scaffold, without being stuck, eventually yielding for each studied geometry a specific ratio between the
periodic cell size and the nucleus diameter. These microscopic geometrical descriptors could provide
inputs for subsequent macroscopic models of cell migration, where effective motility can be related to
the architecture of the scaffold.

Keywords: cell migration; bio-mimetic scaffolds; triply periodic surfaces; cubically symmetric
lattices; non-interpenetration of matter

1. Introduction

In the human body, cell migration in the three-dimensional network of fibers that make up the
extracellular matrix (ECM) of most tissues plays a crucial role in many physiological and pathological
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situations. Notably for the purpose of this article, in wound healing processes, cell migration is
fundamental to repair both basement membrane-underlaid epithelia and connective tissues [1, 2]. So,
one of the aims of tissue engineering is to reproduce these processes in vitro and to reconstruct tissues
as fast as possible. Then, having this purpose in mind, a crucial step is the identification of proper
bio-mimetic structures with optimal characteristics favoring cell migration and proliferation.

The key factors governing cell migration in both two- and three-dimensional environments are the
dynamic adhesion of cells via the expression of trans-membrane proteins (mainly integrins) attaching
to the ECM and the generation of the traction forces necessary for advancement by contraction of
cytoskeletal elements (see, for instance, [3]). However, in order to migrate within three-dimensional
porous environments, cells also need to find their way through steric obstacles, constituted, for instance,
by the network of ECM fibers themselves, that can hamper their migration [4–6]. In such situations,
the cell nucleus, which is the stiffest organelle of the cell, must deform considerably and stronger
cytoskeletal forces must be exerted to pass through restricted openings in the ECM. Actually, in
extreme cases, environmental conditions are so harsh to represent a real physical limit of migration
and the only way a cell can migrate is by activating proteolysis to degrade ECM fibers and open the
space for cell movement [7–11]. In any case, such situations should be avoided in an artificial scaffold
because they can considerably slow down cell migration.

From the modeling point of view, several articles have studied how migration is affected by the
mechanical characteristics of the cells and of the ECM and by the geometrical characteristics of the
environment with respect to the size of the cell and more importantly of its nucleus. For example,
in [12, 13], a continuum mechanics method is used to evaluate the energy required to permit the
entrance of the nucleus into a microchannel. This method allowed to identify a criterium of penetration
in microchannels that depends on one hand on a dimensionless number measuring the traction ability
of the cell versus the stiffness of the nucleus and on the other hand on the ratio of the diameters of
the nucleus with respect to size of the microchannel. Scianna and coworkers [14–16] used a cellular
Potts model to describe cell migration in microchannels, ECM, or arrays of micropillars. The last
geometrical set-up was also used in [17, 18]. In particular, Vermolen et al. [17] proposed a two-
dimensional discretized model of both the cellular and nuclear membrane. Finally, Giverso et al. [19]
developed a single cell-based model that includes the mechanical properties of both the cellular and
nuclear membrane, the asymmetrical front-back renewal of the actin cytoskeleton, and the contact
interactions between the cell and the external environment. The migration through a corrugated channel
was then studied.

In addition to the identification of criteria describing the physical limits of migration, the models
in [14–16] showed that the maximum speed of migration is achieved when the channel size is close
to the diameter of the cell nucleus. In fact, as can be easily understood, if the characteristic pore size
is slightly larger than the nucleus diameter, the cell encounters little impediment to migrate into the
porous structure. For smaller sizes, some work needs to be done by the cell to squeeze its nucleus
into the pore, which slows down migration. At the other extreme, if the pore size gets too large,
then the cell will encounter difficulties in adhering to the pore wall and pulling in an effective way.
Overall, these phenomena give rise to a bimodal behavior that is actually observed in experiments. For
example, bimodal relationships between cell migration ability and the size and deformability of 3D
matrix scaffolds have been observed in smooth muscle cells migrating in polyacrylamide substrates
with tunable mechanical properties [20], and in mouse fibroblasts cultured in stepwise cross-linked
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collagen-glycosaminoglycan matrices of constant pore size [21]. A bimodal dependence on matrix
rigidity was also reported in isotropic homogeneous networks, as in the case of prostate cancer cells
embedded in Matrigel with a fixed fibronectin level and variable stiffness [22].

Establishing quantitative links between the geometrical characteristics of the scaffold at the cellular
scale and the effective parameters governing cell migration at larger scales is therefore an important
step toward a multiscale description of tissue regeneration. As said above, the microscopic architecture
of a scaffold can affect cell migration by determining the accessibility of the pores to the cell
nucleus and the possibility of establishing adhesive contacts with the scaffold walls. Identifying
geometrical descriptors that quantify these effects can thus provide a basis for incorporating scaffold-
scale information into larger-scale models of cell migration and tissue repopulation. In this multiscale
framework, the knowledge of the mechanisms discussed above can be exploited in tissue engineering
to design synthetic implant materials, i.e., artificial scaffolds, trying to optimize their pore size and
stiffness to accelerate cell migration and in-growth [23]. This is particularly relevant for regenerative
treatments and tissue reconstruction, notably dermal layers, tendons, cartilage, and bones. Specifically,
we focus on some structures that are found to be particularly suitable for cell attachment, migration,
and proliferation and for the necessary transport of nutrients inside the porous structure, namely the
offset cubic lattice and some triply-periodic structures (e.g., Schwarz surfaces and gyroids) [24–27]. In
fact, these scaffolds are characterized by high surface-to-volume ratios and porosities. For this reason,
for instance, gyroids are also used for the construction of heat exchangers and for other systems in
automotive and aerospace engineering due to the great stiffness-to-mass ratio and high energy exchange
capability. In addition, it has been found that the mechanical properties of such structures can be
easily tuned so that, for instance, in cartilage and bone repair the scaffold can optimally integrate
in the surrounding tissue avoiding stress shielding [28]. The same flexibility in the construction of
scaffolds with different geometrical structures and mechanical properties may, in principle, be tuned in
a heterogeneous way to drive stem cell fate and differentiation in a space-dependent way [29]. Finally,
the interconnected porous structure looks promising for the necessary vascularization of the tissue, that
in three dimensional applications represents a problem to be properly addressed to avoid the formation
of hypoxic regions and eventually necrotic tissue.

Within this context, the technological thrust motivating this article is the need to identify the
best geometrical characteristics of some triply-periodic structures that can favor the process of cell
migration in artificial scaffolds in order to foster its rapid re-population. The driving idea is then that
during migration in the porous scaffold on the one hand, nucleus deformation needs be avoided, and
on the other hand, the dimension of the pore need to be sufficiently small to increase the possibility
of adhesion of the cell membrane to the walls and therefore to exert traction forces. From the
mathematical viewpoint this means to find the relationship between the size of the periodic cell of
the suggested structure, that is usually given in implicit form in terms of trigonometric functions, and
the diameter of the biggest sphere that can pass through its pores.

Thanks to the symmetry and periodicity of the structures studied, we are able to find analytical
solutions determined using the following strategy: We look for contact points on the triply periodic
surface that have directly opposite normals and then, among these, we look for the pair that has the
minimum distance. Non-interpenetration of matter is also controlled, which translates in comparing
the curvatures of the sphere and of the surface at contact points, guaranteeing local injectivity of the
configurations [30].
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We find, for example, that if l is the spatial periodicity of the structure and d is the diameter of
the cell nucleus, in the case of a Schwarz P-surface l/d = 3/

√
2 ≈ 2.121, in the case of a Schwarz

D-surface l/d ≈ 2.846, while for the gyroid l/d = 4/
√

3 ≈ 2.309. Then, we compare the area
of the scaffold’s surface in the cubic periodic cell with the given surface of the membrane of the
cell (computed as the surface of the nucleus) that can traverse the structure, and we find that the
gyroid guarantees the maximum ratio, hence favouring cell adhesion to the pore walls and therefore
the possibility of exerting traction forces. This information can be eventually upscaled to macroscopic
models to relate the motility coefficients of cells to the microscopic geometrical characteristics of the
scaffold. In particular, the procedure allows to identify the pore size with the maximum motility, given
the scaffold geometry and the size of the nucleus.

In order to achieve these results, the plan of the paper is as follows. In Section 2, we present the
structures that will be analyzed and summarize the main results. In Section 3, we study cubic lattices
and we explain the general method that can be used to deal with triply periodic minimal surfaces. In
the following sections (supported by the results in the appendices) we deal with the analysis of the
Schwarz P-surface (Section 4), of the Schwarz D-surface (Section 5) and of the gyroid (Section 6). In
all cases, we give details that lead to results that are more intuitive for the Schwarz P-surface (which
can then be considered as a test case) and less intuitive for the gyroid.

2. Geometrical structures and main result

In the present work we will analyze the following structures shown in Table 1:

• Cubic lattice: made by a regular array of cubes with the length of the edges equal to l (first row
in Table 1);
• Offset cubic lattice: made by two interlaced cubic lattices that are ideally disconnected. It can

be obtained as follows: Taken a standard cubic lattice with the length of the edges equal to 2l,
position an identical dual cubic lattice with vertices in the midpoints of the cells of the original
lattice, i.e., shifted by (l, l, l) (second row in Table 1). The reference cell is a cube having a side
equal to l (that is not periodic in space, but repeats with different rotations), with just 6 edges,
arranged in two triples of perpendicular edges converging in two opposite vertices of the cube;
• Schwarz P-surface: triply-periodic minimal surface having the shape of an inflated cubic lattice

separating the space in two intertwined congruent labyrinths. It is described by the dimensionless
implicit relation cos x+cos y+cos z = 0. The periodic cell is a cube of edge 2π, and we will study
it in the set (−π, π]3 (third row in Table 1);
• Schwarz D-surface: triply-periodic minimal surface with two intertwined congruent labyrinths,

described by the dimensionless implicit relation cos x cos y cos z − sin x sin y sin z = 0. The
periodic cell is a cube of edge π, and for convenience we will study it in the set (−π/2, π/2]2 ×

(−π, π] (fourth row in Table 1);
• Gyroid: triply-periodic minimal surface described by the dimensionless implicit relation

sin x cos y+sin y cos z+sin z cos x = 0. The reference cell is a cube of edge 2π, that for convenience
we will take to be the set (−π, π]3 (fifth row in Table 1).

In reality, of course, from the manufacturing point of view it is clear that the segments of the cubic
lattices and the surfaces have a finite thickness. This means, for example, that the region of space that is
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filled by the output of a 3D-printer is for instance given by |F(x)| < ε where F(x) is one of the implicit
functions above and ε is of the order of the dimensionless thickness of the pore wall, i.e., scaled with
the size of the reference cell. For example, for the P-surface the dimensional thickness of the wall is
s ≈ εl

α(x)π where α(x) ∈ [1,
√

3] and l is the size of the periodic cell. However, in the following, for the
sake of simplicity, we will work in the limit ε → 0.

Table 1. The five porous structures and their rendering through 3D printing.

