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Abstract: For each open, bounded and convex domain Q c R?, D > 2, and each real number p > 1,
we denote by u, the p-torsion function on €, i.e., the solution of the torsional creep problem A,u = —1
in Q, u = 0 on 0Q, where A u := div(|Vu|’~* Vu) is the p-Laplacian. Let T,(Q) be the p-torsional
rigidity on Q, defined as T, (Q) := [, u,dx. Define T (p; Q) := |Q"™' T, ()", where |Q| stands for
the Lebesgue measure of Q. The main purpose of this paper is to compare the values of T'(p; Q2) for
bounded convex domains having different inradii. We prove that for any 0 < a < b there exists an
explicit constant yp , € [1/D, 1), depending only on the dimension D and the parameter p, such that
T(p; ) < T(p; Q,), for all Q, € PP(a), and Q,, € PP(b), if and only if yp ,b > a, where PP(r) denotes
the family of convex bounded domains in R? of inradius r. In addition, we discuss the asymptotic
equality case, the limiting regimes p — 17 and p — oo, and the behaviour of the scale-invariant
functional on model families such as rectangles, orthotopes, ellipses, and triangles. We also derive a
fixed-volume monotonicity consequence for the unnormalised torsional rigidity, parameterized by the
inradius.

Keywords: inradius; open, bounded, convex domain; p-torsional rigidity; p-Laplacian

1. Introduction and statement of main results

1.1. Definitions and notation

For each integer D > 1 we denote by R? the D-dimensional Euclidean space. For a bounded convex
set Q c RP, denote by Rq its inradius, i.e., the radius of the largest ball inscribed in Q, and by 9Q its
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boundary.
Given r > 0, we write Bf for the open ball of radius r in R?, and define the following two classes
of sets
PP :={QcR?|Qis open, bounded and convex},

and
PP(r) :={Q e PP | Ry = 1}.

For a given Q € P and p € (1, o), we consider the p-torsion problem

{—Apu =1 inQ,

1.1
u=0 on 0Q), (1.1

where A,u := div(|Vu|P~*Vu) stands for the p-Laplacian operator. A simple application of the Direct
Method of the Calculus of Variations shows that for each p € (1, co) problem (1.1) possesses a unique
solution, u, € Wé’p (Q), called the p-torsion function on Q. The associated p-torsional rigidity on Q is

defined as follows
T,(Q) := fup dx.
Q

The following variational characterization will, however, be more useful for our subsequent analysis:

(f ”
|1 dx)
T,(Q)" ' =  sup 2

ueWé’”(Q)\{O}f|Vu|P dx
Q

(see, e.g., [1, relations (18) and (19)]). Next, for convenience we introduce the normalized p-torsional
rigidity
T(p; Q) := Q"' T, (€)', (1.2)

where |Q| is the Lebesgue measure of €, which can also be written as
1
— | |Vul? dx
.
o 19lJa

n .
1,p 1 p
ueWy " (O\(0} (— f || dx)
19 Jo

Note that, for general domains Q € P?, neither u, nor T'(p; Q) can be computed explicitly.

In the engineering literature, torsional rigidity is a classical measure of the resistance of a prismatic
bar to twisting. When D = 2 and p = 2, Q represents the cross-section of the bar and the problem (1.1)
reduces to the classical linear torsion problem, in which the torsional rigidity depends strongly on
the geometry of the cross-section. The nonlinear case p # 2 is also relevant in mechanics: It is
related to torsional creep and to power-law type material response, in particular for bars subject to
torsion over long time intervals at high temperature (see [2]; see also [3,4] for the underlying theory of
creep and plasticity). In this setting, the parameter p encodes the nonlinear constitutive behaviour of
the material. Thus, comparison principles for 7,(€2) and T'(p; Q) under geometric constraints such
as prescribed inradius or fixed volume provide quantitative information on how the shape of the
cross-section influences the torsional response, and are therefore relevant to shape optimization and
engineering design.

T(p;Q) := (1.3)
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1.2. Formulation of the problem

For the ball BY, the p-torsion function is explicitly known (see [2]):

D(p—1)[(R\# =
up(x):M (—) i , VxeBg.
p D D
Further computations (see, e.g., [5, relation (2.7)]) yield
p-1
. pD\ _ p 1
T(p,BR)_D(D+p_1) = Yp>1

Hence, for two different radii O < R; < R,, we have
T(p:BR)<T(p:BR). ¥p>1

This observation naturally leads to the following question: given Q, € PP(a) and Q, € PP(b), with
0 < a < b fixed, is it true that we have

T(p; Q) < T(p; Qa), Vp>1? (1.4)

1.3. Motivation

For comparison, recall that the first Dirichlet eigenvalue of the p-Laplacian on Q € PP is defined

by
fqulp dx
L(p;Q):= min Y —

ueW, " (@\(0) f ul? dx
Q

In [6, Theorem 1], the last two authors established the following sharp comparison principle.

