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Abstract: This paper investigates the well-posedness of contact discontinuity solutions and the
vanishing pressure limit for the Aw—Rascle traffic flow model with general pressure functions. The
well-posedness problem is formulated as a free boundary problem, where initial discontinuities
propagate along linearly degenerate characteristics. To address vacuum degeneracy, a condition at
density jump points is introduced, ensuring a uniform lower bound for density. The Lagrangian
coordinate transformation is applied to fix the contact discontinuity.The well-posedness of contact
discontinuity solutions is established, showing that compressive initial data leads to finite-time blow-
up of the velocity gradient, while rarefactive initial data ensures global existence. For the vanishing
pressure limit, uniform estimates of velocity gradients and density are derived via level set argument.
The contact discontinuity solutions of the Aw—Rascle system are shown to converge to those of
the pressureless Euler equations, with matched convergence rates for characteristic triangles and
discontinuity lines. Furthermore, under the conditions of pressure, enhanced regularity in non-
discontinuous regions yields convergence of blow-up times.
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1. Introduction

In this paper, we consider the Aw—Rascle traffic flow model proposed by Aw and Rascle [1]:

{pz + (pu), = 0, 0wy

(o(m+ P)), + (pu(u+ P)), =0,

where ¢ > 0 and x represent time and space, p, u, P are density, velocity, and pressure respectively. The
pressure P is the function of density p and the small parameter € > 0, satisfying lim._,o P (p, &) = O.
Here we consider the general pressure

P(p,e)=&p(p). (1.2)

In the paper, for p > 0, p € C? (R") satisfies the following conditions:
P () >0, 2p'(p)+pp” () >0, Jim p(p) = +oo,  limp () = k. (1.3)

And for different k£ we have the following two cases:
Case 1: If k is a finite constant, by (1.1), — &2k(1.1),, (1.1) are equivalent to

pPr t (pu)x = O’

(o (u+ &2 0) =h)), +(pu(u+& (p (o)~ b)) =0.
Therefore, we can take k = 0, otherwise we can let p (p) = p (p)—k, then the form of (1.1) is unchanged.
In this case, we have lim,_,y p (o) = 0, which includes y-law: p (p) = p” withy > 1.

Case 2: If k = —oo, then lim,,_,y p (p) = —oo, which includes p (o) = In p. To define the inital date,
we need to introduce Lip (R) to denote the set of piecewise Lipschitz functions:

Definition 1.1. For each f is belongs to Lip(R), there exists a finite set {x;}!_, of the first kind of
discontinuity points, in which x; < x;;1 for anyi = 1,--- ,n — 1, such that f is Lipschitz function on
(xi, Xiv1)- Respectively, f is belongs to Cl, if f is C ! function on each (x;, x;,1).

Here, {x;}7_, is called partition points set. By the Lipschitz continuous at each subinterval, at each
partition point x;, there exists the left limit lim,_,- f(x) = f(x7) and the right limit lim,_,., f(x) =
f (xf) but may not be equal. And, [f](x;) = f (xf) - f (xl.‘) is the jump of f at x;.

The initial data of (1.1) can be given as

(P, 1) li=0 = (o, o) , (1.4)

where both po and u are bounded, py € Lips (R) , up € Lip(R) and po = pg > 0. At each partition
point x; of density p,, following conditions are introduce for the low bounded of density:

e g-condition: If po(x;) < po(x)) at x;, for x > x;,
uo (x;) + &2p (po) (x7) > up (x). (1.5)
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e 0-condition: If po(x;) < po(x]") at x;, for x > x;,
uo (x;) > up (x). (1.6)

The necessary and sufficient of above conditions will be discussed in Sections 3 and 4. And, 0-
condition is the joint of e-condition for € > 0.

Remark 1.2. The discontinuous points of p are of the first kind. If the function f € Lip (R), then f
can be decomposed into

S =1+ fe (1.7)

where f; represents the jump part of function f; fc represents the absolutely continuous part of the
function f and is a Lipschitz continuous function.

Remark 1.3. If the curve x (t; xy, 0) is from the initial discontinuity point (xy,0), the discontinuity will
propagate along this curve. On the other hand, according to the Rankine-Hugoniot condition, [u] = 0

leads to p (o]
X u
E = W = Uu. (18)

Then, the discontinuous curve x (t; xy, 0) satisfies

(1.9

D = u (x (15 %0,0), 1)
x(0; xg, 0) = xp.

For fixed € > 0, the two eigenvalues of Aw—Rascle model consist: the genuinely nonlinear one, and
the linearly degenerate one. For the well-posedness of Aw—Rascle model, we start with local existence
and gradient blow-up.

For the local existence, if the solution is C! function without vacuum, (1.1) is equivalent to strict
hyperbolic system. In this case, the local existence of various types of function spaces, including C!
function class, H® function class and BV function class, has been studied. Under the condition of
o > 0 in the whole space, Li and Yu [13] could provide the local well-posedness of one-dimensional
C! solutions on each compact characteristic triangle.

For gradient blow-up of conservation laws, in 1964, Lax [12] proved this conclusion for one-
dimensional 2X2 genuinely nonlinear hyperbolic system. The results show that for a strictly hyperbolic
system, if the initial value is a small smooth perturbation near a constant state, then the initial
compression in any genuinely nonlinear characteristic field will produce a gradient blow-up in finite
time. John [11], Li et al. [14, 15], and Liu [16] have proven the generation of shock waves for n X n
conservation law equations under different conditions.

The Riemann problem of (1.1) with p(p) = p” was solved in [1]. Pan and Han [18] introduced
the Chaplygin pressure function into the Aw—Rascle traffic model and solved the respective Riemann
problem. It is noticeable that under the generalized Rankine—Hugoniot condition and entropy
condition, they establish the existence and uniqueness of d-wave. Cheng and Yang [6] solved the
Riemann problem for the Aw—Rascle model with the modified Chaplygin gas pressure. Godvik and
Hanche-Olsen [8] proved the existence of the weak entropy solution for the Cauchy problem with
vacuum. By the compensated compactness method, Lu [17] proved the global existence of bounded
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entropy weak solutions for the Cauchy problem of general nonsymmetric systems of Keyfitz—Kranzer
type. When the parameter n = 1, the system is the Aw—Rascle model.

When the pressure P (p) = 0 in the Aw—Rascle model, the equations are simplified to pressureless
Euler equations:

{p’ +(pu); =0, (1.10)

(pu), + (puz)x =0.
The system (1.3) was used to describe both the process of the motion of free particles sticking under
collision [3] and the formation of large scale in the universe [21,25]. The research on the pressureless
Euler equations mainly focuses on the well-posedness of weak solutions. Brenier and Grenier [3] and
Weinan et al. [25] independently obtained the existence of global weak solutions, and E-Sinai obtained
the explicit expression of weak solutions by using the generalized variational principle. Wang et al. [24]
prove the global existence of generalized solution to the L™ initial data. Boudin [2] proved that the
weak solution is the limit of the solution of the viscous pressureless Euler equations. Furthermore,
Huang [9] proved the existence of entropy solutions for general pressureless Euler equations. Wang
and Ding [23] proved the uniqueness of the weak solution of the Cauchy problem satisfying the Oleinik
entropy condition when the initial value p, is a bounded measurable function. Bouchut and James [7]
also obtained similar results. Huang and Wang [10] proved the uniqueness of the weak solution when
the initial value is the Radon measure.

