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Abstract: This paper investigates lump waves in a generalized (2+1)-dimensional
Bogoyavlensky–Konopelchenko model with spatially balanced derivatives. Using a sum-of-
squares ansatz, symbolic computation in Maple is employed to construct lump wave solutions of the
nonlinear model from positive quadratic functions. The interplay of four sets of nonlinear terms and
five dispersion terms gives rise to the resulting lump waves. The critical points of these quadratic
functions are determined, and they travel at constant velocities along a straight line in the spatial plane.
Along this characteristic line, the constructed lump waves remain invariant. Concluding remarks are
provided in the final section.
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1. Introduction

The determination of nonlinear waves in optical, fluid, and oceanological models is often a
challenging task [1, 2]. In rare cases, closed-form solutions can be obtained. However, soliton
theory provides systematic trial-and-error approaches to construct such solutions. One important class,
known as soliton solutions, can be presented explicitly. In formulating these nonlinear dispersive wave
solutions, the interplay between nonlinearity and dispersion plays a crucial role.

The inverse scattering transform [3] and the Hirota direct method [4] are two efficient techniques
to both soliton and lump wave solutions. The inverse scattering transform was developed for solving
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Cauchy problems of nonlinear evolution equations generated from Lax pairs [5], through which one
can also analyze long-time asymptoticis of solitonless solutions [6]. It is a nonlinear generalization
analogous to to the Fourier transform. The Hirota direct method is a straightforward but powerful
technique to determine both soliton and lump waves, particularly for nonlinear dispersive wave
equations in (2+1)-dimensions [7, 8].

We consider a (2+1)-dimensional situation. Assume that R is a given polynomial in time t and two
space variables x, y. Hirota bilinear derivatives are defined as follows [4]:

Dm
t Dn

xDk
y f · f =

( ∂
∂t
−

∂

∂t′
)m( ∂

∂x
−

∂

∂x′
)n( ∂
∂y
−

∂

∂y′
)k f (t, x, y) f (t′, x′, y′)

∣∣∣
t′=t,x′=x,y′=y

, (1.1)

where m, n, k are nonnegative integers. Then, we can introduce a (2+1)-dimensional Hirota bilinear
differential equation

R(Dt,Dx,Dy) f · f = 0. (1.2)

From such a Hirota bilinear equation, a nonlinear partial differential equation with a dependent variable
u can be presented often by one of the logarithmic derivative transformations

u = 2(ln f )xx, u = 2(ln f )yy, u = 2(ln f )xy, u = 2(ln f )x, u = 2(ln f )y. (1.3)

Within the Hirota bilinear theory, an N-soliton solution is formulated (see, e.g., [7, 9]) as

f =
∑
ν=0,1

exp(
N∑

i=1

νiζi +
∑
i< j

νiν jci j). (1.4)

Here
∑
ν=0,1 denotes a sum with all possibilities when ν1, ν2, · · · , νN take either zero or one, and the

phase shifts ci j and the wave variables ζi are defined via

exp(ci j) = −
R(ω j − ωi,mi − m j, ni − n j)
R(ω j + ωi,mi + m j, ni + n j)

, 1 ≤ i < j ≤ N, (1.5)

and
ζi = mix + niy − ωit + ζi,0, 1 ≤ i ≤ N, (1.6)

where the constant phase shifts ζi,0 are arbitrary. To construct an N-soliton solution in a nonlinear
model equation, the wave numbers mi, ni and the frequencies ωi need to satisfy

R(−ωi,mi, ni) = 0, 1 ≤ i ≤ N, (1.7)

which are called the dispersion relations in the theory of nonlinear waves. Based on these dispersion
relations (1.7), an algorithm to show if a function f in (1.4) solves a Hirota bilinear equation (1.2) is
proposed and illustrative examples are made in [9].

Recent studies have shown that abundant lump waves (and rogue waves) exist in nonlinear
integrable models, remarkably similar to soliton waves [10]. Lump waves, describing important
nonlinear phenomena, are expressed in terms of rational functions, and they are localized in all
directions in space (see, e.g., [10, 11]). It is known that the KPI equation possesses various lump
waves (see, e.g., [8]), and taking long wave limits of soliton solutions can yield particular lump wave
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solutions [12]. There also exist lump waves in nonlinear nonintegrable models, and such examples
include generalized (2+1)-dimensional KP, BKP and KP-Boussinesq equations [13, 14]. Moreover,
linear models in higher dimensions have been shown to possess lump waves (see, e.g., [15]).