(1.5)

Theorem 1. Let D > 1 be a fixed integer. Given real numbers p > 1 and 0 < a < b, we define the

constant 1
P
A (p: BY)
CD;p) i=|———— > 0. (1.6)
A (p: BY)
We then have
(P Q) < Li(p; Q). VY Q, € PP(a), and Q, € PP(b), (1.7)

if and only if C(D; p)~'b > a.
Moreover, when C(D; p)~'b = a then there exists a sequence of domains {Q,}, C PP(a) for which
the equality in (1.7) holds asymptotically if Q, = B, in the sense that

lim 44(p; Q) = 1 (p: BY). (1.8)

Since A(p; Q) and T(p; Q) are defined through closely related variational principles, it is natural
to ask whether an analogue of Theorem 1 holds for 7'(p; 2). This expectation is further supported by
the case p = 1, where both constants A,(p; Q) and T'(p; 2) degenerate to the Cheeger’s constant of
the domain €, denoted by A(€2). In such a case, the following result is known, being also established
in [6, Corollary 1]:
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Corollary 1. Let D > 1 be a fixed integer and 0 < a < b be two given real numbers. Then
Q) < h(Q,), Y Q, €PPa), Q,<cP’b), (1.9)

if and only if D™'b > a (with strict inequality in (1.9) when D™'b > a).
Moreover, when D™'b = a then there exists a sequence of domains {Q,}, C PP(a) for which the
equality in (1.9) holds asymptotically if ), = BbD , in the sense that

lim h(Q,) = h(BY).

n—oo

1.4. Main results

We now state the main theorem of this paper, which provides the analogue of Theorem 1 for the
normalized p-torsional rigidity.

Theorem 2. Let D > 2 be a fixed integer. Given real numbers p > 1 and 0 < a < b, we define the

constant |
T(p;BlD) ~-1/p
Ypp = | ———= > 0. (1.10)
T (p: i)
We then have
T(p; %) <T(p;Q), VQ,eP), and Q, € PP(b), (1.11)

if and only if yp ,b > a, with strict inequality in (1.11) when yp ,b > a.

Moreover, when yp ,b = a then the equality in (1.11) occurs asymptotically if Q, = BY, in the sense
that there exists a sequence of domains {w,}, C PP(a) for which we have

lim T (p; w,) = T (p: BY). (1.12)

n—oo

As an immediate consequence, we obtain an answer to the problem we addressed in Subsection 1.2.

Corollary 2. Let D > 2 be a fixed integer and 0 < a < b be two given real numbers. Then the following
assertions hold.

If D™'b < a then there exists a real number pp € (1,00) and two sets Q, € PP(a) and Q,, € PP(b)
such that

T (pp; %) < T (pp3 <L) . (1.13)
Conversely, if D™'b > a then for each set Q, € PP(a) and Q, € PP(b) we have

T (p;Q) <T(p;Q), Y pe(l, o). (1.14)

Remark 1. Theorem 2 and Corollary 2 solve the problem (1.4) proposed for investigation in this
paper. The elementary fact that, for two balls in the Euclidean space of dimension D with distinct
radii, the normalized p-torsional rigidity of the ball with larger radius is smaller than that of the ball
with smaller radius does not extend trivially to two arbitrary bounded convex domains with different
inradii. More precisely, for fixed p > 1, Theorem 2 shows that the general comparison holds if and
only if a suitable balance between the inradii holds, expressed by the fact that the ratio b/a between
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the larger and the smaller inradius is bounded from below by the explicit constant 71‘);,, depending on
both p and D. Corollary 2 gives the corresponding dimension-only condition when the comparison is
required for all p > 1.

As we will see in the next two sections, the constant yp , is closely related to two sharp estimates,
from below and from above, for the normalized p-torsional rigidity on bounded convex domains,
namely the Hersch—Protter type inequality and the Buser type inequality, respectively. These estimates
are due to [1,7, 8], and are key ingredients in the proofs of our main results. However, Theorem 2
and Corollary 2 are not merely formal consequences of these estimates: They show how the sharp
lower and upper bounds combine to yield an explicit comparison threshold for convex domains with
prescribed inradii.

1.5. Structure of the paper.

The rest of the paper is organized as follows. In Section 2 we collect several basic properties
of the normalized p-torsional rigidity. Section 3 is devoted to the proofs of the main results. In
Section 4 we reformulate the comparison principle in terms of the average integral of the distance
function to the boundary. In Section 5 we evaluate the scale-invariant functional Q,(€Q2) defined in (3.1)
on several model families of convex domains, including rectangles, higher-dimensional orthotopes,
planar ellipses, and triangles. In Section 6 we discuss the limiting regimes as p — 17 and p — oo.
Finally, Section 7 contains concluding remarks and a fixed-volume monotonicity consequence for the
unnormalised torsional rigidity.

2. Properties of T'(p; QY)

In this section we recall several known properties of 7T(p; Q), when D > 1, p € (1,00) and Q € PP,
These inequalities will be repeatedly used in the proofs of our main results. These include sharp lower
and upper bounds of Hersch—Protter and Buser type inequalities, as well as a simple scaling rule.

2.1. A lower bound of T (p; QQ)

According to [1, Theorem 4.3] (see also [8, Corollary 1.2] applied with g = 1) one has the following
sharp Hersch—Protter type inequality

2p— 1\ 1
T(p:Q) > |22 — . VQEePP, ¥ pe(l, ). @2.1)
“1) R,
Note that (2;%11 P T (p; Bi) Moreover, we recall that by the proof of [8, Corollary 1.2] (see also

Subsection 5.1 below), we know that inequality (2.1) is asymptotically sharp by using, for example,
the slab-type sequences ; := (=L, L)?~! x (0,2R) and observing that Q; € P’(R) (when L > R) and

2p— 1\ 1
P ) v pe(l,o0).

lim 7 (p; Q) = —,
lim 7 (p; ;) (p_l 7
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2.2. An upper bound of T (p; Q)

According to [1, Theorem 1.1(ii)] (see also [7] for a similar result) one has the following sharp
Buser-type inequality

p-1 1

T <D(D+5) =
Q

- VQ e PP, V pe(l,). (2.2)

Moreover, equality holds, up to translations and dilations, for balls. More precisely,
p—-1
D(D+ ) =T (p:BY).

