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1. Introduction and preliminaries

Metric graphs are widely used to model a wide range of problems in chemistry, physics, or
engineering, describing quasi-one-dimensional systems such as carbon nano-structures, quantum
wires, transport networks, or thin waveguides. Concerning the applications in biology, we can cite, for
instance, the recent works [15, 16]. They are also widely studied in mathematics; see [7, 20] for an
OVerview.

One of the earliest accounts of a partial differential equation set on a metric graph can be found in
the 1980 work of Lumer ( [17]) on ramification spaces. Since then, the theory has seen considerable
developments, due, in particular, to the natural appearance of graphs in the modeling of various
physical situations. Among the partial differential equation problems set on metric graphs, one has
become increasingly popular: the ones set on quantum graphs. By quantum graphs one usually refers
to a metric graph I' = (V,E) equipped with a differential operator H often referred to as the
Hamiltonian. The most popular example of a Hamiltonian is —A on the edges with Kirchhoff
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conditions. The book of Berkolaiko and Kuchment [7] provides an excellent introduction to the
theory of quantum graphs. In the last years, we have had a great development of other important
topics like: the wave equation in metric graphs related with control problems (see survey book [14])
and nonlinear quantum graphs associated with the nonlinear evolution equation of Schrodinger type
(see the survey paper [21]). Now, to our knowledge, there is very little literature on nonlinear
evolution problems in metric graphs, such as for the p-Laplacian operator.

The aim of this paper is to analyse the initial-boundary value problem associated with the total
variation flow in metric graphs. In this regard, we introduce the 1-Laplacian operator associated with a
metric graph. We then proceed to prove existence and uniqueness of solutions of the total variation flow
in metric graphs for data in L*(I') and to study their asymptotic behaviour, showing that the solutions
reach the stationary state in finite time. Furthermore, we obtain explicit solutions.

From the mathematical point of view, the study of the total variation flow in Euclidean spaces was
carried out using, as its main tools, the classical theory of maximal monotone operators due to Brezis
( [9]) and the Crandall-Liggett Theorem ( [6, 13]), being the energy space the space of function of
bounded variation. In order to characterize the solutions, the Green’s formula shown by Anzelotti in [5]
proved to be crucial (see [2—4] for a survey). The study of a similar problem in the general framework
of metric random walk spaces, which have as important particular cases the weighted graphs and
nonlocal problems with non—singular kernels, was done in [18].

Here, we use similar tools, so we introduce the space of bounded variation functions in metric
graphs and we establish a Green’s formula in order to characterize the 1-Laplacian operator in metric
graphs. Let me point out the importance of giving an adequate definition of the total variation of a
bounded variation function in the context of metric graphs that takes into account its structure and
measures the jumps in the vertices.

1.1. Metric graphs

We recall here some basic knowledge about metric graphs, see for instance [7] and the references
therein.

A graph I' consists of a finite or countable infinite set of vertices V(I') = {v;} and a set of edges
E(I') = {e;} connecting the vertices. A graph I is said to be a finite graph if the number of edges and
the number of vertices are finite. An edge and a vertex on that edge are called incident. We will denote
v € e when the edge e and the vertex v are incident. We define E, (I') as the set of all edges incident to
v, and the degree of v as d, := §E,(I'). We define the boundary of V(I') as

Vi) :=={ve V) : d, =1},

and its interior as
mt(V{I)) :={vevd) : d, > 1}.

We will assume the absence of loops, since if these are present, one can break them into pieces by
introducing new intermediate vertices. We also assume the absence of multiple edges.

A walk is a sequence of edges {e;, e,, e, ...} in which, for each i (except the last), the end of e; is
the beginning of e;, ;. A trail is a walk in which no edge is repeated. A path is a trail in which no vertex
is repeated.

From now on we will deal with a connected, compact and metric graph I':

e A graph I is a metric graph if
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1) each edge e is assigned with a positive length £, €]0, +oo];

2) for each edge e, a coordinate is assigned to each point of it, including its vertices. For that
purpose, each edge e is identified with an ordered pair (i, fe) of vertices, being i, and f, the initial
and terminal vertex of e respectively, which has no sense of meaning when travelling along the
path but allows us to define coordinates by means of an increasing function

ce: e — [0,¢]

X~ X

such that, letting ce(ie) := 0 and c(fe) := €, it is exhaustive; x, is called the coordinate of the
point x € e.

e A graph is said to be connected if a path exists between every pair of vertices, that is, a graph which
is connected in the usual topological sense.
e A compact metric graph is a finite metric graph whose edges all have finite length.

If a sequence of edges {e;}_, forms a path, its length is defined as 2i=1 Le;- The length of a metric
graph, denoted £(I'), is the sum of the length of all its edges. Sometime we identify I" with

I'= U e.
ecE(D)

Given a set A C I', we define its length as

= » Li@Ane).

ecE(I),ANe+0

For two vertices v and V, the distance between v and ¥, dr(v, V), is defined as the minimal length of
the paths connecting them. Let us be more precise and consider x, y two points in the graph I'.
-if x, y € e (they belong to the same edge, note that they can be vertices), we define the distance-in-
the-path-e between x and y as
diste(x, y) 1= |ye — Xel;

-ifx €e, y€e,letP ={e,eq,...,e, e} beapath (n > 0) connecting them. Let us call ey = e,
and e,,; = e,. Following the definition given above for a path, set v, the vertex that is the end of e
and the beginning of e, (note that these vertices need not be the terminal and the initial vertices of the
edges that are taken into account), and v,, the vertex that is the end of e, and the beginning of e,,;. We
will say that the distance-in-the-path-P between x and y is equal to

diste, (x, vo) + Z b, + diste,,, (V, ).

1<j<n

We define the distance between x and y, that we will denote by dr(x,y), as the infimum of all the
distances-in-paths between x and y, that is,

dr(x,y) = inf {diste,(x, Vo) + X 1<jen Le, + diste,,, (Vs ) :

{eg,eq,...,e,, e, 1} path connecting x and y}.
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We remark that the distance between two points x and y belonging to the same edge e can be strictly
smaller than |y, — x.|. This happens when there is a path connecting them (using more edges than e)
with length smaller than [y, — x.|.

A function u on a metric graph I is a collection of functions [u], defined on ]0, €[ for all e € E(I'),
not just at the vertices as in discrete models.

Throughout this work, fr u(x)dx or fr u denotes e fo “[u]e(xe) dxe. Note that given Q C T, we
have

{(Q) = fXde.
r

Let 1 < p < +co. We say that u belongs to L”(I) if [u] belongs to L7(]0, £[) for all e € E(I') and

iy = D Mluelt e <

ecE(I)

The Sobolev space W!»(I') is defined as the space of functions u on I such that [u]. € W'?(0, £,) for
all e € E(I') and
el s = > MEdell gy + Ml 2 ) < +001
ecE()

The space W'P(I') is a Banach space for 1 < p < oo. It is reflexive for 1 < p < oo and separable for
1 < p < co. Observe that in the definition of W!*(I') we does not assume the continuity at the vertices.

A quantum graph is a metric graph I' equipped with a differential operator acting on the edges
together with vertex conditions. In this work, we will consider the 1-Laplacian differential operator
given by

Ayu(x) = (Izggl)

on each edge.
2. The total variation flow in metric graphs

In this section we will assume that I" is a finite, compact and connected metric graph. To introduce
the total variation flow in the metric graph I', we first need to study the bounded variation functions in
I" and to get a Green’s formula in I" analogue to the classical Anzellotti Green’s formula.

2.1. BV functions and integration by parts

For bounded variation functions of one variable we follow [1]. Let I C R be an interval, we say that
a function u € L'(I) is of bounded variation if its distributional derivative Du is a Radon measure on /
with bounded total variation |Du|(]) < +oco. We denote by BV(I) the space of all functions of bounded
variation in /. It is well known (see [1]) that given u € BV(]) there exists u in the equivalence class of
u, called a good representative of u, with the following properties. If J, is the set of atoms of Du, i.e.,
x € J, if and only if Du({x}) # 0, then u is continuous in 7/ \ J, and has a jump discontinuity at any
point of J,:

u(x_) = liTmﬁ(y) = Du(la, x[), u(x,) := lifrlﬁ(y) = Du(lJa,x]) Yxe€J,
yix ylx
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where by simplicity we are assuming that / =]a, b[. Consequently,
u(xy) —u(x_) =Du({x}) YxelJ,.

Moreover, u is differentiable at £ a.e. point of /, and the derivative %’ is the density of Du with respect
to L'. For u € BV(I), the measure Du decomposes into its absolutely continuous and singular parts
Du = D*u + D*u. Then D°u = u' £'. We also split D*u in two parts: the jump part D/u and the Cantor
part Du.

