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Abstract: We consider dynamics of an oscillatory mechanical system with 1.5 degrees of freedom.
The system consists of two linear subsystems, a leader and a follower, which are coupled via a kinetic
friction interface, and additionally driven by a proportional control term. The kinetic friction model
accounts for the Coulomb friction and the Stribeck effect (as negative damping) at the passage from
zero to nonzero relative velocity. The equations of motion are equivalent to a Lur’e system with
a single sign nonlinearity. We show that at a critical value of the parameter the zero steady state
blows up into an attracting continuum (segment) of equilibrium states. Moreover, two antipodal small-
amplitude periodic orbits bifurcate from the end points of the segment of equilibrium states, creating
stick-slip vibrations. We consider other possible attractors consisting of stick-slip solutions of the Lur’e
system such as a Z,-symmetric stick-slip periodic orbit and an attractor composed of a continuum of
heteroclinic loops representing stick-slip motions towards a steady state.

Keywords: Coulomb friction; Stribeck effect; Lur’e system; Filippov’s system; Hopf bifurcation;
stick-slip periodic motion; attractor

1. Introduction

The motion of two inertial bodies connected via a passive frictional contact is a non-trivial problem
(e.g., [34]) with a wide range of system and control applications. This setting is exceedingly common
in processing and manufacturing on conveyor lines and turntables, material flow of items, surface
treatment, preparation of mixed and shaken substances, and robot handling of free (i.e., not flanged)
objects. A typical example can be a periodic controlled motion of a body placed on a driven surface.
The control objective is then to navigate the system to, and maintain it in, a region of control tolerance
surrounding a periodic orbit. Similar control problems have been extensively studied for rigid bodies
and multi-body systems with elastic connections [1,17,28,31] including energy dissipation and energy
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transfer aspects [18,41]. On the other hand, to the best of our knowledge, controlled motion towards
a setpoint reference and along a target trajectory has remained largely unexplored when objects are
connected solely via a frictional interface.

In this work, we consider two inertial bodies with a free (of additional constraints) friction interface.
We assume the classical Coulomb friction with discontinuity at the relative velocity zero crossing
combined with a negative viscous friction term which accounts for the Stribeck effect at the transition
from static (i.e., at zero velocity) to kinetic steady friction. An illustrative exemple is a mechanical
linear oscillator with a frictionally coupled second mass, see Figure 1. As such, the system has one
active degree of freedom (the driving body, m,) and one passive degree of freedom (the driven body, m;)
resulting in a 3-dimensional state (phase) space, because the forces depend on the position and velocity
of the driven body and the velocity of the driving body but not on the position of the latter. The free
system dynamics with no external excitation forces (and without velocity-weakening) converges to an
equilibrium [34]. We introduce a linear feedback control u = ax; and present a case study of dynamic
and bifurcation scenarios for the controlled system, which is set up as the Lur’e feedback system with
the sign nonlinearity interpreted in Filippov’s sense [16].
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Figure 1. Two inertial bodies with a frictional interface.

Distinctive dynamic scenarios specific to Filippov’s, piecewise linear, piecewise smooth and
switched systems, in particular discontinuity-induced bifurcations of sliding modes [7, 20], have
been extensively studied since the second half of 1990s (we refer to surveys [14, 25, 27], see
also [6, 21, 24, 37]) on the basis of important earlier results [4, 15, 16,40]. In our case, stick-slip
motions correspond to the trajectories which partly belong to the sliding region located within a two-
dimensional switching plane. We analyze dynamics using a one-dimensional Poincaré map defined
on a part of the boundary (exit set) of the sliding region. This Poincaré map can have discontinuities.
Hence, we derive sufficient conditions for the continuity on specified intervals and obtain the existence
of periodic orbits from the intermediate value theorem. The basic bifurcation scenario is similar to the
one shown in [26] for a 3D continuous piecewise smooth system. This scenario is associated with the
discontinuity and Z, antipodal symmetry of the system. More precisely, a stable steady state blows
up to an attracting continuum of steady states at the critical value of the parameter with two antipodal
stick-slip periodic orbits bifurcating from the end points of this continuum as the parameter crosses the
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critical value. Alternative and additional attractors of the Lur’e system include a Z,-symmetric stick-
slip periodic orbit and an attractor consisting of stick-slip homoclinic trajectories. Bifurcations from
the end points of a continuum of equilibrium states are typical of systems with frictions [8]. On the
other hand, frequency criteria which ensure the global stability of the equilibrium set, thus excluding
any non-stationary attractors, have been studied in [44].

The paper is organized as follows. Section 2 introduces a motivating example of a leader-follower
system with a dry friction interface and an equivalent piecewise linear 3D Lur’e system with the sign
discontinuity. Section 3 contains the main results. In Section 3.1, we formulate the assumptions and
introduce a rescaled form of the Lur’e system with a reduced number of parameters, which is used
throughout the rest of the paper. In Section 3.2, the switching surface, the sliding region and switched
dynamics are discussed. Section 3.3 discusses the equilibrium set and its stability depending on the
system parameters, and the associated pitchfork-type bifurcation of equilibrium states. Section 3.4
presents sufficient conditions for the bifurcation of two switched periodic orbits from the continuum
of equilibrium states. Other attracting sets of the system are discussed in Section 3.5. In Section 4, we
introduce the one-dimensional Poincaré map as the main analysis tool. Section 5 presents numerical
examples of different attracting sets and the corresponding Poincaré maps. The proofs are presented in
the appendix.

2. Motivating example

2.1. A leader-follower system with a dry friction interface

Let us consider a leader-follower configuration of two linear one-degree-of-freedom systems
coupled via a dry friction interface, see Figure 1. Before the systems are coupled, the follower system
is a harmonic spring-mass oscillator:

mx; + kx1 =0,
where m, is the mass and k is the stiffness of a mechanical spring connecting the follower system to

a common ground, the configuration which appears in mechanisms with restoring forces and flexible
fixture structures. The equation of motion of the leader system is

myXo + 02Xy = u(t),

where m, is the mass, 0 is the viscous friction coefficient and u(¢) is the control input. At the dry
friction interface, we assume the Coulomb friction combined with a negative viscous friction term
which accounts for the Stribeck effect. This results in the coupled system

mi Xy + kx; = 6;(%; — Xp) — bsign (x; — Xp),
@.1)
myXy + 02Xy = u(t) — 01(X; — X) + bsign (%) — x),

where all the parameters are positive.
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2.2. Equivalent Lur’e system

In what follows, we consider system (2.1) with the proportional feedback control u = ax, i.e., the
closed-loop system
mixX; +kx; =01(x; —x%)—->b sign (%1 — %),
(2.2)
Myiy + 02%y = ax; — 61(X) — Xp) + bsign (k) — X»).

Since the system (2.2) does not contain the variable x,, its dynamics can be considered in the 3-
dimensional state space of the variables

X1, Vi =X, V2= X

Specifically, using the notation z,, = (x1, vy, vy)! for the state vector (where 7 denotes the transposition),
the system (2.2) is equivalent to

Zm = AmZm + b, sign (c;zm), (2.3)
where
0 1 0 0 0
Ap=| —k/my  61/my —01/m , by=| b/my |, c,=| -1 |[. (2.4)
almy —61/my (0; — 82)/my —b/m; 1
We assume that ‘ L 55 5
a>—(6,—6)~, a>-TT0%% 5 _s)22 2.5)
01 my ny

These conditions ensure that the matrix A,, has one negative eigenvalue and two unstable eigenvalues.
Moreover, we assume that the unstable eigenvalues are complex.