An initial step to find lump waves is to construct quadratic function solutions to bilinear
equations [8, 10]. Lump waves to nonlinear model equations are then determined from positive
quadratic function solutions through the logarithmic derivative transformations. In this paper, we
would like to search for lump waves in a generalized (2+1)-dimensional spatially balanced-derivative
Bogoyavlensky-Konopelchenko model via such a process starting from quadratic functions. The
starting point is the Hirota bilinear form with spatially balanced-derivative terms. The considered
generalized (2+1)-dimensional Bogoyavlensky-Konopelchenko model has four sets of nonlinear terms
and five second-order linear dispersion terms. The nonlinear terms and the dispersion terms play
together to form lump waves. Symbolic computation with Maple will be arried out to get lump waves.
A few of characteristic properties will be analyzed for the resultant lump waves. The conclusion is the
last section.

2. A generalized Bogoyavlensky-Konopelchenko model with spatially balanced derivatives

Let α1, α2, β1, β2 and γi, 1 ≤ i ≤ 5, be arbitrary real constants. To explore lump wave solutions
created jointly by dispersion and nonlinearity, let us consider a generalized (2+1)-dimensional
Bogoyavlensky-Konopelchenko model equation with spatially balanced derivatives:

K(u, v,w, r, s) := α1(6vxvy + 6vvxy + vxxxy) + β1(3uxxry + 3uxrxy + 3uxyv + 3uyvx + uxxxy)
+ α2(6wxwy + 6wwxy + wxxxy) + β2(3uyysx + 3uysxy + 3uxyw + 3uxwy + uxyyy)
+ γ1utx + γ2uty + γ3uxx + γ4uyy + γ5uxy = 0, (2.1)

subject to the constraints vy = ux,wx = uy, rx = v, sy = w.
In the special case α2 = β2 = γ2 = 0, this model reduces to a generalized (2+1)-dimensional

Bogoyavlensky-Konopelchenko equation:

α1(6vxvy + 6vvxy + vxxxy) + β1(3uxxry + 3uxrxy + 3uxyv + 3uyvx + uxxxy)
+ γ1utx + γ3uxx + γ4uyy + γ5uxy = 0, (2.2)

with the same constraints vy = ux,wx = uy, rx = v, sy = w. Additional reductions of this type have also
been investigated in the literature (see, e.g., [16–19]).

A straightforward computation tells that if we take the logarithmic derivative transformations

u = 2(ln f )xy, v = 2(ln f )xx, w = 2(ln f )yy, r = 2(ln f )x, s = 2(ln f )y, (2.3)

then the above generalized (2+1)-dimensional Bogoyavlensky-Konopelchenko model equation with
spatially balanced derivatives (2.1) is changed into the Hirota bilinear form:

R( f ) := (α1D4
x + β1D3

xDy + α2D4
y + β2D3

yDx

+ γ1DxDt + γ2DyDt + γ3D2
x + γ4D2

y + γ5DxDy) f · f

= 2[α1( fxxxx f − 4 fxxx fx + 3 f 2
xx) + β1( fxxxy f − 3 fxxy fx + 3 fxy fxx − fy fxxx)
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+ α2( fyyyy f − 4 fyyy fy + 3 f 2
yy) + β2( fxyyy f − 3 fxyy fy + 3 fxy fyy − fx fyyy)

+ γ1( ftx f − ft fx) + γ2( fty f − ft fy) + γ3( fxx f − f 2
x )

+ γ4( fyy f − f 2
y ) + γ5( fxy f − fx fy)] = 0, (2.4)

where Dt,Dx and Dy are the standard Hirota bilinear derivatives [4] (see also (1.1)). Based on a
symbolic computation, one can explore a precise relation between the nonlinear model equation and
the bilinear model equation:

K(u, v,w, r, s) =
[R( f )

f 2

]
xy, (2.5)

where u, v,w, r, s are defined in terms of f in (2.3). Such connections also exist in a spatial symmetric
KP model [20] and a spatial symmetric HSI model [21]. In light of (2.5), if f solves the bilinear
model equation (2.4), then u, v,w, r, s determined by (2.3) present a solution to the generalized (2+1)-
dimensional Bogoyavlensky-Konopelchenko model equation (2.1) with spatially balanced derivatives.
We would like to search for a class of lump wave solutions in this nonlinear model equation in the
following section.

