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Abstract: We extend the so-called universal potential estimates of Kuusi-Mingione type (J. Funct.
Anal. 262: 4205-4269, 2012) to the singular case 1 < p < 2 — 1/n for the quasilinear equation with
measure data

—div(A(x, Vu)) = u

in a bounded open subset Q of R", n > 2, with a finite signed measure u in Q. The operator
div(A(x, Vu)) is modeled after the p-Laplacian A,u := div (IVu|P~2Vu), where the nonlinearity A(x, &)
(x,& € R") is assumed to satisfy natural growth and monotonicity conditions of order p, as well as
certain additional regularity conditions in the x-variable.

Keywords: pointwise estimate; potential estimate; Wolff’s potential; Riesz’s potential; fractional
maximal function; Calderén space; p-Laplacian; quasilinear equation; measure data

1. Introduction

We are concerned here with the quasilinear elliptic equation with measure data
—div(A(x, Vu)) = u, (1.1)

in a bounded open subset Q of R", n > 2. Here y is a finite signed measure in € and the nonlinearity
A= (A,...,A) : R" X R" - R" is vector valued function. Throughout the paper, we assume that
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there exist A > 1 and p > 1 such that
AL, Ol < AP, IDA(x, &) < AJEP, (1.2)

(DA(x, m,m) = AEP 2l (1.3)

for every x € R" and every (£,17) € R" X R"\{(0,0)}. More regularity assumptions on function x
A(x, &) will be needed later.
A typical example of (1.1) is the p-Laplace equation with measure data

— Apu = —div([Vul’*Vu) = in Q. (1.4)

Since the seminal work of Kilpeldinen and Maly [7] (see also [16] for a different approach), the study
of pointwise behaviors of solutions to quasilinear equations with measure data (1.1) has undergone
substantial progress. In particular, the series of works [4, 5, 9] (see also [12]) provide interesting
pointwise bounds for gradients of solutions to the seemingly unwieldy Eq (1.1), at least for p > 2 — %
These pointwise gradient bounds have been extended recently in [3, 14, 15] for the more singular case
l<p<2- ﬁ

On the other hand, a more unified approach to pointwise bounds for solutions and their gradients
was presented in [8]. The results of [8] give pointwise bounds not only for the size but also for the
oscillation of solutions and their derivatives expressed in terms of bounds by linear or nonlinear
potentials in certain Calderdn spaces. These cover different kinds of pointwise fractional derivative
estimates as well as estimates for (sharp) fractional maximal functions of the solutions and their
gradients.

However, the treatment of [8] is still confined to the range p > 2 — i and the purpose of this note
is to extend it to the singular case 1 < p < 2 — 1. Note that, for I < p < 2 -1, by looking at the
fundamental solution we see that in general distributional solutions of (1.4) may not even belong to
W@,

Thus in this paper we shall restrict ourselves only to the case

l<p<2- l
n
and note that the main results obtained here also hold in the case 2 — % < p < 2 thanks to [8]. Moreover,
except for the comparison estimates obtained earlier in [13,15], the methods used in this paper are very
much guided by those of [8]. We would also like to point out that there are analogous results in the
case p > 2 that we refer to [8] for the precise statements.

In some sense our pointwise regularity for the non-homogeneous equation (1.1) is obtained from
perturbation/interpolation arguments involving the associated homogeneous equations.  Thus
information on the regularity of associated homogeneous equations will play an important role. In this
direction, we first recall a quantitative version of the well-known De Giorgi’s result that established
C™, ay € (0,1), regularity for solutions of div (A(x, Vw)) = 0. Henceforth, by Q,(xy) we mean the
open cube Q,(xy) := xo + (—r, r)" with center xy, € R” and side-length 2r. In other words,

0,(x0) ={x e R" : [x = x¢loo := max lx; = xoil <1}
<isn
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Lemma 1.1. Under (1.2)—(1.3), let w € W'"P(Q), p > 1, be a solution of the equation div (A(x, Vw)) =
0 in Q. Then there exists ag € (0, 1), depending only on n, p and A, such that for any cubes Q,(xy) C
Or(x9) € Q, and € € (0, 1], we have

aop
f W= gyl < (2) f W = (W)l d, (1.5)
Op(x0) QOr(x0)
and
e
inf JC |w—q|6dxs(/—)) inf f Iw — gl<dx. (1.6)
4<% J 0, (x0) RT 42 J or(xp)

We point out that the proof of (1.5) follows from [6, Chapter 7], whereas the proof of (1.6) follows
from (1.5) and the reverse Holder property of w.

In the case the nonlinearity A(x,&) is independent of x, we actually have C'#, g, € (0,1),
regularity the homogeneous equation (see, e.g., [2, 10, 11]). For our purpose, we shall use the
following quantitative version of this regularity result (see [3, 5]).

Lemma 1.2. Let v € W'"P(Q), p > 1, be a solution of div (Ay(Vv)) = 0 in Q, where Ay(&) satisfies
(1.2)—(1.3) and is independent of x. Then there exists By € (0, 1), depending only on n, p and A, such
that for any cubes Q,(xo) C Qr(xo) C Q and € € (0, 1], we have

Bo
f IVw = (VW)g,pldx < (%) JE VW = (VW) gexo X,
Op(x0) Or(x0)

and

Boe
inf JC Vv — qldx < (3) inf JC Vv — qldx. (1.7)
1R Jo,(x0) RT 4R Jopxg)

In what follows, we shall use the (maximal) constants @, in Lemma 1.1 and 8y in Lemma 1.2 as
certain thresholds in our regularity theory. Also, henceforth, we reserve the letter « for the following
constant

k= (p—1)7/2. (1.8)

Our first result provides a De Giorgi’s theory for non-homogeneous equations with measure data, which
also includes [15, Theorem 1.4] as an end-point case. For the case p > 2 — 1/n, see [8, Theorem 1.1].

Theorem 1.1. Under (1.2)—(1.3), with 1 < p < 2 — %, let k be as in (1.8), and suppose that u €
C'(Q)n Wllo’f(Q) is a solution of (1.1). Let Qr(x9) C Q and @ € (0, ap), where g is as in Lemma 1.1.
Then for any x,y € Qg/s(xo) we have

() = O S [WE iy (DO + WE o ()] = y1?

