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1. Introduction

In this paper we consider a nonlinear operator arising from the superposition of a classical p-Laplace
operator and a fractional p-Laplace operator, of the form

L, =-A, +(=4), (1.1)
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with s € (0,1) and p € [2, +o0). Here, as usual, A,u = div(|Vu|P~2Vu), while the fractional p-Laplace
operator is defined (up to a multiplicative constant that we neglect) as

Ju(x) = u)IP>(ulx) = u(y)) dy

-A)? =2p.V.
(-8 = 2p. | I

where p.v. stands for the principal value notation.

Given a bounded open set Q C R", we consider the eigenvalue problem for the operator £, ; with
homogeneous Dirichlet boundary conditions (i.e., the eigenfunctions are prescribed to vanish in the
complement of Q). In particular, we define 4;(Q2) to be the smallest of such eigenvalues and 1,(Q2) to
be the second smallest one (in the sense made precise in [8,29]).

The main result that we present here is a version of the Hong—Krahn—-Szeg6 inequality for the
second Dirichlet eigenvalue 1,(Q2), according to the following statement:

Theorem 1.1. Let Q C R" be a bounded open set. Let B be any Euclidean ball with volume |Q|/2.
Then,
A (Q) > 1,(B). (1.2)

Furthermore, equality is never attained in (1.2); however, the estimate is sharp in the following sense:
if{x;};, {y;}; € R" are two sequences such that

lilll |)Cj _yjl = t+o0,
Jj—o+
and if we define Q; := B.(x;) U B.(y,), then

lim A,(Q)) = 4(B,). (1.3)
Jjo+oo

To the best of our knowledge, Theorem 1.1 is new even in the linear case p = 2. Also, an
interesting consequence of the fact that equality in (1.2) is never attained is that, for all ¢ > 0, the
shape optimization problem

it A

does not admit a solution.

Remark 1.2. We stress that in this paper we deal with the case p > 2. As a matter of fact, as we
shall see in Section 4, a key tool for the proof of Theorem 1.1 is the interior regularity of the L, -
Dirichlet eigenfunctions (see Section 2 for the relevant definitions); we establish this regularity result
by adapting an idea already exploited by Brasco, Lindgren and Schikorra [12] in the purely non-local
case, which requires the bound p > 2.

On the other hand, after this paper was completed, the manuscript [28] appeared in the literature,
in which the Authors mention a result implying the global Hélder regularity of the L, -Dirichlet
eigenfunctions for every p > 1; see, precisely, [28, Remark 2.4]. Using this result, one could possibly
drop the assumption p > 2 and prove Theorem 1.1 for every p > 1.

Before diving into the technicalities of the proof of Theorem 1.1, we devote Section 1.1 to showcase
the available results on the shape optimization problems related to the first and the second eigenvalues
of several elliptic operators.
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1.1. Shape optimization problems for the first and second eigenvalues in the context of elliptic (linear
and nonlinear, classical and fractional) equations

1.1.1. The case of the Laplacian

One of the classical shape optimization problems is related to the detection of the domain that
minimizes the first eigenvalue of the Laplacian with homogeneous boundary conditions. This is the
content of the Faber—Krahn inequality [24, 32], whose result can be stated by saying that among all
domains of fixed volume, the ball has the smallest first eigenvalue.

In particular, as a physical application, one has that that among all drums of equal area, the circular
drum possesses the lowest voice, and this somewhat corresponds to our intuition, since a very elongated
rectangular drum produces a high pitch related to the oscillations along the short edge.

Another physical consequence of the Faber—Krahn inequality is that among all the regions of a given
volume with the boundary maintained at a constant temperature, the one which dissipates heat at the
slowest possible rate is the sphere, and this also corresponds to our everyday life experience of spheres
minimizing contact with the external environment thus providing the optimal possible insulation.

From the mathematical point of view, the Faber—Krahn inequality also offers a classical stage for
rearrangement methods and variational characterizations of eigenvalues.

In view of the discussion in Section A, the subsequent natural question investigates the optimal
shape of the second eigenvalue. This problem is addressed by the Hong—Krahn—Szego inequality [31,
33,37], which asserts that among all domains of fixed volume, the disjoint union of two equal balls has
the smallest second eigenvalue.

Therefore, for the case of the Laplacian with homogeneous Dirichlet data, the shape optimization
problems related to both the first and the second eigenvalues are solvable and the solution has a simple
geometry.

It is also interesting to point out a conceptual connection between the Faber—Krahn and the Hong—
Krahn—Szegd inequalities, in the sense that the proof of the second typically uses the first one as a basic
ingredient. More specifically, the strategy to prove the Hong—Krahn—Szeg6 inequality is usually:

e Use that in a connected open set all eigenfunctions except the first one must change sign,

e Deduce that 4,(Q) = max{4;(£2,), 4;(€2_)}, for suitable subdomain Q, and Q_ which are either
nodal domains for the second eigenfunction, if € is connected, or otherwise connected
components of €,

e Utilize the Faber—Krahn inequality to show that 4,(€2.) is reduced if we replace 2, with a ball of
volume |Q, |,

e Employ the homogeneity of the problem to deduce that the volumes of these two balls are equal.

That is, roughly speaking, a cunning use of the Faber—Krahn inequality allows one to reduce to the
case of disjoint balls, which can thus be addressed specifically.

1.1.2. The case of the p-Laplacian

A natural extension of the optimal shape results for the Laplacian recalled in Section 1.1.1 is the
investigation of the nonlinear operator setting and in particular the case of the p-Laplacian. This line
of research was carried out in [10] in which a complete analogue of the results of Section 1.1.1 have
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been established for the p-Laplacian. In particular, the first Dirichlet eigenvalue of the p-Laplacian is
minimized by the ball and the second by any disjoint union of two equal balls.

We stress that, in spite of the similarity of the results obtained, the nonlinear case presents its own
specific peculiarities. In particular, in the case of the p-Laplacian one can still define the first eigenvalue
by minimization of a Rayleigh quotient, in principle the notion of higher eigenvalues become more
tricky, since discreteness of the spectrum is not guaranteed and the eigenvalues theory for nonlinear
operators offers plenty of open problems at a fundamental level. For the second eingevalue however one
can obtain a variational characterization in terms of a mountain-pass result, still allowing the definition
of a spectral gap between the smallest and the second smallest eigenvalue.

1.1.3. The cases of the fractional Laplacian and of the fractional p-Laplacian

We now consider the question posed by the minimization of the first and second eigenvalues in a
nonlocal setting.

The optimal shape problems for the first eigenvalue of the fractional Laplacian with homogeneous
external datum was addressed in [3,9, 11,41], showing that the ball is the optimizer.

As for the nonlinear case, the spectral properties of the fractional p-Laplacian possess their own
special features, see [26], and they typically combine the difficulties coming from the nonlocal world
with those arising from the theory of nonlinear operators. In [11] the optimal shape problem for the
first Dirichlet eigenvalue of the fractional p-Laplacian was addressed, by detecting the optimality of
the ball as a consequence of a general P6lya—Szego principle.

For the second eigenvalue, however, the situation in the nonlocal case is quite different from the
classical one, since in general nonlocal energy functionals are deeply influenced by the mutual position
of the different connected components of the domain, see [35].

In particular, the counterpart of the Hong—Krahn—Szeg6 inequality for the fractional Laplacian and
the fractional p-Laplacian was established in [13] and it presents significant differences with the
classical case: in particular, the shape optimizer for the second eigenvalue of the fractional
p-Laplacian with homogeneous external datum does not exist and one can bound such an eigenvalue
from below by the first eigenvalue of a ball with half of the volume of the given domain (and this is
the best lower bound possible, since the case of a domain consisting of two equal balls drifting away
from each other would attain such a bound in the limit).