3. Lump waves formed by dispersion and nonlinearity

Let us now construct lump waves in the generalized (2+1)-dimensional Bogoyavlensky-
Konopelchenko model equation (2.1) with spatially balanced derivatives, through conducting symbolic
computations. It is easy to check that the above general nonlinear model equation does not pass the
three-soliton test (see, e.g., [9] for the three-soliton test).

We apply a general ansatz on lump waves in (2+1)-dimensions [8], and begin with positive quadratic
function solutions

f = ζ2
1 + ζ2

2 + a9, ζ1 = a1x + a2y + a3t + a4, ζ2 = a5x + a6y + a7t + a8, (3.1)

to the corresponding Hirota bilinear equation (2.4), in which the nine parameters ai’s are real constants
to be found (see, e.g., [8, 10] for illustrative examples). It is known that this is a general form for
lump wave solutions of lower order in (2+1)-dimensions [10]. The next step is to conduct symbolic
computations to find the involved constant parameters ai’s.

By a straightforward symbolic computation with Maple, one can find a set of solutions for the
parameters: 

a3 = −
[(a2

1 + a2
5)a1γ3 + (a1a2

2 + 2a2a5a6 − a2
1a6)γ4 + (a2

1 + a2
5)a2γ5]γ1

(a1γ1 + a2γ2)2 + (a5γ1 + a6γ2)2

−
[(a2

1a2 + 2a1a5a6 − a2a2
5)γ3 + (a2

2 + a2
6)a2γ4 + (a2

2 + a2
6)a1γ5]γ2

(a1γ1 + a2γ2)2 + (a5γ1 + a6γ2)2 ,

a7 = −
[(a2

1 + a2
5)a5γ3 + (a5a2

6 + 2a1a2a6 − a2
2a5)γ4 + (a2

1 + a2
5)a6γ5]γ1

((a1γ1 + a2γ2)2 + (a5γ1 + a6γ2)2

−
[(a2

5a6 + 2a1a2a5 − a2
1a6)γ3 + (a2

2 + a2
6)a6γ4 + (a2

2 + a2
6)a5γ5]γ2

(a1γ1 + a2γ2)2 + (a5γ1 + a6γ2)2 ,

a9 = −
3[(a1γ1 + a2γ2)2 + (a5γ1 + a6γ2)2]a10

(a1a6 − a2a5)2(γ2
1γ4 − γ1γ2γ5 + γ2

2γ3)
,

(3.2)
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where a10 is defined by

a10 = (a2
1 + a2

5)[(a2
1 + a2

5)α1 + (a1a2 + a5a6)β1] + (a2
2 + a2

6)[(a2
2 + a2

6)α2 + (a1a2 + a5a6)β2], (3.3)

and all other parameters can be arbitrarily chosen.
The above expressions of the two frequency parameters, a3 and a7, show a class of dispersion

relations in (2+1)-dimensional nonlinear dispersive wave models, and the expression of the constant
term parameter, a9, tells a complicated solution in terms of the wave numbers, which is crucial in
forming lump waves, within the Hirota bilinear formulation. We point out that a sort of higher-order
dispersion relations appearing in the formulation of lump waves have also been presented in the second
model equation of the integrable KP hierarchy [22].

