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Abstract: We study a variational problem for hypersurfaces in a wedge in the Euclidean space.
Our wedge is bounded by a finitely many hyperplanes passing a common point. The total energy
of each hypersurface is the sum of its anisotropic surface energy and the wetting energy of the planar
domain bounded by the boundary of the considered hypersurface. An anisotropic surface energy is
a generalization of the surface area which was introduced to model the surface tension of a small
crystal. We show an existence and uniqueness result of local minimizers of the total energy among
hypersurfaces enclosing the same volume. Our result is new even when the special case where the
surface energy is the surface area.
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1. Introduction

We prove an existence and uniqueness result of stable equilibrium hypersurfaces in wedge-like
domains in the (n + 1)-dimensional Euclidean space R™*! for anisotropic surface energy, which serve
as a mathematical model of small crystals and small liquid crystals with anisotropy. Our result is new
even when the special case where the surface energy is merely the surface area.

Lety : " — R, be a positive continuous function on the unit sphere $” = {v € R*! ; ||| = 1}
in R"*!. Let X be a closed piecewise-smooth hypersurface in R"*!. X will be represented as a mapping
X : M — R"! from an n-dimensional oriented connected compact C* manifold M into R™!. Let
v be the unit normal vector field along X|ns(x;, where S[X] is the set of singular points of X. The
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anisotropic energy 7, (X) of X is defined as ¥,(X) := fM\ SIX] v(v) dA, where dA is the n-dimensional
volume form of M induced by X. Such an energy was introduced by Gibbs (1839-1903) in order
to model the shape of small crystals, and it is used as a mathematical model of anisotropic surface
energy [19,20]. It is known that, for any positive number V > 0, among all closed piecewise-smooth
hypersurfaces as above enclosing the same (n + 1)-dimensional volume V, there exists a unique (up
to translation in R"*!") minimizer W, (V) of ¥, [17]. Each W, (V) is homothetic to the so-called Wulff
shape for 7y (the definition of the Wulfl shape will be given in §2), which we will denote by W,. When
y = 1, ,(X) is the usual n-dimensional volume of the hypersurface X and W, is the unit sphere S".

The Wulff shape W, is not smooth in general. However, in this paper we assume that W, is a smooth
strictly convex hypersurface like the previous works that studied variational problems of anisotropic
surface energies in differential geometry (cf. [1,4,5,8-12, 14, 15]).

Each equilibrium hypersurface X of F, for variations that preserve the enclosed (n + 1)-dimensional
volume (we will call such a variation a volume-preserving variation) has constant anisotropic mean
curvature. Here, the anisotropic mean curvature A of a piecewise-C? hypersurface X is defined at each
regular point of X as (cf. [8,15]) A := (1/n)(=divy, Dy + nHvy), where Dy is the gradient of y and H is
the mean curvature of X. If y = 1, A = H holds.

Let Q be a wedge-shaped domain in R"*! bounded by k hyperplanes I1;, - - ,II; (k < n + 1) such
that the intersection IT; N --- N I includes the origin 0 of R™! (Figure 1). Denote by N, the unit
normal to II; which points outward from Q. We assume that Ny, ---, N, are linearly independent. We
call each I; N I1; (i # j) an edge of Q. Let w; (j = 1,--- , k) be non-negative constants. Let M be an
n-dimensional oriented connected compact C* manifold with boundary OM = o U --- U 0y, where
each o is topologically S n=1_Consider any C*-immersion X : (M, 0 ,++ ,0%) — (ﬁ, II;,--- ,II;) of
which the restriction X|sy to 0M is an embedding. Set C; = X(07;), and let D; = D;(X) C II; be the
n-dimensional domain bounded by C; (j = 1,--- ,k). We assume that the unit normal v to X points
outward from the (n + 1)-dimensional domain bounded by X(M) U (U’;: D;) near each C;. We define
the wetting energy “W(X) of X as

k
W) = > wH D)),
=1
where H"(D)) is the n-dimensional Hausdorff measure of D;. Then, we define the total energy E(X) =
E,(X) of X by
EX) = F,(X) + W(X).

Note that X(M)U D, U---U Dy is an oriented closed piecewise smooth hypersurface without boundary
(possibly with self-intersection). We denote by V(X) the oriented volume enclosed by X(M) U Dy U
-+ U Dy which is represented as

1
M

We call a critical point of E for volume-preserving variations an anisotropic capillary hypersurface (or,
simply, a capillary hypersurface). A capillary hypersurface is said to be stable if the second variation
of E is nonnegative for all volume-preserving variations of X. Otherwise, it is said to be unstable. In
this paper, we prove the following two results on the uniqueness and the existence of stable capillary
hypersurfaces.
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Figure 1. The wedge Q and an admissible surface M for k = 2.

Theorem 1. Let X : (M, 0, ,0%) — (5, Iy, - - ,I1;) be a compact oriented immersed anisotropic
capillary hypersurface that is disjoint from any edge of Q, having embedded boundary and satisfying
X(OM) N11; = 0D; for a nonempty bounded domain D; in 11;. If X is stable (and all D,--- , Dy
are convex if n > 3), then X(M) is (up to translation and homothety) a part of the Wulff shape W,.