1.1.4. The case of mixed operators

The study of mixed local/nonlocal operators has been recently received an increasing level of
attention, both in view of their intriguing mathematical structure, which combines the classical setting
and the features typical of nonlocal operators in a framework that 1is not
scale-invariant [1,4-6, 8, 16, 17, 20, 21, 23, 27, 39], and of their importance in practical applications
such as the animal foraging hypothesis [22,36].

In regard to the shape optimization problem, a Faber—Krahn inequality for mixed local and nonlocal
linear operators when p = 2 has been established in [7], showing the optimality of the ball in the
minimization of the first eigenvalue. The corresponding inequality for the nonlinear setting presented
in (1.1) will be given here in the forthcoming Theorem 4.1.

The inequality of Hong—Krahn—Szego type for mixed local and nonlocal linear operators presented
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in (1.1) would thus complete the study of the optimal shape problems for the first and second
eigenvalues of the operator in (1.1).

1.2. Plan of the paper

The rest of this paper is organized as follows. Section 2 sets up the notation and collects some
auxiliary results from the existing literature.

In Section 3 we discuss a regularity theory which, in our setting, plays an important role in the
proof of Theorem 1.1 in allowing us to speak about nodal regions for the corresponding eigenfunction
(recall the bullet point strategy presented on page 3). In any case, this regularity theory holds in a more
general setting and can well come in handy in other situations as well.

Section 4 introduces the corresponding Faber—Krahn inequality for the operator in (1.1) and
completes the proof of Theorem 1.1.

In Appendix A we also discuss the importance of first and second eigenvalues in general problems of
applied mathematics (not necessarily related to partial differential equations, nor to integro-differential
equations).

2. Preliminaries

To deal with the nonlinear and mixed local/nonlocal operator in (1.1), given an open and bounded
set 2 C R”, it is convenient to introduce the space

X, (Q) € W R,

defined as the closure of C’(Q2) with respect to the global norm

u (f [Vul? dx)l/p.
Rn

We highlight that, since Q is bounded, X(l)’p (Q) can be equivalently defined by taking the closure of
Cy () with respect to the full norm

1/p I/p
uH(f ul” dx) +(f|Vu|”dx) :
RVL R”

however, we stress that /\’(1)”’ (Q) is different from the usual space WS’P (Q), which is defined as the
closure of C’(€2) with respect to the norm

u— (f [Vul? dx)l/p.
Q

As a matter of fact, while the belonging of a function u to Wé’p (Q2) only depends on its behavior inside
of Q (actually, u does not even need to be defined outside of Q), the belonging of u to X(l)’p (Q)is a
global condition, and it depends on the behavior of u on the whole space R" (in particular, u has to be
defined on R"). Just to give an example of the difference between these spaces, let u € C'(R") \ {0} be
such that

supp(u) N Q=0.
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Since u# = 0 inside of €, we clearly have that u € Wé’p (); on the other hand, since u # 0 in R" \ Q,
one has u ¢ X(l)”’ (Q) (even if u € WHP(RY)).
Although they do not coincide, the spaces X(l)’p () and Wé”’ (Q2) are related: to be more precise,
using [14, Proposition 9.18] and taking into account the definition of X (l)’p (€2), one can see that
(i) if u € W,P(Q), then u - 1o € X" (Q);
(i) if u € Xy (), then ul, € W, " (Q).

Moreover, we can actually characterize X (1)"” () as follows:
XbP(Q) = (ue WPRY : ul, € Wi(Q) and u = 0 ae.in R" \ Q).

The main issue in trying to use (i)—(ii) to identify Wé P(Q) with X, (l)’p (Q) is that, if u is globally defined
and u € WIP(R"), then

ul, € Wy'(Q) = u-1q € Xy"(Q);
however, we cannot say in general that u = u - 1. Even if they cannot allow to identify X (l)’p (Q) with
WS”’ (Q), assertions (i)—(ii) can be used to deduce several properties of the space X (1)”’ (Q) starting from

their analog in Wé”’ (QQ); for example, we have the following fact, which shall be used in the what

follows:
ue XS (Q) = lul, ut, u” € X" (Q).

Remark 2.1. In the particular case when the open set Q is of class C!, it follows
from [14, Proposition 9.18] that, if u € W'"(R") and u = 0 a.e.in R" \ , then

ul, € Wy (Q).
As a consequence, we have
XJP(Q) = {ue W' (Q): u=0ae.inR"\ Q).

This fact shows that, when Q is sufficiently regular, X (1)”’ () coincides with the space X, (2) introduced
in [5] (for p = 2) and in [8] (for a general p > 1).
For future reference, we introduce the following set
M@ = {ue X, f ul” dx = 1}, 2.1)
Rn

After these preliminaries, we can turn our attention to the Dirichlet problem for the operator £, ;.
Throughout the rest of this paper, to simplify the notation we set

Jp(8) == [t 2t forall r € R. (2.2)
Moreover, we define
n . *
P if p <n, p if p<n,
pri=yn-p and (p*) =4p -1
+00 if p>n, 1 if p>n.
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Definition 2.2. Let g > (p*)’, and let f € LI(Q). We say that a function u € W'P(R") is a weak solution
to the equation

Lyu=f inQ (2.3)

if, for every ¢ € X;”(Q), the following identity is satisfied

f \VulP~2(Vu, Vo) dx
Q

N ff Jp(u(x) — u())(d(x) — ¢(y)) dxdy = f o,
R |x — y|*ps Q

Moreover, given any g € W''P(R"), we say that a function u € W!'P(R") is a weak solution to the
(L,.5)-Dirichlet problem

(2.4)

(2.5)

Lyu=f inQ
u=g inR"\ Q,

if u 1s a weak solution to (2.3) and, in addition,
u—ge X(l)’p(Q).

Remark 2.3. (1) We point out that the above definition is well-posed: indeed, if u,v € W'?(Q), by
Holder’s inequality and [19, Proposition 2.2] we get

ff Ju(x) — u)P~ v(x) = vQ)l dxd
o |.X — y|n+ps

ff Iu(x)—u(y)l” ”” ff IV(x)—V(y)I”dxdy)””
g |x — s w X = yres

< c|lullwrr@ny IVIlwrpgey < +o0.

Moreover, since f € L9(€2) and g > (p*)’, again by Holder’s inequality and by the Sobolev Embedding
Theorem (applied here to v € W1P(R")), we have

f Lf IVl dx < || fll oy @ IVl @) < +oo.
Q

(2) If WHP(R") is is a weak solution to the (£, s)-Dirichlet problem (2.5), it follows from the
definition of X;”(€) that

u-9)|,eW,”(@ and u=gae.inR"\Q.

Thus, X (l)’p (Q) 1s the ‘right space’ for the weak formulation of (2.5).

With Definition 2.2 at hand, we now introduce the notion of Dirichlet eigenvalue/eigenfunction for
the operator L, ;.
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Definition 2.4. We say that 4 € R is a Dirichlet eigenvalue for L, if there exists a solution u €
Whr(Q) \ {0} of the (L,,5)-Dirichlet problem

) (2.6)
u=>0 in R"\ Q.