Under the help of Maple, we have simplified all the above expressions for the wave frequencies and
the constant term in (3.2). Note that if

a1γ1 + a2γ2 = a5γ1 + a6γ2 = 0, (3.4)

then
(γ2

1 + γ2
2)(a1a6 − a2a5) = 0. (3.5)

Accordingly, to determine lump wave solutions through the logarithmic derivative transformations, we
need to satisfy two essential conditions:

a1a6 − a2a5 , 0, (3.6)

and a10

γ2
1γ4 − γ1γ2γ5 + γ2

2γ3
< 0. (3.7)

The above conditions ensure the fundamental properties of lump waves. The condition (3.6)
guarantees that the resulting solutions of u, v,w, r, s are localized in all spatial directions, and the two
conditions, (3.6) and (3.7), work together to assure that a9 > 0 so that u, v,w, r, s are analytic in the
whole spatial and temporal space. We will show later that the condition of a9 > 0 is also necessary for
u, v,w to be analytic.

Note that the second condition defined by (3.7) involves the coefficients, α1, α2, β1, β2, of the four
nonlinear terms and the coefficients, γi, 1 ≤ i ≤ 5, of the five dispersion terms. Obviously, if a1a2 +

a5a6 > 0, then (3.7) becomes
γ2

1γ4 − γ1γ2γ5 + γ2
2γ3 < 0 (> 0),

when α1, α2, β1, β2 > 0 (< 0). If a1a2 + a5a6 < 0, then (3.7) becomes

γ2
1γ4 − γ1γ2γ5 + γ2

2γ3 > 0 (< 0),

when α1, α2, β1, β2 > 0 (< 0). Therefore, the dispersion and the nonlinearity in the model equation (2.1)
play together to form lump waves. However, the nonlinear terms do not affect the speeds of the two
single waves in the lumps, in view of (3.2). The above analyses also imply that we always need the
condition on the dispersion terms

γ2
1γ4 − γ1γ2γ5 + γ2

2γ3 , 0, (3.8)
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in the formulation of the lump waves.
Two special reduced important cases can be computed. If we take α2 = β2 = γ2 = 0, we obtain

a3 = −
(a2

1 + a2
5)a1γ3 + (a1a2

2 + 2a2a5a6 − a2
1a6)γ4 + (a2

1 + a2
5)a2γ5

(a2
1 + a2

5)γ1
,

a7 = −
(a2

1 + a2
5)a5γ3 + (a5a2

6 + 2a1a2a6 − a2
2a5)γ4 + (a2

1 + a2
5)a6γ5

(a2
1 + a2

5)γ1
,

a9 = −
3(a2

1 + a2
5)2[(a2

1 + a2
5)α1 + (a1a2 + a5a6)β1]

(a1a6 − a2a5)2γ4
.

(3.9)

The necessary and sufficient conditions for the existence of lump waves in this first reduced case
become

(a1a6 − a2a5)γ1 , 0, [(a2
1 + a2

5)α1 + (a1a2 + a5a6)β1]γ4 < 0. (3.10)

Consequently, we see that the linear dispersion terms, uxt and uyy, are crucial for a lump wave to exist,
and their coefficients can be either positive or negative.

Similarly, if we take α1 = β1 = γ1 = 0, then we arrive at

a3 = −
(a2

1a2 + 2a1a5a6 − a2a2
5)γ3 + (a2

2 + a2
6)a2γ4 + (a2

2 + a2
6)a1γ5

(a2
2 + a2

6)γ2
,

a7 = −
(a2

5a6 + 2a1a2a5 − a2
1a6)γ3 + (a2

2 + a2
6)a6γ4 + (a2

2 + a2
6)a5γ5

(a2
2 + a2

6)γ2
,

a9 = −
3(a2

2 + a2
6)2[(a2

2 + a2
6)α2 + (a1a2 + a5a6)β2]

(a1a6 − a2a5)2γ3
.

(3.11)

The necessary and sufficient conditions for the existence of lump waves in this second reduced case
become

(a1a6 − a2a5)γ2 , 0, [(a2
2 + a2

6)α2 + (a1a2 + a5a6)β2]γ3 < 0. (3.12)

Therefore, we see that the linear dispersion terms, uyt and uxx, are crucial in the presentation of lump
waves, and the two corresponding coefficients can be either positive and negative.

4. Characteristic properties

Let us now explore the characteristic properties of the resultant lump waves presented previously.

