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Abstract: We explore quantitative propagation of smallness for solutions of two-dimensional elliptic
equations from sets of positive o-dimensional Hausdorff content for any 6 > 0. In particular, the
gradients of solutions to divergence form equations with Holder continuous coefficients, as well as
those of nondivergence form equations with measurable coefficients, can be quantitatively estimated
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1. Introduction

Let By be the Euclidean ball in R? centered at the origin with radius R > 0. We aim in this work at
studying quantitative propagation of smallness for solutions to the two-dimensional elliptic equation
in divergence form

V- (A(@)Vu(z)) =0 in By, (1.1)
or solutions to the equation in nondivergence form

2
Dy @30, u(2) =0 in By, (12)

Here z = (x, x,) € R?, and the real symmetric matrix A(z) = (a *(2))2x2 1 elliptic, that is, there is some
constant A > 1 such that

2
AP < 3 an@éd < AP forany £ € R, z € By, (1.3)
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When focusing on the properties of the gradient Vu for u solving (1.1), we have to suppose that the
leading coefficients are Holder continuous, that is, there is some constant y € (0, 1] such that
laj(z) —ap(@) < Alz—=Z" forany jke{l,2}, 2,7 € By. (1.4)
We recall that solutions to (1.1) are those functions lying H, (Bs) satisfying (1.1) in the sense
of distributions, and solutions to (1.2) are those functions lying HIZOC(B4) satisfying (1.2) almost
everywhere.
The goal of the present note is to show the propagation of smallness for solutions from any w C B;
lying on a line with Hs(w) > 0, and propagation of smallness for gradients from any Q c B; with

H;(Q) > 0, for any fixed § > 0. Here we denote by H; the 5-dimensional Hausdorff content, that is,
for a subset E c R?,

«— 3 . 2\ %
H;(E) := inf { ZjeN ) E C Uiz +B,,),z; € R},
The Hausdorff content is an outer measure that is always finite for bounded sets and smaller than the
Hausdorft measure. It is worth noting that H;(E) = O if and only if the 6-dimensional Hausdorff
measure of £ vanishes; see for instance [23, Lemma 4.6].

Theorem 1.1. Let 6 > 0 and w C By N I satisfy Hs(w) > 0 for some line ly in R* with the normal
vector ey. There exist some constants C and « > 0 depending only on A, 6 and Hs(w) such that for any
solution u of (1.1) subject to (1.3) with AVu - ey = 0 on By N ly, we have

1-
supg, lul < Csup,, [ul” supg, [ul ™.

Theorem 1.2. Let § > 0 and Q C B satisfy Hs(Q) > 0. There exist some constants C and a > 0
depending only on A, 6, v and Hs(Q) such that for any solution u of (1.1) subject to (1.3) and (1.4),
we have

supg, [Vul < Csupg [Vul® suppg, |Vu)' 2.

The same estimate holds for any u solving (1.2) subject to (1.3) only.

The above results are related to the unique continuation property for two-dimensional elliptic
equations with bounded measurable coefficients. The properties of equations in nondivergence and
divergence forms were proved in [8] (see also [6]) and [5], respectively. By contrast, it has been
known since [24, 26] that if the coefficients are Holder continuous but not Lipschitz, then one is able
to construct a nontrivial solution, which vanishes on an open subset, to elliptic equations in either
non-divergence or divergence forms with dimensions greater than three.

The case in the plane is special owing to the theory of quasiregular mappings and the representation
theorem; see [3, 8, 9]. It reduces the analysis from solutions (or gradients) of elliptic equations to
holomorphic functions. The main idea of the proof of propagation of smallness for holomorphic
functions (see Proposition 2.3 below) is based on the complex analysis arguments used in [1, 18].
Two basic observations are that the ratio of a holomorphic function F' and the polynomial sharing

*In some standard literature, such as [23], the 5-dimensional Hausdorff content is commonly denoted by HS.
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the same zeros as F is holomorphic and non-vanishing, and the logarithm of modulus of a non-
vanishing holomorphic function is harmonic. The properties of harmonic functions and the Remez-
type inequality for holomorphic polynomials (in the version obtained in [10, 12]) then allow us to
derive propagation of smallness from wild sets. We also point out that once their gradients are
well-defined, the number of critical points of solutions can be computed by counting the zeros of
holomorphic functions, which allows for quantitative estimates of the size of the critical set. For the
smooth coefficients case, the computation can be found in [4,28], while discussions on the general case
are presented in [5].