Lattice type Structure Reference cell 3D printing rendering

Cubic

Offset cubic

Schwarz
P-surface

Schwarz
D-surface

Gyroid
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While the symmetries characterizing the cubic lattices are quite clear, those characterizing triply-
periodic surfaces might not be visually immediate. They can be better understood by looking at the
symmetries of the implicit formulas defining them. It is then found, for instance, that

• the Schwarz P-surface is symmetrical with respect to the three coordinate planes (e.g., changing
x in −x, that is a flip of the x-axis), to the three axes (e.g., changing y in −y and z in −z, that
also represents a rotation of 180◦ around the x-axis), to the origin, and it is invariant for any
permutation of the three coordinates;
• the Schwarz D-surface is symmetrical with respect to the three axes and invariant for any

permutation of the three coordinates;
• the gyroid is symmetrical with respect to the origin, and invariant for any cyclic permutation of

the three coordinates (e.g., changing {x, y, z} into {y, z, x}), that corresponds to a rotation.

The aim of the following sections will be to give an evaluation of the diameter of the largest ball
that can surely pass through a given structure without getting stuck in it. The results obtained are
summarized in Table 2.

Table 2. Results for the different structures considered, namely dimensionless periodicity
used in the computation, ratio of surface area to volume of the periodic structure (S/V),
diameter of the largest ball identified that will surely pass through the scaffold, ratio of the
period of the scaffold to the diameter of the ball, ratio of the surface area in the reference cell
vs that of the ball (A).

Lattice type Cell size S/V Diameter Period vs diameter A

Cubic (0, 1]3 - 1 1 -

Offset cubic (0, 1]3 - 4 − 2
√

2 2+
√

2
4 -

Schwarz P-surface (−π, π]3 ≈ 0.375 2
√

2
3 π 3

2

√
2 ≈ 3.38

Schwarz D-surface (−π/2, π/2]2 × (−π, π] ≈ 0.924 ≈ 2.208 ≈ 2.846 ≈ 3.74

Gyroid (−π, π]3 ≈ 0.964
√

3
2 π

4
3

√
3 ≈ 10.3

Table 2 also reports some information related to the surface area of the scaffolds that are useful for
applications. In fact, as described in the Introduction, in order to have an efficient migration, cells need
to have the possibility to attach to the substratum to be able to exert the necessary traction forces. For
this reason, cell migration is favored in structures with a great ratio of surface area to volume, here
denoted by S/V. Generally speaking, one can notice that triply periodic surfaces are characterized
by high values of this ratio, particularly gyroids, which explains their relevance in the construction of
bio-mimetic scaffolds. For uniformity, we take (−π, π]3 as the reference cell for the P-surface and the
gyroid and (−π2 ,

π
2 ]2 × (−π, π] for the D-surface and calculate numerically the area of the surfaces in it.

We find them to be SP ≈ 93.1 for the Schwartz P-surface, SD ≈ 57.3 for the Schwartz D-surface and
SG ≈ 239 for the gyroid, and therefore

SP

V
≈ 0.375,

SD

V
≈ 0.924,

SG

V
≈ 0.964.

Actually, rather than using as reference a dimensionless reference length, in applications it is useful
to refer to the size of the sphere that needs to enter the structure and report the ratio of the surface
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area of the structure with respect to the area of the sphere. This is given by the dimensionless number
A := S/(πD2) where D is the diameter of the biggest sphere that can pass through the structure. This
leads to

AP ≈ 3.38, AD ≈ 3.74, AG ≈ 10.3,

showing that gyroids have a much larger ratio compared to Schwarz surfaces.
Of course, in Table 2 we cannot report the same information for cubic lattices that in the idealized

case are formed by lines.

3. Cubic lattices

The case of cubic lattices represented in the first two rows of Table 1 is trivial. However, their
discussion here is useful to explain the objectives pursued in this article and the methods used. In fact,
it is clear that in the case of the standard cubic lattice, the largest ball that passes through the face of
the reference cell is a ball with diameter D equal to the edge l of the cubic reference cell, see Figure
1a. When the sphere enters inside the cube, the largest sphere, touching the sides of the cube, has a
larger diameter. So, the bottleneck is the entrance into the cube, leading to a critical ratio between the
diameter of the sphere and the size of the cube equal to l̃ := l/D = 1.

In the case of an offset cubic lattice represented in the second row of Table 1, the largest ball that
can enter must have its equatorial circle touching two adjacent perpendicular edges of length l (in red
in Figure 1b) and the closest point V in that plane belonging to the dual lattice (in black in Figure 1b).
Due to symmetry, the center of the ball C lies on the diagonal joining O and V and

l = r +
r
√

2
=⇒

r
l

= 2 −
√

2 ≈ 0.586.

We remark that, trivially, the ball is bigger than the one obtained in the previous case.
Using the diameter of the sphere as reference, the dimension of the offset cubic lattice versus the

diameter of the sphere must be such that

l̃ :=
l
D

=
2 +
√

2
4

≈ 0.854.

Remark 3.1. In the case of thickened cubic lattices, closer to realistic scaffolds, some obvious
corrections need to be introduced in the above formulas. Regarding the standard cubic lattices, denoting
by 2s the thickness of the edges of the lattice, i.e., every thickened edge is a cylinder of radius s, the
largest ball passing through it will naturally have diameter D = l − 2s (see Figure 1d, that presents
a face of the cube with the maximal circle of the sphere inscribed into the thickened face). Thus,
l̃ := l/D = 1 + 2s

D . Regarding the offset cubic lattice, referring to Figure 1e, analogous computations
and considerations lead to l = s + r + r+s

√
2
, and therefore to

l̃ :=
l
D

=
2 +
√

2
4

(
1 +

2s
D

)
.
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(a) (b) (c)

(d) (e)

Figure 1. Sphere passing in a cubic lattice (a) and in a offset cubic lattice (b). Maximum
circle passing through the face of the offset cubic lattice (c). In (d) and (e), corrections
respectively for thickened cubic lattice and offset cubic lattice.

4. Triply-periodic minimal structures

The identification of the size of the largest sphere that will certainly pass through triply-periodic
structures is based on the observation that when a sphere passes through the labyrinthine structure of
a porous scaffold, it determines a tube generated by a central curve. The biggest tube that can pass
through the lattice has a circular section that touches the surface in at least two points. However, as
one can easily see from Figure 2, since we are working with triply periodic minimal surfaces with the
symmetries mentioned in Section 2, configurations with an odd number of contact points (such as the
first and the third in Figure 2) cannot guarantee symmetries with respect to two perpendicular axes or
to permutations of the three coordinates. Therefore, the maximum circle cannot touch the surface in an
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odd number of points, and thus, as shown in the central picture in Figure 2, the contact points identify
the diameter of the circle, and the normal at such points is directed toward another contact point with
opposite normal.

In this respect, we remark that in the case of the offset cubic lattice that is characterized by the
presence of two nested structures in the periodic cell of side 2l, the reasoning above does not apply,
although the reference cell (of side l) has a central symmetry. In fact, as shown in Figure 1e, the
maximal circle has an odd number of contact points, two lying on the edges of the face of the reference
cell and one is the point belonging to the edge perpendicular to the face, corresponding to three incident
normal vectors. In fact, Figure 1e shows that the configuration of a face of this lattice has a symmetry
with respect to the line y = x, but not with respect to the perpendicular direction.

Figure 2. Circles inscribed in different holes determined by a different number of contact
points (namely, 3,4,5). The first and the third configurations are symmetrical with respect to
an axis (e.g., the vertical one), but not with respect to its orthogonal direction.

So, our strategy is the following: For any pair of points A and B on the surface, we check whether
the normal vector to the surface in B is directly opposite to the one in A. Among the possible pairs of
points satisfying this criterion, we then choose the one with the minimal distance, such that the circle
(great circle of the sphere) with diameter equal to this distance does not intersect the surface in other
points.

In mathematical terms, denoted by Σ the surface given implicitly by F(x) = 0, we consider the set
of pairs of points A, B ∈ Σ with coordinates xA and xB such that

F(xA) = F(xB) = 0, xB − xA ∝ ∇F(xA) and ∇F(xA) = −α∇F(xB) with α > 0,

or equivalently

nA :=
∇F(xA)
|∇F(xA)|

= −nB := −
∇F(xB)
|∇F(xB)|

,

i.e., the two normal vectors to Σ in A and B are opposite and parallel to the line connecting the two
points. In this set we then select the pair with minimum Euclidean distance between A and B. We then
check that the maximum curvature of the surface in A and B is smaller than the curvature of the sphere,
i.e., 2/D.

In this way we find the diameter of the largest sphere passing through that restriction of the porous
scaffold. In particular, the fact that we look for the smallest passage leads to minimize the Euclidean
distance between the two points, while looking for the largest ball implies that the endpoints of the
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diameter are precisely xA and xB, i.e., that A and B belong to the surface and that the sphere is tangent
to the surface with a curvature larger than that of the surface and therefore cannot be enlarged without
violating non-interpenetration of the two bodies.

The steps we will then analyze are the following:

• Study of the suitable local expressions of z for the surfaces as functions of x, y in the reference
cell, and of their domains;
• Computation of the normal vector to the surface;
• Identification of the set of point pairs that have opposite normals;
• Calculation of the Euclidean distance between such pairs of points and determination of the

parameter that guarantees the minimal Euclidean distance;
• Verification that there is no interpenetration of matter between the structure and the sphere by

computing the curvatures at the points of contact between the sphere and the surface: The
maximum sectional curvature of the surface at those points must be less than that of the sphere.

Remark 4.1. We remark that in this way the center of the ball will be the midpoint between the two
points with opposite normals. Moreover, being the ball tangent to the surface, we will have that the
diameter lies along the line that does not only join the two points, but on which also the two normals
lie. This will be important in the following.

We advise, however, that this procedure might be sub-optimal in the sense that it assures that
a sphere with diameter smaller than the one identified will certainly pass through. However, in
geometries with interconnected surfaces and pores or with relevant size variability, it cannot be
excluded that there might be a path using larger pores that allows bigger spheres to pass. For example,
in the case of the thickened offset cubic lattice, the procedure described above would identify the points
on the open size of the reference cell, yielding a smaller D = l − 2s as in the cubic lattice with respect
to the results discussed at the end of the previous section.

We underline that the maximal sectional curvature of a surface at a point is the maximum of the
two principal curvatures κ1 and κ2. We recall that κ1 and κ2 can be easily obtained from the Gaussian
curvature and the mean curvature that are the product and the mean of κ1 and κ2 and can be computed
using standard formulas of differential geometry [31], through derivatives of the implicit function
that defines the surface. We finally remark that the expressions used are approximations of proper
Weierstrass representations of triply periodic minimal surfaces, so the mean curvature does not vanish
in every point.