To consider the relationship between the Aw—Rascle model and the pressureless Euler equations,
a natural idea is the vanishing pressure limit, which considers limits of € — 0 as the pressure in the
form of (1.2). The first study of vanishing pressure limit is on the Riemann solution of the isentropic
Euler equations by Chen and Liu [4], the limiting solution in which includes -wave by concentration
and vacuum by cavitation. Later, they extended the above result to the full Euler case [5]. Recently,
Peng and Wang [19] studied the case of C! solutions by a new level set argument. They showed that:
For compressive initial data, the continuous solutions converge to a mass-concentrated solution of the
pressureless Euler system; For rarefaction initial data, the solutions instead converge globally to a
continuous solution. In [20], the authors studied the hypersonic limitation for C' solution, and showed
the convergence of blow-up time. For the Aw—Rascle model, Shen and Sun [22] proved that as & — 0,
the Riemann solutions of the perturbed Aw—Rascle system converge to the ones of the pressureless
Euler equations (1.10). Pan and Han [18] proved that for the Riemann problem, as the Chaplygin
pressure P (p) = —f) vanishes, the Riemann solutions of the Aw—Rascle traffic model converge to the
respective solutions of the pressureless gas dynamics model (1.10).

This paper addresses two fundamental problems for the Aw—Rascle traffic flow model: (i) the well-
posedness of contact discontinuity solutions with initial velocity u, and piecewise Lipschitz initial
density p, satisfying the e-condition, and (ii) the vanishing pressure limit as € — 0. For problem (i),
the analysis begins by establishing a strictly positive lower bound for the density through a partition
of the domain, and Lagrangian coordinate transformations. This lower bound leads to a dichotomy:
Compressive initial data induce finite time velocity gradient blow-up, whereas rarefactive initial data
guarantee global existence of solutions. For problem (ii), uniform density estimates independent of
¢ are derived via level set argument. It is proven that Aw—Rascle solutions converge to pressureless
Euler solutions as € — 0: compressive data lead to mass-concentrated solutions, while rarefactive
data yield globally regular solutions, with matching O(&?) convergence rates for velocity fields and
characteristic triangles. Furthermore, under the conditions of pressure, convergence of the blow-up
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time is established through enhanced regularity analysis in non-discontinuous regions.
We have the following two theorems.

Theorem 1.4. For fixed € > 0, and (1.1)—(1.4), if lim,_,o p (o) satisfies one of the following two cases:
Case 1: lim,_,y p (p) = 0 and the initial data satisfies the e-condition;

Case 2: lim,_,y p (p) = —oo;

then there exists a time T}, such that on R X [O, Tzf)’ there exists contacted discontinuity solution (0°, u®)

satisfying:
(1) If inf e 1 (x) > 0, T = +oo, the solution exists globally,

p° € Lips R X [0,40)), u’e Lip(RX][0,+c0)).

(2) If inf g uj (x) < 0, T} is finite and there exists at least one X such that as (x,t) — (X;f, T,‘f),
u® (x,t) = —oo while p® (x, t) is upper and lower bounded. And the solution stands

p° € Lip, Rx[0,T})), u®eLip(Rx][0,T})).

And, T? = {(x, 1) eR X [O, Tlf) DX =X (t)} is the discontinuous curve and (xj)’ (t) is a Lipschitz
function with respect to t, satisfying
dx (1)
dt

=u’(x5(),1).

Theorem 1.5. For e > 0, (0°, u®) are the unique solution of (1.1)—(1.4) with O—condition on R X [O, Tzf)'
And, (p, it) are the unique solution of (1.10) with initial data (1.4) on R x [0, T}).
(1) For any 0 < T, < T, there exists a &, > 0, such that, for0 < e <e,, T. <T;. Ase — 0,

o> pin MRx[0,T.]), u®—>uin Lip(Rx[0,T.]).
And, T, < lim__ T;. Furthermore, there are the following convergence rates: Fori = 1,2,

|uf — a| ~ 0(82),

A2 —a~0(e),

xi—)'c| ~ 0(82),

where A; are the eigenvalues of (1.1); x5 and X are the discontinuity lines of (1.1) and (1.10)
respectively.

(2) If po € CL(R), ug € C' (R), 1 (p) := W(gg,—w satisfies following conditions:

(a) I(p) is an increasing function with respect to p;

(b) There exists a small 6 such that fO(S %ds = +4o0.
Then, the blow-up time convergences: lim,_o T} = T},.

Comparing with classical solutions of the compressible Euler equations, contact discontinuity
solutions of the Aw-Rascle model and their vanishing pressure limits pose unique analytical
challenges. First, the characteristic structure of the Aw—Rascle system, comprising both a linearly
degenerate field and a genuinely nonlinear field, induces distinct regularity properties in Riemann
invariants, with initial discontinuities propagating along linearly degenerate characteristic curves.
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Second, the coupling between evolving discontinuity curves and the solution itself characterizes
the problem as a free boundary problem. Third, density-dependent degeneracy in the Riccati-type
equations governing the system necessitates new density lower-bound estimation, distinct from those
for the compressible Euler equations. Fourth, discontinuities inherently reduce solution regularity,
mandating uniform estimates in tailored function spaces to rigorously establish convergence. Finally,
precise analysis of blow-up times requires delicate estimates in non-discontinuity regions, where
enhanced regularity can be exploited.

To overcome these challenges, three key ideas are introduced: (i) Lagrangian coordinate
transformations: that map evolving discontinuity curves to the fixed boundaries; (ii) Density Lower
bound analysis: the derivatives of Riemann invariants in smooth regions and the jump condition
analysis at discontinuities; (ii1) Time-directional derivative techniques: avoiding spatial discontinuities
in Lagrangian. Level set argument are further developed to track invariant derivatives and establish
uniform estimates for the vanishing pressure limit.

The paper is organized as follows: Section 2 proves the existence of classical solutions to the
Aw-Rascle system through Lagrangian coordinate transformations, on avoiding vacuum formation.
Section 3 establishes the well-posedness of contact discontinuity solutions using uniform L™ estimates
for time-directional derivatives in Lagrangian coordinates. Section 4 studies the vanishing pressure
limit, while Section 5 quantifies blow-up time convergence via modulus of continuity estimates in non-
discontinuity domains. Finally, Section 6 determines sharp convergence rates (O(g?) ) for characteristic
curves and Riemann invariants.

2. The well-posedness of Aw—Rascle model with C! initial data

2.1. Lagrangian coordinates

In this section, we consider the Lagrangian transformations for fixed £ > 0 that does not involve
estimations, so we drop ¢ of (%, u®).
The eigenvalues of (1.1) are

A =u— 2 ’ ,
{ 1 =u—-¢&pp (p) 2.0
A =u,
and Riemann invariants are
e 2.2)
Z=u+ & p (), ’

while p (p) can be represented by Riemann invariants as p (o) = <5*. Then, for p > 0, (1.1) is equivalent
to

u + (u - &pp’ (p)) u, =0, 2.3)
(u+82p(p))t+u(u+82p(p))x =0. ’
The derivatives along the charismatics are: Fori =1, 2,
D; =0, + 4,0,, 2.4)
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and the respective characteristic lines passing through (%, 7) are defined as:

dx,-(t;fc,f) Y (v (=
i = A (x; (; %,7),1), 2.5)
X; (t; j, f) =X
Combining (2.1) and (2.3), we have
Dlu = O,
(2.6)
DzZ =0.

Since the eigenvalue A; is genuinely nonlinear and A, is linearly degenerate, there will be contact
discontinuity in density along the second family of eigenvalues. So we consider the following
Lagrangian transformation: Let 7 = ¢ and

Lx@y) =ux(1y),1), o
x(0;y) = y.
Let u(x(r;y),7) = v(y,7), J = g_;yc is the Jacobian determinant of the coordinate transformation
satisfying:
a7 _
g‘] - Vy (y7 T) ’ (2‘8)
J(y,0)=1.