Remark 2.1. Condition (2.5) is satisfied for a > 0 if 6, < &,. Moreover, by inspection, if 67 < kmy,
then A,, has a complex conjugate pair of unstable eigenvalues because the spectrum of A,, for 6; = 0

is —52/1712, +i vk/m1
3. Main results

3.1. Assumptions

Let us consider the system
z =Az + bsign({c,z)) (3.1

with the state z € R?, where (-, -) denotes a linear functional on R? (cf. (2.3)).

Assume that A is a non-singular linear map (square matrix) with a pair of complex eigenvalues o’ +
i3’ corresponding to complex eigenvectors u; +iu, (u;,u, € R?) and a real eigenvalue y’ corresponding
to a real eigenvector ujz € R3.ie.,

Au, = af’ul —ﬁ’IIQ, Au, :,B'u1 + (l’luz, Aus = y’u3. (32)

We require that
a >0, >0 ¢y <0 (3.3)
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and
{(¢,b) <O. (3.4)

We further require that system (3.1) is observable:
functionals ¢, A*c, (A*)*c are linearly independent, 3.5
where A* is the adjoint for A. The following two quantities will play an important role:
o:={(c,A7'b),  «k:={(c,A’D). (3.6)

Remark 3.1. By a linear scaling of time, one can ensure that the spectrum of A is {« + i, y}, where

’ /

a Y
a=— >0, v==<0. 3.7
B B
Moreover, a proper rescaling of the functional c transforms (3.4) into
(¢,b) =-1. (3.8)

This transformed version of system (3.1) is used everywhere below. Condition (3.4) is discussed in the
next subsection.

We will use the following canonical coordinate form of system (3.1) with the matrix in the
companion form (see, for example, [11]). The observability condition (3.5) ensures that the functionals

¢!=¢, ¥=@A)"e, =A% (3.9)
form a basis in the dual space. Let b(si), i = 1,2,3, be the dual basis for (3.9), i.e.,
P,y = 5. (3.10)

The coordinate form of system (3.1) in these bases can be obtained from the Cayley—Hamilton theorem,
i.e.,
A= Qa+ A’ + (@ +2ay+ DA—y@ + DI =0 (3.11)

with I denoting the identity matrix implies

20+y —(1+a®+2ay) vy(1+a?) -1 1
A= 1 0 0 ,b=| o |, c=|0 (3.12)
0 1 0 K 0

with {¢,2) = ¢'z = Z?:l c;z;. Everywhere below, we identify system (3.1) with this coordinate form.
We use the notation ® : R, X R* — R3 for the flow of system (3.1), i.e., z(f) = O (¢, 2) is the solution
of system (3.1) with the initial value

z(0) =7 (3.13)

Remark 3.2. From relation (2.4), it follows that the leader-follower system (2.2) satisfies
condition (3.4) and for this system

B bk —a)
T ko, + @ -k, .14
~ bk(65 + my(a — k)) (3.15)

©T ko, + (a—ko)?
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3.2. Preliminaries: switching surface and sliding region
The phase space of system (3.1) is divided by the switching surface (plane)
S={zeR:c'z=0)
separating the half-spaces
Q ={zeR:c'z<0) Q. ={zeR:c"z>0}
The velocity field of system (3.1) equals
® (z)=Az-b in Q_ D, (z)=Az+b in Q. (3.16)

with a discontinuity on §. In order to describe the switching behavior of trajectories, we consider three
parts of the switching plane S:

S_:{zeS:cTAz<—1}, S+:{zeS:cTAz>1}, (3.17)

So={zes :|c"Az| < 1}. (3.18)

Hence, o o
S=85S_USqusS,,

where S .. denotes the closure of S ... From the observability assumption (3.5), it follows that S . are not
empty. By inspection, the vector fields @, satisfy

c'®, >0 on S,; c'®d, <0 on S_; (3.19)
c'd_ >0, "D, <0 on Sy, (3.20)

where
ng =c/|c| (3.21)

is the normal unit vector to S pointing from €_ to Q.. Therefore, S . are the so-called crossing regions
and the part S of S is the so-called sliding region [1,16].
Condition (3.4) ensures that the sliding region S is attracting. Indeed, from (3.1), it follows that

1d 2
S (c"2) =(c"z) Az +|c"2| b,
hence the relation ¢’b = —1 (cf. (3.8), which is equivalent to (3.4)) implies that
d 1 2 . T
("2’ <0 if [efAz <1, z¢5.
By the same token, the inequality (c,b) > 0, which is opposite to (3.4), makes the sliding region
repelling.

The sliding region S consists of the trajectories, and parts thereof, known as sliding modes in
Filippov’s sense [16]. In particular, the flow in the sliding region S follows the equation

=Bz, z€Sy (3.22)
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where
B =(I+bc")A. (3.23)

Notice that the switching plane S is an invariant subspace for B and I + b¢ is the linear projection
onto S along the vector b due to ¢’b = —1 (cf. (3.8)). Moreover, A~'b is an eigenvector of B with
the zero eigenvalue, the matrix B is singular, and, from rank (be™) = 1 and detA # 0, it follows that
rank (I + bcT) > 2. Hence,

rank B = 2. (3.24)

From (3.12), it follows that in the basis 5" (cf. (3.9) and (3.10)),

0 0 0
B=|1+0Ra+y) -o(+a*+2ay) oy(l+a? |.
kQa +7y) 1 — k(1 +a?+2ay) «ky(l+a?)

Therefore, the trace and determinant of the restriction of B to S are given by

tr(Bls) = (1 + &®)yk — o (1 + &* + 2ary), (3.25)
det(Bls) = —(1 + &?)yo- (3.26)

In particular, if o = 0 and « # 0, then the restriction B|s has the eigenvalues
=0, =(0+a*)yk (3.27)
with the corresponding eigenvectors

1 —k(@® + 1+ 2ay)

— _xb? 4 ¥ = -A""p 3.28
1
=——bY. 3.29
& y@>+1)° (3:29)
If o = 0and x = 0, then 4; = A, = 0, vectors (3.28) and (3.29) coincide, and B|s has a generalized
eigenvector v¢ = mbs €S, ie.,
B =v,=v,, Bv,=0 if co=«=0. (3.30)

Remark 3.3. From Remark 3.2, it follows that for system (2.2),

o1 — 0O k—a
tr(Bls) = ml Wj, det(Bls) = ——.
1 2 1 2

3.3. Stability of equilibrium states
Let us consider equilibrium states of system (3.1).
Theorem 3.1. System (3.1) has the following equilibria:

(i) For o > 0, system (3.1) has a unique zero equilibrium z° = 0. This equilibrium belongs to the
sliding region S . If tr(B|;) < O, then the zero equilibrium is asymptotically stable (cf. (3.25)). If
tr(B|y) = O, then the zero equilibrium is Lyapunov stable. If tr(B|y) > 0, then the zero equilibrium
is unstable.
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(i) For o = 0, the equilibrium set of system (3.1) is the segment
L= {zi = fdo . —1 < éj < 1}, (331)

where
dy=-A"'b, (3.32)

which, except for its end points z; = +d,, belongs to the sliding region S ( of the switching plane.
If k>0, ie,
tr(Bl,) = (1 + a*)yk < 0,

then all the equilibrium states (3.31) are Lyapunov stable and the equilibrium set (3.31) is
attracting. Otherwise, all the equilibrium states are unstable.

(iii) For o < 0, system (3.1) has three equilibrium states, z° = 0 € S and z* = +d, € Q., which are
all unstable.

The proof is presented in Appendix A.