5. The Schwarz P-surface

The P-surface is described by the implicit relation

cos x + cos y + cos z = 0. (5.1)

The reference cell is a cube of edge 2π that we will take as the set (−π, π]3. The origin is then a point
of symmetry, as are the three axes and the three coordinate planes. Therefore, if (x̄, ȳ, z̄) ∈ Σ with
x̄, ȳ, z̄ > 0, then there are 7 other points (±x̄,±ȳ,±z̄) ∈ Σ for all possible combinations of signs. In
addition, any permutation will also belong to the surface, e.g., (±ȳ,±x̄,±z̄) ∈ Σ.
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5.1. Entering the Schwarz P-surface neck

The sphere passing through the reference cell must clearly enter through one of the holes on the
faces of the cube, having the surface an intuitive “interior” and “exterior” region. We choose the
entrance with z = π and after observing that the normal vector to the surface at a point with zA = π

has a vanishing z-component, we look for the greatest circle in the plane z = π that can be inscribed,
and therefore tangent, into the curve obtained by the intersection of the surface and the plane, i.e.,
cos x + cos y = 1. Due to symmetry, the center of the circle will be the point x0 = (0, 0, π). We can then
reduce the study to the first quarter of the plane xy, i.e x, y ∈ [0, π/2], as shown in Figure 3c.

We compute now the normal vectors to the two curves involved, i.e., the greatest circle of the sphere
and the normal vector to the curve described by cos x + cos y = 1. We have

nx2+y2=r2 =

 x√
x2 + y2

,
y√

x2 + y2


and

ncos x+cos y=1 =

− sin x√
sin2 x + sin2 y

,−
sin y√

sin2 x + sin2 y

 .
The fact that the two normal vectors must be collinear implies that (sin x, sin y) ∝ (x, y) and thus if
x, y , 0, sin x

x =
sin y

y , that in
(
0, π2

)
is only solved by x = y due to the monotonicity of sin x

x in that interval.
Hence, the contact point A is given by 2 cos x = 1, i.e., xA = yA = π

3 . The radius of the circle is then
r =

√
2

3 π ≈ 1.481. In order to be sure that locally the circle is inscribed in the curve, we notice that the
curvature of

y = g(x) := arccos(1 − cos x) for x ∈
[
0,
π

2

]
,

in xA = π
3 is

κ
(
π

3

)
=

|g′′(π3 )|

(1 + (g′(π3 ))2)
3
2

=
1
√

6
<

3
√

2π
.

Checking the maximal sectional curvature at the contact point xA =
(
π
3 ,

π
3 , π

)
, we have that

max{κ1, κ2} =
4
5

√
2
3
<

1
r

=
3
√

2π
,

and thus the result is physically admissible. The other contact point will read xB =
(
−π3 ,−

π
3 , π

)
and we

obtain nA = −nB =
(
− 1
√

2
,− 1
√

2
, 0

)
, see blue points in Figure 4a.

Trivially, the points with vanishing x or y that were not considered above have a distance from the
origin equal to π/2, greater than that of the point A, just determined (see Figure 3b and red points in
Figure 4a). In addition, the curvature of g(x) in such points (with vanishing x or y) is larger than that
of the sphere, since max{κ1, κ2} = κ(0) = 1 > 2

π
and therefore the sphere would intersect the porous

structure. So, these points are anyway not acceptable.
We remark that the point of tangency A is precisely the nearest point of g(x) to the origin, that is,

x2
A + y2

A = min
x,y≥0

y=g(x)

(x2 + y2) = min
x≥0

(x2 + arccos2(1 − cos x)).
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(a) (b) Section z = π (c)

Figure 3. (a) Sphere entering the P-surface structure from the neck in z = π. (b) Intersection
of the P-surface with the plane z = π in black and circle with r =

√
2π/3 in blue (which is

admissible) and with r = π/2 in dashed red (which is not admissible) and the corresponding
contact points. (c) Notation used in Subsection 5.1.

(a) zA = π (b) zA = 0 (c) zA , 0, π

Figure 4. Contact points belonging to admissible and non-admissible spheres, respectively
in blue and red. (a) At the entrance z = π, the contact points xA,B =

(
±π3 ,±

π
3 , π

)
and the

symmetric pair
(
±π3 ,∓

π
3 , π

)
are admissible, while xA,B =

(
0,±π2 , π

)
and the symmetric pair(

±π2 , 0, π
)

are not; (b) for z = 0, xA,B =
(
±2π

3 ,±
2π
3 , 0

)
and the symmetric pair

(
±2π

3 ,∓
2π
3 , 0

)
are

all not admissible; (c) xA,B =
(
±π2 ,±

π
2 ,±

π
2

)
and all the symmetric pairs obtaining changing

one or more signs are admissible, but have a distance larger than in (a). For all the points,
also the normal vectors are displayed, directly opposite for every pair.

In conclusion, the diameter of the largest sphere that can enter the structure is

Dπ = 2r =
2
√

2
3

π ≈ 2.962 (5.2)

and the ratio of the periodicity length to the diameter is l
Dπ

= 3
2

√
2 ≈ 2.121.
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5.2. Inside the Schwarz P-surface

We expect that once entered, the ball will find a less constricting region. In order to prove this, let
us first examine the case in which zA = 0. As for the case zA = π treated in the previous subsection,
the normals to the surface at points with zA = 0 have a vanishing third component and therefore also
z0 = 0. Proceeding in the same way as in the previous subsection, we have to find the circle inscribed
in the curve cos x + cos y + 1 = 0. One can prove that the points with opposite normals have again
x = y, but this time 2 cos x = −1 and, therefore, x = y = 2π/3, as shown in Figure 5a. The two contact
points are

(
±2π

3 ,±
2π
3 , 0

)
and the normal vectors read

(
∓ 1
√

2
,∓ 1
√

2
, 0

)
, see Figure 4b.

(a) Section z = 0 (b) Section x = y

(c) (d) xA = −xB =
(
π
2 ,

π
2 ,

π
2

)
Figure 5. Sections of the Schwarz P-surface with z = 0 in (a) and with the plane x = y
(ξ =

√
x2 + y2) in (b). The surface is in black and the non intersecting circles in blue while the

intersecting ones are in dashed red. (c) Interpenetration of matter between the non admissible
sphere and the surface when the contact point is xA =

(
2
3π,

2
3π, 0

)
, as put in evidence by the

shaded red area. (d) The sphere and the surface with xA =
(
π
2 ,

π
2 ,

π
2

)
, xB =

(
−π2 ,−

π
2 ,−

π
2

)
.
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We have D0 = 4
√

2
3 π, which is bigger (the double) than the one already found for z = π. This

means that such a ball would not pass through the hole in the faces of the Schwarz P-surface (e.g.,
at z = ±π) to get to the center of the reference cell. Though, of course, we have all cues to exclude
this case, we observe, in addition, that in the section x = y (drawn in Figure 5b) in the contact point
xA =

(
2π
3 ,

2π
3 , 0

)
, κ = 1

√
3
> 2

D0
= 3

√
2

4π , that implies that in the plane x = y the tangent sphere will intersect
the structure, as shown by the shaded area in Figure 5c, which is not allowed. Indeed, looking at the
sectional curvatures in the contact point xA =

(
2π
3 ,

2π
3 , 0

)
, one has

max{κ1, κ2} =

√
2
3
>

1
r

=
3

2
√

2π
,

which implies that there is interpenetration of matter. Due to symmetry, the same holds for the planes
x = 0 and y = 0. So, in conclusion, there is no admissible tangent sphere with contact points that have
either xA = 0, or yA = 0, or zA = 0.

It remains to look at the case with zA , 0, π. By symmetry and without loss of generality we can
assume that one of the two points of contact has xA, yA, zA > 0 with normal

nA =
1
|nA|

(− sin xA,− sin yA,− sin zA) with |nA| =

√
sin2 xA + sin2 yA + sin2 zA, (5.3)

so that nA has three negative components. The points on the surface with all positive components are
those in the opposite octant, i.e., xB, yB, zB < 0.

It is clear by inspection that the point B ∈ Σ with xB = −xA has opposite normal vector. Later on,
we will prove that there are no other candidate points. For the moment let us focus on the analysis of
this case which also implies that x0 = 0.

5.2.1. Opposite contact points

Expliciting (5.1) for z > 0 gives

z = arccos(− cos x − cos y). (5.4)

Hence, the two opposite points are

xA = (xA, yA, arccos(− cos xA − cos yA))

and
xB = (−xA,−yA,− arccos(− cos xA − cos yA)).

Their distance (squared) is given by

|xA − xB|
2 = 4

[
x2

A + y2
A + arccos2(− cos xA − cos yA)

]
that needs to be minimized for xA, yA > 0. This leads to

xA

sin xA
−

arccos(− cos xA − cos yA)√
1 − (− cos xA − cos yA)2

= 0,

yA

sin yA
−

arccos(− cos xA − cos yA)√
1 − (− cos xA − cos yA)2

= 0,
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which implies that
xA

sin xA
=

yA

sin yA
,

that again in (0, π) is only solved by xA = yA.
Therefore,

|xA − xB|
2 = 4

[
2x2

A + arccos2(−2 cos xA)
]
.

By a standard study it can be checked that the distance is minimized when xA = π/2. In conclusion,

xA =

(
π

2
,
π

2
,
π

2

)
, xB =

(
−
π

2
,−
π

2
,−
π

2

)
,

with

nA =

(
−

1
√

3
,−

1
√

3
,−

1
√

3

)
, nB =

(
1
√

3
,

1
√

3
,

1
√

3

)
,

and
|xA − xB| =

√
3π ≈ 5.441.

So, though in this case the sphere would not cross the surface as before (both principal curvatures
vanish), the distance between the two points (drawn in Figure 4c) is larger than the distance Dπ =
2
√

2
3 π ≈ 2.962 found in (5.2) between the blue opposite points in Figure 4a. So, also this sphere would

not pass through the neck, say, in z = π.

5.2.2. Other possible contact points

Recalling (5.4), the upper fold of the surface with 0 < z < π is given by z = arccos(− cos x − cos y)
and the lower one with −π < z < 0 by z = − arccos(− cos x − cos y). The two functions have the same
domain of existence

−π ≤ y ≤ y1(x) ∨ y2(x) ≤ y ≤ π,

y3(x) ≤ y ≤ y4(x),
with


y1(x) := − arccos(1 − cos x),
y2(x) := arccos(1 − cos x),
y3(x) := − arccos (−1 − cos x),
y4(x) := arccos (−1 − cos x),

(5.5)

with x, y ∈ (−π, π] drawn in grey in Figure 6.
Eliminating z from (5.3) gives

nA =
1
|nA|

(
− sin xA,− sin yA,−

√
1 − (cos xA + cos yA)2

)
, (5.6)

and similarly

nB =
1
|nB|

(
− sin xB,− sin yB,

√
1 − (cos xB + cos yB)2

)
, (5.7)

with

|nα| =
√

sin2 xα + sin2 yα + 1 − (cos xα + cos yα)2

for α = A, B.
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Figure 6. The two conditions in (5.5) identify the regions outside the yellow curve (identified
by the top equalities) and inside the blue line (identified by the bottom equalities). The
domain of existence of the function is in grey. The functions y1(x), y2(x), y3(x), y4(x) are also
used in Appendix A.