In Lagrangian coordinates, we denote
g, =pxmy),0, Z,1):=z2x(y),1), (2.9)

and Z(y,7) =v(y,7) + £p (g (y,7)).
Next, for the relationship between J and g, in Lagrangian coordinates, (1.1), is equivalent to

g +8J7 . =0, (2.10)
which equals to (In(gJ)), = 0. For g > 0, integrating on 7 leads to

g )
g, 1)’

where go(y) = g(v,0) is the initial density. Combining with (2.8), in Lagrangian coordinates, (2.3) is
equivalent to

J(y,7) = 2.11)

Jr = vy,
Ve + vy =0, (2.12)
Z. =0,

where u = —g%gp’ (g)J~' = —;—Zgzp’ (2). And, the initial data are

(v, Z) =0 = (1,vo (), Zo () - (2.13)
In the Lagrangian coordinates, one could introduce following direction derivative:

D = 0. + uo,, (2.14)
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and the characteristic line passing through (¥, 7)

WD = (31 (35,9, 7) 015
@y =73.
Along the characteristic line, (2.12), is equivalent to
Dv =0, (2.16)
which leads to
vy, 1) =vo (1 (0;y,7). (2.17)
And, by (2.12);, one could have
Z(y, ) = Zo(y). (2.18)
By the expression of p we have
Z(y,7) = vy, 1) _ Zo(y) = vo (y1 (05, 7))
p(si.7) = 22D V0D A0 ngl LTS (2.19)
If g(y,7) > 0,
. vo(y) —v(y, )
g=p 1(p (go(y) + 2= 20T - S ) (2.20)

Remark 2.1. If absence of vacuum (g(y, 7) > 0), the density g are uniquely determined by the velocity
field v(y, T) and Lagrangian coordinate y. Consequently, the velocity field v is governed by the transport
equation:

Ve +u(v,y) vy, =0. 2.21)

For initial data containing jump, the coefficient u(v,y) becomes discontinuous along y-direction. This
necessitates estimating v through time t-derivatives via Lagrangian evolution instead of spatial y-
derivatives, thereby avoiding the jumps. Since the e-condition in this paper ensures that the density
has a lower bound at jump. The structure of (2.21) is the basis of the regularity of the solution in this
paper. Even in the presence of contact discontinuities, its structure enables deriving the appropriate
gradient estimates.

And in Lagrangian coordinates, e-condition and 0-condition equivalence to:

e g-condition: If go(y;) < go(y!) at jump point y;, for y > y;,
voyi) + & p (g0) (7) > vo (). (2.22)

e 0-condition: If go(y;) < go(y;") at jump point y;, for y > y;
vo (¥i) > Yo (). (2.23)

In the paper, we do not distinguish the e-condition and 0-condition in the Eulerian coordinates or
Lagrangian coordinates.
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2.2. The well-posedness and blow-up C' solutions

In this section, we consider vy, Zy € C!, by [13], we could have the local existence of C! solution
with g(y, 7) > 0 for (2.12)-(2.13). Next, we further consider the sharp life-span of C' solution of (1.1)—
(1.3). First, we have the following lemma.

Lemma 2.2. For the C' solution (J¢,Vv¢, Z¢) of (2.12)-(2.13), g° is upper bounded with respect to &; v*
is uniformly bounded with respect to €.

Proof. By (2.17),
min vo(y) < v¥(y, 7) < max vy(y). (2.24)
yeR yeR

On the other hand, for p (g°)
Z% (y,7) =V (y,7)

pE (1) = =2
£2p (90 (1)) + vo () = vo (% (03, 7))
2 max
< maxp(gy) + ——=2 < C(e). (2.25)
yeR &
Combining (1.3), g° has an upper bound with respect to &, denoted by g°. O

We have the following lower bound estimate for density g°.

Proposition 2.3. For the C' solutions (J¢,v¢, Z?) of (2.12)-(2.13), g° has a uniform lower bound

A
1) > —m— 2.26
S ey = (2.26)

where A| = minyer 8o, A2 = MaXyer go, B = Maxyer ((ZE—Z)* with (f), = max(f,0).

Proof. To estimate g°
’ 1 1 E 1 & - E ’ &£
P’ (&) Dg" = Dp(g") = 3DZ° = (z +p°z) = SHZy = -g,' (& P (€)(Z),. (227

Then, we have

Dg° = —g;' (&Y (%), - (2.28)
Dividing both sides of the above equation by (g°), by the definition of B, we have
1y (%),
D|—|= <B. (2.29)
8° 8o

Integrating s from O to 7 along the characteristic line y§ (7;y, 7)

g0 (7% (0:.7)) LA
1+go(v; Oy, 1)) Br 1 +A:Br

g0 (2.30)

O
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So for the C! initial data, we have the following proposition.

Proposition 2.4. For fixed € > 0 and (1.1)—(1.3), (09, ug) € (C ! (R))z, there exists a time T; such that
onR x [0,T5):

(1) If inf g ug, (x) > 0, T} = +o00, the solution exists globally, (p°, u®) € (C' (R X [0, +00)))%

(2) If inf g uj (x) < 0, T} is finite and there exists at least one X such that as (x,t) — (le, Tg),
us (x,t) — —oo while p®(x,t) is upper and lower bounded. And the solution stands (p®,u’®) €
(€' (R x [0, T))>.

Proof. Since the lower bound of density, by Remark 2.1, we just need to consider the gradient of v®.
Taking 0. on (2.12), leads to

D () = (), + 4 (1), =~V (231)
To compute /va§ , we have
_ (g°) Ve (g°)*ve Ve
gi = _gg (JS) 1\}; = — Y — . = — CIPIEN (232)
8o goH e’p’(g°)

which indicates
2
8 ’ £ £
(&P’ (g) v%
80 !
82 e 1/ & eN2 1 & E.E
= —g(zgp (€9) + (&) p" (8") &%

2¢°p (8°) + (8°)° P (8°) , .
(09",

= 2.33
&2 (g°p’ () ! (233)
By
2¢p' (&) + (8)° p” (3)
I(g) :=
¢ (gp’ (2))
one could get
I £
D) =18 eyt (2.34)

Since D (v?) < 0, v2 is upper bounded:

Vi(y, 7) < max vi(y,0).
yeR

Next, we focus on the lower bound of v¢. Dividing both sides of the above formula by (vi)z, we have

e .
v e2gep’ (g°) (Jo)~ vi 2

Integrating s from O to 7 along the characteristic line y{ (7; £, 0)

1 1 1 T
1 - == | 107 (560),5)ds.  (2.36)
(g2 () ()" %) (v (1:£,0).7) (g0’ (80 vp)(©) € o
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By (2.36), we have

(207" (80)vp) ()

°p' (89 (IS VE) (0 (13 £,0),7) = '
(s°p' 8 ¥) 0160, L+ (807" (80)v0) © [ 1 (87 (5 (5:£.0). 5)) ds

(2.37)

If v () > 0, by (2.37), we have
() (O (1:£,0),7) > 0

for all 7 > 0. If v} (£) < 0, we need to estimate [ I(g° (¥ (s:£,0). 5)) ds. By (2.25) and (2.26), for g,
we have

1 _
— < 9°(y,7) < 7° 2.38
1+AZBT_g(yT) g (2.38)

Then, since p (g°) € C* (R*), for g° € [ 1+2; o> gS], by (1.3), a positive lower bound /* such that
I1(g%)=1°>0. (2.39)

Then we have the following inequality:

[ 1t vie0.as> [ ras (2.40)
0 0
Thus, if vj () < 0, when 7 increases from 0 to some 7 (£), we have
T;(&)
Lt (oo’ @)@ [ 101 (5:£.0).9)ds =0, (2.41)
0

which indicate (J9)™' v& - —c0 as T — TE(é).
For £ run over all the points satisfying vj, (£) < 0, we could have the minimum life-span

T¢ := inf {T¢ (&)} > 0. (2.42)

In Lagrangian coordinates, for fixed € > 0, g° is upper and lower bounded in [0, Tg), so the global
solution exists if and only if, fory € R
vo () > 0. (2.43)

On the other side, if v, (y) < 0, Je)™! vy will goes to —co in the finite time. Then, there exists at least
one point (Yl‘f, Tlf) such that on R x [0, Tlf), as (y,7) — (Yzf’ Tl‘f),

(J) Ve > —co. (2.44)

Next, we want to discuss the transformation of the solution between the Lagrangian coordinates and
the Eulerian coordinates. For y € [—L, L], there is a characteristic triangle