At the zero equilibrium state of system (2.2) both masses are at rest and all the forces are zero.
According to Theorem 3.1, (2.5), and (3.14), this is a unique equilibrium state for a < k (recall that a
measures the feedback strength). Moreover, this equilibrium is stable if 6, > ¢y, i.e., the coefficient of
positive friction is greater than the coefficient of the negative friction.

For the critical case a = k, each point of the equilibrium set (3.31) corresponds to an equilibrium
state of system (2.2) with both masses at rest. The spring force acting on the mass m; and the opposite
force applied to the mass m, due to the feedback are compensated by the (static) dry friction between
the masses. According to part (ii) of Theorem 3.1, the equilibrium set is stable (attracting) if 6, > 0.

For a > k, at each of the equilibrium states z;, the mass m; is at rest while the mass m;, is in uniform
motion. The spring force is compensated by the (kinetic) dry friction. These equilibrium states are
unstable. The switching surface S of system (2.2) is defined by the condition v; = v,. In particular,
during the motions corresponding to sliding modes (a trajectory, or a part thereof, that belongs to the
switching region §), the inertial bodies stick to each other, i.e., their relative velocity is zero. On the
other hand, when the relative velocity is non-zero, i.e., the inertial bodies slip against each other, the
corresponding part of a trajectory belongs to Q_ U Q..

3.4. Bifurcation of periodic orbits from equilibrium set

Let us consider a variant of system (3.1), which continuously depends on a scalar parameter u:

2 =A@z + b sign ((e(w), 2)), Z€R’, e (). (3.33)

By 0, : R, x R* - R? we denote the flow of system (3.33).

Assume that for each u € (u;, u,) relations (3.4) and (3.5) hold and the matrix A(u) has a negative
real eigenvalue and a pair of unstable complex eigenvalues (cf. (3.3)). Using Remark 3.1, we assume
without loss of generality that the eigenvalues of A(u) are y(u), a(u) + i, where @,y : (u, i) — R are
continuous functions and

CY(/J) >0, 7(”) <0, <C, b([.l)> = -1, Me (/Jl’/Jr)~
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Following (3.6), define

o) = (. A" wbw). «w) = (c.A2Whw)). (3.34)

Theorem 3.2. Assume that the function o(u) defined by (3.34) strictly decreases and has a zero u, on
the interval (ug, i1,), i.e., o(i,) = 0. Suppose that either a(u,) > V3, y(u,) < 0 or 1 < au,) < V3 and

CZ(]JU)(CZZ(,L[U) - 3)
(@*(uo) = 1)
Suppose k(i,) > 0. Then, there exists a " € (Uo, 4,) such that for any p € (o, ) system (3.33) has a

periodic orbit LH = {zy(t,u) : t € R}. Part of this periodic orbit belongs to S, the other part to Q..
Moreover;

(o) <

lim max |z (7, 1) + A~ (uo)b(,)| = 0. (3.35)

U=+ teR

The proof of Theorem 3.2 is presented in Appendix B.

For system (2.2), the bifurcation point y, corresponds to a = k and the condition «(u,) > 0 is
satisfied in accordance with (3.15).

According to (3.35), a family of small-amplitude periodic orbits (of solutions z4(z, 1)) bifurcates
from the equilibrium dy(u,) = —A~(u,)b(u,) (cf. (3.32)), with the orbits approaching the equilibrium
as the bifurcation parameter u > u, tends to the critical value u,. The following remarks provide
more details of the bifurcation scenario associated with this transitioning from a steady state to small-
amplitude periodic oscillations.

Remark 3.4. Since a part of the periodic orbit L belongs to S, while the other part belongs to Q.,
for system (2.2), solutions zy(t, u) correspond to stick-slip periodic motions.

Remark 3.5. Since system (3.33) is equivariant with respect to the antipodal Z,-action z — —z, with
every orbit z(t) this system has an orbit —z(t). Hence, under the conditions of Theorem 3.2, there are
two periodic orbits +zy(t, 1) for u € (u,, 1*), which are different due to (3.35).

Remark 3.6. Assuming that the assumptions of Theorem 3.2 hold and combining it with Theorem 3.1,
we see that system (3.33) undergoes a bifurcation scenario involving a simultaneous bifurcation of
equilibrium states and small-amplitude cycles, and somewhat resembles a pitchfork bifurcation of
steady states simultaneous with a Z,-symmetric Hopf bifurcation at u = u,. Specifically, for u < u,,
the equilibrium at zero is attracting. At the bifurcation point u = p,, it blows up to the attracting
segment L of equilibrium states defined by (3.31). As u crosses the bifurcation point to the domain
U > W,, two unstable equilibrium states and two small periodic orbits (cycles) simultaneously bifurcate
Jfrom the ends of the segment L, the equilibrium at zero becomes unstable, and the other equilibrium
states disappear. The small cycles contain sliding modes. This scenario is induced by the discontinuity
of system (3.33) and its Z,-symmetry.

3.5. Attractors for o =0

In this section, we consider dynamics of system (3.1) for o = 0. This corresponds to the bifurcation
point u = u, for system (3.33) under the assumptions of Theorem 3.2.
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Remark 3.7. According to (3.14), for system (2.2), o = 0 is equivalent to k = a. In other words, the
external force ax, applied to the mass m, due to the feedback and the spring force —kx, acting on the
mass my have the same magnitude but opposite signs.

We will consider three types of attracting sets including the segment L of equilibrium states
(cf. (3.31)), a larger set L’ O L of trajectories starting from a part of the sliding region and a periodic
orbit L defined below. We use Ruelle’s definition of an attracting set [35], which coincides with
Milnor’s attractor [29] for L and L° but differs for L’ (see Remark 3.8 below).

Definition 3.1. A closed bounded set A C R? is called an attracting set if O(t, A) = Aforall t > 0
and there is a neighborhood U of A such that for every neighborhood V of A there is a T > 0 such
that O(z,z) € V forall z € U, t > T, where OC(.,-) is the flow of system (3.1) (see Section 3.1). An
attracting set A is called an attractor if no proper (non-empty) subset of A is an attracting set.

For the next theorem, some notation is required. Define 7" = T"(«a,y) as the least positive root of
the equation

fla,y, T") =0, (3.36)

where
fa,y,T) :=e" T —cos(T) + (@ — ) sin(T). (3.37)

Put
p=pa,y):=e" —ye sin(T"), (3.38)
—aT’ —aT’
— pe? . (T+pe?

= y(@? + 1) sin(T7)’ = y(@? + 1) sin(T7)’ (3.39)

By inspection, 7" € (m, 27), hence p < 1 and «* < k., < 0.
Define the vector w by the equations

(e,w)y=0, (c,Aw) =0, <c,A2w>:1. (3.40)

Set
¢o = ky(@® + 1) (3.41)

and consider the parallelogram

N(=¢o,p0) ={z=dw + AW : —pg < d < g, —1 < <1} C Sy (3.42)
and the sets
L = N(=¢o, ¢o) U (O (t,¢w + Aw) : ¢ € [~po, o] .1 € [0,T"]}, (3.43)
L° ={O(t,dy + y'w) : t > 0}, (3.44)
where 5 2y + 1)
. 200  2ky(a” +
v _1+p_ Il+p (343)

Theorem 3.3. Let o = 0.

(1) If either k = 0 and p > —1 or k > 0, then the segment of equilibrium states L defined by (3.31) is
an attractor of system (3.1).
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(1) If k. <k <0and p > O, then the set L' is an attractor of system (3.1).

(iii) If either k* < k < k, and p > 0 or k* < k < 0 and —1 < p <0, then L° is an attracting periodic
orbit. Part of this orbit belongs to S, the other part belongs to Q, U Q_.