(=)
+ |ul“d ) ( ) (1.9)
(JCQR(x(» e R

uniformly in a € [0, &]. Here the implicit constant depends only on n, p, A, and &.
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In (1.9), the function W’f_a(p_l) /p’p(lul)(~) is a truncated Wolft’s potential of |u|. In general, given a

nonnegative measure v and p > 0, the Wolff’s potential WY, (v, @ > 0, s > 1, is defined by

WE (n)(x) = fp [V(Qt(x))]m d7t x € R™.
0

l-}’l —as

Note that W/ ,(v) = I}

5o (), where Iﬁ(v), v > 0, is a truncated Riesz’s potential defined by

L)(x) := fp V(QZ(X))ﬂ’ x € R™.
0

my ot

We remark that, except for (1.2)—(1.3), no further regularity assumption is needed in Theorem 1.1.
However, this will force the constant @ to be small in general.

On the other hand, it is possible to allow @ to be arbitrarily close to 1 as long as we further impose
a ‘small BMO’ condition on the map x — A(x,¢). This condition entails the smallness of the limit
limsup,_,, w(p), where

1

w(p) := sup [ JC T(A, Q,(y)(x)’dx " p>0, (1.10)
0r(y)

yeRn

and for each cube Q,(y) we set

TA, 00N = sup 2n8) ~Aop(E)
£€R\(0} 1P~

b

with ZQr(y)(f) = er ) A(x, &)dx. The precise statement is as follows.

Theorem 1.2. Under (1.2)—(1.3), with 1 < p < 2 — %, let k be as in (1.8), and suppose that u €

C'(Q)n Wltf (Q) is a solution to (1.1). Let Qr(x) C Q. Then for any positive & < 1 there exists a small
0 =0(n, p, A\, @) > 0 such that if
lim sup w(p) < 6, (1.11)

p—0

then for any x,y € Qgs(xo) C €, we have

() = O S [WE 1y (DG + WE o ()] e = y1?

l a
+(JC |u|de) ('x_y|) (1.12)
Or(x0) R

uniformly in a € [0, &]. Here the implicit constant depends on n, p, A\, @, w(-), and diam(Q2).

Under a certain Dini-VMO condition, we could also allow @ = 1 in the above theorem. However,
in this case the Wolff’s potential is replaced with a Riesz’s potential raised to the power of [)+l

Theorem 1.3. Under (1.2)—(1.3), with1 < p <2 — %, let k be as in (1.8), and suppose that u € C'(Q)
is a solution to (1.1). Let Qr(xo) C Q. If for some oy € (0, 1) such that w(-)°" is Dini-VMO, i.e.,

1
f w(p)”‘d—p < 400, (1.13)
0 P
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then for any x,y € Qgs(xo) C €, we have

1
-1

Ju(x) = u(y)| < [(I’;_(,(p_n(|u|)(x))P + (Iﬁ_a(p_l)aul)(y))"l‘] = y*

+(JC Iul’(dx) (Ix—yl)
Or(x0) R

uniformly in a € [0, 1]. Here the implicit constant depends on n, p, A, &, 01, w(-), and diam(Q).

= I

We remark that, when @ = 1, Theorem 1.3 recovers the pointwise gradient estimates of [3] and [15]
that were obtained under a slightly different Dini condition.

Finally, under a stronger Dini-Ho6lder condition we can also bound solution gradients in appropriate
Calder6n spaces.

Theorem 1.4. Under (1.2)—(1.3), with1 < p <2 — %, let k be as in (1.8), and suppose that u € C'(Q)
is a solution to (1.1). Let Qr(x9) C Q. If for some | € (0, 1) such that w(-)" is Dini-Holder of order

a, lLe., 1

(o] d

f W) dp (1.14)
o PP

for some @ € [0, By), then for any x,y € Qra(xo) C €, we have

1
—1

190 = V) | (B, 0+ (L, G0 [

l a
+ ( JC IVuI"dx) (—'x —Y ')
Or(x0) R

uniformly in a« € [0,a). Here By is as in Lemma 1.2, and the implicit constant depends on
n,p,\, @, o, w(:), and diam(Q).

2. Comparison and Poincaré type inequalities

The study of regularity problems for Eq (1.1) is based on the following comparison estimate that
connects the solution of measure datum problem to a solution of a homogeneous problem.

To describe it, we let u € Wllo’f (Q) be a solution of (1.1). Then for a cube O,z = Or(xy) € Q, we
consider the unique solution w € W(;’p (Q2r(x0)) + u to the local interior problem

0 in  QOxr(xo),

i on AQ(xy). @1

—div (A(x, Vw))
w

Lemma 2.1. Suppose that Qsr(xo) C Q for some R > 0. Let u and w be as in (2.1) and let k be as in
(1.8), where 1 < p <2 — % Then it holds that
2-p

(JC IV (u — w)lex)K S (—lﬂl(QijXO)))pl
O2r(x0) R

NIET Tt .
R O3r(x0)
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Proof. For 1 < p < g” 2 inequality (2.2) was obtained in [15, Theorem 1.2]. For <p<2- %,

by [13, Lemma 2.2], we have

2-p

( f V(u - w)lwdx)m < ('“ K%’fgw ))p' + '“K%’ffxo» ( f IVulyoa’x) !
O2r(x0) O2r(x0)

2-p n(p—D
> n-1
take any y, € (2n—1’ %). Thus we may assume that k = (p — 1)?/2 < ¥,. To conclude the proof, it is

therefore enough to show that

for some yy € [~ ). In fact, an inspection of the proof of [13, Lemma 2.2] reveals that we can

(JC |Vu|7°d) N(""K%—Rf)‘w)+(f |Vu|“dx)K. 23)
Q2r(x0) O3r(x0)

To this end, let y; € (yo, = np- 1)) By [15, Corollay 2.4], we have

YL p- 1 1 */i
(JC |V”|7‘dy) | S (—lm(Qip/lg (X))) - ( f | — /1|7°dy) ' 2.4)
0p(x) P P \J Qg,5(0)

for any A € R and any cube Q,(x) such that Qy,/5(x) C Q.
Now, with Qg,/7(x) C €, let w; be the unique solution w; € Wé”’ (Qgp/7(x)) + u to the problem

0 in  Qgy(x),
u on 6Q8p/7(x).