4.1. Line of critical points

We view f defined by (3.1) as a function of the two spatial variables x and y. Let us compute its
critical points to determine extreme values of the lump waves. To the end, we consider the system

fx(x(t), y(t), t) = 0, fy(x(t), y(t), t) = 0. (4.1)

Because f is quadratic, this precisely yields

a1ζ1 + a5ζ2 = 0, a2ζ1 + a6ζ2 = 0. (4.2)
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Then, in light of the condition by (3.6), we arrive at

ζ1 = a1x + a2y + a3t + a4 = 0, ζ2 = a5x + a6y + a7t + a8 = 0. (4.3)

Again because of (3.6), we can solve this linear system for x and y, and obtain all critical points of the
quadratic function f :

x(t) =
[(a2

1 + a2
5)γ3 − (a2

2 + a2
6)γ4]γ1 + [2(a1a2 + a5a6)γ3 + (a2

2 + a2
6)γ5]γ2

(a1γ2 + a2γ2)2 + (a5γ1 + a6γ2)2 t +
a2a8 − a4a6

a1a6 − a2a5
,

y(t) =
[2(a1a2 + a5a6)γ4 + (a2

1 + a2
5)γ5]γ1 − [(a2

1 + a2
5)γ3 − (a2

2 + a2
6)γ4]γ2

(a1γ2 + a2γ2)2 + (a5γ1 + a6γ2)2 t −
a1a8 − a4a5

a1a6 − a2a5
,

(4.4)

where time t is arbitrary.
All critical points are aligned on a characteristic straight line, where the two spatial coordinates

propagate at constant velocities. Along this line, the lump waves u, v,w, r, s given by (2.3) remain
invariant (see [20, 21] for other examples).

4.2. Analyticity condition

Note that all critical points satisfy ζ1 = ζ2 = 0, i.e., (4.3), and the sum of two squares, i.e., the
function f − a9 vanishes at all critical points defined by (4.4). Therefore, we see that f > 0 in the
whole spatial and temporal space if and only if the constant term a9 > 0. The sufficiency is obvious,
as discussed earlier. The necessity is due to that f = 0 at the critical points if a9 = 0, and f = 0 at any
point on the circle ζ2

1 + ζ2
2 = −a9 if a9 < 0.

It then follows that the three functions u, v,w defined by (2.3) are analytic in R3 if and only if
the parameter a9 must be positive. Now, in view of the result on the positiveness of a9 in Section 3,
the necessary and sufficient conditions for u, v,w, r, s to be analytic are the two conditions in (3.6)
and (3.7).

In addition, we can observe that when a1a6 − a2a5 goes to zero, namely, the two spatial directions
(a1, a2) and (a5, a6) tend to be parallel to each other, the lump waves of u, v,w, r, s do not decay in all
cases of wave numbers.

5. Conclusions

Based on symbolic computations with Maple, we constructed a class of lump wave solutions
to a generalized (2+1)-dimensional Bogoyavlensky-Konopelchenko model with spatially balanced
derivatives. The interplay of dispersion and nonlinearity gives rise to these lump waves, which are
presented explicitly and exactly. The frequencies a3, a7 and the constant term a9 were determined in
terms of the wave numbers in the quadratic function f . Characteristic properties of the lump waves
were analyzed, and the influences of both dispersion and nonlinear terms were discussed.

It is well known that fascinating lump waves exist in linear wave models [15], as well as
in nonlinear (2+1)-dimensional models (see, e.g., [23–27]) and (3+1)-dimensional models (see,
e.g., [28, 29]). The Hirota bilinear and generalized bilinear forms play a key role in constructing lump
waves [10, 30]. Moreover, interaction solutions between lump waves and other intriguing structures,
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including homoclinic and heteroclinic waves, have been explored in (2+1)-dimensional integrable
models (see, e.g., [13, 31]).

Recently, multi-component integrable models have been systematically studied by groups
reductions (see, e.g., [32–34]), and generated from higher-order matrix spectral problems (see,
e.g., [35, 36]), including 4 × 4 cases (see, e.g., [37, 38]). It is of particular interest to determine
whether N-soliton solutions and lump waves occur in these reduced and multi-component integrable
equations, and whether they can be constructed by Riemann-Hilbert methods or the Hirota direct
method. Further exploration of soliton and lump structures will enhance our understanding of nonlinear
wave phenomena.
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