{ﬁp,su = AulP?u inQ,
In this case, we say that u is an eigenfunction associated with A.
Remark 2.5. We note that Definition 2.4 is well-posed. Indeed, if u is any function in W!?(R"), by the
Sobolev Embedding Theorem we have
f 1= Il € LT (Q);

then, a direct computation shows that g := p*/(p — 1) > (p*)’. As a consequence, the notion of weak
solution for (2.6) agrees with the one contained in Definition 2.2. In particular, if « is an eigenfunction
associated with some eigenvalue A, then

u e Xy (Q),
and thus u|Q € Wé’p(Q) and u = 0 a.e.in R" \ Q.

After these definitions, we close the section by reviewing some results about
eigenvalues/eigenfucntions for L, ; which shall be used here below.

To begin with, we recall the following result proved in [8, Proposition 5.1] which establishes the
existence of the smallest eigenvalue and detects its basic properties.

Proposition 2.6. The smallest eigenvalue A,(Q2) for the operator L, ; is strictly positive and satisfies
the following properties:

1) A,(Q) is simple;
2) the eigenfunctions associated with A,(Q) do not change sign in R";
3) every eigenfunction associated to an eigenvalue

A>4(Q)
is nodal, i.e., sign changing.

Moreover, 1,(Q) admits the following variational characterization

(@) = min f Vul? dx + f f lulx) = uOW” - dy), 2.7)
o |X y|n+pv

where M(Q) is as in (2.1). The minimum is always attained, and the eigenfunctions for L, ; associated
with 1,(Q) are precisely the minimizers in (2.7).

We observe that, on account of Proposition 2.6, there exists a unique non-negative eigenfunction
uy € M(Q) C X(l)’p (QY) associated with 4;(€); in particular, u, is a minimizer in (2.7), so that

1,(Q) = f Vuol” dx + f f o) = w4, (2.8)
n |)C y|n+ps

We shall refer to uy as the principal eigenfunction of L, ;.

The next result was proved in [29, Section 5] and concerns the second eigenvalue for £, ;.
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Theorem 2.7. We define:
— p
(Q) := inf max f Vul? dx + f f () = O dxdy}, (2.9)
2n

feK uelm(f) |X y|n+ps

where K :={f : S' = M(Q) : f is continuous and odd}, with M(Q) as in (2.1).
Then:

1) A,(Q) is an eigenvalue for L, ;;
2) (L) > 4,(Q);
3) If A > A4(Q) is an eigenvalue for L, 5, then A > A;(Q).

In the rest of this paper, we shall refer to 4,(€2) and 1,(€2) as, respectively, the first and second
eigenvalue of L, (in ). We notice that, as a consequence of (2.7)—(2.9), both A,(-) and A,(-) are
translation-invariant, that is,

Ai(xo + Q) = /ll(Q) and Ao(xo + Q) = /lz(Q)

To proceed further, we now recall the following global boundedness result for the eigenfunctions of
L, s (associated with any eigenvalue 1) established in [8, Theorem 4.4].

Theorem 2.8. Let u € X(l)’p (Q) \ {0} be an eigenfunction for L, ;, associated with an eigenfunction
A > A(Q). Then, u € L*(R").

Remark 2.9. Actually, in [8, Theorem 4.4] it is proved the global boundedness of any non-negative
weak solution to the more general Dirichlet problem

-Ep,s = f(x’ u) ing,
u=0 ae.inR"\ Q,
where f : Q X R — R is a Carathéodory function satisfying the properties

(a) f(-,1) € L>(Q) for every t > 0;
(b) There exists a constant ¢, > 0 such that

If(x, 0 < cp(1+ 1 for a.e. x € Q and every ¢t > 0.

However, by scrutinizing the proof of the theorem, it is easy to check that the same argument can be
applied to our context, where we have

flx, 1) = APt forallx e Qand e R,
but we do not make any assumption on the sign of u (see also [40, Proposition 4]).
Finally, we state here an algebraic lemma which shall be useful in the forthcoming computations.
Lemma 2.10. Let 1 < p < +o0 be fixed. Then, the following facts hold.
1) For every a,b € R such that ab < 0, it holds that

alP —(p — Dla - blP%ab, ifl <p<2,
o pas [l = 2= Dla=b f1<p
lal” = (p = Dlal”~*ab, ifp>2.

2) There exists a constant c, > 0 such that

la = bl” < |al” + b + c,(lal* + |b|2)#|ab|, Va,beR.
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3. Interior regularity of the eigenfunctions

In this section we prove the interior Hélder regularity of the eigenfunctions for L, ;, which is a
fundamental ingredient for the proof of Theorem 1.1. As a matter of fact, on account of Theorem 2.8,
we establish the interior Holder regularity for any bounded weak solution of the non-homogeneous
equation (2.3), when

felL>Q).

In what follows, we tacitly understand that
2<p<nandsce€(,1l);

moreover, 2 C R” is a bounded open set and f € L™(Q).

Remark 3.1. The reason why we restrict ourselves to consider 2 < p < n follows from the definition
of weak solution to (2.3).

Indeed, if u is a weak solution to (2.3), then by definition we have u € W!'(R"); as a consequence,
if p > n, by the classical Sobolev Embedding Theorem we can immediately conclude that u € C%(R"),
wherey =1 —n/p.

In order to state (and prove) the main result of this section, we need to fix a notation: for every

ze€R", p>0andu e LP(R"), we define

ulP I/p
Tail(u, z, p) := (p’7 f LJr dx)
R\B,(o) X = 2P

The quantity Tail(u, z, p) is referred to as the (L, ;)-tail of u, see e.g., [18,34].
Theorem 3.2. Let f € L*(Q), and let u € W'"P(R") N L®(R") be a weak solution to (2.3). Then, there
exists some 8 = B(n, s, p) € (0, 1) such that u € C?O’f(Q).

More precisely, for every ball Bg,(z) € 2 we have the estimate

170 gy o < C(U i + il + Tail(ae 2 Ry + 1), 3.1

where
dist(Bg,(z), 0L2)

R] ::R0+ >

and C > 0 is a constant independent of u and R;.

In order to prove Theorem 3.2, we follow the approach in [12]; broadly put, the main idea behind
this approach is to transfer to the solution u the oscillation estimates proved in [27] for the £, ,-
harmonic functions.

To begin with, we establish the following basic existence/uniqueness result for the weak solutions
to the (L, ;)-Dirichlet problem (2.5).

Proposition 3.3. Let f € L*(Q) and g € W'P(R") be fixed. Then, there exists a unique solution
u=uys, € WP(R") to the Dirichlet problem (2.5).
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Proof. We consider the space
W(g) = fu € WR" : u—ge Xy (Q),

and the functional J : W(g) — R defined as follows:

) = D[M””+ If Jux) = uP ff Ju(x) = g)I? fﬁMm
OxQ |X y|rps AX(R\Q) Ix y|rps Q

On account of [12, Remark 2.13], we have that J is strictly convex; hence, by using the Direct Methods
in the Calculus of Variations, we derive that J has a unique minimizer u = uy , on W(g), which is the
unique weak solution to (2.5). O

Thanks to Proposition 3.3, we can prove the following result. Throughout the rest of this paper, if
ue Ll (Q)andif A C Q isameasurable set with positive measure, we adopt the classical notation

loc
ﬁu(x) dx := ﬁ fAu(x) dx.