{ —div (A(x, Vwy))

wi

Then from the proof of [13, Lemma 2.2] (using (2.8) and (2.18) in [13]), we can deduce that

2—

1 1
1 " = 0
! ( JC - wlmdy) ° (M) 4 W@y () ( JE Wmdy) " 2s)
P\ 0gy1(x) p P Qsp/7(x)
By Young’s inequality, this yields
1 1

1 pT 0

~ ( f Ju— wi [ dy ) (M) ( f |Vu|7°dy) . (2.6)

P \J 0y 1) P Os0/7(x)

Thus by quasi-triangle and Holder’s inequalities we get

1 = Z
- ( f i — AP°dy ) < (—'“ Qs (x))) ( f |w|7°dy) O
P Qop/8(x) P 0O8p/7(x)

n=1

1 n n
+ = (JC lwy — /llnldy) , (2.7)
P \J Qoys(x)

where we choose A = ng 500 widz.
o
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We now use Poincaré and the reverse Holder’s inequalities for Vw, to obtain that

1 1
1 . " i
! ( f Iy — A|n—1dy) < f Vwldy < ( f |le|7°dy)
P \J Qg,5(x) 09/8(x) Osp/7(x)
< (JE [Vu — lelyody) + (JC |Vu|7°dy)
Qsp/7(x) 0O8p/7(x)

1

=i %
. (|u|<Qip_/l7<x>>) N ( J[ Ve dy) "
P 08p/7(x)

where we used [13, Lemma 2.2] and Young’s inequality in the last bound.
Thus combining this result with (2.7) we find

1 1 1

1 Y0 X =1 0
1 ( JC e Wody) " L (M) N ( J[ IVu|7°dy) "
P Qop/8(x) P O8p/7(x)

At this point, plugging this into (2.4) we arrive at

1 1 1
i )\ 1 %
( f Vup dy) T (|u|(Qip_/l7< >)) N ( Jc Vupo dy) .
Qp(x) p Osp/7(x)

which holds for any cube Q,(x) such that Qg,7(x) C Q. Recall that y; > 7y, and thus by a
covering/iteration argument as in [6, Remark 6.12], we have

i * :
( JC |Vu|7"dy) < (—l" (Qspn) ) + ( JC |Vu|fdy) 2.8)
(o€ p Osp/7(x)

for any € > 0. This obviously yields (2.3) as desired and the proof is complete. O

Remark 2.1. Using the above argument, in particular (2.5), we can also show the following

comparison estimate for the functions u and w: for any SZ:? <p<2- i,

2-p

(f |1/l _ WleX)K < (l/ll(Q:;]j(.XO)))p_l + |/1|(Q3Ij§x0)) (JC |VI/[|KdX) ) ,
O2x(x0) RP R" O3x(x0)

2-p

(JC lu — W|de)K < (|,U|(Q31j(xo)))”'l + |,u|(Q315(x0)) (JE lu — /ukdx) )
) RP R"P O3k (x0)

forany A €R. For1l < p< ;Z—j, these inequalities have been obtained in [15, Theorem 1.2].

and

The following Poincaré type inequality was obtained in the case 1 < p < 2=2 in [15, Corollary 1.3].

2n—1
A similar proof using Lemma 2.1 and inequalities of the form (2.6) and (2.8) also yields the result in
the case 222 < p <2 -1,
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Corollary 2.1. Suppose that Qs,2(x9) C Q for some r > 0. Let u € Wllo’f(Q), l<p<2- % be a
solution of (1.1). Then for any € > 0 we have

1 1 1

H 1 <
inf (JC lu — q|6) < (M) i r(f |Vu|f) .
98 \J g, (x0) rr O3r2(x0)

With u and w as in (2.1), we now consider another auxiliary function v such that v € Wé P(Qr(x0))+Ww
is the unique solution to the equation

(2.9)

—diV(ZQR(xO)(VV)) = 0 in QR(XO)’
v won  9Qr(xo),

where A, x,)(€) = ]CQR(XO)A(X, E)dx.
The following result can be deduced from [8, Lemma 2.3] and an appropriate reverse Holder’s

inequality.
Lemma 2.2. Let p > 1,0 < € < p, and u,w, and v be as in (2.1) and (2.9), where Qar(xy) € Q. Then
there exists a small positive constant oy > 0 such that

1

(Jc Vv — leedx) < w(R)7° (JC |VW|€dx) ,
Or(x0) Q2r(x0)

where w(-) is as defined in (1.10).
Likewise, following lemma follows from [8, Lemma 2.5].

Lemma 2.3. Let 1 < p <2,0<¢€ < p, and u,w, and v be as in (2.1) and (2.9), where Qyr(x9) € Q.
Then for any o € (0, 1) such that w(-)”" is Dini-VMO, i.e., (1.13) holds, it follows that

1
(JC Vv — leedx) < w(R)™! (JC |Vw|€dx) .
Or(x0) O2r(x0)

3. Pointwise fractional maximal function bounds

As in [8], our proofs of Theorems 1.1-1.4 are based on the corresponding pointwise estimates for
the associate fractional and sharp fractional maximal functions, which are interesting in their own right.
This section is devoted to such pointwise fractional maximal function bounds.

Given R > 0 and g > 0, following [1], we define the following truncated sharp fractional maximal
function of a function f € LI (R"):

loc

1

MER(f)(x) = sup inf p™ ( JC |f — ml"dx)q , a>0.
Qp(x)

0<p<R "<

Also, we define a truncated fractional maximal function by

Mg _(f)(x) := sup pﬁ(f |f|qu)q, B € [0,n/q].
Op(x)

0<p<R

Mathematics in Engineering Volume 5, Issue 3, 1-24.
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In the case ¢ = 1, we usually drop the index ¢ in the above notation, i.e., we set Mi’ff (f) = Mfi’R( f)and
Mg’] (f) = Mg( f). Moreover, the definition of Mg( f) can also be naturally extended to the case where
f = pis alocally finite signed measure in R":

MEGO() = sup pﬁlul(Qp(x))

, 0, .
0<p<R |Qp(~x)| ﬁ © [ n/Q]

Note that by Poincaré inequality we have

MEE (N0 s MYV,  Bel0,1],

for any f € W' (R").

loc

On the other hand, if u € Wllo’f Q),l1<p<2- i, then it follows from Corollary 2.1 that

1
—1

M@ < [MFE @)+ MR (Vup(x), B € [0, 1, 3.1)

—ﬁ7€

for any € € (0, 1) and any cube Qsg/2(x) C Q.