The proof is presented in Appendix C.

Statement (i) of Theorem 3.3 extends statement (ii) of Theorem 3.1. In particular, if « = 0 and
o > —1, then each equilibrium is unstable but the equilibrium set L is attracting.

As shown in the proof of part (ii), in the case k = k., p > 0, the attracting set L’ is a union of
heteroclinic trajectories and equilibrium states.

The periodic orbit L° guaranteed by statement (iii) is different from the periodic orbits +zy(-, i)
guarantied by Theorem 3.2. In particular, L is Z,-symmetric, i.e., L° = —L°.

Remark 3.8. In Theorem 3.3(i),(iii), the attracting sets L and Lo, respectively, are also attractors
in accordance with Ruells’s definition using pseudo-orbits [35] and Milnor’s definition using w-limit
sets [29]. In the case (ii), the attracting set L’ is a Ruelle’s attractor, but Milnor’s attractor is simply
the pair of the equilibrium points +d, because these are the only w-limit points of non-equilibrium
trajectories in L'.

Remark 3.9. Consider system (3.33) with the parameter u € (ue, u,) and functions (3.34). Assume that
o (u) strictly decreases and has a zero p, on the interval (u, i1,), i.e., o(u,) = 0 as in Theorem 3.2. Let
0, K*, k. be defined by (3.38) and (3.39) with a = a(u,), ¥y = y(u,). Using part (iii) of Theorem 3.3 and
the continuity argument, one can show that if either k* < k(u,) < k. and p > 0 or k* < k(u,) < 0 and
—1 < p < 0, then system (3.33) has an attracting periodic orbit L°(u), which depends continuously on
w1 on some interval (1, — 0, 4, + 0) and is given by (3.44) and (3.45) with O(-,-) = O, (-, ) for u = p,,
i.e., L9(u,) = L°. Part of this orbit belongs to S, the other part belongs to Q, U Q_.

4. Poincaré map

The proof of the above theorems is based on the analysis of the Poincaré map, which we define in
this section. Due to relation (3.5), the boundary of the sliding region Sy C § is the union £_ U £, of the
straight lines

t=lzes:c’az=-1}, t.={zes:c’Az=1]. (4.1)
On these lines, the vector fields ®. defined by (3.16) satisty
+ng'®; >0 on {,, ®, -ng =0 on £, 4.2)
(cf. (3.21)). Moreover,
®.(z)=Azxb=Bz€S, zet_ UL, 4.3)

(cf. (3.23)). Relations (3.19) and (3.20) imply that if a trajectory either starts in, or enters, S, then
it either remains in S forever or continues within S until it leaves the strip S through its boundary
into one of the half-spaces Q).. Moreover, the set of exit points from the sliding region § is either the
union £? U €9 in case o > 0 or the closure £2 U £¢* of this union in case o < 0, where £?*, £ are
the rays

= {—wo+yw Yy <0y cl, " ={wo+yw: ¢ >0}cCl, 4.4)
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with w given by (3.40) and w, defined by
(c.woy =0, (c.Awp) =1, (c.A’wo)=—(c.Ab). (4.5)
Due to (4.2), a trajectory that leaves S through a point p € €2 U £ is tangent to the plane § O S at
" We denote by T7 () the first return time to the switching plane S from the set £ U £ ¢ Sy C S,
1.e., T"(¢¥) > 0 is defined by
O(T" (W), z2')e Sy, O, z)¢S for t €0, T"(Y)); z'=-wo+yw, ¥ <0; (4.6)
OT"W),7)e Sy, O, z)¢S for t€ (0, T"W)); zZ' =wo+yw, ¥ > 0. 4.7)
By inspection, T = T" () is the least positive solution of the equation
F(a,y,004,T) :=¢f(a,y,T) - 0g(a,y,T) =0, (4.8)

where f is defined by (3.36) and

1 2
g(a,y,T):= e T — Lze(y—aﬁ
1+ (@-v)
QCa-y) @ -ay-1) (4.9)
+ —’y’yz COS(T) - —’yzﬂy Sln(T)
1+(a_7) 1+(a'—'y)

Remark 4.1. The function T" can be discontinuous. For example, if « = —y = 0.125, then the function
f given by Eq (3.37) has two roots 1 < T\ < T, < 2m and no roots on the set (0, t]U[2n, 3r]. Moreover,
the function g given by (4.9) is strictly negative on the interval T € (0, 3nr] (see Figure 2a). Therefore,
ifo = -1, then T"(¥) ¢ [2n,3n] for v > 0 and T" (0) > 3n. On the other hand, if o = —1, then
the function F (a,y,0,y", ) has two roots on the interval [6,7] for y* = 0.25 (see Figure 2b), hence
T (y*) € [0,7]). Thus, T" ([0,¢*]) is a disconnected set, consequently T" is discontinuous.

We will use the Poincaré map

P {z = sign()wo + yw € £ UL 2 € (=6,0) U (0,8)} — £ U €2 (4.10)
defined by
P(wo + yw) = O(T (W), wo + yw) € £ U £, v € (0,0), “4.11)
T =T ), (4.12)
O(t,wo +yw) €Sy, te[T" V), T°W)), (4.13)

on a part of the ray £9*, and by
P(=wy + yw) = =P(wy — Yyw), Y € (-0,0), (4.14)

on a part of the ray ¢°’. Here T is the first return time to the part £/ U £° of the boundary of S . The
domain of the Poincaré map will be discussed in the proofs.
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g F

(@) a=-y=0.125 (b)a=—-y=0.125,0 = -1
F "
T ——
0 5 2 10
¥
0
©a=—-y=0.1250=-1 (d) @ =—y=0.125,0.25

Figure 2. (a) The graph of the functions f (a,y,T) (red) and g(a,y,T) (blue) for the
parameters @ = 0.125 = —y (cf. (3.37), (4.9)). (b) The graph of F (a,y,0,¢,T) with
a = -y = 0125, 0 = -1 for ¥y = 0.5 (green), y = 0.25 (red) and ¥ = 0.125 (blue)
(cf. (4.8)). The least positive root is T". (c) A zoomed-in view of the interval [5, 8] from
Figure 2b. (d) The graph of the first return time 7" () for two sets of parameter values:
a=0.125=—yand 0 = -1 (red); « = 0.25 = —y and 0 = —1 (blue).

Equivalently, by identifying the ray £ > wy + yw with the positive semiaxis R, 3 ¢ and the ray
> 5 —wq + Yw with the negative semiaxis —R > i, the Poincaré map can be interpreted as the scalar
function P¢ : (-6,0) U (0,6) — R given either by

P(sign(y)wo + yw) = sign()wo + P (W) w, YyP () 20, (4.15)

or by
P(sign(¥)wo + yw) = —sign()wo + P (¥) w, YP () < 0. (4.16)

Slightly abusing the terminology, the function P¢ will be also called the Poincaré map whenever this
does not lead to confusion.

Remark 4.2. By definition, a fixed point . of the function P° given by (4.15) defines two different
periodic orbits +O(t,wy + Y.w) = £O(t + p,wo + Y.w), t € R, of system (3.1) of an a priori unknown
period p > 0. On the other hand, a fixed point . of the function P° given by (4.16) defines a Z,-
symmetric periodic orbit, i.e., an antiperiodic orbit satisfying O(t + p/2,wo + ¥.w) = —O(t, wo + Y.w),
t € R. The proof of the theorems presented in Sections 3.4 and 3.5 involves the construction of an
interval, where P satisfies the conditions of the intermediate value theorem. It is important to note
that discontinuities of the first return time T" to the plane S induce discontinuities of the Poincaré map.