[, |-L <y <y (s;L,0),0 < s <7}, (2.45)

where y§ (7; L,0) = —L. And, in the characteristic triangle, each (y, 7) has a unique (x, 7) satisfying

d . _ €
{d,x(f’Y) =v 0.0, (2.46)

x(0;y) =y,
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which could be expressed as
x(y, T) =y + f VE(y, s)ds. (2.47)
0

We let L — +oo, forany y € R, each (y, ) has a unique (x, ¢) by (2.46). According to the transformation
of Eulerian coordinates and Lagrangian coordinates, we have

us = (Jo) e,
{uls - (vs _ Vngapr (ga)) () v, (2.48)
And, for p® we have
{x:UWk%%MAE%%§ﬁ, (2.49)
pr == () gy =g () vy

In Eulerian coordinates, for fixed € > 0, u® and p® is upper and lower bounded in [O, Tzf)’ so the
global solution exists if and only if, for x € R

uy (x) > 0. (2.50)

On the contrary, if uj (x) < 0, u; will goes to —co in the finite time. Then, respecting to (Y b T;), there
exists (X[f, T,f) such that on R X [O, T;j), as (x,t) —» (XZ, Tzf)’ ut (x,t) = —oo.
Further, modulus of continuity estimates of the solution see [13]. O

3. The well-posedness contact discontinuous solution

In this section we consider the Eq (1.1) with piecewise Lipshcitzs initial data (2.13), where
vo € Lip(R) and Z, € Lip,(R). Without loss of generality, we can assume that Z, only has a jump
discontinuity at y = 0.

3.1. The lower bound of density

First, we would to clarify the influence of the jump. Here, we denote the characteristic line starting
from y = 0 as y{(7), which is defined in (2.15). And the characteristic line leading back from (¥, 7)
to the initial data is denoted as y{ (s;y,7). For whether the characteristic line y; (s; ¥, T) crosses the
discontinuity line or not, we can divide Q := R X [0, +o0) into the following regions:

Q=0Q, UL UQ;U{y=0}, 3.1)

where
Q ={y,10|y>0,720}, & ={(, 1) |yj (1) <y<0,7>0},

and
QL ={0. Dy <y (1), 7=>0}.

For (¥, 7) € Q,UQ7, ¥ (s; ¥, T) does not cross the discontinuity line. From the proof of Proposition 2.4,
we can obtain the local existence of Lipschitz solutions in the characteristic triangle of domain Q, UQ7,.

Mathematics in Engineering Volume 7, Issue 3, 316-349.



328

For (3, 7) € €], its backward characteristic line y7 (s; ¥, ) must reach (0, 7). So for v (y, 7) and Z° (3, 7)
we have
v(3,7) =v(0,70), Z°(F,7) =Z5(). (3.2)
Therefore, if g > 0, then g in Q] can be expressed as
Z; (¥) —v(0,79)
g2 '

g EH=p’' ( (3.3)

Without loss of generality, for different jump cases where Z§ has only one discontinuity at y = 0, we
discuss the lower bound estimate of density for different regions. The key point is based on the results
of Proposition 2.3, we have the following proposition.

Proposition 3.1. For fixed € > 0 and the solutions (J°,Vv?, Z°) of (2.12)-(2.13):
Case 1: lim,_,o p (g) = 0 and the initial data satisfies the e-condition;

Case 2: lim,_,( p(g) = —oo ( e-condition is not required);

then g° has a lower bound with respect to .

Proof. (1) Region Q, U Qf;: For any point (y, 7) in £, U QF,, by the method in Proposition 2.3, we can
get the uniform lower bound estimate of density:

Ay
D2 3.4
A Py 34)
where A| = minycg go, A2 = max,er go, and B can be defined as
Lip(Z¢
_n(z), s

80

here (Zg)c =75 - (ZS)J is the absolute continuous part of Z;, and (Li p(Zg))Jr is the Lipschitzs constant
of (ZS)C without decreasing.

(2) The discontinuous curve y = 0: If go(07) > go(0%) at y = 0, since v, is continuous, this means
Zy(07) > Zp(0%). By (2.29), similar to the case in Q, U QF}, there exists a constant B such that the

density has a lower bound (3.4).
Otherwise, if go(07) < go(0*), which means Zy(07) < Z,(0™), for (0, 7) and p (g° (07, 7)), we have

Z5(07) = v (3 (0;0,9)

p(g(07,7)) = =

. (3.6)

For (3.6), we need to discuss the following two cases:
Case 1: lim, o p(g) = O and the initial data satisfies the e-condition. By (1.5), there exists a
constant A which may depend on € such that

p(g°(07,7)) > A° > 0. (3.7)

So we have
g7 (0%,%) > g°(07,%) > p~' (A®) > 0. (3.8)
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Case 2: lim,_, p (g) = —o0. By (3.6), for p(g) we have

vo(0) — vo (y‘l9 0;0,7 )) 2 maxyeg [vo(y)|

d > p(g0) - = > —co. (3.9)

p(g°(07,7)) = p(g0(07)) + .

By (1.3), g° (07, 7) has a lower bound with respect to &.

(3) Region Qf: For any point (y,7) € €, its backward characteristic line must reach (0, 7o),

¥i (t0; ¥, 7) =0, (3.10)
by (2.29) we have
ZS
1 0
D(—):( )y. (3.11)
8° 8o

Integrating s from 7, to 7 along the characteristic line y{ (7; ¥, T), there exists a constant B such that

such that

1 1 1 1 fo (zip(25))

- — — < — — = +dSSB(‘T’—T). (3.13)
¢ (5, F) Minger<: 8° (0, 70) ~ g£G.7)  £°(0-,70) 20 0

So for fixed &, we have

1
> —
7o) 2 1 +A‘TBT’

Af = min g°(07,79), B= %.
0<t1o<? £o

8" (. (3.14)

where

Combining the three cases, we obtain that the density has a uniform lower bound in Q under the
Lagrangian coordinate, denoted by g°.

¢ mmind AL (A%) I (3.15)
£ 1+ a0 Ty atBe '

O

Remark 3.2. Forlim,_,o p (g) = 0, if the assumption in (1.5) becomes an equality, there exists at least
one point yy > 0 such that

Z5(07) = vo (o) - (3.16)
Then there exists a time Tygo such that

Y5 (T5:30.0) = 0. (3.17)
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So we have

ze (O‘, T;?O) -V (yf (Tfo;yo, 0) ; Tfo) _ %0 = 0o) _

p(s°(07.77,)) = = - 0.  (3.18)
This means there exists a finite time Ty, such that
g*(07.7z) = 0. (3.19)

Based on the above discussion, (1.5) is a necessary and sufficient condition for the absence of vacuum.

Remark 3.3. For the case of limy_,q p(g) = —oo, we do not need to use e-condition to get the lower
bound of density.

3.2. The well-posedness of Aw—Rascle model
Based on the above discussion, we prove Theorem 1.4.
Proof. By (2.37), in Eulerian coordinates, we have

| (0or” (o) uy) (1)

(4 5m,0),1) = ' / '
0.0 o0 () (% (1:m,00,1) 1+ (pop’ (po) y) () [3 1 (p° (¥ (5377,0) , 5)) ds

(3.20)

If uy (7) = 0, by (3.20), we have uf (x‘f (t;n,0), t) > 0 forall 7 > 0. If u;, (17) < 0, we need to estimate

fOT I(ps (x*lg (s;71,0), s)) ds. By Proposition 3.1 and (2.25), for p®, we have
p° < p° (¥ (1,0),1) < p° (3.21)

Then, since p (p°) € C* (R*), for p® € [88, ﬁa], I (p®) has a lower bound /* such that

1(p%) > I°. (3.22)
Then we have the following inequality:

t !
f 1(0® (x7(s31,0),5))ds > f Ids. (3.23)

0 0

Thus, if u;, (7) < 0, when ¢ increases from 0 to some 7 (), we have
T, ()
L (oop o)) [ 16" (6 55,0, ds =0, (3.24)
0

which indicate (J9)™' v& — —oo as T — TE(n).
To consider € R, we could introduce the minimum life-span