Conversely, if X is an embedding onto a part of W, (up to translation and homothety), then it is stable.

Theorem 2. There exists an anisotropic capillary hypersurface X that is a part of the Wulff shape (up
to translation and homothety) and that intersects I1; with more than two points if and only if w; < Y(N )
holds.

As for previous works which are closely related to Theorem 1, we have the followings. First,
Theorem 1 is a generalization of the main result of [3], where we proved the uniqueness result similar
to Theorem 1 for isotropic capillary hypersurfaces in a wedge in R"*! with k = 2; here, isotropic
means that y = 1. [13] also studies the isotropic case for general k, but it does not prove that parts
of the Wulff shape are stable. As for the anisotropic case, we studied the existence and uniqueness
of stable anisotropic capillary surfaces between two parallel planes I1; and I, in R® [9-11]. There,
stable anisotropic capillary surfaces are not necessarily parts of the Wulff shape (up to translation and
homothety). This suggests that the assumption of the linear independence of Ny, -- , N; cannot be
removed in our Theorem 1. Finally we mention that Theorem 1 was announced in [7]. Moreover there
an outline of the proof of Theorem 1 for n = 2 and k = 2 was given.

This article is organized as follows. In Section 2 we give preliminary contents. We give the
definition and a representation of the Wulff shape. We also give the definitions of various anisotropic
curvatures for hypersurfaces. Moreover we recall the definition of anisotropic parallel hypersurfaces
and a Steiner-type integral formula for these hypersurfaces. In Section 3, we give the first variation
formulas and the Euler—Lagrange equations for our variational problems. Also the proof of
Theorem 2 is given. Sections 4, 6 and 7 will be devoted to proving the uniqueness part of Theorem 1.
The existence part that is the last statement of Theorem 1 will be proved in Section 5.

2. Preliminaries
In this paper, we call the boundary W, of the convex set W[y] = Nyesn{X € R (X, v) < y(»)}
the Wulff shape for y, where (, ) means the standard inner product in R**!. In other literatures, Wiyl

is often called the Wulff shape.
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From now on, any parallel translation of the Wulff shape W, will be also called the Wulff shape,
and it will be denoted also by W,,, if it does not cause any confusion.

From now on, we assume that, for simplicity, y is of class C*. We also assume that the
homogeneous extension y : R"™! — R, of y that is defined as y(rX) := ry(X) (VX € S", Vr > 0)is a
strictly convex function. In this case, we say that 7y is strictly convex, which is equivalent to the n X n
matrix D*y + vy - I, is positive definite at any point in S”. Here, D*y is the Hessian of y on S” and I, is
the identity matrix of size n. The Wulff shape W, is smooth and strictly convex (that is, each principal
curvature of W, with respect to the inward-pointing normal is positive at each point of W,) if and only
if v is of class C? and strictly convex.

The Cahn—-Hoffman map &, : §" — R™*! for y is defined as &,(v) = Dyl, +y(v)v, (v € §"). Here, the
tangent space T,(S") of S” at v is naturally identified with the hyperplane in R**! which is tangent to
S™ at v. Because v is strictly convex, &, gives an embedding onto W,. Moreover, the outward-pointing
unit normal at a point &,(v) to W, coincides with v (cf. [8]).

The Cahn-Hoffman field & along X for vy is defined as & := & 0v: M — R™!. Since the unit normal
v(p) of X at p € M coincides with the unit normal of &, at the point v(p), we can identify 7,M with
T(p)&y(S™). _

The linear map S, : T,M — T,M (p € M) given by the n X n matrix §? := —d¢ is called the
anisotropic shape operator of X. Various anisotropic curvatures of X are defined as follows.

Definition 1 (anisotropic curvatures; cf. [5, 15]). (i) The eigenvalues of S are called the anisotropic

principal curvatures of X. We denote them by k7, - -- , k).
(ii) Let o) be the elementary symmetric functions of k7, --- , k)
oli= D Kk, r=1-n 2.1)
1<l <<l,<n
!
Seto?) :=1. H! := 0/,C, is called the rth anisotropic mean curvature of X, where ,C, = L —
0 P kl(n - k)!
'(n —k)!

(iii) H] is called also the anisotropic mean curvature of X, and we often denote it by A; that is,

1 v 1 N
A=— kY = ——t dé).
n;, nraceM(f)

As we mentioned above, for the Cahn-Hoffman map &, : $” — R™*!, it is shown that the unit normal
vector field vg, is given by & I. Hence, the anisotropic shape operator of &, is S” = —d(&, o Ve,) =
—d(idg») = —I,. Therefore, the anisotropic principal curvatures of &, are —1, and hence, each rth
anisotropic mean curvature of &, is (—1)". Particularly, the anisotropic mean curvature of &, for the
normal v and that of W, for the outward-pointing unit normal is —1 at any point. More generally, the
anisotropic mean curvature of an immersion X : M — R"! is the mean value of the ratios of the
principal curvatures of the Wulft shape and the corresponding curvatures of X which is explained as
follows.