The following fractional maximal function bound will be needed in the proof of Theorem 1.1.

Theorem 3.1. Under (1.2)—(1.3), let1 < p <2- %, and suppose that u € WIIO’S(Q) is a solution of (1.1).
Let Qsp(x) C Q and @ € (0, ay), where aq € (0, 1) is as in Lemma 1.1. Then we have

1

M (o) + ML, (Vi)(x) [M,i’ia(,,_l)w(x)ﬁ +R'™ ( JCQ . |w|“dy)K (32)

uniformly in a € [0, &). Here the implicit constant depends on n, p, A, and @.

Proof. The main idea of the proof of (3.2) lies the proof of [8, Proposition 3.1] that treated the case
p > 2~ 1 Note that by (3.1) it is enough to show

MTIEQ’K(VM)(X) S [MZ§a(p_l)(ﬂ)(x):|ﬁ + Rl—d (i o |VI/[|Kdy)K , (33)

for some € = €(n, p, A, @) € (0, 1).
Let 0 < p < r <R, and choose w as in (2.1) with 0,,(x) in place of Qyr(xy). We have

JC [Vul“dy < JC [Vw|“dy + (f) JC [Vu — Vw|“dy
0, (x) 0p(x) P 02 (%)
P (o—1)k r n
< (—) JC IVwldy + (—) JE Vi — Vwldy
r 02,(x) P 02, (%)
(ap—1)x (ap—1)k n
< ('3) f Vuldy + {(’3) ; (f) } JC Vi — Vwldy
r 02,(x) r P 02:(x)

p (ap—1)k r n
< (—) JC Vuldy + [~ f Vi — Vwldy,
r 0,(x) P} Joy

Mathematics in Engineering Volume 5, Issue 3, 1-24.
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where we used the inequality

Je (ap—1)x
f Vwldy < (—) f Vwldy,
0p(x) r 02,(%)

which is a modified version of [8, Theorem 2.2], in the second inequality.
Thus by Lemma 2.1 we get

1/x ao—1 1/k
(f |Vu|“dy) <(2) (f |Vu|“dy)
0p(x) r 02,(x)
n/k ﬁ n/k 2-p)/k
+(f) [I/ll(%a_rl(X))] +(f) (I#I(Qns_rl(X)))(J[ |Vulkdy) .
P r P r 03:(x)

Let € € (0, 1), and choose p = er. Then by Young’s inequality we have

1/« = | 1/x
(JC |VL£|Kdy) < C( )|:|#|(Q3r(x)) [C6a0—1 + 1] (f |VM|Kdy) .
Qer(x) Q3r(x)

Multiplying both sides by (er)!7%, 0 < @ < & < @y, and taking the supremum with respect to r € (0, R],
we find

[I,UI(Qw(X))]Pll

pr—p+ra(p—1)

1/k
sup r'™® (JC |Vu|Kdy) < C(e) sup
0<r<eR 0,(x) 0<r<R

1/k
+[Ce™ ™ + 11(e/3) sup(3r)1_“(f IVul"dy) .
Q034(x)

0<r<R

We now choose € € (0, 1) such that
[Ce™™ ! +1](e/3)' " < 1/2,

to deduce that
1/«
l-a K |/J|(Q3r( ))
sup r Vul*d < C(e) su
0<r£IZR (Jg,(x)l | y) ( )O<r£R[rn pra(p=1)

[M3Ra(p ])(/J)(x)]il + Rl_a (Jg

|Vu|"dy) .
This is (3.3) and the proof is complete. O

1
-1

1/«
+ sup rl_“(f |Vu|"dy)
€R<r<3R 03-(x)

3R(X)

The following result will be needed for the proof of Theorem 1.2.

Theorem 3.2. Let 1 < p <2 - % and u € C°%(Q) be a solution to (1.1). Suppose that Qsx(x) C Q.
Then for any positive & < 1 there exists a small 6 = 6(n, p, A, @) > 0 such that if (1.11) holds, then the
estimate

M) + MY, (Vi) < My, l)wxx)ﬁ +R'™ ( fQ |Vu|Kdy)

3R(x)

holds uniformly in « € [0, @]. Here the implicit constant depends on n, p, A, @, w(-), and diam(Q).
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Proof. The proof is similar to that of Theorem 3.1, but this time we need to use Lemma 2.2. As above,
by (3.1) it is enough to show (3.3) for some € = €(n, p, A,@) € (0,1). Let 0 < p < r < R, and choose

w as in (2.1) with Q,,(x) in place of Q,x(xp). Then choose v as in (2.9) with Q,(x) in place of Qr(xp).
This time we have

f Vuldy < f IVvdy + (f) f Vv — Vwldy + (f) f Vi — Vwldy
0,(x) 0,(%) P 0,(x) P 02,(x)
< f IVvfdy + (f) f Vv — Vwldy + (f) f Vi — Ywl'dy
0,(x) P 0,(x) Y 02,(%)
< JC Vuldy + {1 + (f) } ( f Vv — Vwldy + JE Vi — lekdy)
0,(x) P 0,(x) Q2,(x)
< f Vuldy + (f) JC Vv — Vwldy + (f) f Vi — Vwl*dy.
0,(x) P 0,(x) P 02,(x)

Here we used
»f.)