It is well known (see for instance [1]) that

Diu=DulJ, = Zﬁ(m —u(x),

xeJ,

and also,
|Dul(I) = |D*ul(I) + |D’ul(I) + |Dul(I)

b
= f [’ ()l dx + Z [u(x,) = ux)l + 1D ul(D).

xeJy,

Obviously, if u € BV(I) then u € W'!(I) if and only if D*u = 0, and in this case we have Du = u’ £'.
A measurable subset E C [ is a set of finite perimeter in I it Xy € BV(I), and its perimeter is defined
as
Per(E, I) := |DXg|(]).

From now on, when we deal with point-wise valued BV-functions we shall always use the good
representative. Hence, in the case u € W'!(I), we shall assume that u € C([).
Given z € W'2(]a, b[) and u € BV(]a, b[), by zZDu we mean the Radon measure in |a, b[ defined as

b
(@,2Du) ::f vzDu Y ¢ e C.la,b]).

Note that if ¢ € D(Ja, b[) := C°(Ja, b[), then

b b
(go,zDu)z—f uz’tpdx—f uzy'dx,

which is the definition given by Anzellotti in [5].
Working as in [5, Corollary 1.6], it is easy to see that

|zDu|(B) < ||zl|~qpp/Dul(B)  for all Borelian B Cla, bl. 2.1

Then, zDu is absolutely continuous with respect to the measure |Du|, and we will denote by
6(z, Du, x) the Radom-Nikodym derivative of zDu with respect to |Du|, that is

b b
szu:f 6(z, Du, x)d|Du|(x).

Working as in [5, Proposition 2.8], we have that if f € C'(R) is an increasing function, then
0(z, D(f(u)), x) = 6(z, Du,x) |Du| — a.e. in |a, b|. (2.2)

The next result was proved in [5] in RY, with N > 2. We can adapt the proof for N = 1. For
convenience, we give here the details.
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Proposition 2.1. Let z, € W'*(la, b]). If

limz, =z weakly* in L*(]a, bl),

n—oo

and
limz, =z weakly in L'(la, b[),

n—oo

then for every u € BV(la, b[), we have
z,Du — zDu as measures, (2.3)

and
b b
lim z,Du = f zDu. 2.4)

n—oo

Proof. We have
M := supiz,|ls < o, and then |jzll, < M.

neN
b b
fanu SMf [Du.

b b
lim ¢z,Du = f wzDu (2.5)

n—oo

Then,

Thus, to verify that (2.3) holds; that is,

for every ¢ € C.(]a, b|), it is sufficient to check this limit for test functions ¢ € D(]a, b[). Now, for
® € D(a, D),

b b b b b b
fgoz”Du:—f uz;godx—f uz,,go’dx—>—f uz’godx—f uzgo’dx:f @zDu,

which proves (2.3). Let us prove now (2.4). Given € > 0, since |Du| is a bounded Radon measure, there
exists an open subset U Cla, b[ such that

€
|Du| < — (2.6)
LJ:[\U 4M
and for every ¢ € D(]a, b[), there exists N € N such that
b b 6
f ¢z,Du — f wzDu| < 5 VYn>N. 2.7

Now, we choose ¢ € D(Ja, b[) suchthat0 <9 < 1,90 =1o0n U. Then, by (2.6) and (2.7), foralln > N,

we have
b b b b b b
fanu—f zDu f‘panu—f ¢zDu +f(1—90)|Z,,Du|+f(1—90)|zDu|

€
+f |Z,, Du| +f |z,Du| < — +2M |Du| < €
la.b[\U la.b[\U 2 la.b[\U

<

<

N m

proving (2.4).
m]
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We need the following integration by parts formula, which can be proved using a suitable
regularization of u € BV(I) as in the proof of [5, Theorem 1.9] (see also Theorem C.9. of [2]).

Lemma 2.2. Ifz € W'?(Ja, b) and u € BV(la, b|), then

b b
f zDu + f u(x)z' (x)dx = z(b)u(b_) — z(a)u(a,). (2.8)

Definition 2.3. We define the set of bounded variation functions in I as
BV(I) :={ue L'T) : [ule € BV(]0, [ for all e € E(I)}.
Given u € BV(I'), for e € E,, we define
[u]e(0O+), if v=ri
[ule(v) :=
[u]e(fe_)v if v=f.

For u € BV(I'), we define
DUl == > ID[ulel(10, €D).

ecE(D)
We also write
|Du|(T) = fIDuI.
r
Obviously, for u € BV(I'), we have
[DulI’) =0 <= [u].is constantin |0, [, Ye € E(). (2.9)

BV(T') is a Banach space with respect to the norm

llullgvry = llullrry + [Dul(I).

Remark 2.4. Note that we do not include a continuity condition at the vertices as in the definition of
the spaces BV(I'). This is due to the fact that, if we include the continuity in the vertices, then typical
functions of bounded variation such as the functions of the form X, with D c I" such that v € D, being
v a common vertex to two edges, would not be elements of BV(I').

By the Embedding Theorem for BV-functions (cf. [1, Corollary 3.49, Remark 3.30]), we have the
following result.

Theorem 2.5. The embedding BV(I') — LP(I') is continuous for 1 < p < oo, being compact for
1 <p<oo

We denote
D) := ) €0, €D,

ecE)

and

D) := (P .00, €D.

ecE)
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C.(I') is a Banach space with respect to the norm ||u||., = sup{|u(x)| : x € I'}, we denote by
M) = (C.I)",
the dual of C.(I'), and we will call the elements of M,(I") Radon measures inT'.
Definition 2.6. Given u € BV(I'), we define Du : C.(I') —» R as

D)= f " pedDIul.
0

ecE()

e
(Du, ¢) = - Z f @, [u]edx

ecEM) Y0
e
f @e dD[u].
0

Therefore, Du € M,(I') and ||Du||p,ry < |Du|(I'). On the other hand, given € > O there exists ¢, €
C((0, €e)), with [|@ello < 1 such that

Note that if ¢ € D(I'), then

We have

(Du @) <

ecE(I)

< Z lI¢elleo ID[ut]el (0, £e) = lleplleo| Dutl(I').

ecE(I)

€
IDLlel0, fe) < (Dlules pe) +

Then, if ¢ := @eeE(r) ¢e € C.(I), we have

DulT) = > IDLlel(0, €) < " (Dlule, @) + € = (Du, ¢) + € < | Dullyg,r + €.
ecE(T) ecE()

Consequently,
|Du|(T') = [|Dul|pm,ry forall u e BV(I). (2.10)

Let us point out that, in metric graphs, |Du|(I')(«) is not a good definition of the total variation of u
since it does not measure the jumps of the function at the vertices. In order to give a definition of the
total variation of a function u € BV(I') that takes into account the jumps of the function at the vertices,
we are going to obtain a Green’s formula like the one obtained by Anzellotti in [5] for BV-functions
in Euclidean spaces. In order to do this, we start by defining the pairing zDu between an element
z € W'(I') and a BV function u. This will be a metric graph analogue of the classic Anzellotti pairing
introduced in [5].

Definition 2.7. For z € W) and u € BV(I), we define zDu := ([z]e, D[te))eckr), that is, for
p e C(),

(#Du, @) = ) f el Dlul.
0

ecE()

We have that zDu is a Radon measure in I' and

e
szu: Z f [z]e Dlu]e.
r ecE(I) Y0
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By (2.1), we have

fZDI/l < ||Z||Loo(r)|DM|(r). (211)
T
If we define
0z, Du, x) 1= > 0([zle, Dlule, 1),
ecE()
then

szu = f@(z, Du, x)d|Du|(x).
r r
Moreover, by (2.2), if f € C!(R) is a increasing function, then

0(z, D(f(u)), x) = 8(z, Du, x) |Du|—a.e.inT. (2.12)
Given z € W'(I), for e € E,, we define
[Z]e(ge) if v= fe»
[Z]e(V) := :
—[z]e(0), if v =1,.