Remark 1 (cf. [8]). Let X : M — R"*! be an immersion. Take any point p € M. We compute the
anisotropic mean curvature A(p) of X at p. Let {e;,--- , e,} be a locally defined frame on S§” such that
(D*y + v - I,)e; = (1/u;)e;, where u; are the principal curvatures of &, with respect to v. Note that the
basis {ey,--- ,e,} at v(p) also serves as an orthogonal basis for the tangent hyperplane of X at p. Let
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(—w;;) be the matrix representing dv with respect to this basis. Then

“wi/ur e = wi/i
—-SY=dé, odv=(D*y+y-1)dv=
“Watlln — Wan/
This with the definition of A gives
A= —%traceM(dg) = (/Wi /e + -+ Wi/ pn). (2.2)

S7 is not symmetric in general. However, we have the following good properties of the anisotropic
curvatures.

Remark 2. (i) If d¢, = D*y+7y-1, is positive definite at a point v(p) (p € M), then all of the anisotropic
principal curvatures of X at p are real [4].
(i1) kiy is not a real value in general. However, each H is always a real valued function on M [6].

At the end of this section, we recall a useful concept that is “anisotropic parallel hypersurface” and
an important integral formula that is a generalization of the classical Steiner’s formula. Anisotropic
parallel hypersurface is a generalization of parallel hypersurface and is defined as follows.

Definition 2 (Anisotropic parallel hypersurface, cf. [15]). Let X : M — R"*! be an immersion. For
any real number ¢, we call the map X, := X + t&€ : M — R"*! the anisotropic parallel deformation of X
of height 7. If X, is an immersion, then we call it the anisotropic parallel hypersurface of X of height ¢.

The anisotropic energy ¥,(X,) of the anisotropic parallel hypersurface X; := X + ¢£ is a polynomial
of ¢ with degree at the most n as follows.

Fact 1 (Steiner-type formula [4]). Assume thaty : S" — R is of class C*. Let X : M — R be an
immersion. Consider anisotropic parallel hypersurfaces X, = X + t& : M — R™'. Then, the
n-dimensional volume form dAx, and the anisotropic energy ¥,(X,) of X, have the following
representations.

dAy, = (1—tk))-(1—tk?) dA
= ) (-IYF'(CHH] dA, (2.3)
r=0
700 = [ 90 Y 1o da 2.4
M r=0

The isotropic version of Fact 1 is known as the Weyl’s tube formula [18]. The isotropic
2-dimensional version is the well-known Steiner’s formula.
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3. Euler-Lagrange equations

In order to obtain the Euler—Lagrange equations for our capillary problem, first we recall the first
variation formula for the anisotropic surface energy 7,.

Proposition 1 ( [6]). Let X, : M — R""! (e € J := (e, &)), be a smooth variation of X; that is, € > 0

and Xy = X. Set
0X,

0X = e |’ W= {6X,v).
Then, the first variation of the anisotropic energy ¥, is given as follows.
df,(Xe) -
0F, = =— | nAydA - (0X,R(p(&))) ds, (3.1
de le=0 M oM

where ds is the (n — 1)-dimensional volume form of M induced by X, N is the outward-pointing unit
conormal along M, R is the /2-rotation on the (N, v)-plane, and p is the projection from R™*! to the
(N, v)-plane.

On the other hand, the first variation of the (n + 1)-dimensional volume enclosed by the region
between X and X, is given by ( [2]) as

SV = f (6X,v) dA. (3.2)
M

Similarly, the first variation of H"(D)) is given as follows.

OH"(D;) :f(éX,p> ds, (3.3)

where p is the outward-pointing unit normal along X|,, : o; — II;, and ds is the (n — 1)-dimensional
volume form of X, .
The Eq (3.1) with (3.2), (3.3) gives the following Euler—Lagrange equations.

Proposition 2. An immersion X : (M, o, -+ ,0%) — (Q,ILy,--- ,IL) is a capillary hypersurface if
and only if both of the following conditions (i) and (ii) hold.

(i) The anisotropic mean curvature A of X is constant on M.

(i) (€, Nj> =wjonoj(j=1,---,k), where & is the Cahn—Hoffman field along X.