There are now several cases that must be studied. However, many of them can be excluded by
symmetry and the analysis made in Subsections 5.1 and 5.2. Their complete analysis, that follows
the strategy mentioned in Section 4, is carried out in the Appendix A. We thus only report here the
analytical proof when the two points belong to opposite octants, e.g., xA, yA > 0 and xB, yB < 0,
showing that there are no other points that must be taken into account in addition to those described in
Subsection 5.2.1.

The request that the three components of the normal vectors must be opposite leads to the system

−
sin xA

|nA|
=

sin xB

|nB|
,

−
sin yA

|nA|
=

sin yB

|nB|
,√

1 − (cos xA + cos yA)2

|nA|
=

√
1 − (cos xB + cos yB)2

|nB|

or

−
sin xB

sin xA
= −

sin yB

sin yA
=

√
1 − (cos xB + cos yB)2√
1 − (cos xA + cos yA)2

. (5.8)

The first relation of (5.8) tells us that

sin yA

sin xA
=

sin yB

sin xB
= k > 0

and thus A and B can be such that:

(1) yA = arcsin(k sin xA) while yB = arcsin(k sin xB) (or analogously yA = π − arcsin(k sin xA) and
yB = −π − arcsin(k sin xB), where this last expression comes from the fact that k > 0 and xB < 0);
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since by assumption xA > 0 and xB < 0, the relation between the first and the third term of (5.8)
has both the left and right terms positive, so we can square both to obtain

sin2 xB

sin2 xA
=

1 − (cos xB + cos yB)2

1 − (cos xA + cos yA)2 .

This leads to

sin2 yA − cos2 xA − 2 cos xA cos yA

sin2 xA
=

sin2 yB − cos2 xB − 2 cos xB cos yB

sin2 xB

and, substituting yA and yB, to

f (xA) = f (xB) where f (x) =
− cos2 x + k2 sin2 x − 2 cos x cos(arcsin(k sin x))

sin2 x
. (5.9)

This corresponds to finding two abscissas for which the function f has the same value. Now, the
function f (x) is even, so we can restrict the study to the interval x ∈ (0, π) or, if k > 1, to its
subintervals where k sin x ∈ [−1, 1], i.e.,

0 < x ≤ arcsin(1/k) ∨ π − arcsin(1/k) ≤ x < π.

In this interval f is monotonically increasing (and therefore monotonically decreasing for x < 0).
In fact,

f ′(x) =

2
(
cos x

√
1 − k2 sin2 x + cos2 x + 1 − k2 sin2 x

)
sin3 x

√
1 − k2 sin2 x

,

which is naturally positive because we are working in the domain with 1 − k2 sin2 x > 0 and
x ∈ (0, π). This implies that (5.9) is only satisfied by xB = −xA and then yB = −yA, which falls in
the case studied in Subsection 5.2.1.

(2) yA = arcsin(k sin xA) and yB = −π − arcsin(k sin xB) (or analogously yA = π − arcsin(k sin xA) and
yB = arcsin(k sin xB)); we can proceed as before, looking for abscissas such that f (xA) = f (xB)
where xA > 0 and xB < 0. But f (xA) and f (xB) are precisely the two branches of the preceding f ,
restricted respectively to x ∈ [0, π] and x ∈ [−π, 0] and then we fall again in the preceding case.

Thus, we could not find any couple of points with opposite normal vectors and satisfying Remark 4.1
that have distance less than Dπ in (5.2). In conclusion, the largest sphere that can pass through the
Schwarz P-surface with periodicity 2π has diameter D = 2

√
2

3 π, or viceversa if we want to be sure that
a ball of diameter D passes through a Schwarz P-surface its period l must be such that

l̃ =
l
D

=
3
2

√
2 ≈ 2.121.

6. The Schwarz D-surface

The Schwarz D-surface is described by the implicit relation

cos x cos y cos z − sin x sin y sin z = 0, (6.1)
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and the unit normal n at a generic point is

n =

(
− sin x cos y cos z − cos x sin y sin z

|n|
,

− cos x sin y cos z − sin x cos y sin z
|n|

, (6.2)

− cos x cos y sin z − sin x sin y cos z
|n|

)
.

The symmetries of the surface allow us to restrict the study to the reference cell
[
−π2 ,

π
2

]2
× [−π, π].

We will first consider in Subsection 6.1 what happens when either x or y belongs to the boundary
of this reference cell, specifically when x = ±π2 or y = ±π2 . In this case, Eq (6.1) trivially becomes
sin y sin z = 0 in the former case, or sin x sin z = 0 in the latter. So, in the former case the points
belonging to the Schwarz D-surface are such that z = 0,±π for any y, or y = 0 for any z, and similarly
(replacing y with x) for the latter case.

Away from the boundary of the (x, y)-domain, i.e., for (x, y) ∈
(
−π2 ,

π
2

)2
, we find it more convenient

to introduce t = tan z
2 rather than expliciting (6.1) as tan z = 1

tan x tan y . In this case, we can rewrite (6.1)
as (

1 − t2
)

cos x cos y − 2t sin x sin y = 0,

that is solved by

t± =
− sin x sin y ±

√
sin2 x sin2 y + cos2 x cos2 y

cos x cos y

= − tan x tan y ±
√

tan2 x tan2 y + 1. (6.3)

Thus, introducing

Φ =

√
sin2 x sin2 y + cos2 x cos2 y,

the two folds of the surface will be given by

z−(x, y) := 2 arctan
(
− sin x sin y − Φ

cos x cos y

)
∈ [−π, 0],

and

z+(x, y) := 2 arctan
(
− sin x sin y + Φ

cos x cos y

)
∈ [0, π].

This relation will be the basis of the discussion in Subsection 6.2.
We also underline that the starting implicit function defining the surface is regular, since it is a

polynomial function of sines and cosines. Then, the normal vector n is well-defined and continuous
everywhere, also on points with cos x cos y = 0, where the components of the normal vector are defined
as continuous extensions on the two folds.
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6.1. Contact points with x or y on the border of the reference cell

In this case either cos x or cos y vanishes nullifying the denominator of (6.3). This condition
identifies for instance the four points

x1 =

(
0,
π

2
, α1

)
, x2 =

(
0,−

π

2
, α2

)
,

x3 =

(
π

2
, 0, α3

)
, x4 =

(
−
π

2
, 0, α4

)
,

α1, . . . , α4 ∈ [−π, π], with normals

n1 = (− sinα1,− cosα1, 0) , n2 = (sinα2, cosα2, 0) ,

n3 = (− cosα3,− sinα3, 0) , n4 = (cosα4, sinα4, 0) ,

respectively. However, since nz = 0 and we are looking for directly opposite normals, the two points
must lie on the same horizontal plane, leading to the same value of α. We remark that, for example, x3

is obtained by x1 switching the x and y axes. The same holds for any switch of the axes. Therefore,
because of this symmetry, it will be enough to restrict to this case.

Clearly, with α1 = α2, n1 = −n2 and the normals are directly opposite and aligned to x2 − x1 when
α1 = α2 = 0,±π. Similarly, for x3 and x4. In these cases the distance between the two points is D1 = π

(we do not plot an example of this case).

On the other hand, the distance between the other possible couples, e.g., x1 and x3 with α1 = α3, is
D2 = π

√
2
< D1. In this case (and by symmetry in the others) the normal vectors are opposite just when

sin z = − cos z, i.e., z = −π4 , so the two candidate points with distance D2 will be

x1 =

(
0,
π

2
,−
π

4

)
and x3 =

(
π

2
, 0,−

π

4

)

(see Figure 7a) with normals

n1 =

(
1
√

2
,−

1
√

2
, 0

)
and n3 =

(
−

1
√

2
,

1
√

2
, 0

)
.

However, checking the maximal sectional curvature at both points, we have max{κ1, κ2} = 1 >

2
√

2/π = 2/D2, so interpenetration of matter locally occurs and the couple of contact points is not
admissible, as shown in Figure 7b.
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(a) (b)

Figure 7. (a) Couple of points x1 =
(
0, π2 ,−

π
4

)
and x3 =

(
π
2 , 0,−

π
4

)
with opposite normals

n1 =
(

1
√

2
,− 1
√

2
, 0

)
, n3 =

(
− 1
√

2
, 1
√

2
, 0

)
with minimal distance. (b) Interpenetration of matter

between the surface and the candidate sphere, as shown by the little shaded red area in the
upper fold.

6.2. Contact points on different folds

Having considered in the previous section the case in which either x or y is equal to π/2, we will
here consider the case cos x cos y , 0 and therefore Φ > 0 and Eq (6.3) well defined. In this case, the
third component of the normal vector for a point on the lower fold is

|n−|n−z = − cos x cos y sin z− − sin x sin y cos z− = − cos x cos y
2t−

1 + t2
−

− sin x sin y
1 − t2

−

1 + t2
−

, (6.4)

that with standard computations can be simplified to n−z = Φ/|n−| > 0. Similarly, n+
z = −Φ/|n+| < 0.

This means that the two points cannot belong to the same fold and then we are going to look for the
two points A and B belonging respectively to the fold z− and z+, i.e., zA = z−(xA, yA) and zB = z+(xB, yB).

Proceeding as in (6.4) gives

|n±|n±x = ∓
sin y cos y

Φ
and |n±|n±y = ∓

sin x cos x
Φ

,

and therefore

n± = ∓
1
|n±|

(
sin y cos y

Φ
,

sin x cos x
Φ

,Φ

)
= ∓

1
2|n±|Φ

(sin 2y, sin 2x, 1 + cos 2x cos 2y) . (6.5)

The study of the sign of the components tells that the two contact points must have (xA, yA) and
(xB, yB) that belong to the same quadrant, e.g., the first without losing in generality, so xA, yA, xB, yB ≥ 0.
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Hence, the two normals at the points A and B are opposite when

sin 2yA

sin 2yB
=

sin 2xA

sin 2xB
=

1 + cos 2xA cos 2yA

1 + cos 2xB cos 2yB
= k > 0. (6.6)

Before looking for the solution of the equation above, we observe that if, say, x = 0 for a point on
the surface, then either y = ±π2 or z = ±π2 . So, we fall back to the case already discussed (and excluded)
in the previous section.

We will now prove that the set of equations in (6.6) has solutions only if k = 1, and

xB = xA,
π

2
− xA and yB = yA,

π

2
− yA. (6.7)

In fact, if for example we take k < 1 and work in
(
0, π4

)
, then the solution of the first equation would be

such that xA < xB and yA < yB. But then cos 2xA > cos 2xB and cos 2yA > cos 2yB and the last ratio is
greater than 1 leading to a contradiction. The other cases work similarly, and so k = 1 leading to the
solutions in Eq (6.7).