In particular, if A = B(xy, r), we set
Uyy.r ::f u(x) dx.
B(xo,r)

Lemma 3.4. Let f € L™(Q) and let u € W'"P(R") be a weak solution to (2.3). Moreover, let B be a
given Euclidean ball such that B € Q, and let v € W'"P(R") be the unique weak solution to the Dirichlet
problem

LP,Sv = O l.n Q9 (3.2)
vV=u in R"\ Q.
Then, there exists a constant C = C(n, s, p) > 0 such that
[l/l - V]ICVx,p(Rn) < C|B|p - ”f”Loo(Q) (33)
In particular, we have
_ p- L
‘ﬁm\VMSQM A1 (3.4)

Proof. We observe that the existence of v is ensured by Proposition 3.3. Then, taking into account that
u is a weak solution to (2.3) and v is the weak solution to (3.2), for every ¢ € X, (l)’p (B) we get

f (IVulP~2(Vu, V) — |Vv|P~>(Vv, V))dx
B
. f (Jp(u(x) = uy)) = J,(v(x) = vy)))(P(x) — ¢(y)) dxdy = f ™
R2n B

|X — y|n+ps

Choosing, in particular, ¢ := u — v (notice that, since v is a weak solution of (3.2), by definition we
have v —u € X(l)’p (©)), we obtain

f B(Vu, Vv)dx + f Wyt = 1)t ~ 1) dy = f f(u—v)dx, (3.5)
Q R

=
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where #; := u(x) — u(y), t, := v(x) — v(y) and
B(a,b) := lal” + |b]” — (jal’~> + |bI"*)a, b) for all a,b € R.
Now, an elementary computation based on Cauchy-Schwarz’s inequality gives
B(a,b) >0 forall a,b € R. 3.6)

Moreover, since p > 2, by exploiting [12, Remark A.4] we have

1
(Jp(t1) = Jp(2))(t — 1) > Eltl -0, (3.7)

where C = C(p) > 0 is a constant only depending on p. Thus, by combining (3.5), (3.6) and (3.7), we
obtain the following estimate:

[ — |t 1 —blf
W”’(R” R2n |X y|n+ps

< C( f B(Vu,Vv)dx + f (pt) = Jp(2))t1 — 1) dx dy)
Q RZ"

o=yl
< Cff(u —-v)dx
B
< C”f”L‘”(Q)fl” —v|dx
B

1
< CIBI 7 || fllzsc = vl i 0

where we have also used the Holder’s inequality and p; > 1 is the so-called fractional critical exponent,

that is,
* np

ps = :
n—sp

Finally, by applying the fractional Sobolev inequality to ¢ = u—v (notice that ¢ is compactly supported
in B), we get
[u— v]’v’v&p(Rn} <C |B| “ £z 1 = v]wsr@n),

and this readily yields the desired (3.3). To prove (3.4) we observe that, by using the Holder inequality
and again the fractional Sobolev inequality, we have

p

f i = vI” dx < (f =P dx) < CIB = Ty
thus, estimate (3.4) follows directly from (3.3). O

Using Lemma 3.4, we can prove the following excess decay estimate.

Lemma 3.5. Let f € L™(Q) and let u € W'P(R") be a weak solution to (2.3). Moreover, let x, € Q and
let R € (0, 1) be such that Byr(xy) € Q.
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Then, for every 0 < r < R we have the estimate

f |Lt - ﬁxg,rlp dx
B(xo)

R\ o e’ AN TSI
< C(;) R ”f”Loo(Q) + C(E) (R ||f||Loo(Q) +

Byr(x0)

(3.8)
\ul? dox + Tail(u, xo, 4R)”) ,

where C, y and a are positive constants only depending on n, s and p.

Proof. Letv € W''P(R") be the unique weak solution to the problem

(3.9)
vV=1u on R” \ B3R(X0).

{Lp,sv =0 in Bs(xo),
We stress that the existence of v is guaranteed by Proposition 3.3. We also observe that, for every

r € (0, R], we have that
P
)( (u—v)dx Sf lu —v|P dx.
B (x0) B, (x0)

mxo,r - vxo,rlp =

As a consequence, we obtain

f lu — Uy, " dx < K‘][ lu —v|P dx + Kf [V =V " dx + Kj( [Uryr — Vo’ dx
Br(XO) Br(-xo) Br(xo) Br(xo)

(3.10)
< KG u—vI? dx +f v =Tl dx),
By(x0) By (x0)
where « = k, > 0 is a constant only depending on p.
Now, since Big(xg) € Q and v is the weak solution to (3.9), by Lemma 3.4 we have
f u— v dx < Cr=" (n"_sp)”p_nllflﬁ;o(g)
B, (x0) (3.11)

R\" np'—m+sp—n P
<c(5) R g,

On the other hand, since v € W'"?(R") and v is L, s-harmonic in Bsg(x) (that is, £, ;v = 0 in the weak
sense), we can apply [27, Theorem 5.1], obtaining

f [V = T, I dx = f
B, (xp) By (x0)

< f ( f V) = VO dyJdx
B (x0) ™ B(x0) (3.12)

< (08¢B,)V)”

ap
< C(f) (Tail(v, Xo.R) + f P dx),
R Baor(x0)
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where C and « are positive constants only depending on n, s and p. By combining estimates (3.11)-
(3.12) with (3.10), we then get

R ap
Fowmmrar<c () R + (3] (Tuiloosrr + f
B(x0) R B

2R (X0)

Iv]? dx), (3.13)

where we have set

y::np’—w+sp—n>0. (3.14)
p

To complete the proof of (3.8) we observe that, since u = v a.e.on R" \ Bsz(xp) (and 0 < R < 1), by
definition of Tail(v, xy, R) we have

p
Tail(v, xo, R)” = R” f I

R\ Br(xo) X — Xol"*P*

[v|P [v|P
R\ Bag(xp) X — Xol™P? Bar(xo)\Br(xo) [ X — Xo["P* '
< C(Tail(u, Xo. 4RY? + f P dx).
Bagr(xo)

Moreover, by using again Lemma 3.4, we get

f VP dx < CJ( | —v|P dx + Cf |ul? dx
Bar(x0) Bar(x0) Bar(x0)

< C(R1fI- g, f ul” d).
B.

4R (X0)

(3.16)

Thus, by inserting (3.15)-(3.16) into (3.13), we obtain the desired (3.8). O
By combining Lemmata 3.4 and 3.5, we can provide the

Proof of Theorem 3.2. The proof follows the lines of [12, Theorem 3.6]. First, we consider a ball
Bg,(z) cC Q and we define the quantities

d
d = dist(Bg,(z),0Q2) >0 and R, := > + Ry. (3.17)

Thus, we can choose a point xy € Bg,(z) and the ball B4g(xp), where R < min{l, g}. In particular,
this implies that Byg(x9) C Bg,(z). Since R < 1, we can then apply Lemma 3.5: this gives, for every
0<r <R,

f |l/l - ﬁxg,rlp dx
B(xo)

R r\ap )
( )valfllmm (I;) (RYIIfIILm(Q) fB ( )Iul”dx+Ta11(u,x0,4R)”) (3.18)
4R (X0

I/\

R r\ep , .
< (XY R g + C (%) (@A + Wil gy dx + Taila, 50, 4RY),

Mathematics in Engineering Volume 5, Issue 1, 1-25.



15

where y > 0 is as in (3.14). Now, we notice that for every x ¢ Bg, (z) it holds that

Ry — |z = xol
lx—xol > |x—2 = |z— x9| > ————|x— 2.