Let us briefly discuss the higher-dimensional case. Consider the solution u to the elliptic equation
V - (AVu) = 0 with Lipschitz coefficients in some domain of R? for d > 3. It was proved in [19] that
the propagation of smallness for u# holds from sets of positive (d — 1 + ¢)-Hausdorff content for any
6 > 0. The result is sharp in the sense that zeros of harmonic functions in RY may have positive (d — 1)-
Hausdorff content. The propagation of smallness for [Vu| from sets of positive (d — 1 — €)-Hausdorft
content for some (small) € > 0 was also obtained in [19]. The size of zeros of |Vu| has been studied
in certain settings since works such as [15, 16]. It is now known from [25] that this zero set has finite
(d — 2)-Hausdorff measure. On account of this, [19] further conjectured that the propagation result for
|Vu| should hold from sets of positive (d — 2 + ¢§)-Hausdorff content for any 6 > 0. Some partial results
in the analytic setting can be found in [22]. One may refer to the review [20, Sections 7 and 8] for
further discussion in this direction.

In the two-dimensional setting, Theorem 1.2 provides propagation of smallness for gradients of
solutions to both divergence form equations with Holder continuous coefficients and nondivergence
form equations with measurable coefficients, from sets of positive 6-dimensional Hausdorff content
for any 6 > 0. We note that the result of Theorem 1.2 for divergence form equations with Lipschitz
coeflicients has been obtained in the first version of this paper and in [11], which relied on the findings
in [4] or the utilization of isothermal coordinates.

The outline of the article is as follows: We prove Theorem 1.1 in Section 2 and Theorem 1.2 in
Section 3. Some remarks on applications of Theorem 1.1 to spectral inequalities and null controllability
of heat equations with rough coeflicients are presented in Appendix.

In the rest of the article, the constant C > 0, which will appear in the proofs below and depend only
on A, ¢, y and Hs(w) (or Hs(Q)), may be changed line by line.

2. Propagation of smallness with rough coefficients
This section is devoted to the proof of Theorem 1.1. We first review the notion of A-harmonic
conjugate (or sometimes called stream function); one may refer to [3,27]. Consider the solution u(z)
of (1.1) subject to (1.3), and identify z = x; + ix, for x;, x, € R. The A-harmonic conjugate v of u is
defined by
Vv =(97)AVy, (2.1)

so that v verifies the following elliptic equation,

V- (det(4)"AVY) = V- (9 3) Vu) = 0,
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where the fact that det(A)™'A = det(A)'AT = — (9 1)A™ (9 7') was used. Now that v € H} (By) is

unique up to an additive constant, we may additionally assume that v(zy) = 0 for some zy € B;. Define
the function f : By — C by

f(@) = u(@) + iv(2).
By definition and (1.3), we have
IDfI> = |[Vul* + |AVul* < (A + A"HAVu - Vu
=A+A (YD V- Vu=(A+ANHIf,

for the norm |DfJ* := |Vul* + |Vv|* and the Jacobian J f := 8, ,ud,,v — d,,ud,,v. We are now positioned
to recall the concept of quasiregular mapping.

Definition 2.1. Let U be an open set in C and K > 1 be a constant. A complex-valued function
f € H, (U) satisfying IDf* < (K + K™")Jf almost everywhere in U is said to be a K-quasiregular
mapping on U.