T¢ := inf {TS ()} > 0, (3.25)
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where 17 run over all the points satisfying u; () < 0. In Eulerian coordinates, for fixed £ > 0, p® is
upper and lower bounded in [0, T;j), so the global solution exists if and only if, for x € R

uy (x) > 0. (3.26)

On the other side, if u( (x) < 0, uf will goes to —oo in the finite time. Then, there exists (XZ, T;) such
that on R X [O, Tlf), as (x, 1) — (X;j, T;j), u? (x,t) — —oo. Therefore, by (2.48) and (2.49), p® and u®

satisfy
p°eLip,(Rx[0,T})), u®eLip(Rx][0,T})). (3.27)

Next, we consider the regularity of discontinuous line. The discontinuous line in Eulerian
coordinates is

dx; (1) e .
e u® (x5(1),1), (3.28)
which has the following implicit expression
!
x5 () = xo + f u® (x5 (s), s)ds. (3.29)
0

Therefore, by (3.29), for h > 0, t > 0, we have

ua(xg(t+h),t+h)—ua(xg(t),t)|
Lip(u®) (| (¢ + h) = x5 (0] + h)
Lip(®) (lull~ + 1) . (3.30)

|(5) (e + h) = (5) ()

IA

IA

So (x?)" is a Lipschitz function with respect to .
]

Remark 3.4. We have proved the well-posedness of the contacted discontinuity solution where py has
one contact discontinuity. For a general piecewise Lipschitz functions function py, we can follow the
above idea. Since the discontinuity points where [pg] > 0 are separable, we can repeat the above
procedure for each characteristic triangle containing only one such discontinuity. Then we can glue
the fragments together to establish local existence. By repeating this procedure, we can extend the
solution’s existence time forward until a nonlinear singularity appears. Therefore we proved the well-
posedness for general piecewise Lipschitz functions py.

For fixed & > 0, if the initial data are p, uy € C', by the method in [13], for a point (x,?) in the
domain R X [O, T}f), we can obtain the uniform modulus of continuity estimation of u«, and u,, and then
obtain the existence of C' solution. However, for the case where there is a discontinuity, since the
backward characteristic line of the point in the region €, U 7, does not pass through the discontinuity,
the regularity of the solution in the region can be improved to C! by the uniform modulus of continuity
estimation. However, the backward characteristic line of the points in the region Qf will pass through
the discontinuity, we cannot obtain the uniform modulus of continuity estimation of u, and u, along
the spatial direction, so the Lipschitz regularity is optimal.
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3.3. Pressureless fluid case

The blow-up of pressureless fluid in Eulerian coordinates can refer to [19], and we have similar
argument in Lagrangian coordinates. For a smooth solution (p, #) of (1.10), (1.10), is equivalent to

Burgers’ equation
i, + i, = 0.
For pressureless fluid, we introduce the following derivative
Dy = 0; + ud,.
And the characteristic line passing through (%, 7) is defined as

{dfc(;ff) = (x(:%17),1),

x(f; %,1) = %

Under the Lagrangian transformation, the Eq (1.10) is equivalent to
Je =7y,
v, =0.

(7,9) le=o = (1, vo ) .
Next, for the smooth solution (f , \7) of (3.34). By (3.34), we have

and the respective initial data are

vy, =vo(y) and ¥,(y,7) = ().
Integrating the first equation in (3.34), we have
J, ) =1+ (y)

Combining (2.11),
gy &

Jp, v 1+v,()T

g, 1) =
Then, by (3.36) and (3.37), one could get

vy ()
L+vy()t

According to (3.39), if v (y) < 0, when 7 increases from 0 to some T, (y), such that

J__l‘_}y 0,1 =

L+vo T, () =0,

which indicate J~'9, — —o0 and § — +00 as 7 — T(y).
For y run over all the points such that v; (y) < 0, we could have the minimum life-span

T, ::inf{Tb(y)}:inf{— ! }>o.
vy ()

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)
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Thus, from (3.39), we see that singularity of v, first happens at T = T;,. When 7 — T, there is a
point such that g goes to +oo, which corresponds to the mass concentration.
According to the transformation of Eulerian coordinates and Lagrangian coordinates, we have

i, = J vy,
_ (3.42)
i, = —vJ ',

Therefore, in Eulerian coordinates, we have

Po (x)

o(x(t;x,0),1) = ——, 343
p(x(t x,0),1) T, (01 (3.43)
and
i (5 0,0),0) = — 0 (3.44)
X b b b - 1 + ué (x) t' .
According to the above discussion, for ¢ € [0, T}), if
po € Lips(R), ug € Lip(R), (3.45)

then p € Lip, (R X [0, T})), &t € Lip (R x [0, T})).
Based on the above discussion, for the case of pressureless fluid, similar to Theorem 1.4, we have
the following proposition.

Proposition 3.5. For (1.10) with initial data (3.45), there exists a time T, such that on Rx [0, T}), there
exists a solution (p, it) satisfying
(1) If inf \ep u(x) > 0, the solution exists globally. For p and u, there are

p€Lips,Rx[0,+)), #u€ Lip(RX]I0,+c0)). (3.46)

(2) If inf e uyy (x) < O, there exists a finite T}, and at least one X, such that as (x,t) — (Xp, Tp),
i, (x,t) = —oo and p (x,t) — +o0. And the solution stands

peLip,(Rx[0,Ty), i€ Lip@®xI[0,Tp). (3.47)

And, T = {(x,f) e Rx[0,T}) : x = X (1)} is the discontinuous curve and ¥ (t) is a Lipschitz function

with respect to t, satisfying
dx (1)

dt

=u(x(1),t). (3.48)
4. On vanishing pressure limit

From the above discussion, we know that for Aw—Rascle model, if u;, < 0 initially, u, will goes to
—oo in finite time. In this section, for any fixed 7', as € — 0, we consider the convergence of v* and g°

on R x [0, T] in Lagrangian coordinates. Without loss of generality, we assume that € < 1. First, we
introduce the level set on the lower bound of (J¢)™! vy

m* () = inf {5 7). 4.1
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For any fixed € > 0 and the compressive initial data, there exists a finite life-span 7 defined in
Proposition 2.4, which is +co for the rarefaction initial data. And we have

lim m?® (1) = —c0. 4.2)
TTT,f
Further, for M > 0, we define 74,
= sup{s =M < inf m*().5 < T}. 4.3)

According to the definition, {Tj,[} 1S a monotone sequence with respect to M, and

A}LIEOO 74, =min{T;, T} =: 1. 4.4)
First, we need to proof that the density has a uniform lower bound with respect to &, and we have
the following proposition.

Proposition 4.1. For any € > 0 and the solution (J®,v?,Z?) of (2.12)-(2.13) with 0—condition, g° has
a uniform lower bound with respect to &.

Proof. (1) Region Q, U Qj: For any point (¥,7) in . U Qf, by Proposition 3.1, the density has a
uniform lower bound:

A
‘T2 45
S ey = 4.5

where A; = minyer go, A2 = mMax,er o, and B can be defined as
Lip|\Z;
B — ( ( 0))+’ (4.6)
8o

here (Zg)c =7Zi- (ZS)J is the absolute continuous part of Z;, and (Li P (Zg))+ is the Lipschitzs constant
of the continuous part of Z§ without decreasing.

(2) The discontinuous curve y = 0: If go(07) > g¢(0*) at y = 0. Since vy is continuous, Zy(07) > Zy(0%).
By (2.29), similar to the case in Q, U 7, there exists a constant B such that the density has a lower
bound (3.4).