2.3. Rescaled domains
Finally, here we note that if > 0 and Q € P, then the rescaled domain Q := {tx : x € Q} satisfies
(see, e.g., [3, relation (2.5)]) Riq = tRq, that is tQ € PP(tRg), and
T(p;tQ) =t"T(p;Q), Y pe(l, o). (2.3)

This scaling property will play a key role in the construction of extremal sequences in the proof of
Theorem 2.

3. Proof of the main results

3.1. Proof of Theorem 2

Let Q € PP. We introduce the following scale-invariant quantity

: 1
T(p; Q) Rg) g

2p—1\p—1
ety

0,(Q) := ( 3.1

and divide the proof into four steps.

Step 1 (Choosing the constant ‘yp ).
We first present a geometric corridor that will be used in Section 5. By [7, Main theorem] (applied
with g = 1) one has the Buser-type estimate

2p - 1)'~”‘l (P(Q)
p-1 12|

p
T(p;Q)<( ) , VQeP?, Vp>1,

where P(€2) denotes the perimeter of €2, together with the geometric inequality (see [7, Lemma B.1])

Ro || D
Ra o BA R vQePP
D =P "

Combining these with the Hersch—Protter inequality (2.1) and recalling the definition (3.1) of Q,, we
obtain the geometric corridor

P(Q
) D, VQeP? Vp>1. (3.2)

1< Q)@ < Roor <
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Combining instead Hersch—Protter inequality (2.1), Buser-type bound (2.2), and the facts that

(2;%11)[7_1 =T (p; B}) and D(D + I%)pil =T (p; BID), we obtain the sharp global corridor

1 < 0,Q) < 5 VQeP’ Vp>1, (3.3)

where yp, is defined by relation (1.10) and the upper endpoint is attained, up to translations and
dilations, by balls.
This motivates the definition of the following constants:

a(p; D) := inf 0,(Q),  B(p;D) := sup Q,(Q). (3.4)
QePP QecpP
The lower endpoint of the corridor (3.2) is sharp. Indeed, the Hersch—Protter type inequality (2.1) is
sharp, as recalled in Subsection 2.1 (see [1, Theorem 4.3 and Proposition 4.4] and [8, Corollary 1.2]),
so that
ap;D)=1, Vp>1, VD=2 3.5)

The upper endpoint, by contrast, is attained. The result [1, Theorem 1.1(ii)] provides the corresponding
sharp lower bound for the scale-invariant torsional functional 7',(€2)/(|| Rg/ v _1)), the minimum being
realized by the ball; via the definition (1.2) of T'(p; Q2), this is equivalent to the sharp upper bound for
T(p; Q) R. Combining the explicit value

T(p;BR) = D(D + ;53)" 'R
recalled in Subsection 1.2 with [1, Theorem 1.1(ii)], one obtains
p p \P7! D
T(p; R, <D(D+-5) ,  YQeP”,

with equality, up to translations and dilations, for balls. Recalling the (3.1) of Q, and (1.10) of yp ,,
this gives

-1 (p-D/p p—111/p
piD = 0,80 = (2=5) oo+ 25) 7] =i, 36)

the supremum being attained, up to translations and dilations, for balls. In particular, for D =2, p =2
one obtains 3(2;2) = v/8/3. Note that the use of infima and suprema reflects the fact that the infimum
is not attained within the class P”, but only approached by suitable degenerating sequences of convex
domains, whereas the supremum is attained by balls. We then have

1 = a(p; D) < B(p; D) = ¥p,, (3.7)
In particular we note that
Yo = a(p; D) <1
Dp =
" B(p;D)

Step 2 (Direct implication).
Assume yp ,b > a. We want to show that inequality (1.11) is valid. Suppose, for contradiction, that
there exist domains Q, € PP(a) and Q, € PP(b) such that

T(p; Q) <T(p;£Y).
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Recalling the definition of Q,(€2) and combining this inequality with relations (2.1), (2.2) and (3.6),
we get

p-1 p—1 ,,7P
(?ﬁf) $ST@£M<T@xms(?_f) e,
This leads to the contradiction yp ,b < a. Hence, T(p; ;) < T(p; €2,) must hold.

Note that the above argument shows that for any two real numbers a, b € (0, o) satisfying yp ,b > a,
inequality (1.11) holds true. In particular, the assumption that a and b are fixed at the beginning of the
proof of Theorem 2 can be relaxed for this part of Step 2.

Next, let us assume yp ,b > a. Let Q, € PP(a) and Q, € PP(b). Then, considering the rescaled
domain 7’)7”an € PP(yp ,b), by the scaling property (2.3) we have

b b\”
T(p; Ybp Qa):(””f’ ) T(p: Q). (3.8)
a a

Finally, since yp, € (0,1) we have a’ := yp ,b < b. By the remark above, relation (1.11) holds for any
pair of inradii satisfying yp ,b > a’, hence in particular for (a’, b). Rescale Q, to , := % Q, € PP(a).
Applying (1.11) to (€2, €3;) and using (2.3) yields

P
) T(p; ).