The following representation theorem plays a pivotal role in two-dimensional elliptic theory, which
was first obtained in [8, §2 Representation Theorem] and [9, Theorem 4.4]. For our intended
applications, we refer to [27, II 2.1] or [3, Corollary 5.5.3], and formulate it as follows, which is
adequate for our needs.

Lemma 2.2. Let the constant K > 1. Any K-quasiregular mapping f : B4 — C can be written as

f@) = F o x(2).

Here F is holomorphic in By, and x : By — By, with x(20) = 0, is a K-quasiconformal homeomorphism
satisfying

M-I <@ -x@) <Ml|z-7f foranyzz € By, (2.2)

where the exponent 5 = 1/K € (0, 1] and the constant M > 1 depends only on K.

Let us turn to the main result of this section. It gives the corresponding quantitative propagation of
smallness for holomorphic functions.

Proposition 2.3. Let 0 > 0, R € (0,1/4) and G C By, satisfy Hy(G) > 0. There exists some constant
C > 0 depending only on 6 and Hy(G) such that for any holomorphic function F in Bsg, we have

1 C
supg, |[F| < supg |[F|™ supp,  |F|T<.

Proof. Regarding to the holomorphic function F({) for { € Byg, we assume that N € N and ¢y, ...,y
are the zeros of F in Bag, listed with multiplicities, and &, € By satisfies |F(y)| = sup 8, [F(O)]. Consider
the polynomial P({) sharing the same zeros as F({) in Byg so that their ratio /({) is holomorphic and
non-vanishing in B,g; more precisely,

F
PO =[] €0 hO =35
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It follows that log |i({)| is harmonic in B,g, and
|h(&o)| > supg, |FI. (2.3)
Moreover, by the maximum modulus principle, we have
supg,. |l < supyp, [Flsupys [P~ < CYsupy |FI. (2.4)
Applying the Harnack inequality to supp,  log|h| —log|h({)| yields that
supg,, log|h| — infp, log || < C supg, log|h| — Clog|h({o)l,
which is equivalent to
IA(£0)|© supg,, 1Al < supy,, |A infg |A].
Combining this with (2.3) and (2.4) implies that
supg, |F| supy,, |hl < C" supy, |F|®infpg, |Al. (2.5)

Recall the Remez-type inequality (see [12, Theorem 4.3] or [13, Theorem 4.1]) for holomorphic
polynomials of degree N that

supg, |P| < (20/Hy(G)M* supg |PI. (2.6)
Multiplying the inequalities (2.5) and (2.6), we deduce

supg, |F1'"¢ < CN supg,  |F|€ infp, |h| supg |P|

< CVsupy,, |F|° supg |F).
Since Jensen’s formula shows that the number of zeros of F in B,y satisfies

N < Csupg, log (IF|/IF (o))

we derive the desired result. O

Corollary 2.4. Let 6 > 0 and Q C By satisfy Hs(Q) > 0. There exist some constants C,a > 0
depending only on A, 6 and Hs(Q) such that for any solution u of (1.1) subject to (1.3) with its A-
harmonic conjugate v satisfying v(zy) = 0 for some zy € By, we have

supg, |u| < Csupg |u + iv|” supg, lu|' ™.

Proof. The derivation is reduced to the analysis of holomorphic functions with the aid of Lemma 2.2.
With the complex functions F and y provided in Lemma 2.2, for z = y~'(£) € B,, we have

F{O)=fox Q) =uox () +ivox (.
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Without loss of generality, by the property (2.2) of y, we may assume that y(B,) C B,, and
X(B,), x(Q) C Bg, where the constants R,r € (0, 1/4) depend only on A. Furthermore, it follows
from (2.2) that there is some C, > 0 depending only on A and ¢ such that

Hs(Q) < C.Hsp(x ().

Applying Proposition 2.3 with 6 = 8 and G = y(£2) yields that

. -1 -1\ Te
supg, |f1 < Csupg |f]7 sup, (g, (luox | +vox 7.