If xA = xB then one has that the normal must have nx = 0, leading to xA = xB = 0 or xA = xB = π
2

that have been already excluded. Similarly, if yA = yB, then ny = 0 and therefore yA = yB = 0 or
yA = yB = π

2 .
It remains to consider the case (xA, yA) = (π2 − xB,

π
2 − yB), so that

xA =

(
π

2
− xB,

π

2
− yB, z−

(
π

2
− xB,

π

2
− yB

))
, xB = (xB, yB, z+(xB, yB)) .

The requirement that xB − xA and n must be collinear gives

2xB −
π
2

sin 2yB
=

2yB −
π
2

sin 2xB
=

z+(xB, yB) − z−
(
π
2 − xB,

π
2 − yB

)
1 + cos 2xB cos 2yB

.

The first equality leads to x̃ cos x̃ = ỹ cos ỹ where x̃ = 2xB−
π
2 and ỹ = 2yB−

π
2 , which in

(
− π

2 ,
π
2

)
is only

satisfied for ỹ = x̃, i.e., yB = xB, because x̃ cos x̃ is a strictly increasing function there.
The second equality cannot be easily solved, so we compute the distance between A and B, minimize

it, and then check if our solution satisfies the second equality for collinearity. The squared distance
rewrites as

|xB − xA|
2 = 2

(
2xB −

π

2

)2
+

[
z+(xB, xB) − z−

(
π

2
− xB,

π

2
− xB

)]2
.

This function depends now on one variable only and thus we can minimize it, finding numerically
xB ≈ 1.198. Moreover, the equality

z+(xB, xB) − z−
(
π

2
− xB,

π

2
− xB

)
=

1 + cos2 2xB

sin 2xB

(
2xB −

π

2

)
,

i.e., the second equality for the collinearity, is satisfied by xB.
Then, xA = (0.373, 0.373,−1.722) and xB ≈ (1.198, 1.198, 0.152), and their distance is D3 ≈

2.208 < D2 that is slightly smaller than D2 ≈ 2.221. The normal vectors are nA ≈ (0.374, 0.374, 0.849)
and nB ≈ (−0.374,−0.374,−0.849), see Figure 8a. Moreover, the normal vectors are aligned with the
segment joining A and B and indeed xA + D3nA = xB.
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We also check the maximal sectional curvature, that is max{κ1, κ2} ≈ 0.81 < 2/D3, so locally there
is no interpenetration of matter and the ball is admissible, see Figure 8b.

Using the diameter of the sphere as reference, the dimension of the periodic cell must be

l̃ =
lz

D3
=

2π
D3
≈ 2.846.

(a) (b)

Figure 8. (a) The points A and B with opposite normals and belonging to different folds. (b)
The ball having diameter D3 ≈ 2.208.

7. The gyroid

The surface is described by the implicit relation

cos x sin z + cos y sin x + cos z sin y = 0, (7.1)

that, in view of expliciting it with respect to z, can be rewritten as a sin z+b cos z+c = 0 with a = cos x,
b = sin y, and c = sin x cos y. As already mentioned, the reference cell is a cube of edge 2π that we
will take as the set (−π, π]3.

We will first look at the case in which b = c, that is, when tan y = sin x, corresponding to the black
curves in Figure 9. In this particular case, the points on the gyroid are such that

cos
z
2

(
a sin

z
2

+ b cos
z
2

)
= 0,

which gives z = π or (if a , 0) z = −2 arctan b
a + 2kπ. Since z ∈ (−π, π], then k = 0 and we can write

the latter as

z = −2 arctan
sin y
cos x

= −2 arctan

 tan y

cos x
√

1 + tan2 y

 = −2 arctan

 tan x√
1 + sin2 x

 ,
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where we used again the fact that tan y = sin x.

Figure 9. The domain of existence of the two folds of the gyroid written as z = z±(x, y).
The boundary is determined partially by the lines y = ±π and by the four curves y = y1(x) =

π − β(x) in green, y = y2(x) = β(x) in blue, y = y3(x) = −β(x) in red, y = y4(x) = −π + β(x)
in orange, where β(x) is defined in Eq (7.5). The black curves represent the points such that
tan y = sin x, the red dots the points belonging to both the boundary of the domain of the
folds and the black curves.

When c , b it is convenient to introduce t = tan z
2 and rewrite (7.1) as

a
2t

t2 + 1
+ b

1 − t2

t2 + 1
+ c = 0.

This equation is solved by

t± =
cos x ± ∆

sin y − sin x cos y
with ∆ :=

√
cos2 x + sin2 y − sin2 x cos2 y, (7.2)

where the denominator does not vanish because we are dealing with the case c , b.
Then, there exist two possible expressions for z ∈ (−π, π] that are

z = z−(x, y) := 2 arctan
(

cos x − ∆

sin y − sin x cos y

)
, (7.3)

and

z = z+(x, y) := 2 arctan
(

cos x + ∆

sin y − sin x cos y

)
, (7.4)

that will be respectively called the lower and upper folds.
We now have to look carefully at the domain of the expressions z± in (x, y) ∈ (−π, π]2. The positivity

of the radicand requires
sin2 y + cos2 x − sin2 x + sin2 x sin2 y ≥ 0.
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If

x ∈
(
−π,−

3π
4

]
∪

[
−
π

4
,
π

4

]
∪

[
3π
4
, π

]
,

then | cos x| ≥ | sin x| and the inequality is always satisfied. Otherwise, we must limit ourselves to

sin2 y ≥
sin2 x − cos2 x

sin2 x + 1
,

that implies

sin y ≤ −β(x) ∨ sin y ≥ β(x) with β(x) := arcsin

√
2 sin2 x − 1
sin2 x + 1

, (7.5)

and thus when x ∈
[
−3π

4 ,−
π
4

]
∪

[
π
4 ,

3π
4

]
, it must be y ∈ [y4(x), y3(x)] ∪ [y2(x), y1(x)], where

y1(x) := π − β(x), y2(x) := β(x), y3(x) := −β(x), y4 := −π + β(x). (7.6)

The domain of the folds is represented in blue in Figure 9.
Before starting the discussion on the normals, we remark that the starting implicit function F

defining the gyroid is regular, since it is a polynomial function of sines and cosines. Then, we can
compute its gradient, that is continuous. Moreover, a simple study shows that ∇F , 0 on the gyroid.
Thus, the normal vector n to the surface is well-defined and continuous everywhere, also on points with
sin y = cos y sin x, where the components of the normal vector are defined as continuous extensions on
the two folds.

The unit normal n to the surface at a generic point of the gyroid is

n =
1
|n|

(cos x cos y − sin x sin z, cos y cos z − sin x sin y, cos x cos z − sin y sin z) , (7.7)

with

|n| =
√

(cos y cos z − sin x sin y)2 + (cos x cos y − sin x sin z)2 + (cos x cos z − sin y sin z)2.

Evaluating the third component on the upper fold gives

|n|nz = cos x cos z+ − sin y sin z+

= cos x
1 − t2

+

1 + t2
+

− sin y
2t+

1 + t2
+

=
cos x(1 − t2

+) − 2t+ sin y
t2
+ + 1

,

that by substituting t+ from (7.2), with tedious but standard simplifications, leads to nz = −∆/|n|. Thus,
the z-component of the normal is obviously negative, since ∆ is a square root. Similarly, on the lower
fold nz = ∆/|n|, see Figure 10. Hence, at the boundary between the lower and upper folds, where
∆ = 0, the normal must have nz = 0, as can be expected because there one has a double root and the
surface bends over, which further supports the distinction between the lower and upper fold.
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Figure 10. The symmetric functions n−z in orange and n+
z in blue. In green, the plane nz = 0.

In red, an example of level set nz(x, y) = −n+
z (xC, yC) where C is the red point with coordinates(

π
6 ,−

5
6π

)
.

7.1. Points with opposite normal vectors: two points on the same fold

The only possibility for having two points with opposite z-components on the same fold is that
nz = 0 for both points A and B. This implies that the two points must belong to the same plane
z = const with a vanishing ∆, i.e., cos2 x + sin2 y − sin2 x cos2 y = 0. Therefore, we have z+ := z0 or
z− := z0 for both points and the projections of the two candidate points A and B on the plane z = 0 have
to lie on the inner boundary of the domain in Figure 9, i.e., on the curves y1(x), y2(x), y3(x), y4(x), with
x ∈

[
−3π

4 ,−
π
4

]
∪

[
π
4 ,

3π
4

]
, that were exactly identified by the limit condition ∆ = 0. The fact that ∆ = 0

also allows to simplify

sin z0 = −
cos x

sin x cos y
and cos z0 = −

sin y
sin x cos y

,

so that
|n|nx =

cos x
cos y

(1 + cos2 y) and |n|ny = −
cos y
sin x

(1 + sin2 x).

We have now different possibilities: The coordinates of the points can satisfy the same function
(i.e., yA,B = yi(xA,B)) or two different ones. Let us analyze the different cases, stressing again that the
two points have the same z-coordinate.

7.1.1. Projections on the same y-function

Considering the case in which the two projections of A and B on the plane z = 0 lie on the same
y-function, by symmetry, without losing in generality, we can assume that they both lie on y = y2(x) =

β(x). Then for both of them

sin y = sin β(x) =

√
2 sin2 x − 1
sin2 x + 1

, cos y = cos β(x) =

√
2 − sin2 x
sin2 x + 1

, (7.8)
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and

|n|nx =
cos x

cos β(x)
(1 + cos2 β(x)), |n|ny = −

cos β(x)
sin x

(1 + sin2 x).

Moreover,

|n| =

√√[
cos2 β(x) + 1

]2 cos2 x
cos2 β(x)

+
cos2 β(x)

(
sin2 x + 1

)2

sin2 x
.

Clearly, β(x) is even, and since both sin β(x) and cos β(x) are even functions and, restricted to the
interval

[
π
4 ,

3π
4

]
, are symmetric with respect to the line x = ±π2 , then nx is even while ny is odd and,

restricted to the interval
[
π
4 ,

3π
4

]
, nx has a central symmetry with respect to the points

[
±π2 , 0

]
, while ny

is symmetric with respect to the line x = ±π2 , (see Figure 11a).

(a) (b) (c)

Figure 11. (a) Components of the normal vector for a point whose coordinates satisfy y =

y2(x): in blue the function nx and in orange the function ny. (b) Components of the normal
vector for two points whose coordinates respectively satisfy y = y1(x) and y = y2(x) (in
blue the function ny1

x , in red the function ny1
y = ny2

y and in green the function ny2
x = −ny1

x ).
(c) Components of the normal vector for two points whose coordinates respectively satisfy
y = y2(x) and y = y3(x) (in blue the function ny2

x = ny3
x , in red the function ny2

y and in orange
the function ny3

y = −ny2
y ).