Proof. Note that X is a capillary hypersurface if and only if, for all volume-preserving variations X :
Mo, ,0%) = (Q1IL,--- ,II), (-6 < € < ), 0E = 0 holds. This is equivalent to the fact that,
there exists a constant A such that

S(E +nA,V)
= 0Fy + W +nAyoV
k
= —n f (A = Ao)OX,v) dA = > 56 (6. (R(p@) - wp)) ds (3.4)
M j=1 Y
~0 (3.5)
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holds for all variations X, : (M,0q,--- ,0%) — (ﬁ, Iy, --- ,IL), (g < € < &, € > 0) of X.
First we assume that X is a capillary hypersurface. By taking variations that preserve the boundary
values X|s4, we have from (3.4), (3.5) that

f(A - AW dA =0, VyeCi2), (3.6)
M

which implies
A—Aog=0, onM. 3.7

This proves (1). Next, take variations that preserve the boundary values X|,,..ur,. Then we have from
(3.4), (3.5), (3.6) that

b (X, (Rp(@) - wip)) ds =0 (38)
ol
holds for all variations X, satisfying X.(o) C I1;. This means that

(R(p@) = wip) | M1, onoy (3.9)

holds. Note that the (N, v)-plane is the same as the (N, p)-plane because both of them are the
orthogonal compliment of the (n — 1)-dimensional tangent space of X(c;) in R"*! at each point in
X(oy). Therefore, (3.9) is equivalent to

(P(é)—wlﬁl,NO:O, onoyg. (3.10)
And (3.10) is equivalent to
<g—a)1N1,N1>:O, onoy, (311)
which means that
<E’N1>:wla onoj. (3.12)
Similarly, we have
(E,Nj):wj, oncj, j=1,---,k (3.13)

which proves (ii).
Next we assume that (i) and (ii) are satisfied. Then, by using the computations above, we know that
X is a capillary hypersurface. O

Theorem 2 is given by Proposition 2.
Here we pose a new variational problem that will be used in the proof of a balancing formula
(Lemma 2) in §4. Consider a more general class of surfaces than above:

S = X: Moy, ,00) » (R"™, 1, , 1) ; X isan immersion,
each IT ; is any hyperplane that is parallel to I1;, and
the restriction X|s,, is an embedding onto the disjoint union of
k topological S"7'. }.
For X € 8, set C; := X(o;) and denote by D; the n-dimensional domain bounded by C; in I j

Moreover, set
SX ::X(M)UDl UUDk

Mathematics in Engineering Volume 5, Issue 2, 1-22.
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Denote by dA the n-dimensional standard volume form on Sx. Note that each N, is a unit normal to
[1,. Define the algebraic volume V(X) enclosed by S x as

_ 1 1 < 5
X):= —— | (X.v)dA —E Y dA
V(X) n+1fM< vy d +n+1 jZILj<x,NJ>d ,

where we denoted the variable point in D; by x. And define the energy ?Y(X) of X as

k
Fy(X) = F(X) + > w;H"(D)).

=

Then, similarly to our capillary problem, we obtain the following first variation formulas.

Lemma 1.
k
5V = f (X, vy dA+ > f (6X, N}y dA, (3.14)
M j=1 vYDi
§F, = — f nASX,v) — O (06X, R(p(€))) ds, (3.15)
M oM
SH"(D;) = f (6X, p) ds. (3.16)

Proof. (3.14) is a standard formula (cf. [2]). (3.15) is given in proposition 1. We will prove (3.16).
Consider the orthogonal projection p; : I ; — II;. Then,

pi(6X) = 6X — (X, N)N,.

Since | |
H((D))e) = . 0A<Xe,pe> dse = Ul(Pj(Xe),pJ ds.,
we obtain J J
dH" (D)) = ‘f;(é(pj(x))’l» ds = fa.<pj(5X),P> ds
= (60X — (60X, N,)N-,p) ds = f (60X, p) ds,
which proves (3.16). O

4. Proof of the first half of Theorem 1: the uniqueness of the stable solution

In order to prove the uniqueness part of Theorem 1, we will show that any capillary hypersurface
X :M,0q,--- ,0%) > (ﬁ, Iy, --- ,II;) is unstable unless it is a part of a rescaling of the Wulff shape.
In view of the condition (ii) in Proposition 2, it is useful to consider the anisotropic energy for
(n — 1)-dimensional closed hypersurfaces in I1;. First, define hyperplanes P; in R™! (j = 1,--- ,k) by

P;:={xeR"™; (x,N}) = wj}.
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Then, set the followings:
W;:=W,nP;, O;:=wN;

Assume that w; > 0 is sufficiently small so that Wj includes at least two distinct points. Then, Wj isa
strictly convex closed (n — 1)-dimensional C* hypersurface in the n-dimensional linear space P;. We
regard the point O ; as the origin of P;. Denote by ¥; : S"~! — R., the support function of Wj, that
is, for any p € S™', §;(p) is the distance between the origin 0 ; and the tangent space of Wj at the
uniquely-determined point w € Wj such that the outward-pointing unit normal to Wj at p coincides
with p. Then, Wj is the Wullfl shape for §;. For later use, we denote by é ; the Cahn—Hoffman map for
Vi

Now, let y : $"~! — I1; be a C* embedding with outward unit normal p = p;. Define the anisotropic
energy of y by

Fix) := fs ) ds. @.1)

where ds is the (n — 1)-dimensional volume form of y.
From now on, we assume that

X: Mo, 00 = Q-+, T
is a capillary hypersurface. Set
Xj= X|0'_/-
Denote by p the outward-pointing unit normal to y; in the hyperplane IT;. X has the following property,

which we call the balancing formula that is a generalization of the balancing formula for the isotropic
case [3].