/el

which is a a modified version of (2.6) in [8, Theorem 2.1] in the second inequality.
Then by Lemma 2.2 we get

1/« 1/« r n/k 1/«
( JE IVMIKdy) < ( JE IVMIKdy) + (—) w(r)” ( JC IVWIKdy)
0p(®) 0/(x) p 02:(%)
r n/k 1/«
+ (—) (JC Vu — Vw|Kdy)
p 02,(x)
r n/k 1/«
<< 1+ (—) w(r)?® (]C IVul’(a’y)
p 02,(%)
r n/k r n/k 1/x
+ (—) w(r)7° + (—) (JC [Vu — le'(dy) ,
p p 02/(x)
for a small constant o) > 0. Thus using Lemma 2.1 and the fact that w(r) < 2A, we find
1/« n/k 1/« n/k ﬁ
Qo) P 02 () p r

n/k (2-p)/x
+ r |ul(Q3,(x)) IVul*dy ) (3.5)
P ! 031(x)

Let € € (0, 1), and choose p = er. Then by Young’s inequality we have

1/k =) 1/x
( f |Vu|'<dy) <C. + [ e ()™ + ¢ ( f |Vu|Kdy) .
Qer(x) Q3r(x)

Mathematics in Engineering

Vuldy < f VuFdy, 34
(x) 0,(x)

lul(Q3,(x))

rn—l
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Multiplying both sides by (e7)!~%, 0 < a < @ < 1, and taking the supremum with respect to r € (0, R],

we find
e (03, () |77
sup ri= (JE |Vu|"dy) < C. sup [—]
0r(x)

0<r<eR 0<r<R rn—p+a(p—1)

/K

+ |c1e sup w(r) + ¢,

0<r<R

1/«
(€/3) sup(3r)1_“(f |Vu|Kdy) .
Q3r(x)

0<r<R

We now choose € € (0, 1) such that
c(e/3) " < 1/4,

and then choose R = R(n, p, A, &, w(+)) > 0 and a small § = 6(n, p, A, @) > 01in (1.11) such that

1€ sup w(r)(e/3)'"" < 1€ (26)(e/3)' 77 < 1/4.

0<r<R

Then it follows that
(€/3)™* < 1/2,

[cle_”/ “sup w(r) + c;
0<r<R

provided R < R. Hence, for R < R, we deduce that

1/«
sup I’l_a (JC |VM|Kdy) < C(e) sup [M
Or(x)

0O<r<eR 0<r<3R rn—p+a(p—l)

€1
-1

7 1/«
+ sup ri-e ( JC IVulkdy)
eR<r<3R 0-(x)

1
L X
S [leia(p—l)(ﬂ)(x)] "+ R (JE IVulkdy) )
Q3r(x)

This proves (3.3) in the case R < R. For R > R, we observe that

_ R n/k 1/«
M, (Vi) < ME, (Vi + (=) (eR)'™ ( f |Vu|Kdy) .
)

er(X)

Thus we also obtain (3.3) in the case R > R as long as we allow the implicit constant to depend on
diam(Q), and n, p, A, @, w(-). ]

In order to prove Theorem 1.3, we need the following pointwise fractional maximal function bound.

Theorem 3.3. Let1 < p<2-— % and u € C'(Q) be a solution to (1.1). Suppose that Q3g(x) C Q. If for
some o € (0, 1) such that w(-)7" is Dini-VMO, i.e., (1.13) holds, then the estimate

1

1 X
MER@)(x) + MR, (Vi) () < [BF (D] + R ( f |Vu|Kdy)
Q3r(x)

holds uniformly in « € [0, 1]. Here the implicit constant depends on n, p, A, @, w(-), oy, and diam(L2).

Proof. As in the proof of Theorem 3.2, it is enough to show

1 X
MF, (Vi)(x) <[22, (D] + R ( f |Vu|“dy) .
Or(x)

Mathematics in Engineering Volume 5, Issue 3, 1-24.
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Moreover, we may assume that R < R, where R = R(n, p, A, o1, w(+)) > 0 is to be determined.
Arguing as in the proof of (3.5), but this time using (1.7) (in Lemma 1.2) instead of (3.4) and
Lemma 2.3 instead of Lemma 2.2, we have for Q,(x) C Q,(x) C Q3,(x) C Q,

1/x 0 Bo 1/x
( f |Vu - qu<x>lkdy) < (—) ( JC |Vu - qur(x)ley)
0,(x) r 03,(x)
n/k 1/« n/k p%l
+ (f) w(r)” (JC |Vu|Kdy) + (f) [—|ﬂ|(%3_r1(X))]
P 03 (x) P r

n/k 2-p)/x
L ()" (2 vara) (3.6)
0 ! 03, (x)

Here qg, () € R" is defined by

1/k
qo, (v ‘= argming g, ( JC |Vu — CIIKdy) , Op(x) e Q.
Qp(x)

That is, qg, (v 18 a vector such that

1/«
inf ( f IVu - qlkdy) = ( f
R \J 0, (x) 0,(x)

Note that for Q,(x) C Q,(x) € Q, one has

1/k 1/k 1/k
9o, = ( JC |‘IQs(x)|Kdy) < ( JC |Vu — ‘le(x)IKdy) + ( JC IVMIKdy)
0,() 0:(x) 0:(x)
1/k
< ( f |Vu|Kdy) , (3.7)
0s(x)

1/«
190, — Aol = ( JC ) 190,00 — (le(x)|KdY)

e

1/«
|VM - qu(x)ley) .

and also

N

1/« 1/k
Vi — ‘lQp(x>|Kdy) + ( JC IVu - Qqu)ley)
) (X) 0p(x)

s n/k 1/«
(—) (f |VI/£ - qQS(x)lkdy) . (38)
p 05(x)

For brevity, for any j =0, 1,2,..., and Qsz(x) C Q, we now define

Q; = Or/(x), R;=¢€R,

N

where € € (0, 1/3) is to be determined, and
1/k
A; = ( Vi — (Ij|Kd}’) » 4 =dg;-
Qj

Mathematics in Engineering Volume 5, Issue 3, 1-24.
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Then applying (3.6) with p = eR; < r = R;/3 we have

G

n—1

Q/ ]

(2-p)/x
('“IL(,% )(JC Vu IKdy) . (3.9)

By quasi-triangle inequality, this yields

1/«
Ajii S ciéA; + ce" w(R;/3)™ ( |Vu|"dy) +C.

(@) |

Aj S 1A+ 26 W(R;[3)7Aj + c2e " w(R;/3)7|q;l + C. T
J

. @-p)/x
+ CG[—W KQ’))( |Vu|Kdy) .
R |
j Q;

We now choose € sufficiently small so that c;é®® < 1/4 and then restrict R < R, where
R = R(n, p, A, 01, w(-)) > 0is such that

c2* sup w(p)”' < 1/4.