1
Therefore, we have

4 p
Tl xodry =Ry [ g ary [ _
Bg

Ry, (2) X = Xol"P | @\Barro) X = Xo["™*P*

4R p R n+ps
S( ) (—‘) Tail(u, z, Ry)? + Cllull

~n P
R, Ry — |z = xo L&

< Tail(u, z, R;)" + Cllullim(m
for a constant C depending on n, s and p. We recall that in the last estimate we exploited that
4R g 4R 4R

— < <1 and < <
R, R0+§ Ri—1Ixo—2l R —Ro

1.

Consequently, continuing the estimate started with (3.18), we find that

f |Lt - ﬁx(),rll7 dx
- ) (3.19)
I3 r\* I3 p :
< 0(7) R g + C(E) (@110 + 7 g dx + Tail(at, 2, R Y.

We can now define the positive number

Y

0:=1+ ,
n+ap

and take r := R in (3.19), which yields
rPr f U =T 7 dx < C (@ + DIIlaq + Ml + Tail(e, 2, Ry,
By(x0)NBg, (2)

where we have set o
g=—2¢ 5o
n+ap+vy

This shows that u € LP"*#Y(Bg (z)), the Campanato space isomorphic to the Holder space C 0.5 (Bg,(2)).
This completes the proof of Theorem 3.2. O
By gathering together Theorems 2.8 and 3.2, we can easily prove the needed interior Holder

regularity of the eigenfunctions of L, ;.

Theorem 3.6. Let A > A,(Q2) be an eigenvalue of L, ,, and let ¢, € X(l)’p (Q) \ {0} be an eigenfunction
associated with A. Then, ¢, € C(Q).

Proof. On account of Theorem 2.8, we know that ¢, € L*(R"). As a consequence, ¢, is a globally
bounded weak solution to (2.3), with

fi=Agal" g € L¥(Q).
We are then entitled to apply Theorem 3.2, which ensures that ¢, € P (Q) for some 8 = B(n, s, p) €

loc

(0, 1). This ends the proof of Theorem 3.6. O
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4. The Hong-Krahn-Szego inequality for L,

In this last section of the paper we provide the proof of Theorem 1.1. Before doing this, we establish
two preliminary results.

First of all, we prove the following Faber-Krahn type inequality for L, ;.

Theorem 4.1. Let Q C R" be a bounded open set, and let m := |Q| € (0,00). Then, if B™ is any
Euclidean ball with volume m, one has

21(Q) > A,(B™). 4.1)

Moreover, if the equality holds in (4.1), then Q is a ball.

Proof. The proof is similar to that in the linear case, see [7, Theorem 1.1]; however, we present it here
in all the details for the sake of completeness.

To begin with, let B™ be the Euclidean ball with centre 0 and volume m. Moreover, let ug € M(Q)
be the principal eigenfunction for L, ;. We recall that, by definition, u, is the unique non-negative
eigenfunction associated with the first eigenvalue A,(Q); in particular, we have (see (2.8))

1,(Q) = f Vuol dx + f f o) = w4, 4.2)
R2n |X y|n+ps

Then, we define u; : R" — R as the (decreasing) Schwarz symmetrization of uy. Now, since uy €
M(Q), from the well-known inequality by Pélya and Szegé (see e.g., [38]) we deduce that

uy € M(B™)  and ﬁ Vui|P dx < f Vul” dx. (4.3)
Bm Q

Furthermore, by [2, Theorem 9.2] (see also [25, Theorem A.1]), we also have

ff lug(xX) — ug NI MO(Y)V’ ff o (x) = upI? dxdy. 4.4
) |x yer_pS . |.X y|n+Ps

Gathering all these facts and using (4.2), we get

_ 2
4(Q) = fIVuo| dx +ff 'L‘Ol(;) ylfffg)' dxdy

2
u\(x)—u
zf ——— ff g (x) = ugI® dxdy (4.5)
B(m) RZn |X y|n+2 S

> 1,(B™).

From this, since A4,(-) is translation-invariant, we derive the validity of (4.1) for every Euclidean ball
B™ with volume m.
To complete the proof of Theorem 4.1, let us suppose that

() = L,(B™)
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for some (and hence, for every) ball B™ with |B"™| = m. By (4.5) we have

— 4
f Vuol” dx + f f o) = w0 )y = 21 @)
po | — y[res

— p
= L, (B™) = f V()| dx + f f 1) = DI 4
Bm g2 X — y[mes

In particular, by (4.3) and (4.4) we get

ff o) =~ w0 ff (%) = ug I dxdy.
2n |x yln-*—pY n |x y|n+ps

We are then in the position to apply once again [25, Theorem A.1], which ensures that u, must be
proportional to a translation of a symmetric decreasing function. As a consequence of this fact, we
immediately deduce that

={xeR": up(x) > 0}

must be a ball (up to a set of zero Lebesgue measure). This completes the proof of Theorem 4.1. O
Then, we establish the following lemma on nodal domains.

Lemma 4.2. Let 1 > A,(Q) be an eigenvalue of L, and let ¢, € X (1)’1’ (Q) \ {0} be an eigenfunction
associated with A. We define the sets

Q" i={xeQ:¢(x) >0} and Q ={xeQ:¢x)<0}.

Then A > max {14;(Q"), 1,(Q")}.
The proof of Lemma 4.2 takes inspiration from [13, Lemma 6.1] (see also [29, Lemma 4.2]).

Proof of Lemma 4.2. First of all, on account of Theorem 3.6 we have that the sets Q* and Q™ are open,
and therefore the eigenvalues A4;(Q*) are well-defined.

Moreover, thanks to Proposition 2.6, we know that ¢, changes sign in Q, and therefore it is
convenient to write ¢; = ¢; — ¢, where ¢ and ¢, denote, respectively, the positive and negative
parts of ¢,, with the convention that both the functions ¢} and ¢, are non-negative.

Let us now prove that A > 4;(Q2"). By using the fact that ¢, is an eigenfuction of £, ; corresponding
to A, it follows that

f|V¢/l|p_2<V¢/l,V>dx+ff |p2(x) — AP 2 (Pa(x) — ¢ﬂ(y))(v(x)_v(y)
Q R2n

=y

=2 f g’ 2w dx,  forall v e X7 (Q).
Q

In consideration of the fact that ¢} € X (l)’p (Q), we can take v = ¢* as a test function.
Now, since
¢1(x)p (x) =0 forae. x € Q,

we easily get that
(@2(x) = ST (x) — ¢, (v) < 0.
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Moreover, since both Q, and €_ are non-void open set (remind that ¢, is continuous on  and it
changes sign in ), we have

f f [$2(x) = Ga(MIP>(¢ (%) = ;NP (X) = $, (1)) dxdy
R2n

=y

< f $2(xX) = g5 ()P, () dxdy
Q, JQ

=y

<0

and

f f 165(x) = G125 (%) = 1N, (%) = $7(3) dxdy
R2n

=yl
+ p—2 4+ —
.. f PZHROG0) |
. Ja x = ylrers

We can therefore exploit Lemma 2.10-(1) with

a:=¢i0-6i0)  and b= i(0) - 60),

obtaining (remind that, by assumption, p > 2)

A | I dx
Q+

=1 fg |pal” > dx
_ ) B fon s
:f|V¢A|p_2<V¢A,V¢Ddx+ff [pa(x) = aIP(Da(x) — ha(W(P(x) — ¢ (Y) dxdy
Q RZn

|.X — y|n+ps
— -2 _ " i
= | VoI dx+ ff $2(x) — G2 (Da(x) — ST (x) — d1(y) s
O+ R |X — y|n+ps
+ ot p
> [ IVgirdx + f f 4 - oW
O+ R2n |x _ y|”+1’"

> 4,(Q") f 6517 dx,
Q+

where we used the variational characterization of 1,(Q*), see (2.7). In particular, this gives that 1 >
A1 (Q*%). With a similar argument (see e.g., [13, Lemma 6.1]), one can show that 4 > 1;(Q7) as well,
and this closes the proof of Lemma 4.2. O

By virtue of Theorem 4.1 and Lemma 4.2, we can provide the

Proof of Theorem 1.1. We split the proof into two steps.