Lemma 2.
Fij) = —nAH (Dy), j=1,--- k. (4.2)
Proof. Let u be a constant vector in R"*!. Under parallel translations:

X, = X + tu,

v, ¥y, H"(D,) are invariant. Hence, using the first variation formulas we gave above, we compute

0 = (F,(X,) + nAV(X,))

— d
F (X)) = EILO

E‘I=0
= -n f Au,vy dA — O (u,R(p(&))) ds
M oM

k

k
+ 3wy (w,p) ds+nAfM<u,v>dA+nAZfD<u,Nj>dA
j=1 o) ;

=

k
—95 (uw, R(p@)) ds +nA Y’ f u, N}y dA.
m =1 Y D;

By setting u = (1,0,---,0), (0,1,---,0),---,(0,---,0,1), we have

k k
—nA Z; H'(D)N,; = - Z; 9§ R(p@) ds. (4.3)
j= Jj= J
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On o, since (€, Nj) = wj and (&, pj) = (éj,p]) = ¥; hold, we can write
5 = wJNJ- +¥ip;+ T,
where 7 is tangent to C;. Then, we have
R(p(®) = R(w;N; +¥,0)) = wjp; = V;N;. (4.4)

Note that, by the divergence theorem, it holds that

9§pjds=0.

J

Hence, substituting Eq (4.4) into Eq (4.3), we obtain

k k k
—nA Y H'DYN; = 56 ¥iN; ds = Y Fix ). (4.5)

=1 =1 Y =1
Because Ny, - - -, Ny are linearly independent, Eq (4.5) implies Eq (4.2). O

Now, consider the anisotropic parallel hypersurfaces X; := X + tE(teR, |t << 1)of X (Figure 2,
upper left). If w; > 0 for some j € {1,--- ,k}, then X, does not satisfy the boundary condition, that is,
the boundary X;(0M) of the hypersurface may not be included in the boundary 0Q c I1; U --- U II; of
the wedge-shaped domain Q. We will prove that, by taking a suitable parallel translation Z, = X; + tV
of X;, Z, satisfies the boundary condition (Figure 2, upper right).

For any a € R, define the hyperplane II{ in R™*! that is parallel to the hyperplane I1; as follows.

I :=I1; + aN; = (P + aN;| P € I1,;}. (4.6)
Then, we show:

Lemma 3. X,(0)) C H;w’ holds.

Proof. From Proposition 2 (ii), we have
(&, N))=wj, onoj, (j=1,---,k). 4.7)
Since X(o ;) C 11, (4.7) gives the desired result. O

By using Lemma 3, we will show the following.

Lemma 4. There exists some V € R""! such that
N =-w;, j=1,-,k (4.8)
is satisfied, and the parallel translation Z, = X, + tV of X, satisfies the boundary condition, that is,
Z(o;))cll, j=1,---,k 4.9)

holds.
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Proof. From Lemma 3,

Xt(O'j) C Hj + t(,t)ij

holds. Hence, for any V" € R"*!,

XI(O']') + 1 C Hj + t((uij + \7)

holds. Therefore, X,(o;) + tV C I1; if and only if w ]N ;+ V e I1;, which is equivalent to

(w;N; +¥%,N;) =0, (4.10)
that is,
PN}y = —w,. 4.11)
Now set ¥V = (v, -+ ,Vnt1). Then,
GN)y=-wj, j=1,---,k (4.12)
is a system of linear equations in the (n + 1) variables vy, - - - , v, with k equations satisfying k < n+ 1.
Hence, (4.12) has at least one solution ¥, which proves the desired result. |

We have proved that Z, = X, + 1V satisfies the boundary condition. However, it is not a volume-
preserving variation in general. We can take suitable homotheties

Y, = pu(0Z, = p(t)(X + tE + V), u(®) =0, u0) =1,

of Z, if necessary so that Y, : (M, oy, ,0%) = (5, I, -+ ,II;) is a volume-preserving variation of X
(Figure 2).
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Yt
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12

Figure 2. Construction of volume-preserving variation Y, using anisotropic parallel
hypersurfaces X; of X. Upper left: A capillary hypersurface X and its anisotropic parallel
hypersurface X;. Upper right: A parallel translation Z, of X, that satisfies the boundary
condition. Bottom: A homothety Y, of Z, that satisfies both of the boundary and the volume
conditions.

Denote by e(t) the total energy E(Y;) of ;. Then we obtain

Claim 1.
¢'(0) = -t f y() Z (k) —K))* dA (4.13)
nJu I<i<j<n
2
o1 (L as)
— ;wj(nf@yj(p)/\dﬁw), (4.14)

where A is the anisotropic curvature of ifory;.

Claim 1 will be proved in §6. Note that, from Remark 2(i), each k; is real. Since X has constant
anisotropic mean curvature A, the first term of the right hand side of Eq (4.13) is nonnegative if and
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only if k? =..- =k’ = A/n # 0. Hence, by Corollary 1 in [15], X(M) C (1/IA])W, holds. Here we
used A # 0 which is true because of Lemma 2.
Let us study the second term of the right hand side of the equation of ¢”(0) in Claim 1. Set

([, 70 ds)’

—FD) (4.15)

B, := f Vi(e)A ds +

Then we can prove the following statement (see §7 for its proof).
Claim 2. B; > 0 holds and that the equality holds if and only if y (o ;) = er for some r > 0.