Since u o y~'(£) + iv o y"1(¢) is holomorphic and v o y~! = 0 at the point y(zo) € x(B;), we obtain from
the Cauchy-Riemann equations and the gradient estimate for the harmonic function u o y~!(£) that

SUp, gz, v o x ' < Csup, g, V(o x D < Csup, g luox'|.
Gathering the above two estimates, we obtain
supp |u+ iv| < Csupg |u + ivlﬁ supg, Iulﬁ.
We then conclude the desired result by a covering argument. O
Theorem 1.1 is then a direct consequence of the above result.

Proof of Theorem 1.1. We may assume that the A-harmonic conjugate v of u satisfies v(zp) = 0 for
some zo € B; N [y. Since

Vv-eg =(Y')AVu-e; =0 on B N,
we deduce that v = 0 on By N /. Corollary 2.4 then implies the result as claimed. O
3. Propagation of smallness for gradients

This section is devoted to the proof of Theorem 1.2. In general, the supremum of |Vu| for u
solving (1.1) subject to (1.3) does not make sense, especially over sets of Hausdorff dimension less than
one. We thus have to strengthen the regularity assumption on the coefficients of (1.1). In particular, if
the leading coeflicients is Holder continuous, then the classical Schauder theory says that the gradients
of the solutions to elliptic equations in divergence form are Holder continuous. In order to establish
the propagation of smallness for gradients of u solving (1.1) subject to (1.3) and (1.4), we will use a
perturbation argument inspired by the Schauder theory. The proof presented in Subsection 3.1 below
is essentially based on Proposition 2.3, the propagation of smallness for holomorphic functions.

As for a solution of (1.2) subject to (1.3), it is straightforward to check that its gradient forms a
quasiregular mapping (see Subsection 3.2 below); one may also refer to [14, §12.2] and [27, § IL.1].
It then follows from the same analysis of holomorphic functions as in the previous section that
Theorem 1.2 holds for solutions to (1.2) with rough coefficients.
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3.1. Elliptic equations in divergence form

We are in a position to present the proof of Theorem 1.2 for the solution u« of (1.1) subject to (1.3)
and (1.4).

Recall that v is the A-harmonic conjugate of u and f = u + iv. The functions u and v solve the
elliptic equations (1.1) and (2.1), respectively. Without loss of generality, we may assume that

supp, [Vf] = 1.

In the light of the Holder condition (1.4), the Schauder estimate (see for instance [14, Corollary 6.3])
implies that

IV fllerss < C. (3.1)

Let n € (0,1/4) be a constant to be determined. The unit ball B; in the plane can be covered by N,
balls of radius 7 centered within By, for some integer N, satisfying 4/n* — 1 < N, < 4/n*. Therefore
there exists a ball B, (z,) centered at some z, € B such that

Hs(B,(z.) N Q) > Hs(Q)/N, > n*Hs(Q)/4. (3.2)

By rotating and dilating the coordinates, we can assume that A(z.) = I»x,. Consequently, by the Holder
condition (1.4), we know that for any £ € R?andz e By,(z.),

(1+ Ca) P < A€ € < (1 + Can)IEP, (3.3)

where the constant C, > 1 depends only on A. We are going to derive local estimates in B,,(z.). Let
2 € B,(z.) N Q be fixed and let € € (0, ] so that B.(Z) C B,,(z.). By (3.1), we have

Supy ¢ |f = f@| < esupy V] < CelVf(R) + Ce'™.