N\~

14
T(p; ) < T(p; Q) =(%) T(p; Q) =(

7D,pb

Since yp, ,b/a > 1, we have (yp,b/a)™? < 1, and therefore the right-hand side is strictly smaller than
T(p;Q,), whence
T(p; Q) < T(p; Q).

Therefore, inequality (1.11) holds strictly.

Step 3 (Converse implication).

We assume that relation (1.11) holds true, that is T(p; Q) < T(p;Q,) for all Q, € P”(a) and
Q,, € PP(b), and we show that yp ,b > a.

Indeed, by the definition of a(p; D), there exists an extremal sequence of sets, (w,), C PP such that

lim Q,(w,) = a(p; D) = 1. 3.9
Moreover, by the scaling invariance property (2.3), we recall that we have
T(p; tQR:, = T(p; Q)RY, VQeP? Vi>0.

Now, the limit in (3.9) remains valid if we replace w, by the rescaled domain z*-w, € PP(a). Hence
we may assume (w,), C PP(a) (since R_« ,, = a). In this case, relation (3.9) becomes

2p _ 1)(17_1)/17 1

1
1mT@me:( — = T(p; BY'/P-~. (3.10)
n—co p—1 a a

On the other hand, since for each integer n > 1 we have w, € P°(a) and B} € P”(b), relation (1.11)
gives

T(p;BY) < T(piw,), Yn>1, (3.11)
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or, equivalently,
T(p; BH'? < T(p;w,)''?, Vnx1. (3.12)

Letting n — oo in (3.12) and using (3.10), we obtain
1
T(p; B)'" < T(p;BD'"—,
a

which in view of (1.10) and (2.3) gives, a < yp ,b.

Step 4 (Equality case).

We assume that yp ,b = a and we show that the equality in (1.11) occurs asymptotically.

Indeed, as in the proof of Step 3, there exists a sequence of sets (w,), C PP’(a) such that
relation (3.10) holds true. Since yp ,b = a relation (3.10) reads, equivalently, as follows
2p—1
p-1
Now, recalling that by relation (1.10) we have

(p-D/p 1
) —=T(p; B —.

lim T(p; w,)"/? = (
n—oo 7D,pb

T (p: B?) o

T(p:B)

YDp =

the last two relations and (2.3) imply
1
lim 7(p; w)''" = T(p; BY)"+ = T(p; B))'",
so equality in (1.11) holds asymptotically, as claimed. The proof of Theorem 2 is thus complete.

3.2. Proof of Corollary 2
For each p € (1, o) let yp , be defined by relation (1.10). Simple computations show that

_1ql/p
1 2p-1 \' 1
=l > —, \'4 > 1, 3.13
TP |D(<D+1>p—D) } p 7 G139
and the lower bound D! is optimal, since lim,_,+ yp, = D!, Thus, we have
. _ -1
pel(I},lio)?/D’p =D

Assume that D™'b < a. Then there exists gy > 0 such that (D™ + &y)b < a (for instance, one may take

g0 = 2(4 — 5)). Since D' = inf c(1 o) ¥p,p- it follows that there exists p,, € (1, o) such that

—1
YD’PEO <D+ &o.

Consequently yp,, b < a. Applying Theorem 2 with p = p,, it follows that there exist two sets
Q, € PP(a) and Q, € PP(b) such that

T (Peys Q) < T (peys ),

1.e., inequality (1.13) holds true with pp = p,.
On the other hand, if D™'b > a, from relation (3.13), we have yp ,b > D™'b > a, for all p € (1, ).
By Theorem 2 we deduce that (1.14) holds. The proof of Corollary 2 is now complete.
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4. An extension in terms of the average distance function

A key argument in the analysis of the problem considered in [6] and in the formulation of
Theorem 1 therein in terms of the inradius of the domain, is the following asymptotic formula due
to [9, Lemma 1.5] (see also [10, Theorem 3.1]):

lim {2,(p; Q) =R, VQePP, 4.1)
p—00
Denote by dq the distance function to the boundary of Q € PP ie.,

O0a(x) := inf |x -y, Vx e Q,
yeoQ
and define the average integral of the distance function by

5(Q) := L f5g(x) dx, QeP”.
1€ Ja
We recall that by [5, relation (2.4)], we know that we have
lim JT(p: Q) =6(Q)™", ¥V QePP. (4.2)
For each real number r > 0, we define
PP[r] :={Q e PP | 6(Q) = r}.

Letnow 0 < a < b be two real numbers. Using (4.2), we observe that for any fixed domains Q, € P”[a]
and Q, € PP[b], there exists a constant py = po(£2,, Q) such that

T(p;Qp) <T(p;Qu), Y p> po. (4.3)

This naturally leads to a reformulation of the question raised at the end of Subsection 1.2, namely: Is
it true that, given Q, € PPla] and Q, € PP[b], with 0 < a < b fixed, inequality (4.3) holds for every
p € (1,00)?

To investigate this question, we recall the following sharp inequality from [11, Proposition 6.1]

1 _o@ 1

S, VQeP” 4.4
D+1- Rq —2 © 44

Note that the value (D + 1)7! from the left-hand side in the above inequality is achieved if Q is a
ball while the value 27! from the right-hand side in the above inequality is asymptotically attained by
considering (for example) a sequence of slab domains Q, := (0,1)?~! x (0,¢&) for & > 0, and letting
g — 0" (see, [11, proof of Proposition 6.1]).