Mathematics in Engineering Volume 8, Issue 3, 340-367.



353

5. Numerical examples

Figure 2 demonstrates that the function 77, the first return time to the switching plane S from the
set £9 U £?* is discontinuous for specific parameters « and y (cf. Remark 4.1). Figure 2a shows that
g(a,y,T) < O0forT € (0,10] and f(a,y,T) < O for T € (0,4] U [8,10]. According to Figure 2b,
the function F (a,y,0,¢,T) with @« = —y = 0.125 and o = —1 has two roots in the interval [4, 8]
for = 0.5 (green curve) and no roots in the same interval when either ¢ = 0.25 (red curve) or
Y = 0.125 (blue curve). Hence, for @ = —y = 0.125 and o = —1, the least positive root T = T" (i)
of F(a,y,o,¥,T) = 0 has a jump between ¢ = 0.25 and ¢ = 0.5, which is shown in Figure 2d (red
curve). On the other hand, the function 7" is continuous on the interval [0,0.5] for « = —y = 0.25
and o = —1 (the blue curve in Figure 2d). Figure 3a presents the corresponding continuous Poincaré
map P¢. The intersection of the graph of P¢ with the bisector (dashed line) ensures that system (3.1)
has two periodic orbits in agreement with Theorem 3.2 (see also Remark 3.5). Figure 3b shows that
for @ = —y = 0.125 and o = 0.25, the Poincaré map P¢ given by (4.15) has discontinuities, which
correspond to the discontinuities of 7" shown in Figure 2d. However, the equation ¢ = P°(y) has a
solution, which is a continuity point of P¢ (shown as the intersection of the red curve with the dashed
bisector), proving the existence of two periodic orbits (cf. Remark 4.2).

Figure 4a presents the graphs of the Poincaré map (4.16) for k = —0.25 (blue curve) and « = 0 (red
curve) (the other parameters are « = —y = 0.125, o = 0; for these parameters, p > 0, cf. (3.38)).
The intersection of the blue curve with the bisector (dashed line) proves the existence of the periodic
orbit L in agreement with part (iii) of Theorem 3.3. Figure 4b demonstrates the robustness of this Z,-
symmetric periodic orbit with respect to variations of the parameter o~ in accordance with Remark 3.9.
There is no periodic orbit for x = 0.

Figures 5 and 6 show the scatter plot of points ® (¢, ') for t = 40 and

7 € G ={0.25(ky, kp, k3) : ki € Z,-6 < k; <6, i = 1,2,3}.

In Figure 5, where @ = 0.125 = —y and « = 1, the attracting set is the segment of equilibrium states
L for o = 0 (Figure 5a) and the union of two periodic orbits L?(c) and —L# (o) for o = —0.125
(Figure 5b). According Theorem 3.2, the periodic orbits bifurcate from the end points of L as the
bifurcation parameter u = o becomes negative. Figure 5c, where Figure 5a,5b is overlapped, confirms
that the periodic orbits L7 (o) are close to the end points of equilibrium set L.

pe P
0.25 | =
0.1 -
- w /////
0 t 0 t "/}
0.2 0.25
(@) @ = —y = 0.125 (b)a = —y =025

Figure 3. The graph of the Poincaré map P¢ given by (4.15) for two parameter sets. On both
panels, o = —0.25, k = 1. The dashed line represents the bisector.
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0.1°f

0177

0.2 0.2
(a) k = 0,-0.25 (b) o = 0,+0.0025
Figure 4. (a) The graph of the Poincaré map P¢ given by (4.16) for x = 0 (red) and « = —0.25
(blue); the other parameters are @ = —y = 0.25, o = 0. (b) The graph of P¢ for the parameters

a=—y=0.25,k=-0.25 and o = 0 (blue); o = 0.0025 (green); oo = —0.0025 (red).

(a) (b) (©)

Figure 5. The scatter plot of points ® (¢,z") witht = 40, 2’ € G fora = —y = 0.125, « = 1
and (a) o = 0; (b) o = —0.125. (c) Combined panels (a) and (b).

Figure 6, where @ = 0.25 = —y, k = —1, shows the points from G converging to the periodic orbit
LO(o) for o = 0 and o = —0.125 in agreement with Remark 3.9.

(a) (b) (c)
Figure 6. The scatter plot of points @ (¢, z") witht = 40, 7' € G fora = —y = 0.25, k = -1
and (a) o = 0; (b) o = —0.125. (c) Combined panels (a) and (b).

In Figure 7, where @ = 0.125 = —y and « = -2, points from G converge to the periodic orbit L°
for o = 0 in agreement with part (iii) of Theorem 3.3 (Figure 7a). For oo = —0.125, the periodic orbit
L°(0) coexists with the small periodic orbits +L7 (o) (Figure 7b). Moreover, part of G belongs to
the basin of attraction of L°(c), while another part of G belongs to the basin of attraction of +L” (o).
Figure 7c, where Figure 7a,7b is overlapped, illustrates the continuous transformation of the periodic
orbit L(0) as the parameter o is varied from o = 0 to o~ = —0.125.
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(@) (b) (©
Figure 7. The scatter plot of points ® (¢, z’) witht =40, z/ € G fora = —y = 0.125, k = -2
and (a) o = 0; (b) o0 = —0.125. (c) Combined panels (a) and (b).

6. Conclusions

We analyzed stick-slip dynamics of the 3D Lur’e system with the sign nonlinearity and an example
of a controlled 1.5-degrees of freedom system with a strongly nonlinear frictional interface assuming
the Coulomb friction combined with the Stribeck effect. The latter is approximated by a negative
viscous damping. We showed a bifurcation of periodic orbits from the equilibrium set and the
existence of periodic (and non-periodic) attractors. This is in agreement with other results showing
that the velocity-weakening (Stribeck) effect can be the primary cause of instability, persistent stick-
slip oscillations and the so-called hunting phenomenon in PID controlled systems (see, e.g., [9]).

The low-dimensionality of the system plays an important role for the above analysis because the
switching surface has dimension two and the Poincaré map is one-dimensional. It would be interesting
and more challenging to consider higher-dimensional Lur’e systems, which are however beyond the
scope of this paper. In particular, one would hope that dynamics of the two-dimensional Poincaré
map associated with the 2-degrees of freedom feedback system with a frictional interface could be still
tractable.

As shown by extensive experimental studies (see e.g., [10, 19, 22]), both adhesion-stiction and
continuous sliding mechanisms are essential for modeling a frictional interface between moving
bodies [3, 5] and dynamic transitions in the friction processes, from the attachment-detachment
cycles [45] to the stick-slip motion and continuous sliding [38]. Multiple empirical and heuristic
approaches capturing the so-called presliding phase of the kinetic friction include the Dahl model [12],
the Maxwell-slip model [23], the LuGre model [13], generic model at asperity level [2], two-state
dynamic friction model with elastoplasticity [32]. Moreover, sophisticated models of the frictional
interaction of contact surfaces from nano- to the meso-scale are available [42]. However, a transition
to lumped parameter modeling of inertial pairs with frictional interfaces is non-trivial. As such,
the Amonton-Coulomb dry friction law is based on several strong simplifying assumptions: (i) no
viscous friction effects at the interface are included; (ii) the breakaway static friction force due to
adhesion, with the associated Stribeck effect at the transients between the presliding and gross sliding
regimes, is not accounted for; (iii) the so-called smooth sliding with the averaged constant Coulomb
friction force is assumed, hence true stick-slip dynamics at the atomic level with the related Frenkel-
Kontorowa and Prandtl-Tomlinson type interactions [30, 39] are not addressed. Furthermore, smooth
breakaway frictional force transitions, which are characteristic of the presliding regime at the start of
motion [3], are disregarded. Still, incorporating the Coulomb friction discontinuity in the equations of
motion is considered a crucial step for modeling, stability analysis and control design of mechanical
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systems [1, 36]. Moreover, the inclusion of the Stribeck effect, which is essential for lubricated
kinetic friction in a lower range of relative velocities, is relevant, especially for analysis of stability
and convergence of the motion state trajectories. Dynamics with more complex friction transitions in
presliding phase have been studied, for example, in [33].
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Appendix

A. Proof of Theorem 3.1

The following lemma establishes the equilibrium set of system (3.1) for each case considered in
Theorem 3.1.