If g0(07) < go(0*) at y = 0, for (0,7) and p (g° (07, 7)), we have

Z5(07) = v (3% (00, 7)) vo (07) = vo (¥4 (0;0,9)

p(g(07,7) = = =p(g(07)) + = (4.7)
By (1.6), we have
(g (07,%) = p(20(07) = p(g0)- (4.8)
So we have
g°(07,7) > g°(07,7) = go. 4.9)
(3) Region Qf: For any point (¥, 7) € f, by Proposition 3.1, we have
in g® (07, A
g°(5,7) = min g” (0, 7o) > ! (4.10)

1 +ming®(0-,79) B(f—19) 1+A|Br’
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where
Lip(Z
Al =ming (07, 79), B= (Lip (7). °))+.
80
Combining the above cases, we obtain that the density has a lower bound in Q under the Lagrangian
coordinate, denoted by g
: A Al
= , 20, . 4.11
g mm{1+A2BTg—O 1+A;Br} 10
O
Remark 4.2. In order to get a uniform lower bound of g°, for constant M, we need
) vo(y) = vo (¥ (05 y,7))
P&y, 1) = pg) + 2 > M > —co. (4.12)
The above equation is equivalent to
vo(y) 2 vo (5 (033, 7)) + & (M = p (80())) - (4.13)

As € — 0, the above equation is equivalent to the 0-condition, which is necessary and sufficient for
both lim,_,g p (g) = 0 case and lim,_,q p (g) = —o0 case.

For fixed sufficiently large M, let 7,, := lim_

lim__ 7%, see Lemma 4.5 for specific proof. Next, we
have the following L™ estimates lemma.

Lemma 4.3 (L™ uniform estimations). On R X [O, IM]’ for any € > 0, g° has uniform bound with

respect to € in L™ (R X [0, T M]) and v® has uniform bound with respect to € in Lip (R X [0, T M]) .

Proof. On R X [O, IM]’ we have

go (1) _
8o ()

Therefore, on R X [O, T M], let o := max,er go we obtain the uniform upper bound of g°.

In

f ' (In g° (v, 5)), ds = — f ) (I (y, 5)ds < MT. (4.14)
0 0

g < 5o =: gy (4.15)
Combining (4.11), then g° has uniform bound with respect to € on R X [O, T M]:
8§<8 <3&um (4.16)
By (2.17), v® has uniform bound with respect to &

min vy(y) < v¥(y, 7) < max vy(y). 4.17)
yeR yeR

Next, we estimate the bound of (J%)™! Vs due to

1)

D) =-=%

(v¥)* <0. (4.18)
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So we have
£ (g (89 ()7 vE) (0. 7) < £ (g0 (80) vp) (5 (03, 7). (4.19)

g% is uniformly bounded for any £ and p € C? (R"), so p’ (g°) is uniformly bounded. So we obtain the
uniform upper bound of (J°)™! vy on R X [0, Ty

(g0p’ (20)vp) (5 (053, 7)

I ) (y,7) < <C, (M), 4.20
(") 1) < T e <G (4.20)
On the other hand, due to
) > M, 4.21)
on R X [O, IM]’ we have
|77 | < max{Cy (M), M} < C(M). (4.22)
O

According to the transformation of Eulerian coordinates and Lagrangian coordinates, we have
&= (J¢ -1 Ve,
e = () o . (4.23)
ur = - (v = 2g°p’ () ()2
Correspondingly we have the following lemma.

Lemma 4.4. On R X [0, IM], for any € > 0, p® has uniform bound with respect to € in L™ (R X [0, ZM]);
and u® has uniform bound with respect to € in Lip (R X [O, t M])

Before we discuss the convergence of p® and u®, we need to estimate the uniform lower bound of 75,
with respect to &, which means that for M large enough, 77, does not go to 0 as & goes to 0.

Lemma 4.5. For M is large enough, t5, has a uniform positive lower bound.

Proof. This claim is obviously true for u;, > 0, we then prove it by contradiction for u;, < 0. If the
claim is false, we can find a subsequence {g,} such that tj; — 0 asn — oo. By (2.37), in Eulerian

coordinates, we can find a point (xfg, t;) such that
-M = u (xi;, t‘;})
1 (o (po) 1) (x5 (05 57, £57))

= — . (4.24)
(0 O (X5 131) 1+ (pop (o) ) (x5 (0.5 1)) 3 1 (o (x5 5)) s
For g, > 0, p* has uniform upper and lower bounds
p <P < poehi. (4.25)

Therefore, for p* € [p poeM ] I(p) is a continuous function respect to p, I (0®) has a uniform upper
and lower bounds. By condition (1.3) satisfied by p (p), we have

(0P ©)) =200 (0) + " (0) > 0. (426)
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Combining the (4.25) and monotonicity of p?p’ (p), we have

oo | 00

R e 4.27)
So, as n — oo,
B Doeii Miner (,001?' (o) ME))
() 7(e) 1+ (oo o) (s (0 505) 7 1 (0 (15 9) s
Po - Min,cp (POP (00) MO)
> . (4.28)
) 7 (o)
On the other hand, when M is sufficiently large
po - minsez (pop’ (po) )
> —M. (4.29)

() 7 (o)

This contradicts with (4.28). Therefore, for each fix M large enough, 5, has a uniformly positive lower
bound, denoted by 7. O

Based on the uniform estimates discussed above, we then prove Theorem 1.5(1). There is a uniform
domain defined as ¢,, := lim__, #7,. For the compact set H C R X [0, gM], the estimates we did above
are uniform in H, we have

u®* — i in Lip(H), p®— pin M(H). (4.30)
As € — 0, combine the (2.5) and the convergence of (u°, p®), we have
x°(t) — x(p), (4.31)

where X (7) is a Lipschitz function with respect to ¢.

Remark 4.6. In Lagrangian coordinates, for T < 7,, and any point (y,7) in Qf, when & is sufficiently
small, the backward characteristic line of this point is included in Q_. That is, when € — 0, Qf; — Q_
and Q=Q,UQ._.

Next, we consider the consistency. For £ > 0 and ¢ € C° (H), we have

f fpsgo, + p°ufp, dxdt + fpocp (x,0)dx =0, (4.32)
0 Jr R

fmf u +&p(p° )) o + p°u’ (ug +&p (p‘g)) o dxdt

0

+ f po (10 + 2P (p0)) ¢ (x,0) dx = (4.33)
R
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As € — 0, by the convergence of (p?, u®), the above equalities turn to

f f[)gp, + piip,dxdt + fpocp (x,0)dx=0, (4.34)
0 Jr R

f fpﬁ(p, + pitp dxdt + fpouogo (x,0)dx =0, (4.35)
0 Jr R

which show (p, i) satisfies (1.10) with initial value (1.4) in H. Finally, we consider the convergence of
us. Forp € CY (H),as € — 0,

f f(ui — it,) pdxdt = —f f(us — i) g dxdt — 0. (4.36)
0 Jr 0 Jr

So we have u? — i,. Since for each H, u are uniformly bounded respect to €, then u$ — i, in L*(H).
Then, in Lagrangian coordinates, we could have as € — 0

& e 1= . —_
m® (1) - m(71) := i‘e‘n{{] vy (0, T)} and 11TrTr;m(T) = —00, (4.37)
where T, is defined in (3.41). Similar to 73, for M > 0, we could introduce

Ty = sup{s =M < inf (D)5 < T}. (4.38)

According to the definition, {7,,} is a monotone sequence with respect to M, and as M — oo

lim 7y = min{7T,, T} =: 7. (4.39)

M—+c0

By the convergence of the level set, we have

lin(} T = Tm. (4.40)
Next, we shows that
e—0
Since 79, < T;. So we have
T 2 T = 100, Hm T (442
The left hand side holds
il iy = Jim, v = T 44y
So we get (4.41).
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5. Convergence of blow-up time

In this section, if py € C; (R), uy € C'(R), we can further obtain the convergence of the blow-up
time 77;. First, we need to introduce the non-discontinuous regions as:

Q5 =Q,UQy.
Similar to the previous definition, we define

m* (o) = inf {(7)7 e (7). (5.1)

(0, 1EQE,

For any fixed & > 0 and the compressive initial data, there exists a finite life-span T¢, which is +oo for
the rarefaction initial data. And we have

lim i (1) = —o0. (5.2)
TTTZ:
Further, for M > 0, we define 79,
7, = sup{s =M < inf (D)5 < T}. (5.3)

According to the definition, {‘T"ju} is a monotone sequence with respect to M, and

Mlg?oo Ty = mln{Tb, T} = T,. 5.4

Before discussing the convergence of the blow-up time, we need to discuss the modulus of continuity

estimation in Q7.
The modulus of continuity of a function f (x, ¢) is defined by the following non-negative function:

n(f 18 (s)=sup{lf(xi,s) = f(x2, 9l :s€[0,7],]lx —xaf <é}. (5.5)
For modulus of continuity, there are the following properties, for more details please refer to [13].