Combining now (4.4) with (2.1) and (2.2), we obtain

2p_1p—1 1 p . p p-l1 1 p
(p—l) ((D+1)6(Q)) < T(p;Q) < D(D+p_1) (26(9)) 4.5)

Mathematics in Engineering Volume 8, Issue 4, 456-476.



466

for all Q € PP and all p € (1, o).

Moreover, since 6(1Q) = t6(Q) for all + > 0, it follows that tQ € PP[t8(Q)], and hence
scale-invariance remains valid when the functional is expressed in terms of 6(2) rather than Rg.
Consequently, for each D > 2 and p € (1, co) we introduce the scale-invariant quantity

T 5@y |

D
(Zp l)p 1 ’ QeP”. (46)

0,(Q) :=

From (4.5) and (4.6), we immediately obtain the scale-free corridor

1 — 1

< Q) <
Dr1 = & = 2y,

VQePP?, Vpe(l,o), 4.7)

where yp , is defined in relation (1.10). This motivates the definition of

@(p;D) = inf 0 Q). B(p;D):= sup Q,(Q). (4.8)
QepP QepP
We then set F(p: D)
a(p;
Top = = (4.9)
B(p; D)
and deduce by (4.7) thaty,, , € [ng <, 1) All these arguments allow us to repeat the proof of Theorem 2,

with R replaced by 6(£2), and obtain the following extended result:

Theorem 3. Let D > 2 be a fixed integer. Let p > 1 and 0 < a < b be three given real numbers and
define yp, as in relation (1.10). Then there exists a constant yp, , € | gfl”, 1), depending only on D
and p, such that we have

T(p; %) <T(p;Q), ¥V Q,cPPla], and Q, e P"[b], (4.10)

if and only if yp, ,b > a, with strict inequality in (4.10) whenever yp, ,b > a.
Moreover, when 'y, ,b = a then the equality in (4.10) occurs asymptotically, in the sense that there
exist two sequences of domains {w,}, C P’[a] and {Q,}, C PP[b] for which we have

lim T (p; @,) = lim T (p; Q). 4.11)
Next, we set
Yp = pggﬁo D

Since for any p > 1 we have y, , > zgff and by (3.13) we know that yp, > D' it follows that
Ypp > ﬁ, for all p > 1. Thus, y, > ﬁ. Taking into account that fact, as a direct consequence
of Theorem 3, we obtain the following corollary, which extends Corollary 2 to the average-distance

framework:

Corollary 3. Let D > 2 be a fixed integer and O < a < b be two given real numbers. Then there exists

a constant yp, € | 5= DO +1) , 1), depending only on D, such that the following assertions hold.
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If ypb < a then there exists a real number qp € (1,0) and two sets Q, € PP[a] and Q,, € PP[b]
such that

T (gp;Q4) < T (qp; ) . (4.12)
Conversely, if ypb > a then for each set Q, € PP[a] and Q, € PP[b], we have
T (p;%) <T(p;Q), Y pe(l, o), (4.13)

with strict inequality in (4.13) when y,b > a.

Remark 2. The comparison constants associated with ép are also defined via infima and suprema
over PP, and therefore the corresponding bounds should be understood in a limiting sense. However,
unlike the case of Q,, the available estimates for y, , are not expected to be sharp.

In contrast, the explicit examples discussed in Section 5 illustrate the behaviour of Q, within
several families of convex domains. For Q,, the lower endpoint a(p; D) = 1 is approached through
degenerating families, whereas the upper extremum B(p; D) is attained by balls, see (3.6).

5. Examples and behaviour on some families of convex sets

In this section we discuss the scale-invariant functional Q,(£2) on several model families of convex
domains. The purpose of this section is illustrative: We present some consequences of the geometric
corridor (3.2) for familiar model families, without attempting to determine the sharp constants for each
family. These examples illustrate the behavior of O, within each family and the role that geometric
degeneration may play, in some families, in approaching the lower endpoint a(p; D) = 1 of the
corridor (3.2). They should not, however, be interpreted as saturating the global upper endpoint in
general: The global supremum S(p; D) of Q,, over P? is attained, up to translations and dilations, by
balls, see (3.6). Thus, in what follows, the family-wise estimates are based mainly on the geometric
corridor (3.2), while the sharp global corridor identifies the universal upper endpoint, which is attained,
up to translations and dilations, by balls. Accordingly, the family bounds below are lower estimates
for y#(p) rather than evaluations of the global constant yp,. Specifically, by highlighting these
phenomena, we describe the behavior within each family F c PP, of the ratio

) .
;:(zl:)’ ar(p):= IL Q). Br(p) = sup Op(€D).

In parallel with the average-distance framework of Section 4, we also comment on the qualitative
behavior of the alternative scale-invariant quantity Q, defined in (4.6). While Q, yields explicit

Yr(p) =

formulas or effective lower estimates for y#(p) in the model settings below, for QD we only have
universal (dimensional) bounds, and no comparable closed-form expressions for the associated
constants are available.

Unless otherwise stated, all domains are open, bounded, and convex, and R denotes the inradius, so
that Q € PP(R).

5.1. Rectangles and higher-dimensional orthotopes

For k > 2, consider the family of axis-aligned orthotopes

D
O, ={Q= ]_[(0,&): 6y =2R, ;> «Rfor j=2,....D).

i=1
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Each element of O, is a D-dimensional axis-aligned box with inradius R and aspect ratio at least x
between the shortest side and the remaining ones. For D = 2 this family reduces to the planar rectangles
(0,2R) x (0, £,) with £, > kR, and the estimate below specializes, in that case, to yo (p) = «/(k + 2).