Step I: In this step, we prove inequality (1.2). To this end, let ¢ € M(Q) be a LP-normalized
eigenfunction associated with 1,(Q) (recall the definition of the space M(€2) in (2.1)). On account of
Theorem 2.7, we know that ¢ € C(Q).

Moreover, since ¢ changes sign in € (see Proposition 2.6), we can define the non-void open sets

Q, ={u>0} and Q_:={u<0}.
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Then, by combining Lemma 4.2 with Theorem 4.1, we get
() > max {A,(B.), 1(B)}, (4.6)

where B, is a Euclidean ball with volume equal to |2, | and B_ is a Euclidean ball with volume |Q_]|.
Now, since Q, U Q_ = Q, we have

B+l + [B-| = || + Q| < |Q] = m.
Taking into account this inequality, we claim that
max {4,(B,), 1((B-)} = (B), 4.7)

being B a ball of volume |Q2|/2. In order to prove (4.7), we distinguish three cases.

(1) |B4|, |B-| £ m/2. In this case, since A(-) is translation-invariant, we can assume without loss of
generality that B C B,, B_; as a consequence, since 4;(+) is non-increasing, we obtain

A(B,), 41(B-) 2 4,(B),

and this proves the claimed (4.7).
(i1) |B-| < m/2 < |B,|. In this case, we can assume that B_ C B C B_; from this, since A;(-) is
non-increasing, we obtain
A (By) 2 4(B) 2 4(B-),

and this immediately implies the claimed (4.7).
(ii1) |B;| < m/2 < |B_|. In this last case, it suffices to interchange the roles of the balls B_ and B,, and
to argue exactly as in case (ii).

Gathering (4.6) and (4.7), we obtain the claim in (1.2).

Step II: Now we prove the sharpness of (1.2). To this end, according to the statement of the theorem,
we fix r > 0 and we define
Q; = B(x;) U B.(y)),

where {x;};, {y;}; € R" are two sequences satisfying

lim |x; — yj| = +c0. (4.8)

Jj—+oo
On account of (4.8), we can assume that
B, (x;)NB.(y;) = @ forall j > 1. 4.9)

Let now uy € M(B,) be a L”-normalized eigenfunction associated with A,(B,) (here, B, = B,(0)). For
every natural number j > 1, we set

¢ i(x) 1= up(x — x;) and Yi(x) = up(x = yj). (4.10)

Since A;(-) is translation-invariant, it is immediate to check that ¢; and ; are normalized
eigenfunctions associated with A;(B,(x;)) and A,(B,(y;)), respectively.
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Moreover, taking into account (4.9), it is easy to see that
¢; =0o0onR"\ B.(x;) 2 B.(y;) and ¢; = 0 on R" \ B.(y;) 2 B,(x;) “4.11)

and ¢;i/; = 0on R".
We then consider the function f defined as follows:

2=p 2p ) )
fz1,22) =zl 210 — |22l 7 22 withz = (z1,22) € S".

Taking into account that B,(x;), B.(y;) € Q; and uy € M(B,), it is readily seen that f(S) C X(l)’p (Q)).
Furthermore, the function f is clearly odd and continuous. Also, using (4.9) and the fact that ¢ = 0
out of B,, one has

2-p 2-p p
1f @1zl = Il 7 2185 = leal 7 2240}
Izll ||¢j||Lp(B (x;) |Z2| ||%||Lp(3(y))

= (l1l* + lz2Plluoll .,
= 1.

We are thereby entitled to use f in the definition of 4,(L2), see (2.9): setting a; := ¢;(x) — ¢;(y) and
i =¥ j(x) — ¢ (y) to simplify the notation, this gives, together with (4.9) and (4.11), that

_ p
1(Q;) < max f VM dx + f f x) — YOI dxdy}
velm( f) R2n |X y|n+ps
- max {f V(w18; — wath)) |de+ff lna; = @bl d}
il +Hwalr=1 R T
lwia; — wab,|?
- max {|w1|l’f |V¢J-|de+|w2|!’f |ngj|pdx+ff —dxdy}
o +woalp=1 B,(x)) B,(j) g X =yl
lwia; — wabjl?
= s { | vl e }
lwy [P+l |P= 1 R |x —y|rtes
On the other hand, by applylng Lemma 2.10-(2), we get
wia; — wsb;lP
max fquolpdx+ff lwid; — w I}
w1 |P+HwalP=1 wo |x —ypres
P
< max {fquolpdx+|a) |Pff 9,09 = 6,01 |4y
w1 |P+Hwo|P=1 rm |x — y|res
X p
lpff I (x) = ;) dxdy
I e
1) + (Wb 7 |wiwaab;
+Cpff |(1]) (2])' |12]]|dxdy}
R20 |x — ylm+ps
— p
flvuolpdx+ff luo(x) — uoMI” dxdy
|wl|"+|w2|”1 2 |x — yl"“”

)2 + b2 b
+Cp ff |(w1aj) (C‘)Z j) | |w1w2a] ]l dxdy}
R2n

=y
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01a:)? + (Wb )T [wywya b
= Ai(B,) +¢, max ff (wna))” + (@b 17 lwiwna Jldxdy,
RZn

w1 [P+ ewo P |x — y|r+ps

where we have also used that u, is a normalized eigenfunction associated with the first eigenvalue
/11(Br)-
Summarizing, we have proved that

2 4 (wb )= b
Q) < 4,(B,) +¢, max f f (wa)” + (Wabj)1* nwaaiby] |\ 4.12)
R2n

w1 [P +lws|? |x — y|+tps

We now set

4 (b )25 b
R = max ff [(wia;)” + (wab))7| 7 lwiwaa ;b dxdy
R2n

lwiP+|waP=1 |x — y|”+1”

and we claim that R; — 0 as j — +oo.
Indeed, since ¢;1/; = 0 on R", we have that

ajbj = =y (Y ;(y) — ¢, (x).

As a consequence, recalling (4.11)

2 2252
wia;i)” + (b)) 7 |lwiw-raib;
0<R <2 max f f [(wia))” + (wab))7| |1zjj|dxdy
Br(xj) Br(yj)

1P+ w2 lP=1 |x — y|+tps

2
< ———  max
|xj =yl = 2r lwiP+wlr=1

2 2,252
f f [(wia;)” + (w2b;)| 7 lwiwaa;bj| dx dy
B(xj) v B (y;)

2 =2
= mf f |MO(X)2 + Mo(y)2|p2 |u0(x)u0(y)| dxdy
g B, JB,
_.__ 20
. |xj —yjl -2r

Taking into account (4.8), we thereby conclude that

lim R; =0. 4.13)
Jj—+oo
Gathering together (4.12) and (4.13), we obtain the desired result in (1.3). O

Acknowledgments

The authors are members of INDAM. S. Biagi is partially supported by the INDAAM-GNAMPA
project Metodi topologici per problemi al contorno associati a certe classi di equazioni alle derivate
parziali. S. Dipierro and E. Valdinoci are members of AustMS. S. Dipierro is supported by the
Australian Research Council DECRA DE180100957 PDEs, free boundaries and applications.
E. Valdinoci is supported by the Australian Laureate Fellowship FL190100081 Minimal surfaces, free
boundaries and partial differential equations. E. Vecchi is partially supported by the
INdAM-GNAMPA project Convergenze variazionali per funzionali e operatori dipendenti da campi
vettoriali.