Lemma 5.1. For modulus of continuity

(DIfe <en(fle)<n(fle).
(2) For any positive number C, n(f | Ce) < (C + 1)n(f | €).
(3) For f and g that are two continuous functions, n(f g |€) <n(fle)+n(gle), andn(fg|e) <

n(f1elgl+n@lellfll
(4)If f € C% 0 < a < 1, if and only if there exists a constant L such that n(f | €) < Le".

Define
n(fi, fooo s fulO)@ :=max{n(file)®:i=1,...,n}. (5.6)

By definition, n (fi, f5,..., f, | €) (t) has similar properties in Lemma 5.1. So we have the following
lemma:

Lemma 5.2. If uy € C'(R) and gy € C'(R_UR,). Then on the Q,, the modulus of continuity of
(Je)™! vy and V¢ is uniform, which means (J5)™! vy and V¢ is equi-continuous.
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Proof. By (1.1), we have the following equation

Ve & 1( E Ve 2 "( 8)
pl2l=_[> gp(g))(_y) (1 8 ) 8 e }. 57
(Je) (+ pe) N\ VT e e ©-D

And v, can be expressed by ;—’ and the lower order terms. Thus we only need to prove the modulus
of continuity of % To prove this, we first prove the modulus of continuity of the characteristics line.

Then combine with the regularity of the lower order terms, we obtain the modulus of continuity of ;—>
By the Lemma 4.4, we have that g* and J* are uniformly Lipschitzs functions on the Qf,. Thus for
the characteristic line, for € > 0 and |J; — ;| < €, without loss of generality, we assume s < T

S @31, ) =5 (1352, 9)|
§1 — Fal + f I OF (5351, 5), 8) = 15 (55 (55 52, 8), )| s’
N

IA

IA

51 - T(5'3 51, 8) = ¥ (53 50, 9)| s (5.8)

By Gronwall’s inequality, we conclude that

V5 @31, 8) = 5 (1352, 9)| < 151 = F2l €T <[5y — 5] €07 (5.9)

. .. Vi . . . . .
Then we consider the modulus of continuity of ;. We consider the estimation on two directions:
characteristic direction and y-direction. For characteristic direction, because g° and v® are uniform

bounded in C! (€5),
19 vb:
f D (—)) ds
0\

Now we consider the y—direction in which we need the (5.9). For convenient, we use the denotation
Yi(s) = (yi (s), s) = (y‘l9 (s;9:,0), s). Thus for any (5;,0) € Q¢ ,i = 1,2. Let

< <

A% \%
J—Z Of (135, 7),71) — J—i OF (12:5,7),12)| < <C(M)|t) — 1. (5.10)

G (g°) = g'r'g) p”(ge) 5.11)
p'(g°)

By (5.7) we have

S

> (r )

Js
[v6 671) = v G| + C(M) fo T (@), (" ) - ), (% )| ds

+C (M)f
+C (M)f
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IA

0 (vo| i = ¥21) (0) + C() fo ' (@), |1 )= ) 0 s

+C(M) fo T (n(e

V' -7 )6+ (6@

[¥' ()= ¥ )] (5)) s

T VS
+C(M) f n (J—y' [Y' (s) - ¥ (s)|) (s)ds. (5.12)
0
For first term we have
7 (ve] 91 = ¥21) (0) < 7 (vjle) (0). (5.13)
The second term we have
1(@), [ =7 @) © < (), [e«¥e) @ = (¢ + 1) 0 (@), |e) @ (.14
For the third term we have
n(gg Y! (s) - ¥? (s)|)<s> <CMD |y (s) = y* (5)] < C(M)e“ M, (5.15)
and
0 (G @] [r' () - 2 (s)|) (s) <7 (G (¢°) C(M)eC(M)se) (5) < (CODE™ + 1)y (G'e) (s). (5.16)

For the last term, we have

o &
2

- 'e) (s). (5.17)

2
J&‘

n(?\ Y! (s) - Y2 (s)|) (s) < n(

There exists a constant C’(M) such that

n (;—i'e) (s) <C'(M) ((6 +7 (vé, (zg)y 6) (0)) + I)T n (G‘e) (s) ds)

+ C'(M) frn(v—y'e) (s)ds. (5.18)
o \J?

‘eC(M)Se) (s) < (eC(M)S + 1) 77(

For any & > 0, because y; are chosen arbitrary on the QF . Through the Gronwall’s inequality, the
above inequality equals to

Ve , 7
n(J—‘ e) < C'/(M)eC ™7 (e ; n(v;), (2, ‘e) 0) + f n(G‘e)(s) ds). (5.19)
0
Since G is a continuous function, the modulus of continuity of ;—” on €, is uniform. O

For a compact set H C Qf , we could lift the convergence as (Je)™! vy — J__lfzy inC(H)ase — 0.
Then, for (v, 7) € H, we could have as ¢ — 0,

m® () - m(1). (5.20)
By the convergence of the level set, we have
lin(} T = Tm. (5.21)

Furthermore, we consider the convergence of the blow-up time for /(g) satisfying the following
conditions:
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(a) I(g) is a increasing function with respect to g;

(b) There exists a small ¢ such that f06 %ds = 400,

For example, p(g) = In g meets the above conditions. Using the idea in [20], we have the following
lemma.

Lemma 5.3. For M > 0, if [(g) meet the above conditions (1) and (2), then we have

KmT¢ = T, (5.22)

e—0

Proof. Case 1: inf {vg) (y)} > 0.
In this case, T, = +oo. Let o := g°p’ (g°) (J*) ™ V%, by (2.37)

a®(y,0) = (y) = gop’ (80) vy (v) = 0. (5.23)

In this case we want to show lim,_,o T} = +oo. If the claim is false, we can find a subsequence {&,}
such that {T;”} is bounded. For any &,, there exist yi* defined by (2.15) such that when 7 1 7",

lim @ = —oo, (5.24)
T,
which .
& Thn &
1+a™ (¥ (0;,7),0) f 1(g" (" (5:y,7),5))ds = 0. (525)
0
The above equation is equivalent to
1 Tzn & &
- - = f I(g " (yl" (839, 7), s)) ds. (5.26)
a,é‘n (yln (0’ y’ T)) 0

The right hand side is uniformly bounded by a finite positive constant

T
j(; ' I(ge” (yf (s;9,7), s)) ds < C. (5.27)
For o 1
o (¥ (03,7)) < -5 <0. (5.28)

This contradicts with (5.23), so we have

KmT¢ = +o0 = T}, (5.29)

&—0

Case 2: inf {v} ()} < 0.
For large M, we first proof that T¢ is uniformly bounded. If the claim is false, we can find a

subsequence {g,} such that Tlf" — 400 asn — +oco. And there exist y{" defined by (2.15) such that
when 7 1 T,

L+ o (3% (0:3,7),0) f "I (37 (53,1, 8)) ds = 0. (5:30)
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By (4.11) and the monotonicity of /(p), there exists a constant C such that

%)

C> ! - Tznl oy (s39,7),5))ds > TZnI—Al d
e Rl AL R L W o)

Let n — oo we have

+00 A +00 A
sz I|—=— ds:AzBf 1( ! )ds.
0 1+A2BS 0 1+s

The definitions of Ay, A, and B, see Proposition 4.1. Let y = lA_-I—]s’ we have

A I 400 A
csams [ 19— a8 f 1( ! )ds.
o 0 1+

On the other hand, there exists ¢ such that
5
1
f gds = +o00.
o Y

This contradicts with (5.33), so T,f is bounded with respect to €.
We set
— 26 :=inf {vj} <0,

where ¢y is a constant independent from &. When ¢ is small enough such that
0o
& |[(p e[, < -

Then on QF, there exists y{ (s; 3, 0)
vy (F) = =26,

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

when £ < g 1s small enough, j and y$ (T; A O) are close enough such that for y € [y‘]9 (Tlf 3, O) , )7],

V6 (Y) < —%50.
Fory € [yf (Tlf;jz, 0) ,5/], we have

(Z5), ) = vy ) + & (p (8o 1)), < =6o.