Now we are in the final position to complete the proof of the first half of Theorem 1. If the capillary
hypersurface X is stable, then ¢”’(0) > O must hold. Hence, by the above observations, X(M) C
(1/IADW, holds.

5. Proof of the second half of Theorem 1: the existence of the stable solution

LetX: M,oq,--- ,0%) = (ﬁ, I1,---,II;) be an anisotropic capillary hypersurface, and we assume
that X is an embedding onto a part of W, (up to translation and homothety). We will prove that X is
stable. It is sufficient to prove the stability for the case where X is an embedding onto a part of W,
Then, there exists a point Q € R™*! such that

X(M)=(W,+Q)NQ

holds. Set .
Z:zX(M)UDlU'--UDk:((Wy+Q)ﬂQ)UD1U-~UDk. 5.1

Then, X is a closed convex piecewise-smooth hypersurface in R**!. We will derive the support function
of X ([16]). For any x € S", we define a hyperplane P(x) that is orthogonal to x as follows.

P(x) := {y € R | (x,y) = 0}. (5.2)
Define a continuous function ¢ : §" — R as follows.
e(x) :=max{te R | (Q + tx + P(x)) N X # 0}. (5.3)

Then, the homogeneous extension @ : R"*! — R of ¢ is the support function of X. Then, X is the Wulff
shape for ¢ ( [17]), that is, ¥ = W,, holds. Note that

y(x) = max{teR|(tx+ P(x)) N W, # 0}
= max{t e R|(Q+tx+ P(x)) N (W, + Q) # 0} (5.4)

holds. Since y(x) > ¢(x) holds, we have W[y] > W[¢]. Hence we have the followings:

(1) If x € v(M), then ¢(x) = y(x).
(ii) If x = N}, then (x) = w; < y(x), (j = 1, , k).
(i) If x € S"\ V(M) U {Ny,--- , Ni}), then ¢(x) < y(x).
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Nowlet X, : (M,oq,--- ,0%) — (ﬁ, I, --- ,II;) be a volume-preserving variation of X. Denote by
D ;(X;) the domain bounded by X,(c";) in II;. Set

% = X,(M)U D (X;)U--- ,UDi(X)).

Then, because y > ¢ and X is the minimizer of ¥, among all closed piecewise-smooth hypersurfaces
enclosing the same (n + 1)-dimensional volume, we obtain

E,(X)

Fo(X) < Fu(Z) = Fu(X)) + W(X))
Fy (X)) + W(X) = E (X))

IA

holds. Therefore, X is stable.

6. Proof of Claim 1

Recall
Yo = u®Z;, u(t) 20, u©) =1, (6.1)
Z, = X+t (6.2)
X, = X+t (6.3)

Y, : M,0q,---,0%) — (5, ITy,---,II;) is a volume-preserving variation of X that satisfies the
boundary condition. Note that the unit normal vector field along X;, Z;, and Y, coincide with
v: M — S" that is the unit normal vector field along X. Hence,

k
e(n) = E(Y) = F,(Y) + W(Y)) = LV(V) dAy, + Z w/H"(D;(Y))
=1

holds, where dAy, is the n-dimensional volume form of Y.

Set
Vo:=V(X), Ey:=EX), Fy:= 7—‘7(X), Wy = ‘WY(X), (6.4)
and
V(D) = V(Y),  f(0) = F(X),  w(t) i= W(X)). (6.5)
Then
e = (u®)"(F(0) +w), (6.6)
v = (u®)"'V(Z), (6.7)
) = nu®)"” W O @ +w®) + @) (f @ +w(D), (6.8)
') = nn—1)u®) W OY @) +w)

+2n(u()"" 1 (O (1) + W' (1))
+n(u@))” 1 (@) + w(D)
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+u@®)"(f" (1) + w' (1)), (6.9)
n g n+ d
V) =+ D) OVE) + o) V(). (6.10)
V'(6) = (n+ Dn(u®)" (W @) V(Z)

+(n + D(u®)"'W" (OV(Z)
d
+2(n + l)w(l))"#'(l)d—t V(Z,)
n+ &’
+(u(t)) 1@V(Zt). 6.11)

In order to compute ¢”’(0), we need to compute u’(0), u”’(0), f/(0) + w'(0), f/(0), and w”(0). First,
using the Steiner-type formula (2.4), we obtain the followings.

) = -n f Ay(v) dA = —nAFy, (6.12)
M
.mm:‘fmgmmﬁm:fmm@m
M M
= 2 f YO) Y. KK dA. (6.13)
M 1<i<j<n

Before computing the other derivatives, we prepare two useful lemmas.