Mathematics in Engineering Volume 5, Issue 1, 1-25.



22

Contflict of interest

The authors declare no conflict of interest.

References

1. N. Abatangelo, M. Cozzi, An elliptic boundary value problem with fractional nonlinearity, SIAM
J. Math. Anal., 53 (2021), 3577-3601. http://dx.doi.org/10.1137/20M 1342641

2. FE.J. Almgren, E. H. Lieb, Symmetric decreasing rearrangement is sometimes continuous, J. Amer.
Math. Soc., 2 (1989), 683-773. http://dx.doi.org/10.1090/S0894-0347-1989-1002633-4

3. R. Banuelos, R. Latata, P. J. Méndez-Herndndez, A Brascamp-Lieb-Luttinger-type inequality and
applications to symmetric stable processes, Proc. Amer. Math. Soc., 129 (2001), 2997-3008.
http://dx.doi.org/10.1090/S0002-9939-01-06137-8

4. G. Barles, C. Imbert, Second-order elliptic integro-differential equations: viscosity solutions’
theory revisited, Ann. Inst. H. Poincaré Anal. Non Linéaire, 25 (2008), 567-585.
http://dx.doi.org/10.1016/j.anihpc.2007.02.007

5. S. Biagi, S. Dipierro, E. Valdinoci, E. Vecchi, Mixed local and nonlocal elliptic
operators:  regularity and maximum principles, Commun. Part. Diff. Egq., in press.
http://dx.doi.org/10.1080/03605302.2021.1998908

6. S. Biagi, E. Vecchi, S. Dipierro, E. Valdinoci, Semilinear elliptic equations involving
mixed local and nonlocal operators, Proc. Roy. Soc. Edinb. A, 151 (2021), 1611-1641.
http://dx.doi.org/10.1017/prm.2020.75

7. S. Biagi, S. Dipierro, E. Valdinoci, E. Vecchi, A Faber-Krahn inequality for mixed local and
nonlocal operators, J. Anal. Math., in press.

8. S. Biagi, D. Mugnai, E. Vecchi, Global boundedness and maximum principle for a Brezis-Oswald
approach to mixed local and nonlocal operators, 2021, arXiv:2103.11382.

9. L. Brasco, E. Cinti, S. Vita, A quantitative stability estimate for the fractional Faber-Krahn
inequality, J. Funct. Anal., 279 (2020), 108560. http://dx.doi.org/10.1016/j.jfa.2020.108560

10. L. Brasco, G. Franzina, On the Hong-Krahn-Szego inequality for the p-Laplace operator,
Manuscripta Math., 141 (2013), 537-557. http://dx.doi.org/10.1007/s00229-012-0582-x

11. L. Brasco, E. Lindgren, E. Parini, The fractional Cheeger problem, Interfaces Free Bound., 16
(2014), 419-458. http://dx.doi.org/10.4171/IFB/325

12. L. Brasco, E. Lindgren, A. Schikorra, Higher Holder regularity for the fractional
p-Laplacian in the superquadratic case, Adv. Math., 338 (2018), 782-846.
http://dx.doi.org/10.1016/j.aim.2018.09.009

13. L. Brasco, E. Parini, The second eigenvalue of the fractional p-Laplacian, Adv. Calc. Var., 9 (2016),
323-355. http://dx.doi.org/10.1515/acv-2015-0007

14. H. Brezis, Functional analysis, Sobolev spaces and partial differential equations, New York:
Springer, 2011. http://dx.doi.org/10.1007/978-0-387-70914-7

Mathematics in Engineering Volume 5, Issue 1, 1-25.


http://dx.doi.org/http://dx.doi.org/10.1137/20M1342641
http://dx.doi.org/http://dx.doi.org/10.1090/S0894-0347-1989-1002633-4
http://dx.doi.org/http://dx.doi.org/10.1090/S0002-9939-01-06137-8
http://dx.doi.org/http://dx.doi.org/10.1016/j.anihpc.2007.02.007
http://dx.doi.org/http://dx.doi.org/10.1080/03605302.2021.1998908
http://dx.doi.org/http://dx.doi.org/10.1017/prm.2020.75
http://dx.doi.org/http://dx.doi.org/10.1016/j.jfa.2020.108560
http://dx.doi.org/http://dx.doi.org/10.1007/s00229-012-0582-x
http://dx.doi.org/http://dx.doi.org/10.4171/IFB/325
http://dx.doi.org/http://dx.doi.org/10.1016/j.aim.2018.09.009
http://dx.doi.org/http://dx.doi.org/10.1515/acv-2015-0007
http://dx.doi.org/http://dx.doi.org/10.1007/978-0-387-70914-7

23

15

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.
27.

28.

29.

30.

31.

. S. Brin, L. Page, The anatomy of a large-scale hypertextual Web search engine, Computer Networks
and ISDN Systems, 30 (1998), 107-117.

X. Cabré, S. Dipierro, E. Valdinoci, The Bernstein technique for integro-differential equations,
Arch. Rational Mech. Anal., 243 (2022), 1597-1652. http://dx.doi.org/10.1007/s00205-021-01749-
X

Z.-Q. Chen, P. Kim, R. Song, Z. Vondracek, Boundary Harnack principle for A + A2 Trans. Amer.
Math. Soc., 364 (2012), 4169-4205. http://dx.doi.org/10.1090/S0002-9947-2012-05542-5

A. Di Castro, T. Kuusi, G. Palatucci, Nonlocal Harnack inequalities, J. Funct. Anal., 267 (2014),
1807-1836. http://dx.doi.org/10.1016/j.jfa.2014.05.023

E. Di Nezza, G. Palatucci, E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev spaces, Bull.
Sci. Math., 136 (2012), 521-573. http://dx.doi.org/10.1016/j.bulsci.2011.12.004

S. Dipierro, E. Proietti Lippi, E. Valdinoci, Linear theory for a mixed operator with Neumann
conditions, Asymptotic Anal., in press. http://dx.doi.org/10.3233/ASY-211718

S. Dipierro, E. Proietti Lippi, E. Valdinoci, (Non)local logistic equations with Neumann conditions,
Ann. Inst. H. Poincaré Anal. Non Linéaire, in press.

S. Dipierro, E. Valdinoci, Description of an ecological niche for a mixed local/nonlocal
dispersal:  an evolution equation and a new Neumann condition arising from the
superposition of Brownian and Lévy processes, Physica A, 575 (2021), 126052.
http://dx.doi.org/10.1016/j.physa.2021.126052

B. C. dos Santos, S. M. Oliva, J. D. Rossi, A local/nonlocal diffusion model, Appl. Anal., in press.
http://dx.doi.org/10.1080/00036811.2021.1884227

G. Faber, Beweis, dass unter allen homogenen Membranen von gleicher Fliache und gleicher
Spannung die kreisformige den tiefsten Grundton gibt, Miinchen: Sitzungsberichte, 1923, 169-
172.

R. L. Frank, R. Seiringer, Non-linear ground state representations and sharp Hardy inequalities, J.
Funct. Anal., 255 (2008), 3407-3430. http://dx.doi.org/10.1016/;.jfa.2008.05.015

G. Franzina, G. Palatucci, Fractional p-eigenvalues, Riv. Math. Univ. Parma, 5 (2014), 373-386.

P. Garain, J. Kinnunen, On the regularity theory for mixed local and nonlocal quasilinear elliptic
equations, 2021, arXiv:2108.02986.