0<p<R

Then we have

| i @)™ (@)
Aj+1 < EAJ + CC()(RJ/3) llqjl +C Rn_]J ] + C( Rn—lj ]

J

(2-p)/x
( JE IVulkdy) . (3.10)
Q.

J

J

Summing this up over j € {0, 1,,...,m — 1}, m € N, we get

15 )| S () o \E
;A 35 2 CZw(RJB) | ,|+CZ R g +C, (Rn : )(f Vi Idy) .
Hence,
¢ o PiCen) R I ( J[ . )(2 P
JZ; j<A CZw(R/S) ja, + CZ = +C] [Rnl] Vuldy|] .

On the other hand, for any m € N, by (3.8) we can write

natl = (1011 = g, + a0l < C D" A; + Iaol,

j=0 j=0

and therefore in view of (3.7),

m—1 %
. @)
el < € Ag +1qol + C D w(R;/3)™ gl + CZ ?
Jj=0 Jj=0 J

Mathematics in Engineering Volume 5, Issue 3, 1-24.
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m—1 2-p)/x
oS, )

1/k
scf v |Kd) +C S W®R/3 g+ C
(QR(X) e Zw v Z
2-p)/k
CZ[M(QJ)(JC Ve lkd) |

At this point, multiplying both sides of the above inequality by R'~, m € N, we deduce that

m+1°

1/« m—1 m—1
R A1 Gut] < R ( Jg ) |Vu|Kdy) +C Y R TR+ Y
R(X j:()

=0
me1 (2-p)/x
lul(Q;) (1-a)2—p) «
+ Z [Rn—p+a/(p—l) Rj 0 |VM| dy )
J !

J=0

L
—1

ul(Q))
Rn 1

ul(Q)) }

Rn—p+a(p—l)

Thus,
1/x m—1 L
Ry Iqusi] < 3R ( Jg . |Vu|"dy) +c3 Z w(R;/3)" R “Ig,l + c3 [1X ., ()]

+ s B (D) [ M M(Vu)(x)] . (3.11)

We next further restrict R so that for any R < R,

m—1

D w3 <

j=0 3

This is possible because we have

m—1 m—1
WR;[3) = W(R[3)+ ) w(R;/3)""
Jj=0 j=1
R d m—1 Ri_1/3 d
Scf w(p)“l—pHZf w(p) P
R/3 P o1 JRi3 P
R
d
<c f w(p) 2, (3.12)
0 P

where we used the fact that w(p;) < c w(p,) provided p; < p, < Cpy, C > 1.
Then by an induction argument we deduce from (3.11) that

_L
-1

P 2R [ME,, (V]
(3.13)

1/k
R, olqul s R'™ ( JCQ ( )|Vu|”dy) + |28y (D) |
R(x

Mathematics in Engineering Volume 5, Issue 3, 1-24.
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for every integer m > 0.
Let us call the right-hand side of (3.13) by Q. Then from (3.10) and simple manipulations we obtain

1
Am+l < EAm + Clqml + CR;_IQa

which by (3.13) yields

m+1

1 1
RI\CA, < ER}H‘“Am + cR7q,| + cQ < 5R},;%n + Q.

As R™™A < cQ, by iteration we get
RI™A,, < CQ, (3.14)

for every integer m > 0.
To conclude the proof, we observe that

m=0

1/«
ME,, (Vi) < CsupRL” (f Ivurdy)

< Csup[R) Ay + R, ] < CQ,
m=0
where we used (3.13) and (3.14) in the last inequality. Then recalling the definition of Q and using
Young’s inequality we obtain

K LI 1
Mf_, (Vu)(x) < CR"™ ( JC |Vu|"dy) +C[I§,’Sa(p_l)(|y|)(x)]”‘ + EMf_a,K(Vu)(x).
Or

(%)
This completes the proof of the theorem. O

The following pointwise sharp fractional maximal function bound will be used in the proof of
Theorem 1.4.

Theorem 3.4. Let1 < p<2-— % and u € C'(Q) be a solution to (1.1). Suppose that Q3x(x) C Q. If for
some o1 € (0, 1) such that

sup 207 _ k. (3.15)

0<p<t P

for some & € [0,), then the estimate
1 1 :
M (Vi) < MY, (@] + B uheo | + R ( f |Vu|“dy)
O3r(x)
holds uniformly in @ € [0,&]. Here By is as in Lemma 1.2, and the implicit constant depends on
n, p, \, @, w(-), o, K, and diam(Q).

Remark 3.1. Condition (3.15) implies the Dini-VMO condition (1.13). In turns, (1.13) implies (1.11),
whereas (3.15) is implied by the Dini-Holder condition (1.14).

Mathematics in Engineering Volume 5, Issue 3, 1-24.
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Proof. 1t suffices to show

K

MAR(Vi() < [ME, @)™ + [Buhoo] ™ + R (fQ IVulkdy),

R(X)
for R < 1, where the implicit constant depends on n, p, A, @, w(-), 01, K, and diam(Q).

With the notation used in proof of Theorem 3.3, multiplying both sides of (3.9) by R>¢,, j > 0, we have

Jj+1°

1
p-1

ul(Q))
R

j+l J

1/k
R:% A5 < 1 R:°A; + C.R°w(R;/3)" ( |Vu|"dy) + CR®

Q;

2-p)/x
+cER;.a[|” Q) )( f Vu I"dy) .