Lemma 5. We have the following equalities.
(i) p
d—tV(Z,) = E(Z)). (6.14)

(ii) In the special case where k = 0, that is OM = 0, we have
d
EV(Xt) = F,(X). (6.15)

Proof. Since
dAz = dAx, 5 = Dyl, + y(v)v,

by using the first variation formula (3.2) for the volume, we have

d 0Z,
V@) = [ (Gh)aay

f()/(v) + <‘7’ V>) dAXt
M

Fy(Xo) + f (V,v) dAx,. (6.16)
M

We compute the last term of (6.16). Denote by dA(H;.wj ) the standard volume form on the n-plane H?”-’ .
Using the divergence formula and the equality (V, N ;) = —w; (see Lemma 4), we have

k

f @) dAy, = - f #.N,) dATT)
M j=1 Dj(X)) ’
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k
= ) wH'(Di(X)
= :;(Z,). (6.17)
(6.16) with (6.17) gives the desired equality (6.14). The proof of (6.15) is similar. O
Lemma 6. We have the following equality.
Ey = —(n+ DAV,. (6.18)

Proof. Consider the variation X, := (1 + €)X of X, and set F(¢) := 7—}()?5). Then,
F(e) = (1 +¢)"F,.

Hence,
F'(0) = nF,. (6.19)

On the other hand, the first variation formula (3.1) of ¥, gives

F(0)

—n f AX, V) dA — f (X,R(p(&))) ds
M oM

k
—n(n+ DAVo = > | (X, R(p@)) ds. (6.20)

j=1 Y7

We compute the integrand of the second term of (6.20) on o;. Proposition 2 (ii) gives (&N ;) = w;jon
o ;. Hence,

P& = w;N; +(p@).p)p. 6.21)
Using (6.21) and the equality (X, N;) = 0, we have

(X,R(p&))) = (X, w;p —(p@),p)N;) = wiX, p). (6.22)

Inserting (6.22) to (6.20), we obtain

F'(0) = —-n(n+ 1AV, - Zk: w‘,f (X,p) ds
j=1k i
= —n(n+ DAVy—n ) w;H'(D))
= —n(n+ 1AV, — nvj;ol. (6.23)
(6.19) with (6.23) gives the desired equality (6.18). O

Let us continue the proof of Claim 1. Using the equalities (6.1), (6.10), and (6.14), we have

0=v(0) =@+ Hu'(0)V, + E,. (6.24)
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Hence we have
(6.25)

Next we compute f(0) + w’(0). Note that ¢’(0) = 0 because X is a capillary hypersurface. Using
(6.8) and (6.25), we obtain

~nE?
0 =e'(0) = n' (0)Ey + f(0) + W' (0) = ———— + f/(0) + w'(0), (6.26)
(n + 1)V0
which implies that
) +w(0) = —E0 6.27
F0)+w(0) = m (6.27)
holds.
Now we compute w”(0). Using the first variation formula (3.2) for volume, we obtain
k k R
W =Y w | Epddsi= ) wFi(Xle,), (6.28)
=1 ) =1

where p; is the outward-pointing unit normal vector field along X|,, : o7; — H;.‘”j ,and ds; is the (n—1)-
dimensional volume form of Xi|,,. Using (6.28) and the first variation formula (3.1) of the anisotropic
energy, we obtain

k
w’(0)=-(n-1) Z wjf /A\)A/j(p) ds. (6.29)
Jj=1 gj
Finally we compute ¢’ (0) by using v’(0) = 0 and (6.11). From (6.14), we have
iV(Z)l =E (6.30)
dt t)t=0 — 0> .
& d nkg
—V(Z)i=o = —E(Z))jzg = ————, 6.31
dt2 ( t)lt—O dt ( t)lt—O (n + 1)V0 ( )
here in the last equality we used (6.27). Inserting (6.25), (6.30), (6.31) to (6.11), we compute to obtain
"(0) = 2E, (6.32)
= v '
Inserting (6.13), (6.25), (6.27), (6.29), and (6.32) to (6.9) at t = 0, we obtain
—n(n — I)ES
"(0) = —+2 Kk dA
O = G Jo 21
k
—(n - I)ijf A3(p) ds. (6.33)
=1 o
From Lemma 6, we have
Ey
— =—(n+ DA.
Vo (n+1)
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Inserting this to (6.33), we obtain

¢”(0)

—n(n — )A*Eq + 2 f y(v) Kk dA
S R

1<i<j<n

k
—(n—l)ijf Ay i(p) ds
j=1 o

-1
) fM Y0) D (=K dA = nn = AW,

1<i<j<n
k

~n-1) w; f Ayi(p) ds.
j=1 oj

Now we are in the final stage to prove Claim 1. The balancing formula (4.2) implies

A "o 1.k
_W(Dj)’ ]_ , LK.

Hence

k
-1
—n(n = DAWy = —n(n = 1) Y AwH' (D)) = ~"— 2 H"(D))
j=1 /

=

holds. This with (6.34) proves Claim 1.
7. Proof of Claim 2

In this section, we examine the sign of

(. (Fi0)
Bj = Lj ’)/](p)/\ ds + W(Dj),

where
7o) = [ 30 ds.