Moreover, by symmetry, restricting our attention to the interval
[
π
4 ,

3π
4

]
, we have that nx is

monotonically decreasing while ny is monotonically decreasing for x ∈
[
π
4 ,

π
2

]
and monotonically

increasing for x ∈
[
π
2 ,

3π
4

]
.

To identify the points A and B that have opposite normal components, we exploit the just mentioned
symmetries shown in Figure 11a. If we take for example xA ∈

[
−3π

4 ,−
π
2

]
where ny ≥ 0, then xB must

belong to
[
π
4 ,

3π
4

]
where ny ≤ 0. Actually, it must be xB ∈

[
π
4 ,

π
2

]
where nx ≥ 0, because nx ≤ 0 when

xA ∈
[
−3π

4 ,−
π
2

]
. Then, due to the just stated symmetries of nx and ny,

nx(xA) = −nx(−xA − π) = −nx(xA + π), ny(xA) = ny(−xA − π) = −ny(xA + π),

and so xB = xA + π.
Let us first examine the singular case characterized by xB = π/2, corresponding to the red dot in

Figure 9, and therefore xA = −π/2. In this case nAx = −nBx = 0 and

xA =

(
−
π

2
,
π

4
, 0

)
, xB =

(
π

2
,
π

4
, π

)
=⇒ |xA − xB| =

√
2π.
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However, the two normal vectors nA = (0, 1, 0) and nB = (0,−1, 0) do not belong to the same line,
and the points do not belong to the same horizontal plane. So, A and B cannot be the endpoints of the
diameter of the ball (see Figure 12a).

Noticing that sin(xB − π) = − sin xB and therefore β(xB − π) = β(xB), for the non-singular cases with
xB , π/2 we can write

xA = (xB − π, β(xB), z0(xB − π, β(xB))) , xB = (xB, β(xB), z0(xB, β(xB))) .

Thus,

|xA − xB|
2 =π2 +

[
2 arctan

(
cos xB

sin β(xB) − sin xB cos β(xB)

)
− 2 arctan

(
−

cos xB

sin β(xB) + sin xB cos β(xB)

)]2

,

which is obviously minimized by |xA − xB| = π when the square parentheses vanish, i.e., when the
arguments of the arctangents are equal, if this is possible. Actually, it can be readily checked that this
occurs if and only if sin β(xB) = 0, that is, recalling (7.8), when xB = π

4 ,
3π
4 . The other corresponding

coordinates are then xA = − 3π
4 ,−

π
4 and yA = yB = 0, zA = zB = −π2 ,

π
2 with nA = (1, 0, 0) and

nB = (−1, 0, 0), see Figure 12b. However, checking the maximum curvature at both points one has
max{κ1, κ2} =

√
3/2 > 2/π. So, interpenetration happens and this solution is not admissible (see

Figure 12c). This also hints at the fact that there are pairs of points with directly opposite normals and
a distance smaller than π. In the following the diameter D1 = π is then used as a reference to exclude
the cases leading to larger spheres.

In conclusion, this first case does not lead to the identification of admissible pairs of points.

(a) (b) (c)

Figure 12. Couples of points with opposite normals with both points belonging to the same
fold. In (a) xA = − π

2 and xB = π
2 the normals are not aligned with the line joining A and B. In

(b) xA = − 3π
4 and xB = π

4 the normals are directly opposite, but as shown in (c) the pair is not
admissible because the sphere interpenetrates the surface, as put in evidence by the shaded
red area.

7.1.2. Projections on different y-functions

A procedure similar to the one explained in the previous section can be applied when the projections
of A and B on the plane z = 0 lie on different y-functions. In order to clarify the different situations,
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a superscript yi is added to the components of n to put in evidence which part of the boundary yi the
point belongs to. Let us consider the different cases:

(1) One point projection lies on y1 and one on y2, e.g., yA = y1(xA) = π − β(xA) and yB = y2(xB) =

β(xB): We obtain ny1
x = −ny2

x and ny1
y = ny2

y , as shown in Figure 11b.
If we take, for example, xA ∈

[
−3π

4 ,−
π
2

]
where ny1

y ≥ 0, then xB must belong to
[
π
4 ,

3π
4

]
where

ny2
y ≤ 0. Actually, it must be xB ∈

[
π
2 ,

3π
4

]
where ny2

x ≤ 0, because ny1
x ≥ 0 when xA ∈

[
−3π

4 ,−
π
2

]
.

Then, due to the just stated symmetries of nx and ny

ny1
x (xA) = −ny2

x (xA) = ny2
x (−xA − π) = ny2

x (xA + π) = −ny2
x (−xA),

ny1
y (xA) = ny2

y (xA) = ny2
y (−xA − π) = −ny2

y (xA + π) = −ny2
y (−xA),

and so xB = −xA and

xA = (−xB, π − β(xB), z0(−xB, π − β(xB))) ,

xB = (xB, β(xB), z0(xB, β(xB))) ,

where we exploited the fact that β(−xB) = β(xB). Then, since z0(−xB, π − β(xB)) = z0(xB, β(xB)),

|xA − xB|
2 = 4x2

B +

π − 2 arcsin

√
2 sin2 xB − 1
sin2 xB + 1


2

,

that is minimized by xB ≈ 1.027. Then xA ≈ (−1.027, 2.598,−2.356) and xB ≈

(1.027, 0.544,−2.356), and nA = (−1/
√

2, 1/
√

2, 0), and nB = (1/
√

2,−1/
√

2, 0), as shown in
Figure 13a,b. Their distance is then D2 ≈ 2.904 < D1 = π, but checking for the maximal sectional
curvature, we have that max{κ1, κ2} ≈ 0.772 > 0.689 ≈ 2/D2. So, the tangent sphere would
intersect the surface, as shown in Figure 13c, and therefore the pair of points is not admissible.

(2) One point projection lies on y2 and one on y3, e.g., yA = y3(xA) = −β(xA) and yB = y2(xB) = β(xB):
We obtain ny2

x = ny3
x and ny2

y = −ny3
y , as one can see in Figure 11c. Then, proceeding as before one

finds that xB = π − xA. The distance between the two points is then minimized by xB ≈ 1.027.
However, the points are xA ≈ (2.115,−0.544, 0.785) and xB ≈ (1.027, 0.544,−2.356); they have
distance greater than D1 and they do not lie on the same horizontal plane, thus the couple is not
admissible and is symmetrical to the case in Figure 12a.

Regarding the other cases, one can notice that, since zA = zB, to evaluate the distance between the
pairs of points, it is sufficient to consider the x and y coordinates. However, the distance in the plane
between y1 and y3 or y4 is clearly greater than D2, and by symmetry, the case with y3 and y4 will give
a couple of points with distance D2. All the other cases follow by symmetry. In conclusion, also this
second case only leads to non-admissible pairs of points.
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(a) (b) (c)

Figure 13. Couple of points with distance D2 and opposite normal vectors. Projections of A
and B in a horizontal plane: (a) the projection of point A lies on y1(x) and that of B on y2(x)
and their normal vectors have vanishing z-component. (b) The points A and B on the gyroid
and (c) the corresponding sphere with interpenetration of matter with the surface.

7.2. Points with opposite normal vectors: two points on different folds

First of all, we remark that, due to the invariance under cyclic permutations of the axes, the cases
with nx = 0 and ny = 0 give results identical to those with nz = 0 discussed in the previous subsection.
In particular, there are no admissible pairs of contact points having a vanishing component of the
normal. Thus, we can here reduce our study to the case where neither nx nor ny nor nz vanishes for both
points.

Therefore, we have to look for two points A and B belonging respectively to the lower and the upper
fold, that is zA = z−(xA, yA) and zB = z+(xB, yB).

Figure 14 reports the domains where nx(x, y, z±(x, y)) := n±x (x, y) ≥ 0 and ny(x, y, z±(x, y)) :=
n±y (x, y) ≥ 0 for the two folds, as determined in Appendix B.

(a) n−x ≥ 0 (b) n+
x ≥ 0 (c) n−y ≥ 0 (d) n+

y ≥ 0

Figure 14. The domains of positivity of (a) n−x ; (b) n+
x ; (c) n−y , and (d) n+

y .

In order to identify the points with directly opposite normals and in particular such that n+
z (xB, yB) =

−n−z (xA, yA), it is useful to give a closer look at the functions n−z and n+
z drawn in Figure 10 and at their

symmetries. First of all, n+
z is always negative, while n−z is always positive, and n+

z (x, y) = −n−z (x, y).
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Then, focusing on n−z , it results that

n−z (x, y) = n−z (−x, y) = n−z (x,−y) = n−z (−x,−y).

Moreover, taking for instance the set (0, π]2, n−z is symmetrical with respect to the lines x, y = π
2 and to

the points
(
π
2 , 0

)
. The same holds for the other quadrants.

The function n−z presents global maxima when x = 0,±π and y = ±π2 , such that

n−z
(
−π,±

π

2

)
= n−z

(
0,±

π

2

)
= n−z

(
π,±

π

2

)
= 1,

and saddle points when x, y = 0,±π and x, y = ±π2 with all combinations of signs and

n−z
(
−
π

2
,±
π

2

)
= n−z

(
π

2
,±
π

2

)
= n−z (0, 0) = n−z (−π,±π) = n−z (π,±π) = n−z (0,±π) = n−z (±π, 0) =

1
√

3
.

Thus, if (xB, yB) is a candidate point on the blue fold in Figure 10, (xA, yA) must belong to a level set
of n−z so that n−z (xA, yA) = −n+

z (xA, yA) = n+
z (xB, yB) on the orange fold where the level sets are again

curves that satisfy all the just mentioned symmetries (see again Figure 10).
Focusing on the other components of the normal, taking into account all the possible signs of the

normal components, we have four possible cases:
n−x > 0, n−y > 0,
n−x < 0, n−y > 0,
n−x > 0, n−y < 0,
n−x < 0, n−y < 0,

in (xA, yA) with the corresponding opposite signs for n+
x and n+

y in (xB, yB). The couples of x and y
coordinates of points satisfying these inequalities identify four domains that present a high symmetry
with respect to each other. For this reason, we restrict our discussion to the first case, being those
of the others completely similar. So, we refer to the plot in Figure 15, giving the domains where
n−x (xA, yA) > 0 and n−y (xA, yA) > 0 (in red) and n+

x (xB, yB) < 0 and n+
y (xB, yB) < 0 (in yellow). We remark

that the case (xA, yA) = (xB, yB) was already excluded in the previous section because nz would vanish.

Figure 15. Domains where (xA, yA) is such that n−x (xA, yA) > 0 and n−y (xA, yA) > 0 (red) and
(xB, yB) is such that n+

x (xB, yB) < 0 and n+
y (xB, yB) < 0 (yellow).
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(a) n±x (b) n±y

Figure 16. (a) The functions n−x and n+
x . (b) The functions n−y and n+

y . In orange, the quantities
corresponding to the fold z−, in blue the ones corresponding to z+. In green, the plane n = 0.