By Lemma 2.2, we have

le
f 2Du= Y | [zl Dlule
r ecEI) YO

2
- Z fo [ule(x)([z]e) (x)dx + Z ([z]e(fe)lule((Ce)-) — [2]e(0)[u]e(0-))

ecE(D) ecE()
—- [ Y, o).
r veV(I) ecEy ()
Then, if we define
[a= Y, 3 .
or veV(T) ecEy(T)

for z € W'*(I') and u € BV(I'), we have the following Green’s formula:

szu+fuz’ :f Zu. (2.13)
r r or

Xo([) :={z e W) : z(v) =0, Yve VD).
Foru € BV(I') and z € Xy(I'), we have the following Green’s formula

szu+ fuz’ =0. (2.14)
r r

Proposition 2.8. For u € BV(I'), we have

We define

|Du|(I') = sup {fu(x)z'(x)dx c 2z € Xo(D), llzllpoa) < 1}. (2.15)
r
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Proof. Letu € BV(I'). Given z € Xy(I') with ||z]|.~r) < 1, applying Green’s formula (2.14) and (2.11),

we have
fuz' =— szu < |Du|(T’).
r r
Therefore,
sup {fu(x)z’(x)d(x) : 2 € Xo(D), l|zllom) < 1} < |Du|(T).
r
On the other hand,

Le
DUl = " IDLulel(0, £) = | sup{ fo [ulegt © e € C(0,€), ligelles < 1}.

ecE() ecE()

Now, given (¢,) € D), if we define z such that [z]. = ¢, for all e € E(I'), we have z € X(I'). Hence,
we get
|Du|(I') < sup { f u(x)z' (x)d(x) : 2z € Xo(I), llzllr=q) < 1}-
r
O

Remark 2.9. By the above result, we have that the energy functional & : L>(I') — [0, +oo] defined by

\Dul(T)  if u € BV(DD),
81"(14) =
+00 if u € L>(T) \ BV(I),

is convex and lower semi-continuous. Therefore, we could study the gradient flow associated with &
as a possible definition of the total variation flow in metric graphs. However, I would like to point out
that this is not the adequate way since the solutions of this gradient flow coincide with the solutions of
the Neumann problem at each edge, regardless of the structure of the metric graph. This is the reason
for which we are going to introduce our concept of total variation in metric graphs.

We consider now the elements of W'2(I') that satisfies a Kirchhoff condition, that is, the set
Xk () := {z e W) : Z [z]e(V) =0, Vve V(F)}.
ecE, (D)

Note that if z € Xg(I'), then [z].(v) = O for all v € dV(I'). Therefore, for u € BV(I') and z € Xk(I),
we have the following Green’s formula

D - (Die(v). 2.16
[mpues =30 (2.16)

veint(V(I')) e€Ey (I

Now, for v € int(V(I')), we have

Z [2]e(V)[u]a(v) = 0, for all & € E,(I).
ecE ()
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Hence

1
2 ey = = > > [21e(w) ([ule(¥) = [ule(v).

ecE, (I V @€E,(I) ecE, (I

Therefore, we can rewrite the Green’s formula (2.16) as

fr 2Du + fr ' = ) di DD [zl ([ule() - [ule(v)). (2.17)

veint(V(I)) ¥ éeEy(I) ek, (I

Remark 2.10. Given a function « in the metric graph I', we say that u is continuous at the vertex v if
[t]e, (V) = [u]e,(v) foralle;, e, € E,(I).

We denote this common value as u(v). We denote by C(int(V(I'))) the set of all functions in I
continuous at the vertices v € int(V(I"))
Note that if u € BV(I') N C(int(V(I'))) and z € Xg(I'), then by (2.16), we have

szu+ fuz’ =0. (2.18)
r r

We can now give our concept of total variation of a function in BV(I').

Definition 2.11. For u € BV(I'), we define its total variation as

f u(x)z' (x)dx
r

We say that a measurable set E C I is a set of finite perimeter if X € BV(I'), and we define its
I'-perimeter as

TVF(M) = sup{ P Zc XK(F), ||Z||L°°(F) < 1} . (219)

Perp(E) := TVr(Xg),

f Z' (x)dx
E

As a consequence of the above definition, we have the following result.

that is

Perp(E) = sup{ M AS XK(F), ||Z||Loo(r) < 1} . (220)

Proposition 2.12. TV is lower semi-continuous with respect to the convergence in L*(T).

As in the local case, we have the following coarea formula relating the total variation of a function
with the perimeter of its superlevel sets.

Theorem 2.13 (Coarea formula). For any u € L'(), let E,(u) := {x €T : u(x) > t}. Then,

TVr(u) = f mPerr(E,(u))dt. (2.21)

o0

Proof. We have
+00 0
u(x) = f X, w(x)dt — f (1 =Xg,w(x)dt. (2.22)
0 —00
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Given z € Xg(I') with ||z|| .~ < 1, since by Green’s formula (2.16)

f 7 =0,
r
and having in mind (2.20), we get

f u(x)z' (x)dx = f ( f c><’)(Et(u)(x)dt) z' (x)dx
I I —0

+00 +00
= f X, (X)Z' (x)dxdt < f Perr(E,(u)) dt.
—00 r —00

Therefore, by (2.19), we obtain that

TVr(u) < f ) Perr(E,(u)) dt.

o0

To prove the other inequality, we can assume that 7' V(1) < oo and, consequently, u € BV(I'). Then,
we can find a sequence u,, € C*(I'), such that u, — u in L'(I") and

ﬁlu;(x)ldx — |Du|(I).

Now, taking a subsequence if necessary, we also have that X ,,) — Xg,u) in L' (D) for almost all 7 € R.
Then, by the lower semi-continuity of Perr and using the coarea formula for Lipschitz functions, we
have

+00 +0oo
f Perr(E,(u)) dt < f lim inf Perp(E;(u,)) dt

(%) —00

+00
< liminff Perr(E,(u,)) dt = lim flu;(x)ldx = |Du|(T") < TVr(u).
_ n—oo l—~

O
We introduce now
1
Iewi= ), o ) ) k() = (vl
veint(V(D) Y eE(T) ecEy(I')
Note that JV(u#) measures, in a weighted way, the jumps of u at the vertices.
Proposition 2.14. For u € BV(I'), we have
[Du|(I') < TVr(u) < |Du|(I) + JVr(u). (2.23)
Ifu € BV(I')) N C(int(V(I"))), then
TVr(u) = |Du|(T). (2.24)
If T is linear, that is d, = 2 for all v € int(V(I')), then
TVr(u) = |Du|(T) + JVr(u). (2.25)
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Proof. The inequality |Du|(I') < TVr(u) is a consequence of Proposition 2.8. Let u € BV(I'). Given
z € Xkg(I') with ||z~ < 1, applying Green’s formula (2.17) and (2.11), we have

f uz
r

1
<IDu@+ D+ > > lulew) = [ule(v)] = 1DulD) + JVi(u).
veint(V(I)) ¥ éeEy(I) eeEy (D)

:‘—l}Du+ 25 1 2: }][nawqwaw—mmaw>

veint(V(I)) ° éeEy(I) eeEy ()

Therefore,

TVr(u) = sup{

fu(x)z'(x)d(x) : 2 € Xg(D), ||zl||~r) < l} < |Du|(T") + JVr(u).
r

Suppose now that u € BV(I') N C(int(V(I'))). Since JVr(u) = 0, by (2.23), we have
TVr(u) < |Du|(')

On the other hand,

e
DulT) = > IDMel0. L) = Y sup{ [ule@ = @e € COA0. LD, ligells < 1}. (2:26)
0

ecE() ecE(l)

Then, since D(I') € Xg(I'), we have |Du|(I') < TVr(u) and (2.24) holds.
Finally, let us see that (2.25) holds. By (2.26), for any n € N, we have that there exists ¢ €
C((0, o)), llpelleo < 1

Lo 1
1Dul@) < | [ule(ge) — - (2.27)
0 n

Let supp(¢y) = [az,b2], 0 < ai < b} < €. Now, given v € int(V(I')) and e € E,(I'), suppose that
v = f, and i, ¢ int(V(I')). Then, we make the following definition: for n € N such that £, — % > by,

0, if0<x<le—1
Pe(x) 1=
—-nx+nl. — 1, iffe—}l<x<{’e.
Suppose now that v = i, and f, ¢ int(V(I')). In this case, we define, for n € N such that % < aj,

—nx + 1, if0<x<
do(x) =

0, if i <x <t

S =

Finally, suppose that v = f, and i, € int(V(I')). Then, we define, for n € N, such that ﬁ < a} and
le—+> b2,

-nx+ 1, ifo0<x< %
Pe(x) =1 0, ifl<x<t-1
—nx+nbe—1, ifle-1<x<le
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Then, since d, = 2 for all v € int(V(I)), if we define z" such that [z"]. := ¢, *+ ¢}, taking the sign of
¢% depending on the orientation of e, we have z" € X(I'), and

Le le le
[uw@ywam =3 [Tuizrac= Y [Cuears Y, [y
r ecE(I) V0 0 0

ecE() ecE(D)
See the next Example for the definition of ¢ in a particular case.
Hence, we get

sup {fu(x)z’(x)d(x) sz € X)), llzll=q) < 1}

r

> { f u(x)(@" (x)d(x) : ne N}
r

e e
=y f g™+ Y| f [i]e(62) dx
ecE() VY ecE() VO

1 ge n\/
2 Dul@) +~ % > | [ule@l)dx.

ecE() YO

Now,
1
f +n f [u]edx
[ule(¢s) dx = .
0 +n f [u]edx
te-1
Hence,
e *[u]e(fe)
lim [ [ule(g)ydx =
"meJo £[u]e(ie).
Therefore,

e
tim= Y [ Cydx= Y)Y k) - ko
n—00 0

ecE) veint(V(I)) e,eeE,(I')

Consequently, taking limit as n — oo, we obtain that

sup {fu(x)z’(x)d(x) : 2z € Xg(D), llzllzom < l} > |Du|(T') + JVr(u) = TVr(u).
r

O
Corollary 2.15. For u € BV(I'), we have
TVr(u) =0 & uisconstant. (2.28)
Then
Perr(E)=0 < E=T. (2.29)

Mathematics in Engineering Volume 5, Issue 1, 1-38.