Lemma A.1. (a) The origin is an equilibrium state of system (3.1) for all o
(b) The points Z for & € (-1, 1) are equilibrium states iff o = 0.

(c) The points +A~'b are equilibrium states iff o < 0.

(d) There are no other equilibrium states.

Proof. From 0 € Sy, it follows that zero is an equilibrium, which proves (a). By inspection, the
zeroes of the velocity fields @, are given by FA~!b. The definition of Q. implies that FA™'b € Q, iff
¢"A™'b = o < 0, which proves (c) except for the case o = 0. By (3.18), 2% = ~¢A"'b € Sy iff o = 0
and |£] < 1. Since the vector A~'b belongs to the kernel of the matrix B, which according to (3.24) has
rank 2, it follows that z5 € S, are equilibrium points, which proves (b) and completes the proof of (c)
for the case o = 0. Due to (3.19), there are no equilibrium points in § ., which proves (d). |

Due to conditions (3.4) and (3.5), there is an open domain U C R? and a bounded function T :
U — R, such that O(T(z'),z') € S, for Z € U and U contains all the equilibrium states that belong
to §y. Therefore, using the continuity of the flow and the fact that (linear) dynamics in S is given
by (3.22), all the stability properties listed in Theorem 3.1 for the equilibrium states that belong to S
(i.e., for z° and z5 with |€] < 1 in the case oo = 0) follow from the stability properties of the matrix
Bls (cf. (3.25) and (3.26)). By the same token, the instability of the equilibrium states z*! = +d,, € So
in the case o = 0, k < 0 follows from the fact that the repeated zero eigenvalue of Bls has geometric
multiplicity one; and, the instability of the states z7 = +d, € Q. in the case o < 0 follows from the
instability of the matrix A.

It remains to show thatif o = 0, « > 0, then the equilibrium states +d|, are stable and the equilibrium
set L given by (3.31) is attracting. The relations o = 0, k > 0 imply that the flow in S is parallel to
the vector v, = Aw (cf. (3.27) and (3.29)) and directed towards the straight line {£d : & € R}, which
contains the equilibrium set L. Therefore, for any z’ sufficiently close to L, the trajectory O(z, z’) either
converges to an equilibrium state or reaches the part £ U£%" of the boundary of S atatime z > T(z’).
More precisely, the relations o = 0, « > 0 imply that {dy, Aw} (where w is a direction vector of ¢.)
is a basis in S and, based on the decomposition O(7T'(z’), ') = &(z)dy + n(z")Aw, if |£(Z')| < 1, then
O(1,7') — &(Z')dy € L, while if [£(z)] > 1, then z = O(t,2') € £ U (3 for some t > T(z'). In
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the latter case, the trajectory continues from the point z = dy + yw € {9 with a sufficiently small
¥ > 0 (resp., z = —do + yw € (" with ¢ < 0) to the point O(T",z) = dy + e 4w € S, (resp.,
O(T", z) = —dy + e *w € S), where T” > 0 is the least positive root of function (3.37), i.e.,

7" _cos(T") + (@ — ) sin(T") = 0. (A.1)

Again, using the decomposition e’ 4w = &,d, + n,,Aw, we see that if &, < 0, then the trajectory
O(t, +d, + ye'*w) converges along S to the equilibrium state (+1 + W&, )dy; alternatively, if &, > 0,
then the trajectory reaches £9/ U £, i.e., the Poincaré map is well-defined by (4.10)—(4.15). Moreover,
due to o = 0, this map is simply linear, P.(¢/) = py, and the coeflicient p > 0 is defined by the
decomposition

e"w =pw + yAw (A.2)

along the basis {w, Aw} in S. Now, using the decomposition w = u + v, where u belongs to the invariant
subspace of A corresponding to the eigenvalues « + i and v is an eigenvector of A corresponding to the
eigenvalue y, one obtains

e w = e (cos(T") — asin(T"))u + €7 sin(T")Au + &' v. (A.3)

Combining (A.2), (A.3) and Av = yv gives
p = e (cos(T") — asin(T")) = T (1 — ye" T sin(T")), (A4)
v =T sin(T"), (A.5)

which agrees with (3.38) and (A.1). By inspection, the least positive root of (A.1) satisfies 7" € (r, 27),
hence (A.4) implies
p<e’ <1 (A.6)

due to y < 0. Since p < 1, the iterations of the Poincaré map P¢ converge to zero, which completes the
proof.

B. Proof of Theorem 3.2

We begin with three auxiliary lemmas and an auxiliary theorem.

Lemma B.2. Leta > 1, y < 0. Then,

1 (2a-y)y 2a -y
——In(l- 3 < arctan| ——————|.
(1 +(a@—-y))a? a?—ay-1

Y
Proof. Due to the Shafer—Fink inequality [43]

(B.1)

3x
arctan(x) > ———— x>0,
1+2V1+x?
and the inequalities
3x 3x

In(l1+x)<x; x>0 x>1,

> :
1+2Vi+x2 1+3x
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it suffices to show that
20—y 3Qa-vy)

(1 + (@ —7y)H)a? = 2 —ay-1+3Qa-7y)’

which is equivalent to
3% (@ -y +2a* +ay+1-3Q2a-7y) > 0.

Rearranging,
3a-y)@ -1 -ayBla-ya-1)+QRa—-1)a-1)>0,

which holds true in the domaina > 1, y < 0. m|
Let us consider functions (3.37) and (4.9).
Lemma B.3. Let a > 0, ¥y < 0. Then,
@ flay.n=3(1+G-aP)P+0E) ast - 0;
(b) f(a,y,t) > 0forte(0,t, + x], where
t = g —arctan(a — y) € (0,71/2); (B.2)

©) f(a,y,t) <O0forte[2t; +n,2nx] and

0
8—{(01, v, 1) <0, telty +n/2,4 +31/2]. (B.3)
Proof. Part (a) follows from the definition of f by direct computation.
Set
(@ y ) = e,
and
" (a,y,1) := —cos(t) + (@ — y)sin(f) = — /1 + (@ — y)*cos(t — t; + m/2)
so that

fla,y,t) = [ (a,y,0+ [ (a,y,1).

By inspection, both functions f*? (a,y,T) and f" (a,7, T) are strictly convex on [0, #;], hence part (a)
implies f(a,y,t) > O for t € (0,#;]. On the other hand, " (a,y,t) > 0 for t € [t;,t; + 7] and
[ (a,y,T) > 0 forall t € R, therefore

f(a,y,1) >0, te (0,4 +ml, (B.4)
which proves part (b). Finally,
f(aay’t) < f(a/”y’Q’tl +7T) = _1 +fCXp (a’7a2tl +7T) < 05 re [2t1 +7T’27T]a

and

tr eXp
P (a,y,1) <0, o (a,v,1) <0, tet +n/2,4 +31/2],
hence (B.3) holds, which completes the proof of part (c) and Lemma B.3. O

Lemma B.4. Let a > 0, y < 0. Then,
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(@) g(a,y,n) =-f(1+ A+ 0 ast — 0;
(b) ifa > 1, then g(a,y,t) > 0 fort € (0,1, + r], where

Z_ay-1
1 = 7—T—arctan g -ey-- E(O,E);
2 20 —y

(c) ifa =1, then g (a,y,t) <0 fort € [2t, + m,2x] and
og
E(a,y,t) <0, telt,+n/2,t, +31/2].