Proposition 1. For every p > 1 and « > 2, we have

K
> -
Yo.(p) = 120-1)
Proof. We have
P(Q) 21
' _9 —
1 Z &

With £, = 2R and ¢; > kR for j > 2, it follows that

PQ)

1 &1 2D -1)
R < 2Rl —+ Y — =1+ 222
0 T g{zRQ ZK ] K

Using (3.2) we deduce

k+2(D-1)

yOK(p) Z 1 N 2(D-1) =

O

Remark 3. For k = 2 (which includes the hypercube) one obtains yo (p) > 1/D, in agreement with
the universal barrier [1/D,1). Moreover, as k — oo, the geometric corridor in (3.2) shrinks to the
singleton {1}. Consequently, Q,(Q) — 1 and yo (p) /' 1. This conclusion is independent of whether
the limit k — oo is achieved by letting the sidelengths €; (j > 2) tend to infinity with R fixed, or by
letting R — O with the other sidelengths fixed.

Remark 4 (Analogue in terms of Q,,). For any Q € O,, the bounds in (4.7) yield

D= &s

1 — D

2 b
independently of the aspect ratio k. As a consequence, Yo (p) admits no sharper explicit expression
than the universal estimate 'y, , > 2/(D(D + 1)).

The behavior of QP(Q) as k = oo depends on the mechanism by which this limit is achieved. If
k — oo through the regime where the sidelengths {; — oo for j > 2 with R fixed, the geometry
converges locally to RP~! x (0, 2R) and the p-torsion problem becomes asymptotically independent of
the longitudinal variables. In this case, ép(Q) - 1/2.

If instead k — oo through the thin-domain regime R — 0 with the other sidelengths fixed, the
inradius Rg tends to zero and the domain collapses to a lower-dimensional set. Consequently, 5(2) —
0, and no specific limit is claimed for QD in this regime, although the same universal bounds still apply.
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5.2. Planar ellipses for p = 2

For « > 1, we consider the family of ellipses
E:={E={(x,y): ¥*/a* +y*/b* < 1}, 1 <a/b < k).

Note that for E € &, with a > b, the inradius is given by R = b.

Proposition 2. For every k > 1, we have

1 1
)= — [+ —.
Ye (2) NG e

Proof. First we note that for E € &,, the torsion function is explicit (see, e.g., [12]):

a® b
ux,y) = —4—+
2+ 5
A direct computation yields
na’b?
T , E| = nab,
2(E) W+ ) |E| = 7ta
hence
0>(E) : 1
TN @by

Since 1 < a/b < k, we have

2 1
@@= mle A=}

and the conclusion follows. O

Remark 5. The function yg, (2) is strictly decreasing in k and varies from 1 (the disk k = 1) down to
1/ V2 as k > .

Remark 6 (Analogue in terms of Q,). For a planar ellipse E € &, one has Ry = b and

b b
= <6(E) < =
3_()_2

As a consequence,

1 — 2
3 < Oy(E) < 3 E € &,

and therefore yg (2) = 1/2. Even in this completely explicit case, Q, remains confined to a universal
interval and does not distinguish between the extremal shapes within the family, in contrast with the
sharp evaluation provided by Q.

In the thin-domain limit b — 0 with a fixed, the inradius Rg = b tends to zero. By the geometric
bounds relating 6(E) and Rg, the average distance to the boundary also converges to zero. The ellipse
degenerates to a line segment, and in this regime Q, no longer distinguishes between different shapes
within the family, beyond the universal bounds.
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5.3. Triangles
We finally consider the family of all open, bounded triangles in the plane, denoted by 7~ c P2

Proposition 3. For every p > 1, we have

1
yr(p) = 5

Proof. For T € 7, with inradius Ry, perimeter P(T'), and area |T|, the well-known identity

P(T)
IT| = Rr 5
implies
P(T)
TR

Inserted into the general corridor (3.2), this yields
1 <0,T) <2, YT €7, Vp>1.

Therefore,
infr]' Q P

>1
sup;- Q, 2

Yr(p) =
O

Remark 7. The upper bound Q,(T) < 2 used above comes from the geometric corridor (3.2) and is not
sharp on T: By (3.6) the global supremum of Q, over all planar convex sets is B(p;2) < 2, attained,
up to translations and dilations, by disks, so that sup;. Q,(T) < B(p;2) < 2. Hence the value 1/2
in Proposition 3 is only a lower estimate and is not claimed to be optimal. The exact determination
of supyer Qp(T) is a separate shape-optimization problem, which lies outside the scope of the present
paper.

Remark 8 (Analogue in terms of @I,). For every planar triangle T one has the exact identity

o(T) = I%

Consequently,

1 —

3 < 0,(T) <
Thus, even for triangles, where explicit geometric formulas are available, ép remains confined to a
fixed universal interval and does not distinguish between extremal shapes within the family.

W N

, TeT.

Taken together, these examples clarify the geometric meaning of yp ,. The lower bound Q,(Q) > 1
is attained in dimension D = 1; for D > 2 it is the infimum of Q, over convex domains, approached
in some families, for instance as k — oo for rectangles and orthotopes, through collapse to one-
dimensional configurations. Within a fixed family, larger values of Q, tend to occur for more
balanced geometries of smaller aspect ratio. These family-wise values, however, do not in general
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reach the global supremum S(p; D) = yl‘)fp, which over P? is attained by balls; for D = 2,p = 2,
B(2;2) = V8/3 ~ 1.6329. Thus yp,, is governed by the ball, while a(p; D) = 1 is approached only
through degenerating families.