15

Proof. Obviously, if u is constant, then TVr(u) = 0. Suppose that TVr(u) = 0. By (2.23), we have
|Du|(I') = 0. Then, [u]. = a. is constant for all e € E(I'). Suppose that u is not constant, then there exist
e, e, € E(I), with a, # a.,. We have

TVr(u) = sup{

= sup{

We can assume that v = f, = i, € int(V(I)). Then if we take z € W'(T') such that

f u()z' (0)d(x)| : z € Xg(I), llzll~r) < 1}
r

D aclzel(fe) + [2:]Ge))

ecE(D)

sz € X)), llzll=r) < 1}'

[Ze, (V) = 1,[2e,](v) = =1, and [z.](v) =0, fore#e;, i=1,2,
[z]e(w) = 0, for w # vand all e € E(I),

we have that z € Xg(I') and ||z]|~ < 1. Therefore

TVe() > | > ae(lze](fe) + [Z](Ge))

ecE)

= |ae1 - aezl > 09

which is a contradiction and consequently u is constant. m|

Example 2.16. Consider the linear metric graph I' with four vertices and three edges,
V(T') = {v1, V2, Vs, v4} and E(I) = {e; := [vy, V2], € := [v3, V2], €3 := [v3, 4]}

€ € €3

Vi Va
Let u € BV(I') and suppose that

[u]ez(VZ) > [”]el (VZ) and [u]eg(v?)) = [u]ez(v3)-

For n € N large enough, we define

0, ifO<x<{l -1
Pe, (X) :=

—nx + nle, — 1, iffel—,ll<x<5e1,

-nx+1, ifOSxS%
go(x):=2 0, ifi<x<te,—1

nx —nbe, + 1, if{’ez—%<x<{’e2,
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and

Then, we have
[2"]e,(V2) = ¢, (Ce) = =1, [2"]e,(V2) = @, (Le,) = 1 = [2"]e,(V2) + [2"]e,(V2) = 0,
and
[Z"]e,(V3) = @, (0) = 1, [2"]e;(V3) = B, (0) = =1 = [Z"]e,(V2) + [2"]e,(v3) = 0.
Thus, 2" € Xx(I'). Moreover,

le, le,
lim [ule, (¢,) dx = lim f (=m)[ule, = —[ule, (v2),
n—oo 0 n—oo fel_%

592 % €e2
hm f [u]ez(¢g2),dx = hm f (_n)[u]ez + hm f n[”]ez = _[u]ez(V3) + [M]ez(VZ)’
n—o Jo n—o Jo n—oo 532_%

and
Ces

lim [t]e;(¢g,) dx = lim f nlule, = [ule;(V3).
n—o0o 0 - n—o00 O

Therefore,

143
lim Z f [ule(de) dx = =[ule,(V2) = [tle,(V3) + [tt]e,(V2) + [t]e;(V3)
" eeE) YO

= ([ule,(V2) = [tle, (v2)) + ([tt]e; (V3) = [utle, (V3)) = Vi (u).

In the next example we will see that the equality (2.25) does not hold if u ¢ C(int(V(I"))) or there
exists v € int(V(I")) with d, > 3.

Example 2.17. Consider the metric graph I with four vertices and three edges, V(I') = {vy, v2, V3, V4}
and E(T') = {e; := [vy, V2], € 1= [V, V3], €3 1= [V2, V4]}.

V3

A €

V4
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Let u := X, —Xe,. Then,

1
Ve = Y = > lule(v) = [ule(v)]

veint(V(D)) " e,écEy ()

2 8
=3 (I[ele, (v2) = [le, (Vo) + [[utle, (V2) = [ut]e; (Vo) + [[ut]e, (V2) = [ut]e; (V2)]) = 3

By Green’s formula (2.17), we have

TVr(u) = SUP{ f u(0z' (0d(x)| : z € Xg(D), llzllp=q) < 1}
r

= sup{
= sup{ !
B 3

(_) > [ [ule(va) — [le(v2))

ek, I)

1
D (d—) 3 [ le) — [le(v)

vein(V(ID) VY7 egeE ()

:z€ Xg(D), llzllp=r) < 1}

s z2€ X)), |zl < 1}-

Now, given z € X(I') with ||z]| .~ < 1, we have [z]¢, (v2) = [z]e,(V2) + [Z]e,(v2). Hence,

1
|(§) Z [z]e(V)([u]e(v2) — [u]e(V2))

e,éeE\,2 @)

1
=3 [Z]e, (V)([ule,(V2) = [ule,(V2)) + [Z]e, (V)([u]e, (V2) = [ule; (V2)) + [Z]e, (V)([1t]ey (V2) = [U]e, (V2))

+[z]e, (V)([ule, (V2) = [ule; (V2)) + [Z]e; (V)([t]es (V2) = [utle, (V2)) + [Z]e; (V)([t]es (V2) = [u]e, (V2))

1
:ﬂﬂﬂ%+ﬂﬂ%s

5

1
= g 3[Z]e1 - [Z]ez g‘

Therefore,

< = JVr(u).

<TVr(u) < % <

W | oo

2.2. The total variation flow in metric graphs
In order to study the total variation flow in the metric graph I' we consider the energy functional
Fr : LX) — [0, +oo] defined by

TVe(u)  ifue BV(D),
Fr(u) :=
+00 if u e L2\ BV(D),

which is convex and lower semi-continuous. Following the method used in [2] we will characterize the
subdifferential of the functional ¥r.
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Given a functional @ : L2(I") — [0, 0], we define @ : LX) — [0, o0] as

f v(x)w(x)d(x)

®(v) := sup{ - 509 :we LI (2.30)

with the convention that (9) =2 -0 Obviously, if ®; < ®,, then 52 < 51.

(o)

Theorem 2.18. Let u € BV(I') and v € L*(I'). The following assertions are equivalent:
(i) v € 0Fr(u);
(ii) there exists z € Xg(I'), ||zl|z~x) < 1 such that

v=-2, thatis, [v]e=—l[z], in D'(]0,¢[) Ve € ET) (2.31)

and

f u(x)v(x)dx = Fr(u); (2.32)

r
(iii) there exists z € Xkg(I'), ||z|| ) < 1 such that (2.31) holds and

1
Fr(u) = f Du~ p = D D 1) (k) = [ule(v). (2.33)
T

veint(V(I)) ¥ é€E,(I') ecEy()

Moreover, D(0Fr) is dense in L*().

Proof. Since Fr is convex, lower semi-continuous and positive homogeneous of degree 1,
by [2, Theorem 1.8], we have

0Fr(u) = {v e L*(D) : %r(v) <1, fu(x)v(x)dx = ﬂ(u)}. (2.34)
r

We define, for v € L*(I'),

{inf{nznm) : z€ Xg(D), v =-7/)
P(y) i= (2.35)

+oco if does not exists z € Xg(I), s.t., v=—7'.