The study of the level sets of the normal components, that depend on four variables (xA, yA, xB, yB)
at the moment independent, is not straightforward and requires a numerical support (discussed at the
end of this section). In fact, as it can be realized looking at Figure 16, it is impossible to find an explicit
analytic form for the level sets to identify all the possible couples of points with opposite normals.
However, due to the high level of symmetry of triply periodic surfaces, we expect that the coordinates
of the two points we are looking for will satisfy the symmetries characterizing the components of
the normals n−x , n+

x , n−y and n+
y (see, respectively, Figure 16a (orange), 16a (blue), 16b (orange), 16b

(blue)). Therefore, we start our analysis looking for them. Similarly to the symmetries of n±z , we have
n±j (x, y) = n±j (−x,−y) = n±j (π− x, π−y) for both j = x, y. So, in Figure 15 we could restrict our attention
to the central red domain and one of the yellow ones.

Moreover, n+
x (x, y) = n−x (x,−y) and n+

y (x, y) = n−y (π − x, y) = n−y (x, π − y), and the same, of course,
holds for their level sets. Thus, the two points must belong to the same level set of n−x and −n+

x and to
the same level set of n−y and −n+

y . We remark that:

• The level sets of n−x and the level sets of −n+
x are symmetric with respect to the lines x, y = ±π2 ;

• The level sets of n−y and the level sets of −n+
y are symmetric with respect to the x and y axis.

Regarding the symmetries of the level sets of the x-component, the two points (xA, yA) and (xB, yB)
can be symmetric with respect to the lines x, y = ±π2 or can satisfy (xA, yA) = (xB−π,−yB), or (xA, yA) =

(−xB, yB − π), see the red dots in Figure 17. Regarding the symmetries of the level sets of the y-
component, the two points A and B can be symmetric with respect to the lines x, y = 0 or can satisfy
(xA, yA) = (xB − π, π − yB), or (xA, yA) = (π − xB, yB − π), see the blue dots in Figure 17. Summing up,
given a point (xB, yB) we have four possible symmetries as regards nx, four for ny and sixteen for nz.

However, as it can be seen in Figure 17, once given the coordinates (xB, yB), in general the
intersection of the possible coordinates for (xA, yA) respecting the symmetries of nx and ny provides an
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empty set of couple of points with all the three components of the normal vectors equal and opposite
in our domains.

Figure 17. Starting from the reference point (xB, yB), labeled in black, in red, the possible
positions of (xA, yA) such that nx(xA, yA) = −nx(xB, yB) when we consider the symmetries
of the function nx. In blue, the same for (xA, yA) such that ny(xA, yA) = −ny(xB, yB). One
can notice that for any choice of xB, yB > 0, there are no points such that simultaneously
nx(xA, yA) = −nx(xB, yB) and ny(xA, yA) = −ny(xB, yB).

Regarding instead the critical points of n−z lying in the red and yellow domains, computing the
quantities for the lower and upper folds depending on the red or yellow domain, we have either

n−x
(
0,±

π

2

)
= n−y

(
0,±

π

2

)
= n−x

(
π,
π

2

)
= n−y

(
π,
π

2

)
= 0

or

n−x (π, π) = n−x (0, 0) = n−y (π, π) = n−y (0, 0) =
1
√

3
, n+

x

(
π

2
,
π

2

)
= −

1
√

3
.

The former have ny = 0 and have been already discussed in the previous section with the conclusion
that they lead to non-admissible pairs (see the comment at the end of the section).

Regarding the latter, by symmetry we can take as an example the points

xA = (0, 0, 0) and xB =

(
π

2
,
π

2
,
π

2

)
,

with normal vectors

nA =

(
1
√

3
,

1
√

3
,

1
√

3

)
and nB =

(
−

1
√

3
,−

1
√

3
,−

1
√

3

)
.

The two points, shown in Figure 18a, thus identify the diameter of the largest sphere moving through
the gyroid without getting stuck; they have distance D3 =

√
3

2 π < D2.
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(a) (b)

Figure 18. (a) The couple of points xA = (0, 0, 0), xB =
(
π
2 ,

π
2 ,

π
2

)
that give the diameter D3 of

the biggest sphere moving in the structure. (b) The sphere with diameter D3 passing in the
gyroid that does not present interpenetration of matter.

Computing the principal curvatures of the surface at these two points from the gaussian and the
mean curvature, it can be verified that locally the sphere does not interpenetrate the surface. Actually,
there κ1 = κ2 = 0 and thus the surface is locally flat, so the sphere surely does not intersect the surface
around these points, as one can see in Figure 18b, since the maximal curvature of the surface section
is lower than the curvature of the tangent sphere which will pass through the gyroid.

As regards all the other points belonging to the same level sets but not satisfying the symmetries
treated above, one can verify through a simple numerical simulation that there are no other points
satisfying the requirement of having opposite normals, and the admissible couples with minimal
distance are precisely all the couples symmetrical to our solution.

In conclusion, using the diameter of the sphere as reference, the dimension of the periodic cell of
the gyroid must be

l̃G :=
l

D3
=

4
√

3
3
≈ 2.309.

8. Conclusions

With the aim of identifying what are the geometrical characteristics that a biomimetic scaffold must
have in order to facilitate cell migration and to foster then its rapid re-population, we studied several
triply-periodic structures. The starting idea is that during cell migration the cell nucleus, taken as a
sphere, must not deform during motion and that the cell membrane needs to adhere to the walls of the
scaffold to be able to exert traction forces.

Thanks to the symmetry and periodicity of the structures studied, we find, for instance, that the ratio
between the size of the periodic cell of the structure and the diameter of the nucleus of the cell that
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needs to comfortably crawl in the scaffold is l̃P = 3/
√

2 ≈ 2.121 in the case of a Schwarz P-surface,
l̃D ≈ 2.846 in the case of a Schwarz D-surface and l̃G = 4/

√
3 ≈ 2.309 in the case of a gyroid.

Always using as a reference length the size of the nucleus, the ratio of the surface area of the
structure (that the cell can use to adhere) with respect to the area of the cell nucleus is AP ≈ 3.38 for
the Schwarz P-surface,AD ≈ 3.74 for the Schwarz D-surface andAG ≈ 10.3 for the gyroid, suggesting
that more complicated and twisted surfaces as the gyroid can provide a much larger surface to which
cells can adhere through the cytoskeleton. Indeed, the additive manufacturing of 3D bio-mimetic
scaffolds exploits intricate shapes.

Once the relationship between traction forces, polarity, and membrane area adhering to the pore
walls are studied, the results found in this article can be upscaled to macroscopic models to relate the
motility coefficients to the microscopic geometrical characteristics of the scaffold.

The strategy applied in this work can naturally be extended to other surfaces, both analytically, if
the surface presents enough degrees of symmetry, or numerically. A forthcoming paper will in fact
focus on the analysis of the possible paths that the cell can follow into these structures, in view of a
first classification of these five lattices in terms of their optimality, i.e., the ratio between the distance
between the endpoints of the path and its length.

Another research direction of big interest could be to numerically test 3D models of cell migration
such as those using CPM or phase field models such as [32] in such geometries.
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Appendix

A. Complete computations with the analytical procedure for two points with opposite normals on the
Schwarz P-surface

We proceed here with the technique explained in Section 4 that allows to find the smallest passage
inside the cell.

Case I: the two points belong to the same fold.
We choose to work on the fold with z ≥ 0, so both points A and B with opposite normals we are

looking for will have 0 ≤ z ≤ π. Being the third component of the normal vector always negative for
such points and requiring opposite components for them, nz must vanish, i.e., either zA = zB = 0 or
zA = zB = π. Because of symmetry, without loss of generality we will also assume that xA, yA ≥ 0,
which also implies that xB, yB ≤ 0 because of the opposite signs of the normals.

• If z = π for both points, the equality nz = 0 implies that the points lie on y1(x) or y2(x) on the
central yellow curves in Figure 6. Assuming that they both lie, for example, on y2, we have

nx = −
sin x√

sin2 x + 1 − (1 − cos x)2
= −

sin x
√

1 + 2 cos x − 2 cos2 x

that is an odd function, positive for x < 0, negative for x > 0, and strictly decreasing since

dnx

dx
= −

cos2 x − cos x + 1
(1 + 2 cos x − 2 cos2 x)3/2 < 0.

This implies that to have opposite x-components of the normal for two values of x, one must have
xB = −xA.
Operating in a similar way on ny would give yB = −yA. So,

xA = (xA, arccos(1 − cos xA), π), xB = (−xA,− arccos(1 − cos xA), π),
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with xA ∈ [0, π/2]. Then, we want to minimize

d(xA) := |xA − xB| = 2
√

x2
A + arccos2(1 − cos xA),

in [0, π/2]. Inside this interval, d(xA) is minimized when

xA =
sin xA arccos(1 − cos xA)√

2 cos xA − cos2 xA

.

A graphical study shows that the above equation has only one root given by xA = π/3, yielding
d(π/3) = 2

√
2π

3 < π identifying the minimum of d. Then, the diameter of the ball is Dπ =

d(xA) = 2
√

2π
3 , that confirms the value obtained in Subsection 5.1, with xA = (π/3, π/3, π) and

xB = (−π/3,−π/3, π) and normal vectors nA =
(

1
√

2
, 1
√

2
, 0

)
, nB =

(
− 1
√

2
,− 1
√

2
, 0

)
(see Figures 3a,c

and blue points in Figure 4a). On the other hand, it can be readily observed that d(0) = d(π/2) = π,
that completes our treatment of this case, since when a point belongs to y1 and one to y2, with an
analogous reasoning, that gives |xA − xB| = d(π/2) = π > Dπ (see Figures 3b and red points in
Figure 4a) and thus do not determine the smallest constriction.
• If z = 0 for both points, the equality nz = 0 implies that the points lie on y3(x) or y4(x), i.e., the

blue curves in Figure 6. But with some sign changes, one can repeat the same steps as above to
find again that xB = −xA and yB = −yA, so that

xA = (xA, arccos(−1 − cos xA), 0),

xB = (−xA,− arccos(−1 − cos xA), 0),

and
d(xA) := |xA − xB| = 2

√
x2

A + arccos2(−1 − cos xA),

defined in [π/2, π]. The minimum is then obtained when xA = 2π/3 with the points of contact
given by (see Figures 5a–c (in red) and Figure 4b)

xA =

(
2π
3
,

2π
3
, 0

)
, xB =

(
−

2π
3
,−

2π
3
, 0

)
.

The minimum distance when z = 0 is then d(2π/3) = 4
√

2π/3 which is larger than the one found
when z = π.
• Both points lie along y4 (or y3): then, recalling z = 0, the normal vectors for both points read

n =

− sin(x)
√
−2 cos2 x − 2 cos x + 1

,−

√
−2 cos x − cos2 x

√
−2 cos2 x − 2 cos x + 1

, 0
 .