In contrast, the scale-invariant quantity QD remains confined to universal dimensional intervals in
all these examples. In particular, when degenerating families collapse to lower-dimensional sets, the
inradius tends to zero and, by the geometric inequalities linking 6(Q2) and R, the average distance to
the boundary vanishes as well. As a consequence, Q,, does not capture the extremal geometric behavior
responsible for the sharpness of the comparison constants, even in settings where explicit formulas are
available.

6. Limiting regimes: the cases p — 1" and p — o

The scale-invariant functionals Q,(€2) and QP(Q) provide a natural bridge between the two extremal
regimes of the p-torsion problem, namely the Cheeger-type limit p — 1* and the distance-function-
dominated limit p — oco. In this section we recall the precise asymptotic behavior of the normalized
p-torsional rigidity 7'(p;€2) and describe the corresponding limits of Q,(€2) and QD(Q) within the
framework introduced in Sections 1-4.

For each p > 1, let u, denote the solution of the p-torsion problem in €2, and recall that

T,(Q) := f u,dx,  T(p;Q):= QP T,(Q)'7.
Q
Recall also the definitions of the two scale-invariant functionals,
T(p; Q) R, — T(p;Q)o6(Q)7
—_lg, 0,(Q) = p—_1~
M)p (@)p
( p-1 p-1

0,(Q)F =

(i) The limit p — 17
It is known (see, e.g., [13, Theorem 2]) that

lim T,(Q)'7 = h(Q),
p—1*

where

P
h(€) := Inf Al

denotes the Cheeger constant of Q2. Consequently,

linll T(p; Q) = h(Q).
p—ol*
Observe also that

. 2p—1 p-1
lim (—p ) =1.
p—1* p-1

Recalling the definitions above, we obtain

I}g{l 0p(€) = Ro h(Q2) =: 01(), plg{l 0,(Q) = 6(Q) Q) =: 0y(Q).
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Thus, in the liIEit p — 17, the functional Q, reduces to the scale-invariant product Rq h(€2), while
the functional Q, reduces to the product 6(Q2) h(€2), where 6(€2) denotes the average distance to the
boundary. For convex domains Q € PP, the functional Q; satisfies the corridor

1 <0/(Q) <D, VQePP,

obtained by letting p — 17 in the geometric corridor (3.2). The lower endpoint is approached by
slab-type boxes Q; = (=L, L)?~! x (=R, R), as L/R — oo; in this regime h(Q;)Rq, — 1, and hence
01(Q;) — 1, while the upper endpoint is attained by balls, for which h(B,?) = D/R and hence QI(B,?) =
D. For Q,, the same estimates yield the dimensional interval

1 — D
<0,(Q) < — QePP
D+1—Ql( )—2’ v € 5

obtained by combining the bounds ﬁ < 0(Q)/Rg < % and 1 < Roh(Q)) < D; we do not claim
sharpness of these endpoints.

(ii) The limit p — oo
Recall from (4.2) that the normalized p-torsional rigidity satisfies

lim T(p; "7 = 6(Q)~".
p—)oo

Observe also that

lim (@ 2.

(p-D/p _
p—oo p-1 ) N

Recalling the definitions above, we obtain

Rq
26(Q)
Thus, in the limit p — oo, the functional Q, reduces to the scale-invariant ratio Rq/(26(£2)), while
the functional ép reduces to the constant value 1/2, for every Q € PP. By [11, Proposition 6.1], the
inradius Rq and the average distance to the boundary 6(€2) are comparable through purely dimensional
constants, and the functional Q. satisfies the corridor

D+1
1 < 0.(Q) < ; VO PP,

_ 1 —
;glolo 0,(Q) = =: Ou(QY), I}g{}g 0,Q) = 5= Qoo (€2).

The lower endpoint is approached by slab-type boxes Q; = (-L,L)’! x (=R,R), as L/[R — oo;
indeed, Ro, = R, 6(Q.)/Ro, — 1/2, and hence Q. (€;) — 1, in agreement with the asymptotic
saturation observed in Section 5. On the other hand, the upper endpoint is attained by balls, for which
5(BR) = R/(D + 1) and hence Q.(BY) = (D + 1)/2.

Remark 9. We emphasize that the present limiting discussion concerns both functionals Q,(Q) and
ép(Q), and that the two regimes are symmetric in structure. In the regime p — 17, Q,(Q) converges
to the product Rq h(Q), thereby encoding simultaneously the inradius and the Cheeger constant of
the domain, while QP(Q) converges to the product 5(Q) h(QY), encoding simultaneously the average
distance to the boundary and the Cheeger constant of the domain. In the opposite regime p — oo, the
Sfunctional Q,(2) converges to the ratio Rq/(26(£2)), linking the comparison principle to the average-
distance geometry discussed earlier, while the functional QP(Q) converges to the constant value % for
every Q € PP,
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7. Conclusions

In this paper, we have established a unified comparison criterion for the normalized p-torsional
rigidity 7'(p; €2) on convex domains, valid for all p € (1, c0). More precisely, for any fixed dimension
D > 2 and any pair of real numbers 0 < a < b, we proved that there exists a constant yp , given in
relation (1.10), depending only on D and p, such that

T(p; Q) < T(p; Q). forall Q, € PP(a), Q, € PP(b),

if and only if yp ,b > a. This result provides the natural analogue, in the framework of p-torsional
rigidity, of classical comparison inequalities for the first Dirichlet eigenvalue of the p-Laplacian
(see [6]).