Observe that ¥ is convex, lower semi-continuous and positive homogeneous of degree 1. Moreover, if
Y(v) < oo, the infimum in (2.35) is attained, i.e., there exists some z € Xg(I') such that v = -z’ and
Y(v) = ||zl|.~r). In fact, let z, € Xg(I') with v = —z/, for all n € N, such that ¥(v) = lim,,« [|Z,||. We
can assume that

limz, =z weakly"in L), and 2z =v.

n—oo

We must show that z satisfies the Kirchhoff condition. Now, by Proposition 2.1, we have that

lim | z,Du = szu, Yue BV(). (2.36)
r

—00
n r
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Fix v € V(I'). Applying Green’s formula (2.16) to z, and u € BV(I') , we get

nD ,,1: e e .
[abus [ =Y S

veV(I') eeE,(I")
Hence, taking u such that [u].(v) = 1 for all e € E,(I') and [u]s = 0 if v ¢ E,(I'), we have

fanu+fuz; = Z [Z,]e(V)[u]e(V) = O.
r ecEy(D)

Then, taking the limit as n — oo and having in mind (2.13), we obtain

0= f zDu + f uz = Z [2]e(V)[u]e(V).
r ecE, ()

Therefore, z € Xx(I') and W(v) = ||z][z~ ).
Let us see that .
Y = Fr.
We begin by proving that %;(v) < W¥Y(v). If Y(v) = +oo then this assertion is trivial. Therefore, suppose
that W(v) < +oo. Given € > 0, there exists z € Xk(I') such that v = —z" and ||z]|~r) < W(v) + €. Then,
for w € BV(I), applying Green’s formula (2.17) and (2.11), we have

f w(x)v(x)dx = — f w(x)z' (x)dx = f zDw
r r r

1
= D T DL D) ) () = [ule(v) < Izl T Ve(w).

veint(V(I)) ¥ é€E, (') ecEy ()

Taking the supremum over w we obtain that %;(v) < ||zl < ¥ (v) + €, and since this is true for all
€ > 0, we get Fr(v) < P(v).
To prove the opposite inequality let us denote

D:={z' : ze€ Xg(D)}
Then, by (2.19), we have that, for v € L*(T),

f w(x)v(x)dx f w(x)v(x)dx
v oo

Y(v)= su > su
ey POW) e W(w)
z' (x)v(x)dx
= sup L Fr(v).
2eXk () ||Z||L°°(F)

Thus, Fr < ‘T’, which implies, by [2, Proposition 1.6], that ¥ = ¥ < %; Therefore, ¥ = %;, and,
consequently, from (2.34), we get

0Fr(u) = {v e L’D) : Yv) <1, fu(x)v(x)dx = Tr(u)}
r

= {v e ’(D) : Jz e Xx(D), v=-7Z, ||zl~r < 1, fu(X)V(X)dx = Tr(u)},
r
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from where the equivalence between (i) and (ii) follows.
To prove the equivalence between (ii) and (iii) we only need to apply Green’s formula (2.17).
Finally, by [9, Proposition 2.11], we have

L2 LX)

D(@Fr) c D(fr) = BVI') c D(fr) < D@Fr)

from which the density of the domain follows.
]

We can also prove the following characterization of the subdifferential in terms of variational
inequalities.

Proposition 2.19. The following conditions are equivalent:

(a) (u,v) € 0Fr;

(b) u,v € L*(T'), u € BV(T) and there exists z € Xg(), llz|| >y < 1 such that v = —z', and for every
w € BV()

viw—u)dx
r

sfrsz— >

veint(V(I))

1 (2.37)
- Z [z]e(V)(Iwle(V) — [Wle(V)) — T'Vr(u);
d eécE,(I)

v

(¢) u,v € LX), u € BV(') and there exists z € Xx(I), l|z|| >y < 1 such that v = =2/, and for every
w € BV(I')

v(w — u)dx
' . (2.38)
= fr Dw- ) (d—v) 2 O = [wle(v) = TV,
veint(V(T)) e.ecE, (I
Proof. (a) = (c): By Theorem 2.18, we have that there exists z € Xg(I'), ||z|[z~r) < 1 such thatv = -2’
and
1
Fr(u) = f Du- (d—) D e ([ule(v) =~ [le(v)).
r veint(V(D) \ Y/ egeEy ()

Then, given w € BV(I'), multiplying v = —z’ by w — u, integrating over I' and using Green’s formula

(2.17), we get
fV(W— u)dx = —f(w —wz dx
r r

1
= f zDw — Z (—) Z [zle(W)(IW]e(V) = [W]e(V)) = TVr(u).
r vein(V(D) \ Y/ eeeE, ()
Obviously, (¢) implies (b). To finish the proof, let us see that (b) implies (a). If we take w = u in
(2.37), we get

D [2W)[le(v) = [ule()),

TVF(u)SfZDu— ( )
r veint(V(D) V7 egecE, ()
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and, therefore, by (2.11), we have

TVr(u):szu— Z
r

v

1
(d—) 3 () [le) - [ule())
e.ecE,(IN)

veint(V(I))
O
Proposition 2.20. For any v € 0F(u) it holds that
fvwdx < Fr(w) for all we BV(I), (2.39)
r
and
fvudx = Fr(u). (2.40)
r
Proof. Since v € 0Fr(u), given w € BV(I'), we have that
fvwdx < Fr(u+w) = Fr(u) < Fr(w),
r
so we get (2.39). On the other hand, (2.40) is given in Theorem 2.18. O
Definition 2.21. We define the 1-Laplacian operator in the metric graph I" as
(u,v) € AI; — —-v e ifr(u),
that is, if u € BV(I'), v € L*(') and there exists z € Xx(I'), ||z||z~) < 1 such that
v=12, thatis, [v]e=1[z], inD'(]0,¢[) Ve e EI), (2.41)
and .
Fr(u) = f 2Du— (d—) D [Z1W)([le(v) = [ule(v). (2.42)
r . v A
veint(V(I)) e.cE, (I
We have that the Cauchy problem
0
6—”@) eAu)y >0
! (2.43)
u(0) = uo ug € L*(T)
can be rewritten as the abstract Cauchy problem in L*(I'),
u'(t) + 0Fru(t) >0 t>0
(2.44)

u(0) = u uy € L*(I).

Since Fr is convex and lower semi-continuous in L>(T') and D(0F7) is dense in L*(I) by the Brezis-
Komura theory (see [9]), we have that for any initial data uy € L*(T) there exists a unique strong
solution to problem (2.44). Therefore, we have the following existence and uniqueness result.
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Theorem 2.22. For any initial data uy € L*() there exists a unique solution u(t) of the Cauchy problem
(2.43), in the sense that u € C(0,T; L*(I")) N W0, T; LA(")) for any T > 0, u(t) € BV(I') and there
exists z € L*(0,T; L)), z(t) € Xx(), [|z()|lz=r) < 1, for almost all t € (0, T), such that

u'(t) =z@t), thatis, [u®)], = [2z()], in D'(]0,L[) Ve € E(T) (2.45)
and

TVr(u(®) = fr z(1)Du(r) — Z [2(D)]e(V)([u(®D)]e(V) = [u(®)]e(V)). (2.46)

veint(V(D)) ( v ) eécE (D)

Definition 2.23. Given u, € L*(T'), we denote by ¢ g the unique solution of problem (2.43). We call
the semigroup {¢"1} 50 in L*(X, v) the total variational flow in the metric graph T.

The total variational flow in the metric graph satisfies the mass conservation property.

Proposition 2.24. For u, € L*(T),

fem?uodx = fuodx foranyt > 0.
r

r

Proof. By (ii) in Theorem 2.18 and Green’s formula (2.16), we have

4 fe’Alruoa’x == fl(l)'dx = fZ(t)DXr < TVr(xr) =0,
dt r r T

and J
— fem{uodx < TVr(=Xr) = 0.

dr o
d r
ztﬁe’A'uodxzo,

femlruodx = fuodx for any ¢ > 0.
T r

Hence,

and, consequently,

2.3. Asymptotic behaviour
By (2.28), we have

N :={ue L*T) : Fr(u) =0} ={ue L*) : uis constant}.

Since Fr is a proper and lower semicontinuous function in L?(T') attaining a minimum at the constant
zero function and, moreover, ¥t is even, by [12, Theorem 5],we have that there exists vy € N(¥r) such
that

lime®iug = vy in L2(I).

t—o00

Now, having in mind Proposition 2.24, we have
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1
=Uy = — dx.
s fr”“ g

T, (uo) := inf{T >0 : e®ug=7g, Vt>T)

We denote

We will see that the total variational flow in the metric graph I' reaches the mean u, of the initial data
Uy in finite time, that is, 7,,(1y) < oo. We will rely on the results proved by Bungert and Burger
in [10] (see also [11]) for the gradient flow of a coercive (in the sense described below), absolutely
1-homogeneous convex functional defined on a Hilbert space.

Let us recall some notation used in [10]. Let  be a Hilbert space and J : H — (—o0, +00] a proper,
convex, lower semi-continuous functional. Then, it is well known (see [9]) that the abstract Cauchy
problem

w(@)+oJwu()>0, te[0,T]
(2.47)
u(0) = uo,
has a unique strong solution u(¢) for any initial datum uy € D(J).
We say that J is coercive, if there exists a constant C > 0 such that
llul] < CI(w), VYueH,, (2.48)

where

Hy:={ueH : Jw) =0}"\/{0}.