The y-component is negative, so to have two opposite components we need it to vanish: thus,
as before, xA,B = ±π/2 and in particular xA = −π/2 and xB = π/2; then nAx = −nBx and finally
xA =

(
π
2 , π, 0

)
and xB =

(
−π2 , π, 0

)
that have distance π > Dπ: it is a symmetric case of ones of the

above.

Case II: the two points belong to different folds.
The only interesting case has been treated in Subsection 5.2.2. The other cases imply that at least

nx or ny vanishes, but by symmetry these cases are equivalent to the one already treated with nz = 0
and they both lead to couples of points with distance greater than π or lying in distinct planes, in
contradiction with Remark 4.1.
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B. Study of the signs of n±x and n±y for the gyroid

The aim of this appendix is to identify where ni(x, y, z±(x, y)) := n±i (x, y) ≥ 0 for i = x, y for the two
folds.

• Sign of n−x .
With the same simplifications used at the beginning of Subsection 7.1, we obtain that

|n−|n−x =
cos x

[
− sin x sin y

(
cos2 y + 1

)
+ cos y + sin2 y cos y

]
+ (sin x sin y − cos y)∆

cos2 x + sin2 y − sin x sin y cos y − cos x ∆
(B.1)

and the denominator is a positive quantity for the points on the two folds (see Appendix C). So, it is
enough to study the inequality

cos x
[
− sin x sin y

(
cos2 y + 1

)
+ cos y + sin2 y cos y

]
≥ (− sin x sin y + cos y) ∆

in the domain of the gyroid, which assures that the square root ∆ is well-defined. To study this irrational
inequality, we can analyze three different cases:

Case A)


− sin x sin y + cos y > 0,
cos x

(
− sin x sin y

(
cos2 y + 1

)
+ cos y + sin2 y cos y

)
− sin x sin y + cos y

≥ ∆.

Case B)


− sin x sin y + cos y < 0,
cos x

(
− sin x sin y

(
cos2 y + 1

)
+ cos y + sin2 y cos y

)
− sin x sin y + cos y

≤ ∆.

Case C)

− sin x sin y + cos y = 0,
cos x

(
− sin x sin y

(
cos2 y + 1

)
+ cos y + sin2 y cos y

)
≥ 0.

Case A) The first inequality can be solved in terms of y and holds if

arctan(1/ sin x) ≤ y ≤ arctan(1/ sin x) + π for x < 0,

arctan(1/ sin x) − π ≤ y ≤ arctan(1/ sin x) for x ≥ 0,

that is, the red domain in Figure B1a. The second inequality requires to study
cos x

(
− sin x sin y

(
cos2 y + 1

)
+ cos y + sin2 y cos y

)
≥ 0,

cos2 x
(
− sin x sin y

(
cos2 y + 1

)
+ cos y + sin2 y cos y

)2

(− sin x sin y + cos y)2 ≥ ∆2,

where the first inequality can be decomposed into two terms and, in particular, the second can be
analytically studied in terms of sin x. This leads to the yellow domain in Figure B1b. The second one
instead with standard simplifications and trigonometric addition formulas can be reduced to

cos 2x ≥
cos4 y − 4 cos2 y + 1

1 − cos4 y
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that can be inverted and studied analytically, to obtain the orange domain in Figure B1c.
The intersection of the just presented three domains and the domain of the gyroid gives for Case A)

the green set in Figure B1d.

(a) (b) (c)

(d) (e) (f)

Figure B1. In the top row, the three distinct domains obtained from Case A) in the study
of n−x ≥ 0. (d) The set obtained from Case A), as intersection of the red, yellow and orange
domains in (a), (b), (c). In (e) and (f), respectively, the sets obtained from the first inequality
of Case B) and the system in Case B) for the study of n−x ≥ 0.

Case B) The first inequality clearly gives the complementary domain to the one in B1a. The second
inequality requires to study

cos x
[
− sin x sin y

(
cos2 y + 1

)
+ cos y + sin2 y cos y

]
≥ 0

∪


cos x

[
− sin x sin y

(
cos2 y + 1

)
+ cos y + sin2 y cos y

]
≤ 0

cos2 x
[
− sin x sin y

(
cos2 y + 1

)
+ cos y + sin2 y cos y

]2

(− sin x sin y + cos y)2 ≤ ∆2

where the analysis can be easily linked back to the previously obtained domains. The two sub-cases,
respectively, lead to the domains in Figure B1e,f.

Case C) This case simply provides that the boundary of the red domain in Figure B1a that lies in the
yellow domain in Figure B1b is taken into account in the green domain in Figure 14a, as drawn.

The union of the three cases gives the domain where n−x ≥ 0, which is shown in Figure 14a.
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• Sign of n+
x .

Similarly, we can restrict our attention to the numerator of n+
x , and study the inequality

cos x
(
− sin x sin y

(
cos2 y + 1

)
+ cos y + sin2 y cos y

)
≥ (sin x sin y − cos y)∆.

As before, we can distinguish different cases and obtain computations and domains analogous or
complementary to those obtained before. The domain of positivity of n+

x is shown in Figure 14b.

• Sign of n−y .
Similarly to before, we have to study the inequality

sin3 x sin y + 2 sin2 x cos y − 2 sin x sin y − cos y ≥ −(cos x cos y + sin x cos x sin y)∆

in the domain of the gyroid. We can distinguish three cases:

Case A)


cos x cos y + sin x cos x sin y < 0,

−
sin3 x sin y + 2 sin2 x cos y − 2 sin x sin y − cos y

cos x cos y + sin x cos x sin y
≥ ∆.

Case B)


cos x cos y + sin x cos x sin y > 0,

−
sin3 x sin y + 2 sin2 x cos y − 2 sin x sin y − cos y

cos x cos y + sin x cos x sin y
≤ ∆.

Case C)

cos x cos y + sin x cos x sin y = 0,
sin3 x sin y + 2 sin2 x cos y − 2 sin x sin y − cos y ≥ 0.

Case A) In the domain of the gyroid, we study the system
cos x cos y + sin x cos x sin y < 0,
sin3 x sin y + 2 sin2 x cos y − 2 sin x sin y − cos y ≥ 0,
(sin3 x sin y + 2 sin2 x cos y − 2 sin x sin y − cos y)2 ≥ ∆2(cos x cos y + sin x cos x sin y)2.

As before, all these inequalities can be analytically solved: The first two can be solved in terms of
tan y and the third as in the previous cases by simplifications and trigonometric addition formulas,
obtaining an inequality for cos y. The three inequalities, respectively, give the three domains in
Figure B2a–c. In the domain of the gyroid, the system is satisfied by the green domain in Figure B2d.

Case B) In the domain of the gyroid, we analyze the systemcos x cos y + sin x cos x sin y > 0
sin3 x sin y + 2 sin2 x cos y − 2 sin x sin y − cos y ≥ 0

⋃
cos x cos y + sin x cos x sin y > 0
sin3 x sin y + 2 sin2 x cos y − 2 sin x sin y − cos y ≤ 0
(sin3 x sin y + 2 sin2 x cos y − 2 sin x sin y − cos y)2 ≤ ∆2(cos x cos y + sin x cos x sin y)2

where the analysis can be easily reconduct to the domains previously obtained. The two sub-cases
respectively lead to domains in Figure B2e,f.

Mathematics in Engineering Volume 8, Issue 4, 519–562.



560

Case C) This case simply provides that the boundary of the yellow domain in Figure B2a that lies in
the orange domain in Figure B2b is taken into account in the green domain in Figure 14c, as drawn.

The union of the three cases gives the domain where n−y ≥ 0, that is drawn in Figure 14c.

(a) (b) (c)

(d) (e) (f)

Figure B2. In the top row, the three distinct domains obtained from Case A) in the study of
n−y ≥ 0. (d) The set obtained from Case A), as the intersection of the yellow, orange and red
domains in (a), (b), (c). In (e) and (f), respectively, the sets obtained from the first inequality
of Case B) and the system in Case B) for the study of n−y ≥ 0.

• Sign of n+
y .

Similarly to the cases above, we can restrict our attention to the numerator of n+
y , and to study the

inequality

sin3 x sin y + 2 sin2 x cos y − 2 sin x sin y − cos y ≥ (cos x cos y + sin x cos x sin y)∆.

As before, we can distinguish different cases and obtain computations and domains analogous or
complementary to those obtained before. The domain of positivity of n+

y is drawn in Figure 14d.

C. Proof of the positivity of the denominator in (B.1)

We briefly show that

h(x) := − cos x ∆ − sin x sin y cos y + cos2 x + sin2 y > 0

for both folds of the gyroid to complete the treatment of Appendix B. We thus analyze

− sin x sin y cos y + cos2 x + sin2 y > cos x ∆
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and we have three cases. We also notice that

− sin x sin y cos y + cos2 x + sin2 y > 0

in all the domain of the gyroid apart from the points
(
±π2 ,±

π
4

)
and

(
±π2 ,∓

3π
4

)
where the folds are not

defined. One can carry out explicit computations (that we do not report here), since the expression can
be rewritten as

−
1
2

sin x sin 2y + cos2 x −
1
2

cos 2y +
1
2
> 0

and solved in terms of y. We report here graphically in Figure B3 the positivity domain of this
expression in red, compared with that of the gyroid in blue. The black lines represent the set of points
where the two folds are not defined inside the blue domain.

Case 1) In the domain of the gyroid, we solve
cos x > 0,
− sin x sin y cos y + cos2 x + sin2 y > 0,
(− sin x sin y cos y + cos2 x + sin2 y)2 > cos2 x ∆2.

This can be easily solved since the second inequality is always verified in the domain of the gyroid
where cos x > 0 and since the third equation can be simplified into

(sin y − sin x cos y)2
(
cos2 x + sin2 y

)
> 0

that is always positive and vanishes when sin y = sin x cos y, that is outside the domain of the folds
(case b = c) or when cos2 x + sin2 y = 0, i.e., the points with y = 0,±π and x = ±π/2, that are all
outside the domain of the gyroid.

Case 2) In the domain of the gyroid, we solvecos x < 0
− sin x sin y cos y + cos2 x + sin2 y > 0

∪


cos x < 0
(− sin x sin y cos y + cos2 x + sin2 y)2 ≤ 0
(− sin x sin y cos y + cos2 x + sin2 y)2 < cos2 x ∆2

This can be easily solved since the first system is always true again because the second inequality is
always verified in the domain of the gyroid where cos x < 0.

Case 3) In the domain of the gyroid, we solvecos x = 0,
(− sin x sin y cos y + sin2 y)2 > 0,

that again is true by the above considerations since − sin x sin y cos y + sin2 y vanishes only for points(
±π2 ,±

π
4

)
and

(
±π2 ,∓

3π
4

)
on the black curves in Figure B3 on which the folds are not defined.
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Figure B3. The domain of positivity of − sin x sin y cos y+cos2 x+sin2 y is in red, i.e., outside
the little circles, while the domain of the gyroid is the one outside the bigger circles. The
intersection of the two domains gives the purple domain, that assures the positivity of the
function in the domain of the gyroid.
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