The introduction of the scale-invariant functional Q,(€2) allows for a precise geometric
interpretation of the comparison principle established in this paper. The upper extremum S(p; D) of Q,
over P? is attained, up to translations and dilations, by balls, see (3.6), and the comparison constant
Yo, = 1/B(p; D) is therefore governed by the ball; the lower endpoint a(p; D) = 1 is not attained in
dimension D > 2 and is approached only through degenerating domains. The explicit evaluation of
0,(€Q) on several model families, including rectangles, higher-dimensional orthotopes, planar ellipses,
and triangles, illustrates this behaviour of Q, within these classes rather than the sharpness of the
global upper endpoint: In several families, larger values of Q,, are often associated with more balanced
geometries, for instance squares among rectangles and hypercubes among orthotopes, whereas thin-
domain regimes lead to values of Q, close to the lower endpoint 1, reflecting collapse toward one-
dimensional configurations.

Throughout this work, the analysis has been carried out for the normalized p-torsional rigidity
T (p; Q), rather than for the classical torsional rigidity

T,(Q) ::fu,,dx.
Q

This choice is dictated by the favorable scaling properties of T'(p;€2), which are essential for the
formulation and proof of the comparison principle developed here. Nevertheless, several explicit
examples for convex domains suggest that analogous comparison phenomena should also hold at
the level of the unnormalized functional 7,(€2). At present, however, the lack of an appropriate
scale-invariant framework for 7,(€2) prevents a direct extension of the present approach, and the
identification of alternative normalization strategies or comparison mechanisms leading to similar
results remains an interesting direction for future research. Within this perspective, we point out
that Theorem 2 yields a fixed-volume monotonicity statement for 7', naturally related to but distinct
from the classical Saint-Venant inequality. More precisely, the Saint-Venant inequality (see, e.g., [14,
Theorem 2.5] for its general version, [15, relation (4)] and [16, Chapter V] for its classical formulation
obtained in the case where p = 2, and the recent historical discussion in [17]) states that for any open
bounded set Q ¢ R” and any p > 1, we have

T,(Q) < T,(Q2"), (7.1)
where Q* denotes a ball with |QQ*| = |Q|. Next, for any real number ¢ > 0 let us define the set

P?:={QeP’: |Q =c}

Mathematics in Engineering Volume 8, Issue 4, 456-476.



474

Since the balls belonging to Pf have the largest inradii (equal to (c/vp)'/?, where vp := |B? |) among all
the sets belonging to P2, and since they maximize T, within P? by the Saint-Venant inequality (7.1), it
is natural to ask whether T, is monotone with respect to the prescribed inradius inside the fixed-volume
class, namely: Given ¢ > 0, p > 1 and 0 < a < b four real numbers, is it true that we have

T,(Q,) <T,(Q), YQ,eP’nP’a), Q,ecP?nP’®b)?

By Theorem 2 and relation (1.2) we get the following answer to the above question:

Proposition 4. Let D > 2 be a fixed integer. Let p > 1, ¢ > 0and 0 < a < b be four given real numbers.
Assume that b < (c/vp)''P, and let yp, be the constant given in relation (1.10) from Theorem 2. If
Yppb = a, then

T,(Q,) <Ty(Q), YQ,eP?’nP’a), Q,eP’nP’®b), (7.2)
with strict inequality in (7.2) whenever yp ,b > a.

Remark 10. We state Proposition 4 as a sufficient condition only. Indeed, Theorem 2 gives a necessary
and sufficient condition on the full classes PP(a) and PP(b), whereas Proposition 4 concerns the
restricted fixed-volume classes P? NPP(a) and P? NPP(b). The extremal sequences used in the converse
part of Theorem 2 are rescaled to have prescribed inradii, and such rescalings do not generally
preserve the constraint |Q| = c. Therefore, an intrinsic necessary and sufficient condition in the
fixed-volume setting would require constants defined directly on the restricted classes P? N PP(a) and
PP N PP(b), rather than the universal constant yp, ,. More explicitly, one could introduce the restricted
constants
CapiD)i= i Q,(Q),  Per(piD)i= sup Q).

QePPNPP(a) QePPNPP(b)

These need not coincide with the global constants a(p; D) and B(p; D) entering yp , = a(p; D)/B(p; D),
since the fixed-volume constraint |Q| = c restricts the admissible domains. Consequently, the condition
Yppb > a is sufficient for (7.2), but it should not be interpreted as necessary for the fixed-volume
classes P? N PP(a) and PP N PP(b).

Finally, we analyzed the limiting regimes p — 1* and p — oo. In the former case, the comparison
problem naturally connects to the Cheeger constant and the 1-Laplacian, while in the latter it is
governed by the ratio between the inradius and the average distance to the boundary, in the spirit
of co-Laplacian-type problems. Possible directions for further research include the application of this
scale-invariant framework to other variational functional with similar homogeneity properties. While
extensions to non-convex geometries present significant challenges due to the loss of sharp inradius-
based estimates, the methodology developed here appears robust for studying anisotropic operators or
for establishing quantitative stability estimates for the comparison inequalities.
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