This time we choose € € (0, 1/3) such that

C]E’BO <C16’80@S

| =

and employ (3.15) together with the restriction R; < 1, to deduce

= @-p)k
+c(|zl(%a)(f Vu |Kdy) . (3.16)

On the other hand, applying Theorem 3.3 in the case @ = 1, we can bound

lul(Q;)
Rn'—1+a
J

—a 1 —a
RifAj < R, Aj+CK(

j+l

1/«
|Vu|Kdy) +C

Qj

1/« L P
( |Vu|Kdy) < [ ub )| ( f IVulkdy)
Qj Or(x)

for every integer j > 0. Thus, using (3.16) and Young’s inequality we get

1

— 1 —a L L K g
RiAjn < SR;"A;+C IMF, @)+ C ] ( fQ . Vil dy) .
Iterating this inequality, we find for any m € N,
— -mp—a Ll R L1 K %
R,Ay < 27"RyAg + C MY, 00| + CIfud] ™ + ( f |V dy)
Or(x)
ol = :
<C[MF, @] +C[Iuh)|" + R ( f |VM|Kdy) :
Or(x)
In view of the fact that
MR (Vu)(x) < supR,* A,
m>0
this completes the proof of the theorem. O
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4. Proof of Theorem 1.1

Proof of Theorem 1.1. For any cube Q,(x) € Q, let gg,(») € R be defined by

1/k
qo,(x = argmin ( JC | — ql'(dy) ,
Qp(x)

1.e., gg, (v 1s a real number such that

1/x 1/k
inf (JE |u — ql"dy) = (JC lu—qo <x>|Kd)’) :
<R \J g, (x) 0,(x) ’

Then wusing quasi-triangle inequality a few times and Lemma 1.1, we have for
1

Op(x) € Qr(x) C O3(x) C Q,

1/x D)0 % p —n/k ¥
f w-goord) (&) (f w-gauta) +(2) (f ju—witdy) .
0,(x) r 02,(x) r 02,(x0)

Here we choose w as in (2.1) with Q,,(x) in place of Qyr(xo).
We now apply Remark 2.1 to bound the second term on the right-hand side of the above inequality.
This yields that

1/« 1 B L

P\ « e ul(Qs,(x)) | 7!
=aounlds) 5 (2 (- aontias] + (£ (M9
(J[Q,,u) r 02:(x) ’ r rer

2-p

P\ |ul(Q3(x)) JC ‘
+ |- e - old .
( r) yn-p 030 = gos,0l°dy

Letting p = er, € € (0, 1), and using Young’s inequality we find

1/x
‘ o ‘ 1l(Q3(x0)) \ 7T
( f 1 = g0, dy) < Ce ( f 1 = Go, 0 dy) +Ce (“% . @D
Qcr(%) 03/(x) r
Next, we choose € € (0,1/3) small enough so that Ce® < %, where C is the constant in (4.1). Let
Or(xp) C Qbe as given in the theorem. Then for any cube Qs(x) C Qr(xp) weseto; = €6, 0 i = Os;(x),

q; = qg;» J = 0, and define
1/«
B;:= (f |u — (]Qj|Kdy)
Q;

i (|u|<Qj))P'l

Applying (4.1) with r = 6;/3 yields

Bj,1 < zBj+C
+1 2 6,;_1,

Summing this up over j € {1, 3, ...,m — 1}, we obtain

i g S ‘[w(Q, ]”

J=1 J=1 j
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As in (3.8), we have
gj+1 — gl < CB;

for all integers j > 1, and thus

m—1

Gl < lgm — @1l + q1 < @1 +CZBJ
=1

m—1 ﬁ
urvenec S [H9)
J=1 J

sc(f uldx )i 2[""@’ ]

holds for every integer m > 2. Here we use the simple fact (see (3.7)) that

1
B +q; < C(JC Iul"dx) .
01

Now for x,y € Qg/s(xo) we choose

= —[X = Y| = maxx, il
2| )l 5 m: lx; = yil

Note that 6 < R/8 and Qs(y) C Q35(x) C Qgr/a(xp). Then applying (4.2), we have

1 m—1 ﬁ
Vs () )
|qm| < C(ﬁ( )ll/ll dZ) + Co Z(W .
5(X j

=1
Sending m — oo and using [1, Lemma 4.1], we get

lu(x)| < C( Ji " Iul"dz) + CS"WE_ 1y pp (HD(X).

Since u — m, m € R, is also a solution of (1.1), it follows that

1

lu(x) —m| < C (JCQ( ) lu — mlkdz) + CS"WY 1y pp (D)

<C (JC lu — M|Kdz) + Co*WH a1/ pp (D).
035(x)

Likewise, we have

1

ju(y) —m| < C ( fQ - m|Kdz) + CE"WE 1 (DO
"

4.2)
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20

1

<C ( f u— mlkdz) + CS"WE_ o1y pp (DO
035(x)

Now choosing m = gg,,») we find

Ju(x) — u(y) < C ( fQ M qgwl“dz) + CO Wi, (D) + W1y, (DO |- (43)
350X,

On the other hand, by Theorem 3.1 and the fact that 36 < 3R/8, we have

1

% 1 5\¢ P
lu—qo §<x>l“dZ) <o MRS ()| +(—) R( JC IVul’(dz)
(fQ35(x) ) [ prap=1) ] R Qor/16(1)
1
0\ K
S é‘af‘VIle—a(p—l)/p,p(l/-ll)(-x) + (E) (f |M|KdZ) s (44)
Bgr(x)

where we used a Caccioppoli type inequality of [15, Corollary 2.4] in the last bound.
Combining inequalities (4.3) and (4.4), we complete the proof of the theorem. m|

5. Proof of Theorems 1.2 and 1.3

Proof of Theorems 1.2. The main idea of the proof of Theorem 1.2 lies in the proof of [8, Theorem
1.2]. First, in view of Theorem 1.1, it suffices to prove (1.12) uniformly in @ € [ay/2, @], @ < 1, for all

x,y € Orss(x0)-
On the other hand, for a.e. x,y € Qg/3(xp) and f € L*(Qr(x0)), we have the inequality

c
700 = £ < (S ) e = 31" [MES2 () + MERA(D).
provided a € (0, 1]. See inequalities (4.9) and (4.10) in [1]. Applying this with f = u and « € [@(/2, @],

and using Theorem 3.2, we obtain

u(x) — u(y)| < ( ) o=y (MR ) + M o) |

<
Qo
1 1
+(i) lx — y|*R' (JC |Vu|Kdy) +(JC |vu|'<dy) .
@o O3r/4(x) Q3r/a(y)

Then invoking the Caccioppoli type inequality of [15, Corollary 2.4] we obtain (1.12) uniformly in
a € [ap/2, @] as desired. O

Proof. (Proof of Theorem 1.3) The proof of Theorem 1.3 is similar to that of Theorems 1.2, but this
time we use Theorem 3.3 instead of Theorem 3.2. m]
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6. Proof of Theorem 1.4

Proof of Theorem 1.4. Let Qr(xp) C € be as given in the theorem. For any x,y € Qg(xp), we set
0= %Ix — V|- Note that 6 < R/4 and Qs(y) C Q35(x) C Qr(xp). We shall keep the notation in the proof
of Theorem 3.3 except that we replace R with § so that R; = 6; = €/6, Q; = Q.is(%), q; = qg_, (x)» and

1/k 1/x
Aj= (JC Vu — QQEjé(x)|Kdy) = ( IVu — q]‘|KdY)
Q.js(¥) Qj
for all integers j > 0.