Next, we want to show, for £ small enough, there exists M, independent of M such that

e =& MO
Tb — Ty = ﬁ

For g°, we have

T 1 _ T B )
I D(E) (y{i: (S;y’ 0)’S)ds - f 80 (Zg)) (y‘;; (S;y7 0),5) dS.

=&
M M

(5.38)

(5.39)

(5.40)

(5.41)
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The above equation is equivalent to
1 1 _ 1
(01 (Fi5.0).7) (05 (7e50).7) e (7 (75:7.0).7)

Ty
f -2, (Z5), %} (5:3,0))

=&
M

Y

0o
> —|\T;-75). (5.42)
80( b M)
When M is large enough, by the convergence of (g%, v®) and the explicit expression of (g, V), we have
for T € [0, T)/]

J9, (3, A
_Vy()’/~ TM)_ R ()(y) ‘ (543)
g (0 (75:3.0).75,) | 10O
There exists M, independent of M such that
Vv M,
oW Mo (5.44)
g 2
Then, for & small enough
J9, (3,
LS PYVA (5.45)
& (v (7.5,0).7%)
Thus { M M
———— < ———— = ﬁo (5.46)
g (v5 (5,.5.0).7,) 79, G|
By (5.42) and (5.46) we obtain the following inequality
e =& gO MO
T -7, < TS (5.47)
Next, we prove that lim,_, T; = T,. There exists y such that
1 1 1
= —— ——, Ty=—-——. (5.48)
YU M T o)
Thus we have ,
It — Tl < w (5.49)
Then we can choose M large enough such that
e =& 5
T, =Tyl +ltu =Tl < <. (5.50)

2

Since (g%, v®) uniformly converges to (g, V) on any level set, there exists &; such that for € € (0, &;], we

have P
|‘T'i/[ - TM| < 5 (551)
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Combined with the above discussion, when M is sufficiently large, for any ¢ > 0, there exists £; such
that for € € (0, &;]
|75 — Ty <

Ty = 25| + |75 —tu| + lou = Tul < 6. (5.52)

Therefore, we have
lina T,f =T,. (5.53)

Finally, we need to prove lim,_ 7f = T. By the definition of T{, we have

Ty =lim T} > E& T; > lim T} (5.54)
E— E— -0

On the other hand, by (4.41) we have

Ty < lim T2. (5.55)
e—0
Therefore, we have L
im7¢ = lim T8 = im T¢ = T}, (5.56)
-0 g -0
O

6. Convergence rates

In this section, we will consider the convergence rates of solution on each [0, 7] in Eulerian

coordinates. For #® and z°, we have the following lemma.

Lemma 6.1. For M > 0, on R X [0, ty], u ~ 2° ~ A5 ~ 25 ~ % ~ x5 ~ (0(&?)).

Remark 6.2. A7 ~ A5 ~ it (0 (82)), the characteristics triangle vanishing as the &* order.

Proof. In order to simplify the calculation, we set
X (5) = ¥ (5:%,7),
x5(s) = x5 (83 %, 1), 6.1)
X (s) = x°(s; %,1),

which are defined at (2.5) and (3.33). On R X [0, #3/]

X5 (5) = X5 (5)|

[ @wo.n-swo.nd

< fts A5 (X5 (), 1) = 25 (x5 (1), 1) dt
< ft s |uf (5 (), 1) — u® (x5 (1), 1) dt + C' (M) s
< C"(M) j: S |x5 (1) — x5 (1) dt + C" (M) s&”. (6.2)
By Gronwall’s inequality
|5 () = x5 (9)] < €7 (M) 52 (< WCD — 1) < C (M) 2. (6.3)
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Here, C (M) is a uniform constant with respect to . Thus, we can see the different characteristic lines
converge with the rate O (82) on R X [0, #);]. Then we can have the following estimate of z° and u®

ZEE@, ) —u (50,1 < G0, 1) —uf (@), 1)+ C (M)
C” (M) |%5 (5) — x5 ()| + C" (M) &°
(C” (M)C (M) + C’ (M)) &

C” (M. (6.4)

IANIN A

It means that z° converges to u® with the rate of £2. By the same way, we can prove that A% ~ A5 ~ z° ~

u® (0 (82)) on R X [0, #)/]. Next, we consider the convergence rate of u° to i,

|%(s) - x{ (5 2(0),0)| < fo|ﬁ()‘c(t),t)—/l‘f(x‘f(t;)‘c(O),O),t)|dt

< fs |L't()'c(t),t) —u® (x} (t;)_c(O),O),t)|dt+ C’ (M) s&?
0
< f luto (X (0)) — 1o (X (0))| ds + C' (M) s&”
0
< C(M)&. (6.5)

Then, we can have the following estimate of #® and i

oo (D -a(xD| < |uf (%) —u (X (Fx0),0),0)| +|u (£ (7 %(0),0),7) - #(2(7), )
< Juf (27) = u (x5 (7 X(0),0), D)] + uo (X (0)) — uo (X (0))]
< C"(M)|x - x5 (7%(0),0)|
< C" (M) |x () - x5 (7 2(0),0)|
< C"(M)C(M)&. (6.6)

We conclude that 72 ~ u® ~ it (0 (82)).

Finally, we prove the convergence of discontinuous lines x(7) and x{(z). Without loss of generality,
we consider that there is only one discontinuity at x = 0, and discuss the convergence of the
discontinuity lines passing through 0. For the case of separable discontinuous points, we have similar
results. By (6.6) and the uniform boundedness of u¢, we have

|%(5:0,0) — x5 (5;0,0)|

fos |2 (2 (;0,0), 1) — u° (x5 (+,0,0), 1)| dt

IA

IA

fs it (%(2;0,0),0) —u® (X(£;0,0),0)| + |u® (X(£;0,0), 1) — u® (x5 (t;0,0),t)|dt
0

IA

C(M)s&* + f S |u® (2(£,0,0), 1) — u° (x5 (+,0,0), )| dt
0

IA

C(M)se® + C'(M) f S |%(1;0,0) - %5 (1;0,0)| dr. 6.7)
0
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By Gronwall’s inequality
|%(5:0,0) — x5 (5;0,0)| < C(M)se?e” ™ < C”"(M)&. (6.8)

We conclude that the discontinuous lines converges at the rate of &2. m|
7. Conclusions

This paper investigates the well-posedness of contact discontinuity solutions and the vanishing
pressure limit for the Aw-Rascle traffic flow model.

For the well-posedness of contact discontinuity solutions, the Lagrangian coordinate transformation
is employed to fix the discontinuity boundary. A novel method establishes the positive lower bound
of density at the discontinuity, governed by a necessary and sufficient e-condition based on the initial
density jump. The result show: rarefactive initial data yields global solutions; compressive data causes
finite-time singularity. The discontinuity curve is C! with a Lipschitz tangent. Well-posedness for the
pressureless fluid model is also proven.

For the vanishing pressure limit to the pressureless fluid model, a O-condition ensures the uniform
lower bound of density during the limit. By employing level sets in the Lagrangian coordinates,
uniform boundedness estimates for density and velocity derivatives are derived, proving convergence
of the solutions. For a class of pressure functions, blow-up times away from the discontinuity converge
as the pressure vanishes. Finally, we establish the convergence rate of the solution.
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