Proof. Part (a) follows from the definition of g by direct computation. Set

1+a?
P (a,y,1) = e 7 pax
’ Y 1+ (@ —y)?
and
20 — 2 _ -1
g (@, y,1) = (oz—y)yz cos(?) — w sin(f)
1+(a—7) 1+(a'—fy)
20 —v)? + (a2 — —1)2
- rfGe i 20/)’ ) cos(t — tr + 1/2),
I +(@-vy)
so that

g(a,y,0) =g (a,y,0) + g" (a,7,1).

Assume that @ > 1. By inspection, the function

g ] 1+a?
& (ha,y) = (—a)e™ - (y — a)f

~-° - = U
ot L+ (a—y)

has a unique root

NS a?)(a —y)
——1In

Y A+ (@-y)P)ek

k:

for each k > 0. From T, 77 < 0 and

k ,EXp

S (bay) o (- as 1o e,

el}l

it follows that

exp
&P (a,y,1) >0, 5 (a,y,1) <0, t>0.
On the other hand,
1 1 +a®)(a —vy)? 1 20 —
T2=——1n(( MLIC 27)):——ln(1— (2o y))zl )>0
Y \(+(@-7y))a? Y (1 +(a=y))a?

(B.5)

(B.6)

(B.7)

(B.8)

(B.9)

(B.10)

(B.11)
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and
a-—-vy
a

2
T4—T2:——ln > 0,
Y

hence T4, > T, > 0. Moreover,

84 gexp
or*

_adil+(@=-y)-(@-p'd+a?)

a,y,0) = <0,
(@,7,0) It @)

therefore
84 gexp
or*

2 ,ex
2 5’;2 p(a, v, t) 1s concave on the interval [0, T4], hence T, < T4 implies

0? gP t 62g°"p vQ2a —y) t
or? (@712 ( T2) or? (@7,0) 1+ (a—y)? ( T2)

(a,y,1) <0, te[0,T,),

i.e., the function

(B.12)

for ¢t € [0, T,]. By inspection,

azgtr adexp ’)’(20’ _ ,y)
s /s 0 = - s /s 0 - 5>
52 (@ 70) 5 (@7.0) T+ (@)

> 0, (B.13)

2 ,tr

or?

(,y7,1,) =0

2 tr
with 7, given by (B.5), and the function aa%(a, v, ) is concave on the interval [0, #,], hence

2 tr

0’g t\ 6%g" YQa —) t
LY, 0) =11 — — ,Y,0) = ————— |1 - — 0 B.14
or? (@71 ( tz) or? (@.7,0) 1+ (a—7y)? t > ( )

for t € [0, ;). But Lemma B.2 implies #, > T, and, due to (B.12) and (B.14),

328 YR2a—-y)yt (T -t
or?

—(a,vy,1t) > 0, te (0,7,]. B.15
@ynz o= t2T2)> € (0,7, (B.15)

Since T is a unique root of the function %, relations (B.10) and (B.13) imply that %(a, v,t) >0

for t € (T, t;] and, due to (B.14) and (B.15),
0’g

W(a’ Y, t) > O, re (O, tZ]

By part (a) of Lemma B.4, this implies
g(a,y,1) >0, t€(0,1]. (B.16)

Combining (B.11) with the relation g" (a,y,t) > 0, t € [t,, 7 + t,], which follows from (B.9), and
with (B.16), one obtains
g(a,y,0)>0, t€(0, +nl, (B.17)
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which proves part (b). Finally, due to (B.9) and (B.11), for ¢ € [2t, + m, 2n],
gla,y,1) < g(a,y,2t + 1) = g"(a,7,0) + g™P(a, 7,2t + 1) < g(,7,0) = 0,
1.e.,
g(a,y,1) <0, t € [2t, +m, 2m]. (B.18)

Moreover, relations (B.11) and
0gtr
ot

imply (B.6), proving together with (B.18) part (c). O

(a,y,1) <0, tet, + /2,1 + 3m/2],

Theorem B.1. The least positive solution T" () = T («,y, 0, ¥) of Eq (4.8) depends continuously on
the parameters a,y, o, on the set

D= (@ y.0.0) : (@.7) € Do, (-0,y) € B2\ (0,0)},

where

2 _
Dy := {(a,y):az \/g,y<0}u{(a,y):1<a'< V3, v < a';/a;_f)}.

Moreover, T"(a,y, 0, ¥) is a continuously differentiable function on D.

Proof. Let us show that if (@, y) € Dy, then t; = t1(a,y), 1, = t,(a,y) defined by (B.2), (B.5) satisfy
2t <ty + /2. (B.19)
Indeed, using (B.2) and (B.5), relation (B.19) is equivalent to

az—ay—l)

B.20
2a —y ( )

arctan(a —y) < 2 arctan(

which is true if @®> — @y — 1 > 2a — 7. On the other hand, if &> — a’y — 1 < 2a — v, then using the double
angle formula for the tangent, (B.20) is equivalent to

B (@ —ay-1)7° - 2@ —ay-1)
Qa —v)? 20—y

(a—y%l

1.e.,
2Qa —y) @ —ay—1)—(a-7) ((2a —y)? —(* —ay - 1)2) > 0.
By inspection, this can be factorized as

1+(a/—ﬁ)2 y+a(a2—ay—3) > 0,
( )( )

therefore (B.19) holds in the parameter domain D,.
From the definition of #,, t, it follows that fora > 1,y > 0,

0<t <t <m/2.
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Combining this with (B.19), one obtains
H+a2<b+r2<ti+a<tb+m20+70<2bL+7n<t;+3n/2<t,+ 31/2,

therefore [#; + 7, 2t, + n] is a non-empty interval for any (a,y) € Dy. Moreover, from parts (b), (c) of
Lemmas B.3 and B .4, it follows that function (4.8) satisfies

OF
E(a’ v, o0, 1) <0, te |t +m, 2t + 7],

on this interval and
F(a,y,o,¢,t) >0, te 0,1 +m],

F(a,y,o0,2t, + 1) <0

at its ends and outside for («,y,0,¢) € D, hence the conclusion of the lemma follows from the
intermediate value theorem and the implicit function theorem. O

Proof of Theorem 3.2. We denote by T"(u, i) the first return time to the switching plane S from the set
"y c Sy C S, ie., T (u, ) is the counterpart of T7(y) for system (3.33) (cf. (4.6) and (4.7)).
Similarly, the counterparts of other quantities and functions defined in Sections 3 and 4, such as w, wy
and the Poincaré map, depend (continuously) on . Under the assumptions of the theorem, from (3.25)
and (3.26), it follows that tr(B(u)|s) < 0, det(B(u)|s) < 0 on a sufficiently small interval u € (u,, pt.).
Hence, the linear flow of system (3.22) continuously maps the intersection of the sliding region S
with a sufficiently small neighborhood U of the point wo(u,) to €7 for any pu € (u,,p.), i.e., the
continuous map Q(u,-) : So N U — (2 is well-defined by Q(u,z) = e “IBWz with T, (u, z) :=
min{r > 0 : ¢'BWz € ¢9“"}. Moreover, Theorem B.1 implies that for every sufficiently small 6 > O there
is a u*(0) > u, such that the Poincaré map (4.11) is well-defined and is continuous as the composition