Then by choosing € in (3.9) such that ¢;€® < 1/2, we have

= , -p)/x
|,U|(Qj)] N Ce(w(%))( JC vl dy) |
o & 0,

J

1 1/«
Aj+1 < EA] + Cew(éj/fi)‘” (£ |VM|Kdy) +C,

Summing this up over j € {0, 1,,...,m — 1}, m € N, and then simplifying, we get

m m—

m—1 /K
czw((s,-/3)”' ( f IVul'(dy) Z
=0 0; j=0
S (Il L\
+C]Z:( 5 1]](£j|Vu| dy) .

6n1

Q) ] 7

M
b

On the other hand, by (3.8),
(@t —ml = > (Iq;01 — m| = |q; — m]) + [go — m|

< Y1~ +lao—ml < C D) A, + lgo - m,

J=0 J=0

which holds for any m € R” and integer m > 0.
Hence, it follows that

K

G — m] < Cwa /3)" ( f [Vuldy ) +c2
CZ(IuI(Q, )(JCQ

J

1/k
lqo — m| (JC Vu — mlkdy) ,
QOs(x)
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which can be proved as in (3.7), we get

m—1 1/k  m-1
e —ml S D 0(8;/3)" ( f IVul“dy ) )
Jj=0

Jj=0

L
-1

l(Q)) |7
&

m—1 2-p)/k
. (IﬂI(Q]))( vl dy)
Q;

n—1
5]'

We next set

1/«
M(x,r) == [L(uh )]~ + (JE IVulkdz) , r>0.
9

(X)
Then applying Theorem 3.3 with @ = 1 and 3R = ¢, we have

£

J

1/k
|Vu|“dy) < M(x,0), Vj>0.

Plugging this into the last bound for |q,,+; — m| we deduce that

m—1 m—1 m—
" o - " lul(Q)) P pLes. lul(Q)) _
Qe =Ml S 8% > 67°0(8;/3)7 M(x,6) + 6 ) 5"—“2 Z o L M(x, 5"
Jj=0 j=0 j =0

1/x 1/k
+ (JC [Vu — qQé(x)ley) + (JC [Vu — mlkdy) .
Os(x) QOs(x)

Also, note that as in (3.12) we have

m—1
570 w(6;/3)7" <
Jj=0

_ a1 d R/4 o1 d
577 w(6;/3)" < f or” dp f WPy dp,
o PY P 0 pr p

EMi

At this point, using the Dini-Holder condition (1.14), we obtain, after some simple manipulations,

et — ) < 6"M(x,6) + 8 [B2 (D] + 6B (D0 M(x, 67

1/ 1/«
+ (f |VM - qu.(x)|Kdy) + (JC |VM - m|Kdy) .
Os(x) 0O5(x)

Here we also used that 6 < R/4 < diam(Q2) and the implicit constants are allowed to depend on
diam(Q).
Thus letting m — oo and using Young’s inequality we obtain

1 1/k 1/«
Vu(x) — mi 5 8°M(x,6) +8° [IF ()| + (f |Vu—qQ§<x>|“dz) +(f IVu—mIKdz) .
Os(x) 0O5(x)

Likewise, we also have
BN 1/« 1/x
Vu(y) - ml < 6"M(y, 6) + 6" [If_, (D ()| (f |Vu—qQ5<>v>|Kdz) +(f |Vu—m|“dz)
Q5(») Q5(»)
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BN 1/« 1/k
< 6" M(y.8) + 6 |1, (uh»)] ™ ( JC |Vu—qQ35<x)|“dz) +( f IVu—mIKdz) ,
0O35(x) 035(x)

where we used that Qs(y) C Qss(x).
Combining these two estimates and choosing m = qg,,(x), we find

1920 = Vu) < 6" ([, Qo] + X, 0|

1/x
+ 6% [M(x,6) + M(y,5)] + (JC Vu — qu(x)I’(dz) . (6.1)
O35(x)

As 6 < R/4 and Qg/a(x) U Qgja(y) € Qr(xp), we can apply Theorem 3.3 with @ = 1 to have the bound

1/k L
|Vulkdz) [IR/4(|ﬂ|)(y)] B (JE
R/4(X) 0

< [, ()] + [ uh )| + R ( fQ

Similarly, we can use Theorem 3.4 to bound the last term on the right-hand of (6.1) as follows:

1 1/k
M(x,6) + M(y,8) < [ (ko] + ( f |Vu|Kdz)
0

R/4(Y)

1/«
|Vu|Kdz) . (6.2)

R(X0)

1/«
(JC Vu — qQ36()C)|KdZ) S 6QM§,3<R/4(VM)(X)
035(x)

1

Ll (04 L1 6 “ K K
0" [MYL oo+ 8 [ o]+ (3) ( ng(x) IVl dz)

1 o) @
< 4 IR_ p-1 e f
<o [1E, Qb + () ( g

We now plug estimates (6.2) and (6.3) into (6.1) to arrive at

|Vu|”dz)K . 6.3)

R(x0)

1

V(0 = V) 6" ([, Qab0o] ™ + [T, Qb7 } + (2)(fg ( )IVuIKdZ) .

This completes the proof because ¢ < %Ix - O

Remark 6.1. In Theorems 1.3—1.4 and 3.3-3.4 we may take oy = 1 in (1.13), (1.14) and (3.15),
provided we replace w with a non-decreasing function @ : [0, 1] — [0, co) such that

lima(p) =0, and |A(x,€) — AW, &) < d(lx — yDIEP!

p—0

forall x,y,& € R", |x —y| < 1. The reason is that in this case solutions to (2.1) are locally Lipschitz,
and we can also take oy = 1 in Lemma 2.3; see [8, Section 8].
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