Applying Lemma 2.2 in B,,(z.), we have the representation formula f = F o y for a holomorphic
function F and a quasiconformal homeomorphism y such that y(z.) = z.. In particular, the application
with the elliptic condition (3.3) yields a constant 3 := (1 + Cx1”)"! ensuring the property (2.2). Hence,
for any € € (0, 1],

SUPp, (yv(2)) |F = F o x(2)| < Csupg », |f = f(2),

where we set r, := ce'/ for some constant ¢ € (0, 1) depending only on A. By the gradient estimate
for the holomorphic function, we have

IVF(x@))| < Cr;' supy ) IF = F o x(2)l.
Gathering the above three estimates, we obtain
IVE(x(2)| < Ce'"PIV f(2)| + Ce'7 VP,

Since 1 +y/2 —1/B = y/2 — Can?, we choose n € (0, 1/4) such that Cxn” = y/2 which implies that
1 -1/ = —vy/2, and n depends only on A and . Then, taking & := min{n, supg, |Vf]}, we deduce that
fory" := min{l —y/2,v/2},

IVF(x(2)| < Ce"*IVF(R)| + Ce* < Csupg, VA
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Now that Z € B,(z,) N Q is arbitrary and y(z.) = z., armed with (3.2), applying Proposition 2.3 to VF
with G = y(B,(z.) N Q) implies that, for some R, C > 0 depending only on A and n,

1 2
Supg..., IVF| < SUP, (8, (z.)nQ) |[VF|™¢ < Csupg |V f|T.

In view of the gradient estimate for f and (2.2) with y(z.) = z., we have

Supg, (.., IVfI < Csupg, . |f — f(z)l
< Csupg, . |F = F(z.)| < Csupg,. ,[VF],

where the constant r € (0, %) depends only on A and y. We thus conclude that

supg (.., IVf1 < Csupg |Vf|1y+7.

Rescaling back and recalling f = u + iv, as well as the definition of v, we arrive at

Y 1+C—y/
supp ..y IVul < Csupo(IVul + [Vv[)™ supp, ([Vul + [Vv]) € (3.4)

v 1+C—y/
< Csupg |Vul™+ supp, [Vu| .

The conclusion follows from a covering argument. More precisely, we can cover B; by a collection
of balls {B,(zk)}szo, where we set zp := z., each zz € Bj, and consecutive balls overlap such that
|B,(zx—1) N B(zx)| = |B,|/4 for 1 < k < N. Note that N € Z, depends only on r, and hence only on A
and y. Given the estimate of supy  , [Vu| from (3.4), we can propagate this bound through the chain of
overlapping balls. For each 1 < k < N, the same type of estimate as (3.4) holds as follows:

1 C_
SUPB, (z) IVul < € SUPB, (z1-1)NB, (1) [Vl Supg, [VulTe,

for some C > 0. This iterative process ultimately allows us to control |Vu(z)| for any z € By, thereby
establishing the desired result.

3.2. Elliptic equations in nondivergence form

Let us start by reviewing some basic facts from [14, §12.2] (see also [27, § II.1]). Consider the
solution u(z) of (1.2) subject to (1.3) with z = x; + ix, for xy, x, € R. Define

p@) = 0,u(z), q(2):=0,u(2), g :=q) +ip(2).

Since d,,q = d,, p, multiplying (1.2) by d,,q and d,, p yields that

011(5x161)2 + 20123x.q3x2q + a22(axQQ)2 = 6111(3x1615xzp - 0x261 0x|p),
@110, P)* + 20120, p O, P + a22(0,,p)* = a2(05,q O, P — 0,4 O, D).

Due to (1.3), we have |9, g|* +10,,g]* < (1 + A?)Jg for the Jacobian Jg := 8,,q 8,,p — 0,9 O, p. It turns

outthat g € H 11()6(34) is quasiregular. By the representation theorem (Lemma 2.2), we have

8(z) = F o x(2),
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where F is holomorphic in By, and y : By — B4 is ahomeomorphism satisfying y(0) = 0 and (2.2). The
argument presented in Section 2 can be thus applied in this setting. Indeed, in view of Proposition 2.3,
we have

1 c
supg, |F| < SUp, () |F| ¢ supg,, |F|™c.

Now that F' = (0,,u) o '+ i(Oy,u) o x~!, we are able to conclude Theorem 1.2 for solutions of (1.2)
subject to (1.3).