First, we recall two known useful propositions, which we prove for completeness.

L (L 700 ds)

(6.34)

(7.1)

Proposition 3. Let y : S™ — R.g be a positive strictly convex function of class at least C?, and
W c R™! be its Wulff shape. Denote by F,(W) the anisotropic energy of W for vy, and by H™ (W)

the (m + 1)-dimensional Hausdorff measure of the domain bounded by W in R"™*'. Then,
F(W) = (m+ HH"™ (W)

holds.

(7.2)
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Proof. Let £ : S™ — R™*! be the Cahn-Hoffman map of y defined by £(v) = Dyl, + y(v)v. Then ¢ is
an embedding onto W. Hence, denoting by dA; the volume form of &, we have

FH(W) = f YO) dAg = | (€M), v) dAg = (m+ DH™ (W),
sm

sm

which proves (7.2). O

Proposition 4 (Anisotropic isoperimetric inequality). Let y, W be the same as in Proposition 3. We
also use the same notation as in Proposition 3. Then, for any closed embedded piecewise-smooth
hypersurface M in R™', it holds that

(F (MY = (m + D™ I H™ (W) (H™ (M), (7.3)

where the equality holds if and only if M coincides with W up to homothety and translation in R™*!.

Proof. Recall that the Wulff shape W is the minimizer of #, among closed hypersurfaces enclosing the
same (m + 1)-dimensional Hausdorff measure. Set

(7_{m+l(W) )le
7_[m+1(M) :

Then, the hypersurface
M. =cM

similar to M encloses the same (m + 1)-dimensional Hausdorff measure as W. Hence,
Fr(Me) > F (W) (7.4)

holds, where the equality holds if and only if M coincides with W up to homothety and translation. On
the other hand,

" Hm+1 (W) %
The inequality (7.4) combined with the equalities (7.2) and (7.5) gives (7.3). O

Now we examine B;. From now on, for simplicity, we identify an embedded closed hypersurface
in an euclidean space with the domain bounded by this hypersurface. We also identify an embedded
closed hypersurface with its representation mapping.

Using Proposition 4, we have

A 2
B, = Ljffj(p)[\ds+ %
> f(r oA ds + n(H"(W,))" (H"(D ;)" . (7.6)
First we study the special case where n = 2. In this case, using (7.6) with Proposition 3, we have
B; > f Yie)A ds + 2H*(W;) = f FiEA ds+ F(W)). (7.7)
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We use the representation (2.2) of the anisotropic mean curvature in Remark 1. Note that o; is
topologically S!. Denote by G : W,- — S! the outward-pointing unit normal vector field on W, and by
§ the arc-length parameter of WJ-. Then G = 3}71, where & St > Wj is the Cahn-Hoffman map of Wj.
Hence, if we take p € S! as the parameter of Wj through & i» G is the identity mapping on S'. We also
denote by «k;, k; the curvatures of y/j, Wj with respect to the outward-pointing unit normal,
respectively. Then, using (2.2), we have

dp

A Kj _ o ds
_f Vi) ds = —f Yip)o5 ds
o Kj s1 T

J

f 7(o)A ds

J

_dp . o
- fslw%ds:—fslmp)ds
- W), (7.8)

Inserting (7.8) into (7.7), we have B; > 0.
Next we assume n > 3. We assume that D; are convex. Below, for simplicity, we omit the subscript
J, that is, we write D instead of D, for instance. On the Minkowski sum D + W, there holds

(n—i) times itimes

N - e — T
H"(D +tW) = Z(,,C,-)t’v(D, L DW W), (7.9)
i=0
where v(K,---,K,) is the so-called the mixed volume of convex bodies Ki,---,K, in R”
( [16, Theorem 5.1.7]). On the other hand, from Lemma 5 and the Steiner-type formula (2.4), we have
H'D +1tW) = H'(x +té)
!
= 7-(”(,y)+f Fx + &) dt
0
t n—1
= H'(D) + f ( f 3(0) Z(—l)r(n_lcr)t’HZ ds) dt
0 o r=0
n—1 (—l)r
= H'D)+ ) ——(1Cr™! f YA ds. (7.10)
~r+1 .
Comparing (7.9) with (7.10), we obtain
ntimes
v(D,...,D)=H"(D), (7.11)
(n—1) times ) 1
v(D,...,D,W) = —fi/(p) ds, (7.12)
n [oa
(n—2) times
— A A 1 A
v(iD,..., DLW, W)= —— fi/(p)A ds. (7.13)
n (o
The Minkowski’s second inequality ( [16, Theorem 7.2.1]) gives
(n—1) times ntimes (n—2) times
—— A \2 —_—— —— A A
(v(D.....D.W)) 2v(D.....D)-v(D,....D.W,W), (7.14)
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where the equality holds if and only if D is homothetic to W. Combining (7.11)—(7.14), we obtain
2 A
( f (p) ds) = —nH"(D) f $()A ds, (7.15)
here the equality holds if and only if D is homothetic to W. This completes the proof of Claim 2.
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