P(u, wo(r) + yw(u) = Q) © O (T" (i, ), wo() + Yyw(w)), ¢ € 10,61,

of two continuous maps for each u € (u,, u*(9)]. In other words, the function P¢ : (u,, 1" ()] X [0, 8] —
R, defined by

P(u, wo() + Yyw () = wo(u) + P (u, ) w(u)
(cf. (4.15)) is continuous. Theorem B.1 also ensures that the point
Z' (W) 1= O,(T" (1, 6), wo(p) + ow(w))

depends continuously on u on the closed interval [u,, u*(6)]. Recall that o(u,) = 0, x(u,) > 0. Hence,
as we have seen in the proof of Theorem 3.1, the trajectory ©,,(t, z’(u,)) proceeds along S from the
point z’(u,) either to the point

P(ﬂoa wO(ﬂo) + (SW(,UO)) = W()(,UO) + P5w(ﬂo) € giut

with O < p < 1, in which case
P (Uy,0) = pd < 6 (B.21)

or converges along S to an equilibrium (1 — &,,0)wo(u,), i.e.,

®/~lu(t7 wO(ﬂo) + 5w(/~10)) - (1 - gwd)WO(lIo) as [ — oo. (B22)
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Due to continuity with respect to y, relation (B.21) implies
P (u,0) > pd6<od as pu—u,+. (B.23)

On the other hand, since the eigenvector wy(u,) of B(u,)|s corresponds to the zero eigenvalue and
tr(B(u,)ls) < 0, relation (B.22) implies

P(,8) >0 as p— p,+. (B.24)

Either of the relations (B.23) or (B.24) implies that the Poincaré map P¢(y, -) : [0, 6] — R, has a fixed
point ¥, € [0, 5] whenever u > p, is sufficiently close to yu,. By construction, ®,(t, wo(u) + ¥,w(u)) is
a periodic solution, which satisfies (3.35) because ¢ > 0 is arbitrarily small. O

C. Proof of Theorem 3.3

Proof of statement (i). The case o = 0, k > 0 was considered in Theorem 3.1. If k = 0, then the flow in
S is parallel to the segment L of equilibrium states according to (3.30). Hence, every non-equilibrium
trajectory in S reaches the set £/ U £?" (which, in particular, implies that all the equilibrium states are
unstable). Therefore, using the decomposition (A.2), if o > 0, then the Poincaré map is well-defined
by (4.10)—(4.15) with P.(¥) = py. Moreover, in this case, as in the proof of Theorem 3.1, relation
(A.4) implies p < 1, consequently the iterations of the Poincaré map converge to L proving that L is
an attracting set. If p = 0, then every trajectory starting from a sufficiently small neighborhood of L
reaches L in finite time. If —1 < p < 0, then the Poincaré map is well-defined by (4.10)—(4.14) and
(4.16) with P.(y) = py, and p > —1 ensures that the iterations of the Poincare map converge to L,
which completes the proof of part (i).

Proof of statement (ii). Consider the closure N(—¢,, ¢) of the parallelogram (3.42) (whose diagonal is
the equilibrium set L). Due to conditions (3.4) and (3.5), there is an open domain U > N(—¢y, ¢o) and
a bounded function T; : U — R, such that O(T(z’),z’) € S for z € U. The relations o = 0, k < 0
imply that the flow in S is parallel to the vector v, = Aw (cf. (3.27) and (3.29)) and directed away from
the straight line {éd, : ¢ € R}, which contains the equilibrium set L. Hence, every non-equilibrium
trajectory leaves S through the the set £ U {-°". Further, from the point z = dy + yw €
with a sufficiently small ¢ > 0 (resp., z = —dy + yw € ¢° with ¢ < 0) the trajectory continues
to the point (T, z) = do + ye'*w € S, (resp., O(T",z) = —dy + ve' “w € S;). Combining the
decomposition (A.2) with the identity

Aw = dy + dow, (C.1)
which follows from (3.11) and the definitions (3.40) and (3.41) of w and ¢, one obtains
e = xdy + (p + xdo) w, (C2)
where due to (A.5) and (3.41),
o+ xho=p+ T sin(T”)Ky(cx2 +1)=p (1 - £) , (C.3)

and the assumptions «, < k < 0, p > 0 imply
p+xdo>0 (C.4)
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(cf. (3.39)), hence the Poincaré map is well-defined by (4.10)—(4.15) with P¢ : (-6,0) U (0,6) —» R
given by P () = pyr. Moreover, relations (C.1) and (C.2) imply that the trajectory starting at the corner
Ze = ¢ow + Aw = dj + 2¢ow € (9 of the parallelogram N(—¢y, ¢) continues to the point

O(T"(z.), zc) = do + 2¢0e” w = ¢ (20 — Y w + (1 + 2¢ox)Aw,
where due to (A.6) and (C.4),

—¢o < o (20 — 1) < ¢y, -1 <1+2ppx <1,
hence
O(T"(zc)» zc) € N(=¢o, do), (C.5)

and we conclude that the Poincaré map is defined on N(—¢g, po) N (€7 N £2), ie., § > 2¢, for
P¢:(-6,0)U (0,6) — R. Furthermore, from (C.5) it follows that all the trajectories from a sufficiently
small neighborhood of L’ reach L’ in finite time and ®(¢, L") = L’ for all + > 0, which proves part (ii)
for k. < k < 0. In the case k = k., relation (C.3) implies p + y¢o = 0, hence O(T"(z.), z.) = (1 —2p)d,,
i.e., the trajectories starting on N(—¢o, ¢o) N (£ N €**") reach the interior of the equilibrium set L in
finite time, and the conclusion of part (ii) follows.

Proof of statement (iii). Under the assumptions of part (iii) relation (C.3) implies p + y¢, < 0, hence
from (C.2) it follows that the Poincaré map is well-defined by (4.10)—(4.14) and (4.16). In particular, a
trajectory starting at the point z = dy + yw € £ with a sufficiently small ¢ > 0 continues to the point

O(T"(2),2) = do + Y *w = —dy + (2dy + ye'*w) € S (C.6)

through the half-space Q, and then, within S, to the point
P(z) = —dy + P(Y)w € £ (C.7)
along a straight line with the direction vector —Aw. Due to (A.2) and (C.1),
2dy + " w = (=2¢0 + pY)w + (2 + xy)Aw,
hence (C.6) and (C.7) imply that the Poincaré map is given by
Po(y) = —2¢o sign(¥) + py, ¥ € (=6,0) U (0,9),
where the domain is defined by 2 + &y > 0, i.e.,
2 2T

X  sin(T")

(cf. (A.5)). By inspection, (P¢)? has a fixed point y* > 0 given by (3.45), and the assumption * < x < 0
is equivalent to ¥* € (0,9). By assumption, p > —1 and as we know p < 1, hence ¢* is an attracting
fixed point (as is —*). Therefore, L° = {®(t,dy + y*w) : t > 0} is an attracting periodic orbit, which
completes the proof of part (iii) and the theorem.

©2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

@ AIMS Press

Mathematics in Engineering Volume 8, Issue 3, 340-367.


http://creativecommons.org/licenses/by/4.0

	Introduction
	Motivating example
	A leader-follower system with a dry friction interface
	Equivalent Lur'e system

	Main results
	Assumptions
	Preliminaries: switching surface and sliding region
	Stability of equilibrium states
	Bifurcation of periodic orbits from equilibrium set
	Attractors for sigma = 0

	Poincaré map
	Numerical examples
	Conclusions