4. Conclusions

We investigated several quantitative results on the propagation of smallness for solutions to two-
dimensional elliptic equations, where the small sets may have positive 6-dimensional Hausdorff content
for any 6 > 0.

Our analysis began with holomorphic functions, leveraging the theory of quasiregular mappings,
which connects two-dimensional elliptic equations to holomorphic functions. For equations in
divergence form with Holder continuous leading coeflicients, we employed a perturbation argument to
quantitatively estimate the gradient of solutions from small sets. We also established the same estimate
for equations in non-divergence form even when the coefficients are merely bounded and measurable.

Under additional structural assumptions on both the solution and the small set, we derived a
propagation of smallness result for the solution itself. This analysis led to applications in control
theory. Specifically, we obtained a one-dimensional spectral inequality and controllability results for
heat equations with bounded measurable coefficients. Notably, these results apply to control sets with
positive 0-dimensional Hausdorff content for any ¢ > 0.
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Appendix

Spectral inequality and null controllability

We briefly discuss the application of propagation of smallness, Theorem 1.1, to spectral inequalities
and null controllability of heat equations with bounded measurable coefficients.

Let T be the periodic unit interval, and the function a : T — R be measurable and satisfy A™! <
a(x) < Ain T for some constant A > 1. Consider the one-dimensional eigenvalue problem

—0, (a(x) drer(x)) = er(x) inT.

Then the family of eigenfunctions {e;(x)}en forms an orthonormal basis of L*(T), and the family of
eigenvalues {A; }ren satisfies 4, > 0 for any k € N and 4; — oo as k — co. Denote by II, the orthogonal
projection onto the space spanned by {e; : A < A}. We have the following spectral inequality.

Proposition A.1. Let 6 > 0 and w C T satisfy Hs(w) > 0. There exists some constant C > 0 depending
only on A, 6 and Hs(w) such that for any ¢ € L*(T) and any A > 1, we have

supy Il < ¢V sup,, [,
Proof. We may write I1;¢(x) = ., <, drer(x) for ¢ € R. The function
u(r.y) = ) dex) cosh(yAg),  (ny) € Tx (—4.4),
satisfies dyu(x,0) = 0 and u(x, 0) = I1;¢(x) for x € T, and

0. (a(x)Bxu) + Fu =0 in T x (-4,4).
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Applying Theorem 1.1 to u yields that for some constants C, @ > 0,
supy [ILi@| < suppy_ypy lul < Csup, ITLi@|” Suppy_29 Ju|' 2.
By the Sobolev inequality and the fact that

2 2
(10 el < Adle]

L2(T) L2(T)
we have
cVa
SUPTy (2.2 Ul < Cllullpe (22 m1emy) S € VUL ll2cr)-
We then conclude the proof by gathering the above two estimates. O

The problem of null controllability of multi-dimensional heat equations with Lipschitz coefficients
from open control sets has been intensively developed since [17,21]. The null controllability of one-
dimensional heat equations with rough coefficients from open sets was proved in [1], and the result
from sets of positive Lebesgue measure was given in [2]. Proposition A.1 would imply the result from
the control set w satisfying H;(w) > 0 for any fixed § > 0.

Proposition A.2. Let T > 0, § > 0, and w be a closed subset of T with Hs(w) > 0. For any wy € L*(T),
there exists a Borel measure m(t, x) supported in (0, T) X T such that the solution w(t, x) to

ow(t, x) = 9, (a(x) d.w(t, x)) + m(t,x)1, in(0,T)XT,

associated with the initial data w(0, -) = wy in T, satisfies w(T,-) = 0 in T.

The proof of the above result consists in the spectral inequality (Proposition A.1), the decay property
of the semigroup ¢'?+@"9) and the duality argument (see for instance [7, Section 5]). Since it is now
quite standard to combine these ingredients, we omit the proof; one may refer to [7] for details. One
is also able to generalize the null controllability result to more general one-dimensional heat equations
(with lower order terms) associated with certain boundary conditions from space-time control sets;
see [1,7].
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