J. Giacomoni, D. Kumar, K. Sreenadh, Global regularity results for non-homogeneous growth
fractional problems, J. Geom. Anal., 32 (2022), 36. http://dx.doi.org/10.1007/s12220-021-00837-
4

D. Goel, K. Sreenadh, On the second eigenvalue of combination between local and nonlocal p-
Laplacian, Proc. Amer. Math. Soc., 147 (2019), 4315-4327. http://dx.doi.org/10.1090/proc/14542

D. Hilbert, Grundziige einer allgeminen Theorie der linaren Integralrechnungen. (Erste Mitteilung),
Nachrichten von der Gesellschaft der Wissenschaften zu Gottingen, Mathematisch-Physika lische
Klasse, 1904, 49-91.

I. Hong, On an inequality concerning the eigenvalue problem of membrane, Kodai Math. Sem.
Rep., 6 (1954), 113—114. http://dx.doi.org/10.2996/kmj/1138843535

Mathematics in Engineering Volume 5, Issue 1, 1-25.


http://dx.doi.org/http://dx.doi.org/10.1007/s00205-021-01749-x
http://dx.doi.org/http://dx.doi.org/10.1007/s00205-021-01749-x
http://dx.doi.org/http://dx.doi.org/10.1090/S0002-9947-2012-05542-5
http://dx.doi.org/http://dx.doi.org/10.1016/j.jfa.2014.05.023
http://dx.doi.org/http://dx.doi.org/10.1016/j.bulsci.2011.12.004
http://dx.doi.org/http://dx.doi.org/10.3233/ASY-211718
http://dx.doi.org/http://dx.doi.org/10.1016/j.physa.2021.126052
http://dx.doi.org/http://dx.doi.org/10.1080/00036811.2021.1884227
http://dx.doi.org/http://dx.doi.org/10.1016/j.jfa.2008.05.015
http://dx.doi.org/http://dx.doi.org/10.1007/s12220-021-00837-4
http://dx.doi.org/http://dx.doi.org/10.1007/s12220-021-00837-4
http://dx.doi.org/http://dx.doi.org/10.1090/proc/14542
http://dx.doi.org/http://dx.doi.org/10.2996/kmj/1138843535

24

32. E. Krahn, Uber eine von Rayleigh formulierte Minimaleigenschaft des Kreises, Math. Ann., 94
(1925), 97-100. http://dx.doi.org/10.1007/BF01208645

33. E. Krahn, Uber Minimaleigenschaften der Kugel in drei und mehr Dimensionen, Acta Univ. Dorpat
A, 9 (1926), 1-44.

34. T. Kuusi, G. Mingione, Y. Sire, Nonlocal equations with measure data, Commun. Math. Phys., 337
(2015), 1317-1368. http://dx.doi.org/10.1007/s00220-015-2356-2

35.E. Lindgren, P. Lindqvist, Fractional eigenvalues, Calc. Var, 49 (2014), 795-826.
http://dx.doi.org/10.1007/s00526-013-0600-1

36. G. Pagnini, S. Vitali, Should I stay or should I go? Zero-size jumps in random walks for Lévy
flights, Fract. Calc. Appl. Anal., 24 (2021), 137-167. http://dx.doi.org/10.1515/fca-2021-0007

37. G. Pdlya, On the characteristic frequencies of a symmetric membrane, Math. Z., 63 (1955), 331—
337. http://dx.doi.org/10.1007/BF01187944

38. G. Pélya, G. Szego, Isoperimetric inequalities in mathematical physics, Princeton, N.J.: Princeton
University Press, 1951.

39. A. M. Salort, E. Vecchi, On the mixed local-nonlocal Hénon equation, 2021, arXiv:2107.09520.

40. R. Servadei, E. Valdinoci, @A Brezis-Nirenberg result for non-local critical
equations in low dimension, Commun. Pure Appl. Anal., 12 (2013), 2445-2464.
http://dx.doi.org/10.3934/cpaa.2013.12.2445

41. Y. Sire, J. L. Véazquez, B. Volzone, Symmetrization for fractional elliptic and parabolic
equations and an isoperimetric application, Chin. Ann. Math. Ser. B, 38 (2017), 661-686.
http://dx.doi.org/10.1007/s11401-017-1089-2

A. The importance of the first and second eigenvalues

The notion of eigenvalue seems to date back to the 18th century, due to the works of Euler and
Lagrange on rigid bodies. Possibly inspired by Helmholtz, in his study of integral operators [30] Hilbert
introduced the terminology of “Eigenfunktion” and “Eigenwert” from which the modern terminology
of “eigenfunction” and “eigenvalue” originated.

The analysis of eigenvalues also became topical in quantum mechanics, being equivalent in this
setting to the energy of a quantum state of a system, and in general in the study of wave phenomena,
to distinguish high and low frequency components.

In modern technologies, a deep understanding of eigenvalues has become a central theme of
research, especially due to the several ranking algorithms, such as PageRank (used by search engines
as Google to rank the results) and EigenTrust (used by peer-to-peer networks to establish a trust value
on the account of authentic and corrupted resources). In a nutshell, these algorithms typically have
entries (e.g., the page rank of a given website, or the trust value of a peer) that are measured as linear
superpositions of the other entries. For instance (see Section 2.1.1 in [15], neglecting for simplicity
damping factors) one can model the page rank p; of website i in terms of the ratio R;; between the
number of links outbound from website j to page i and the total number of outbound links of
website j, namely

J
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Whether this is a finite or infinite sum boils down to a merely philosophical question, given the huge
number of websites explored by Google, but let us stick for the moment with the discrete case of finitely
many websites. Interestingly p; basically counts the probability that a random surfer visits website i
by following the available links in the web.

Now, in operator form, one can write (A.1) as p = Rp, with the matrix R known in principle from the
outbound links of the websites and the ranking array p to be determined. Thus, up to diagonalizing R,
the determination of p reduces to the determination of the eigenvectors of R, or equivalently to the
determination of the eigenvectors of the inverse matrix A := R, and this task can be accomplished,
for instance, by iterative algorithms.

The simplest of these algorithms used in PageRank is probably the power iteration method. For
instance, if one defines 7;,; := %, given a random starting vector 17, it follows that r;, = Q],:—Zgl and
consequently, if o = ), c;w;, being w; the eigenvectors of A with corresponding eigenvalues p; >
Uy > 3 > ... (normalized to have unit length), we find that

k
chjﬂjwj B 2 dpw; B Wi+ 2 dpw;

nk: - - . .
|5 cobw| |Zsduows]  [signenw + 2 diow]

with dj = % (here we are assuming that the eigenvalues are positive and that, in view of the
1
randomness of 7y, we have that ¢; # 0).

Since )
cz.luz.k ’UZk
i 2
S| = Y= 32 < 0[%),

2k
J#1 J#1 J#1 CiHy H

it follows that
5
m=wi+0 (—k)
H
and accordingly 77, approximates the eigenfunction w; with a convergence induced by the ratio Z—T < 1.
That is, if ; < 4, < A3 < ... are the eigenvalues of the matrix R, the above rate of convergence is
dictated by the ratio j—; of the smallest and second smallest eigenvalues of R. This is one simple, but, in
our opinion quite convincing, example of the importance of the first two eigenvalues in problems with
concrete applications.
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