Clearly, this inequality is equivalent to positive lower bound of the Rayleigh quotient associated with

J,1.e.,

. Jw)
Ai(J) = inf — >0
1( ) u1€n740 ”M”

For uy € Hy, if u(z) is the strong solution of (2.47), we define its extinction time as
Tex(uo) :=1nf{T >0 : u(t)=0, Vt=>T}.
In the next result, we summarize the results obtained by Bungert and Burger in [10].

Theorem 2.25. Let J be a convex, lower-semicontinuous functional on H with dense domain. Assume
that J is absolutely 1-homogeneous and coercive. For uy € Ho, let u(t) be the strong solution of (2.47).
Then, we have

(i) (Finite extinction time)
lluto|
Tex(up) < ——.
(uo) L)
(ii) (General upper bounds)
@Il < lluoll = A1 (D)1,

(iii) (Sharper bound for the finite extinction)

A (D) (Tex(uo) — 1) < [u(Dl| < A@)(Tex(uo) — 1),
where
_Jw(®)

A®) = .
O = T
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Now we are going to apply Theorem 2.25 to study the asymptotic behaviour of the solutions of the
Cauchy problem (2.43).

Obviously, the convex, lower semi-continuous functional ¥ is absolutely 1-homogeneous, that is,
Fr(Au) = |AFr(w), for all 1 € R and all u € L*('). In this case,

LX(D)o := N(Fp)* \ {0} = {u e LX) : f u(x)dx = 0} \ {0}.
I

Let us see that Fr is coercive. In fact, if it weren’t we could find a sequence u,, € L*(I')y such that
llnll 20y = nFr(u,), VneN.

Now, by homogeneity, we can asume that ||u,||;2) = 1 for all n € N, so

1

TVr(u,) < —, VneNlN.
n

By Theorem 2.5, we can assume, taking a subsequence if necessary, that
u, - u, in L*(D).

Then, by the lower semi-continuity of 7'V (Proposition 2.12), we have T'Vr-(u) = 0. Then, by (2.28), u
is constant. Now, since u,, € L*(I')o,

fun(x)dx =0, forall neN.
r

Therefore, ||ull;2r) = 0, which is a contradiction since ||u||;2) = 1.

If we denote
TV,
Ap = inf{ A LZ(F)O} >0,
||u||L2(r)

we have
lull 2 < ArT Vr(u) forall u € Lz(l")o. (2.49)

Then, by Theorem 2.25, we have the following result.

Theorem 2.26. For any uy € L>(I'), we have

[|eeo — M_o”LZ(r)

Tex(”O) < /11“ (250)
Moreover,
Ar(Tex(uo) — 1) < |lu(®) — uollr2ry < A (Tex(uo) — 1), (2.51)
where
A =TT

||u(t) — M_OHLZ(F).

Proof. It is a direct application of Theorem 2.25, having in mind that for any constant function vy and
any uy € L*(I'), we have Fr(uy + uy) = Fr(ug) and 0F(uy + uy) = 0Fr(uo) (see [10, Proposition A.3]).
]
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To obtain a lower bound on the extinction time, we introduce the following space which, in the
continuous setting, was introduced in [19]:

G,([T):={vel’T) : Jze Xx@), v=—-2 ae. inl},
and consider in G,,(I') the norm
[Vl := inf{||zll :z € Xgx(@), v=-2z"ae. inT}.

Note that, for v € G,,(I'), we have that there exists z, € X(I'), such that v = -z and [[V|],.. = [|Z|]c-
From the proof of Theorem 2.18, for f € G,,(I'), we have

S 1, 2= sup{ ff(x)u(x)dx :ue BV(ID), TVr(u) < 1} , (2.52)
r

and, moreover,

0Fr(u) = {v € L*T) : |Wllns < 1, fu(x)v(x)dx = TVr(u)}. (2.53)

r

The next result is consequence of [11, Proposition 6.9]. We give the proof to be self-contained

Theorem 2.27. Given uy € L*(I'), we have
Tex(uO) > ”Lt() - u_Ollm,*- (254)

Proof. If u(7) := €™ uy, we have
Tex(uo)
Uy — g = — f u'(t)dt.
0

Then, by Proposition 2.20, we get

lltg — Uoll,« = sup { f w(ug — ug)dx : TV, (w) < 1}
T

Tex (1t0)
= sup {fw(f —u’(t)dt) dx : TV,(w) < 1}
r 0
Tex (10)
= sup {f f—wu’(t)dtdx : TV,(w) < 1}
0 r

Tex (o)
< sup {f TV, (wydt : TV,(w) < 1} = T,.(up).
0

O
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2.4. Explicit solutions

Let us now see that we can compute explicitly the evolution of characteristic functions. First we
need to do the computations for the Neumann problem for the total variation flow in an interval (0, L)
of R, that is, for the problem

U, = div(&), in 10, T[x]0, L[,

[Dul
B n=0, in 10, T[x{0, L}, (2.55)
u(0) = uy.

In [3], we have proved the existence and uniqueness of solutions to problem (2.55), where the
concept of solution is the following. For u € L*(J0,L[) we say that
u € C0,T;L*(0, L)) n Wh(0, T; L*(]0, L[) is a weak solution of (2.55) if u(0) = uy, u(t) € BV((0, L))
and there exists z € L*(0, T; L*(J0, L]),/1z(?)||z~qo..py < 1, for almost all ¢ €]0, T'[, such that

u'(t) =z, inD'(]0, L)), (2.56)
2(1)(0) = z(r)(L) = 0, (2.57)
and
L L
f |Du(t)| = f Z(t)Du(t). (2.58)
0 0

Lemma 2.28. Let 0 < a,b,c < Land k > 0. Then, we have
(1) If uy = kX 0,q), then the solution of (2.55) is given by

t t
l/t([) = (k - —)X]o,a’[ + /\/]a,L]» forO <t<T,
a L-a
ka(L—a)

T and

where T =
k
u(t) = ZaXJO,L[, fort>T.
(2) If uy = kX1, then the solution of (2.55) is given by

t t
t:k——) + — , 0<tr<T,
u(t) ( 7 p ) a0 for

k(L-b)

= and

where T =

X10.L0» ort>T.
7 Yo f

u(t) =k
(3) Let O < ki < ky. If up = ki\Xy0of + koX .1y, then the solution of (2.55) is given by

t
I/t(l) = (kl + )X]o,c[ + (k2

t
- - —)X]C,L[’ fO}"O <tr< T,
C —-C

(ka—ki)c(L—c)
L bl

where T = and

(ka = k)(L =)
L

Lt(f) = (k] + )X]O,L[’ fOl’t >T.
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(4) Assume that 0 < a < b < Land also that L < a+ b . If uy = kX, p[, then the solution of (2.55) is
given by

t 2 t
)= —Xoa + k= ——t| X 01 + X1b.L1» 0T,
u(r) praaXl ( b—a) labl T T NIbLL Jfor 1

where Ty = (ZZf)(ElLJr;[;) k,

T, t
=|—+- k — T |-
u(e) (a +a)X]0’a[+(( b-a ]) L-

)X]Q’L[, forTy <t <T,,
a

where
(k- &T)-2)al-a)

T, = 7 ;

and —
u(t):( 1+ 12

Proof. (1): Given the initial datum uy = X}, we look for a solution of the form

)X](),L[, fOl’t >T,.

u(t) = a(Xo,q + AN 01y

on some interval ]0, T[ defined by the inequality a(z) > S(¢) for ¢ €]0, T'[, and a(0) = k, B(0) = 0. Then,
we shall look for some z € L*(0, T'; L*(]0, L[), [|1z(?)||.~o.;y < 1 for almost all ¢ €]0, T'[, such that

() =z(t), inD'(]0,al), (2.59)
W't =z@), inD'(a, L)), (2.60)
z(1)(0) = z(t)(L) = 0, (2.61)
and .
f |Du(t)| = f 2(H)Du(?). (2.62)
0 r

For 0 <t < T, we define
-z if0<x<a,

a,

L ifa<x<L.
—a

z(H)(x) := {
Integrating equation (2.59) over (0, a), we obtain

a'(Hha = fa z(t)' (x)dx = z(t)(a) = —1.
0

t

Thus o’'(¥) = —é and, therefore, a(t) = k — é Similarly, we deduce that 5'(¢) = ﬁ, hence (1) = +=.
Then, the first 7" such that (7)) = B(T), is given by T = ]@ An easy computation shows that (2.62)
holds for all 7 €]0, T'[. Finally, if we take z(¢) = O for r > T, we have that

L—-a

u(t) = k(l - ))(]O,L[
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is a solution fort > 7.

The proof of (2) is similar to the proof of (1), taking in this case, forO0 < < T,

, if0<x<b,

S =

~

z(H)(x) := {

(3): We look for a solution of the form

= ifb<x<L

~

u(t) = a(Xo, + BOX e 1

on some interval ]0, T[ defined by the inequality a(r) < B(¢) for t €]0, T[, and a(0) = k;, B(0) = k.
Working as in the proof of (1), we shall look for some z € L*(0, T; L*(]0, L[), with [|z(®)||~qo..p < 1

for almost all ¢ €]0, T[ and z(#)(0) = z(¢)(L) = 0, satisfying

a'(He = fc z(1)' (x)dx = z(t)(c)
0

and .
B(O(L~-c)= f z(t) (x)dx = —z(t)(c).
Then,
BP0 S 10! (3)
c L—-c
Hence, taking, for0 <t < T,
% if0<x<c,
z(H)(x) := 5
L—:if, ife<x<L,

it is easy to see that
u'(t)y=2z@), inD'(0,L[),

L
f |Du(t)| = f Z(t)Du(t).
0 r

Therefore, for0 <t < T = %, the solution is given by

and

t t
t:k+—) c+(k—
u(t) (1 CX]O,[ 277

—C

oo

Moreover,
(ko — k1)L —0¢)
L

u(t) = (lq +

(4): In this case we look for a solution of the form
u(t) = a(tX.ar + BOXjap + Y(OX 111
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on some interval (0, T") defined by the inequality a(f) < B(t), y(t) < B(¢) for ¢t €]0, T, and a(0) = y(¢) =
0, B(0) = k. Working as in the proof of (1), we need to find a vector field z € L*(0, T; L~(]0, L),
1Z()||z=o.p < 1, for almost all £ €]0, T'[, satisfying

z(t)(a) z(1)(b) — z(t)(a) z(1)(b)
a(t) = , PO =k+ t, (@) =- .
a b-a L-b
Now, if we take, for0 <¢ < T,
% if0<x<a,
z()(x) ;=1 -2 +1, ifa<x<b,
=, ifb<x<L.
Hence,
t - t
H=-, n=k t, = —r".
a) =~ A1) +(b_a) ¥ = =
Since we are assuming that L — b < a, we have a(f) < y(t). Then, for
—alL -
o b=
2L —(a+b)
we have B(T;) = y(T,). Hence, for 0 < ¢t < T}, if
(1) = t)( + 1k 2 X anr + X
ul) = 10l h_g ) tebl T T el
it is easy to see that
w'(t) =zt inD'(J0, L),
and
L
f |Du(t)| = f z(t)Du(t).
0 r
Therefore, for 0 < ¢ < Ty, u(¢) is the solution. Now,
T, 2
T) = —Xoa + |k — T\ X 0rp-
u(T) —Xoal ( P 1) Ja.LL

Then, applying (3), we have

a a 9 or _ = s

where
T,

L —
:a( a) kT, a+b .
L alb —a)
Finally, for ¢ > T, the solution in given by

T, + T,

u(t) = ( )X]O,L[.

O
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Remark 2.29. Let us point out that it is obtained in [8] that for the initial data uy = kX (45 + k2X 0.1
with 0 < k; < ks, the solution of (2.55) is given by

t t
u(t) = ;X]o,a[ + kX g + (kz - —)X]b,L[a

L-b
for0 <t < T, with
T\ = min{ak,, (k; — ki)(L — b)}.

We are now going to find an explicit solution in the case of a simpler metric graph in order to see the
difference in behaviour with the case of the total variation flow in an interval with Neumann boundary
conditions that we have considered in the above result.

Example 2.30. Consider the metric graph I" with three vertices and two edges, thatis V(I') = {vy, v2, v3}
and E(I') = {e; := [vi,v2],€; := [v2,v3],}. Let 0 < a < ¢, and assume that {,, > {e, —a. We are
going to find the solution of the total variation flow for the initial datum u, := kXp, with k > 0 and
D := (v2, ¢ (a)).

We look for solutions of the form:
[u(@®)]e, = ar(DX 6,1 @1(0) =0,

[(D]e, = @2(WX 0,01 + @3(DWX 10,1, @2(0) =k, a3(0) =0,

for all 0 < ¢ < T such that
a1(t) < ax(t), ax(t) < as(d).

Then, we need to find z(¢) € Xg(I'), with ||z(?)||, < 1, satisfying:

[u®];, = [z®)],, i=1,2, thatis (2.63)
@ (WXoe, 1 = [2(D]g,, (W0 + &3O ae,r = [2(D)],-

TVr(u(®) = f z(1)Du(r)
r

=1 ([2()]e, V2)([(D)]e, (V2) = [(D)]e, (V2)) + [2(D)]e, (V2)([(D)]e, (V2) — [1(D)]e, (V2))) -
By (2.25), we can write (2.64) as

(2.64)

|Du()|(I') + JVr(u(®)) = f z(1)Du(r)
r
= =5 ([20)]e, V) ([u(D)]e, (V2) = [(D)]e; (v2)) + [2()]e, (Vo) ([u(D)] ey (V2) — [(D)]e, (v2))) -

Now,
Du(r) = (a3(1) — @2(1))d,.
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Hence,
|Du(H)|(I') = (aa(?) — a3(2)),
and

f 2(1)Du(1) = (a3(1) — a2(1))[z]e, (@)
r

Thus, if we assume that [z],(a) = —1, and having in mind that [z(?)]¢,(v2) = —[z(?)]e,(v2), we have that
we can rewrite (2.64) as

JVr(u(0) = —[2(0)]e, (v2)([u(D)]e, (V2) — [u(®)]e,(V2)) = —[Z(t)]e, (V2)(@1 (1) — @a(2)).
Now,
JVr(u(®)) = |[u()]e,(v2) — [u(®)]e,(V2)l = aa(?) — a1 (2),
and then, (2.64) is equivalent to
(1) — a1(1) = —[z(1)]e, (V2)(@1(1) — aa(D)).

Therefore, if [z(f)]e, (v2) = [Z(1)]e, (Le,) = 1, we have that (2.64) holds.

We define .
[2(2)]e, (%) := 7 if 0<x<le,
el
and
-2 +1, f0<x<a,
[2()]e(x) =],
g_ez, if a<x<d,,.
€
Note that

[2(D)]e, (V2) + [2(D)]e,(V2) = [2(D)]¢, (£e,) — [2(D)]e,(0) = O,

thus z(t) € Xgx(I).
On the other hand, integrating in (2.63), we get

[2())e, (L), _ 1
. Tt
(2], (@) = [20]e®) _ 2,

2
a a

le,
ay (), =f [2(D]e,dx = [2(D]e, (L)) = a1(1) =
0

o (ha = fo (2], dx = [2D)]e(@) = [2(1)]e,(0) = ax(t) =k +
[ZD)e@ _ 1

1.
le, — a le, — a

ey
a3 ()(le, —a) = f [2(D)]e,dx = —[2(D)]e,(@) = a3() = —
Consequently, since £,, > {e, — a, the solution is given by

t
[u(D)]e, = g_X]O’[el[’ forO<t< T,
e

and

t
X]a’[ez[, forO0<t<Ty,
—d

2t
[u(®)]e, = (k - Z)X]o,a[ N

€2

Mathematics in Engineering Volume 5, Issue 1, 1-38.



32

where
_ ka(le, — a)
YT 26, —a
We have 5 k(e )
T] e, — A
T)le, = |k — — =lk- ——— =k .
[u(T1)]e, ( P )X]O,QZ[ ( 2. —a )X]O,t’ez[ 2, = Xi0el

Now, for t > T, we look for a solution of the form
[w@®)]e, = Y1(OX 06,1 Y1I(T1) = ar(Th),

[u(®]e, = v2(DX106,1  Y2(T1) = aa(TH),
for all T <t < T, such that
Y1(1) < 72 (0).
Then, we need to find z(¢) € Xg(I'), with ||z(?)||. < 1, satisfying:

()], =[], i=12, thatis, (2.65)
YiX 0,1 = 2D, V20,1 = [2D)], -
TVr(u()) = fl(f)Du(f)
r

=1 ([2()]e, V2)([(D)]e, (V2) = [(D)]e, (V2)) + [2(D)]e, (V2)([(D)]e, (V2) — [1(D)]e, (V2))) -
By (2.25), we can write (2.66) as

(2.66)

IDu(0)|(T) + TV (u(t)) = fr 2()Du(1)
= =3 ([2(D)]e, V) ([u(D)]e, (V2) = [(D)]ey (V2)) + [2(0)]e, (V) ([(D)]ey (V2) = [1(D)]e, (V2)))
which, having in mind that [2(f)]e, (v2) + [2()]e,(v2) = 0, is equivalent to
Y2(8) = y1(0) = |[u(®)]e, (v2) — [u()]e, (V2)| = —[2(1)]e, (V2)(y1(2) — y2(2)).
Then, if [2(1)]e, (v2) = 1, we have that (2.66) holds.

We define .
[2(D)]e, (x) := 2=, if 0<x<¢e,
e
and
L €e2 - .
(2] () = ===, if 0<x <l
€

Now, integrating in (2.65), for | <t < T,, we get

é’el 1
YiOle, = f [2(D];, dx = [2(D)]e,(Ce) = 1 = y1(t) = ay(T)) + 7
0

€]

Ce, 1
Yo()le, = f [2(D)];,dx = —[2(1)]e,(0) = =1 = (1) = aa(T)) - 7
0 e
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where T, is given by

1 1
a(Ty) + €—T2 = ay(T)) - 5—T2,
e €
that is,
ay(Ty) — a(T)
T, =€ L, .
PRl + e,
Consequently, the solution u(f) of the Cauchy problem (2.43) for the initial datum uy := kXp is
given by
t
f—)(]o’[el[, for0<t<Ty,
a(le, — a
Z( 25:22_ - + I)X]O,fe,[v forT, <t<T,
and
k 2 Xo.a + X forO0<t<T
a (0,a) gez —a ]a,fez[, S x> 1
[u(t)]ez =
_a _ t
(szez_a fez )XJO’KEZ[, for Tl S t S T2
where
k fe - T)) — T
o a(le, a)’ and Ty = gelfezﬂz( 1) —ai( 1)'
26, —a le, + Ce,

Moreover, for t > T,

T, y ar(Ty) — a(Ty)

1 =—=¢
un =g =te ™ 0

Remark 2.31. Let us point out that in the above example, we see that the solution does not coincide
with the solution of the Neumann problem in each edge. However, this happens if we consider that
the total variation of a function u is given by |Du|(I'), in which case it does not take into account the

structure of the metric graph.
Example 2.32. Consider the metric graph I of the example 2.17

V3

ce (@)

A €

\Z
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Assume that £ := {,, = {,, and let 0 < a < £, such that a < 2¢. We are going to find the solution of
the total variation flow for the initial datum uy := kXp, with k > O and D := (cg]1 (a), vy).
We look for solutions of the form:

[(®)]e, = 1 (OX 10,01 + @2(W a1 @1(0) = 0,a2(0) =k,

[u(®)]e, = [u(@®)]e; = BEWX (0.0, PO0) =0,
for all 0 < ¢ < T such that
ai(t) < ax(1), P@) < ax(?).

Then, we need to find z(¢) € Xx ('), with ||z(1)|| < 1, satisfying:
WY, = [20)],, [w®, = [2()],i = 2,3 that is (2.67)

@) (W04 + @(Wag, 1 = [2(D]e, B OX 00 = [20D],,, i =2,3.

3
TVr(u(?)) = f 2(t)Du(r) — Z[z(t)]ei(VZ)([M(I)]ei(VZ)- (2.63)
r i=1

Now
Du(t) = (aa(1) — a1(£))dq,

hence

fZ(I)DM(f) = (a2(t) — a1 ())[z(D)]e, (@).
r

Since z(1) € Xx(I), [2(D)]e, (V2) = —=[2()]e,(V2) = [2(1)]e;(V2), thus

3
Z[Z(t)]e,-(VZ)([M(Z)]ei(VZ) = [2(D]e, (V2)(a2(1) — B(D)).
i=1

Therefore, we can write (2.68) as

TVr(u(®) = (a2(1) — a1(D))[2(D)]e, (@) = [2(1)]e, (V2)(@2(?) = B(1)). (2.69)

On the other hand,

TVi(u(®) = sup{ ;W e Xg(D), (Wi < 1}

3 Le;
> f [1(1) ] (D)W, (x)dlx
i=1 Y0

= sup{
le,

3 le; a
Z f [u(®)]e, (O[W], (X)dx = @, (t) f (W], (0)dx + () f [wlg, (x)dx
i-1 Y0 0 a

f u(t)(x)w’'(x)dx
r

: we Xg(D), (W]l < 1}-

Now,

le, ley
+B(1) j; [wle, (x)dx + (1) fo [Wle,(0)dx = (a1(1) — a2(D)[W]e, ()
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+as(D)[Wle, (V2) + B([Wle, (V2) + [Wle, (V2))
= (a1() — a2(D))[W]e, (@) + (a2(1) — B())[W]e, (V2).

Thus
T'Vr(u(?))

= sup {|(e1 (1) — a2(1)[Wle, (@) + (aa2(t) = () [We, (Vo) : W € Xg(), [[Wllzoq) < 1}
= (1) — 1(0)) + (a2(2) — B(2)).
Then, if [z(?)]¢,(a) = 1 and [z(?)]¢, (v2) = =1, (2.69) holds.
We define

g, ifo<x<a,
[z(D)]e, (x) := le +a—2x
——— ifa<x<¢,.
le, —a

Now, integrating in (2.67), we get

ac; (1) = f 20, (0dx = [20]o (@ = 1 = 1)) = =,
0

le; o)
@y ()(le, — a) = f [2()]e, ()dx = [2(D)]e,(Le) — [2(D]e, (@) = =2 = ax() = (k— 7 ia)

t

¢; 1
fori=2,3, ()l = f: [2(D], (Ddx = ~[2()]e0) = [2(D)]e,(v2) = 5 = B0) = %

Consequently, the solution is given by

2t

le, —a

t
[u(D)]e, = ;X]O,a[ + (k - ))(]a,gel[ forO<t<T,

and .
[u(D]e, = [u(D]e; = 2—/10,5[, for0<t<T,

where
_ ka(le, — a)

YTt +a
since we are assuming that a < 2¢.
Now, for t > T, we look for a solution of the form

[u(®)]e, = V1i(ODX 104,15

[u(D]e; = V201> 1 = 2,3,
with

T 2T T, .
yi(Ty) = Lo lk- L, Yo(Ty) = y3(T) = =23,
a le, —a 2¢
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such that
vi(t) = vi(t), 1=2,3., forT, <t<T,.

Then, we need to find z(r) € Xx(I'), with ||z(?)||. < 1, satisfying:
[u®];, = [z(D];,, O], =[z(]i=2,3, thatis

YiX s, = 201, viXoon = [20],, 1=2,3

and
3

TVr(u(?)) = f Z(I)Du(t)_Z[Z(t)]ei(VZ)[M(I)]e,-(VZ)-
r

i=1
Now Du(t) = 0, hence

f z(H)Du(r) = 0.
r

Since z(¢) € Xg(I'), we have

3

- Z[Z(t)]e,-(Vz)[u(t)]e,-(Vz) = =[2()]e,(V2)(71(1) = 2(1)).

i=1

On the other hand,
3 Le;
TVr(u(r) = sup{ Z‘fo [1(D)]e,()[W], (X)dx| : W € Xg(D), [IW]l =) < 1}.
i=1
Now,
3 €
> f: [1(t)]e (D) [W],, (x)dlx
i=1
Le, e, €3
= y1(t) f [wlg, (X)dx + ya(t) f [Wle,(0)dx + y3(1) f [wlg, (0)dx
0 0 0
= Y1(O[Wle, (Le,) — v2()[W]e,(0) — y3(1)[W]e, (0
= 71(DO[Wle, (V2) + 72(D[W]e, (V2) + y3(D)[W]e; (V2) = (71(0) — y2(D)[W]e, (V2).
Hence,

TVr(u@®) = (y1(2) — y2(9).
Therefore, (2.71) holds , if [z(?)]e,(v2) = —1.
Now, integrating (2.70), for T} <t < T,, we have

ey T, t

Vi@, = [2(D)],, ()dx = [2()]e,(V2) = =1 = yi() = — — —,
0 a Ll

t
20 24

be;
fori = 2,3, y(t)t, = f [2(1)], (X)dx = [2(1)]e(v2) = % =y =te L
0

(2.70)

(2.71)
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Consequently, the solution is given by

T t
[u(t)]el = L —X](),[e [ for < T, <t<T,,
a L !
and
T, t
[u(®)]e, = [u(D)]e; = TAEY for <T, <t<T,,
where
(2¢ - a)t.,
Ty=T — %
a(te, +20)

For t > T,, we have

"l +20) ~ " (Lo, +20)

a a(te, +20)

u(t):___: = Uy.

T, T, T (1 (Zf—a) )_T [e]+a k fe,—a —_
b, B
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