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1. Introduction

In recent years, geometric analysis and partial differential equations on the Heisenberg group have
attracted great attention. In this article, we investigate some concentration—compactness results
related to the Hardy—Sobolev embedding on the classical and fractional Folland—Stein spaces in the
Heisenberg group. Before stating the main results, let us recall some relevant contributions in the
topic.

The Heisenberg group H" is the Lie group which has R**! as a background manifold and whose
group structure is given by the non—Abelian law

Eo& = (z +7,t+1+2 Z(yix,'- - x,-y,f))

i=1

for all £, & € H", with
E=( )= (X1 s Xy V1o sy t) and & =2, 1) = (X], .. X, V)oY B
We denote by r the Kordnyi norm, defined as
r(€) = r(z,0) = (" + ',

with & = (z,1), z = (x,y) € R" X R", t € R, and |z| the Euclidean norm in R,

A key result, whose importance is also due to its connection with the CR Yamabe problem, is the
subelliptic Sobolev embedding theorem in H", which is due to Folland and Stein [14]. This result is
valid in the more general context of Carnot groups, but we state it in the set up of the Heisenberg group.
If 1 < p < Q, where Q = 2n + 2 is the homogeneous dimension of the Heisenberg group H", we know
by [14] that there exists a positive constant C = C(p, Q) such that

[rde<c [ iDugtide forapecram. oy - 2L (1.1)
Hr Hr
and p* is the critical exponent related to p. Moreover, the vector

Dyu = (Xyu,--- , Xyu, Yiu,- -+, Y,u)

n

- 1s the basis of horizontal left

is the horizontal gradient of a regular function u, where {X;, Y}
invariant vector fields on H", that is

0 0 0 0

Xj:a_xj—i_zyj(%’ YJ:%—ijE, j:1,...,l’l. (12)

Unlike the Euclidean case, cf. [34] and [2], the value of the best constant in (1.1) is unknown. In
the particular case p = 2, the problem of the determination of the best constant in (1.1) is related to the
CR Yamabe problem and it has been solved by the works of Jerison and Lee [21-24]. In the general
case, existence of extremal functions of (1.1) was proved by Vassilev in [35] via the concentration—
compactness method of Lions, see also [20]. This method does not allow an explicit determination of
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the best constant C,- of (1.1). However, we know from [35] that C,- is achieved in the Folland—Stein
space S "P(H"), which is defined, for 1 < p < Q, as the completion of C>*(H") with respect to the norm

1/p
1Dyl = ( fH |DHu|';,d§) .

Thus, we can write the best constant C,,- of the Folland—Stein inequality (1.1) as

. IDyull,
Cp = inf —=L (1.3)
ues ') lull).
u#0

Note that the Euler-Lagrange equation of the nonnegative extremals of (1.1) leads to the critical
equation

~Appu =l u  inH,

where the operator Ay, is the well known p Kohn—Spencer Laplacian, which is defined as

Anpe = divg(IDugl? > Dyg),

for all ¢ € C*(H").

The study of critical equations is deeply connected to the concentration phenomena, which occur
when considering sequences of approximated solutions. Indeed, given a weakly convergent sequence
() in SP(H"), we can infer that (i), is bounded in LP" (H"), but we do not have compactness
properties in general. On the other hand, we know that the sequences p; = |DHu|’;Id§ and v, = |u|P dé
weak” converge to some measures ¢ and v in the dual space M(H") of all real valued, finite, signed
Radon measures on H". An essential step in the concentration—compactness method is the study of
the exact behavior of the limit measures in the space M(H") and in the spirit of Lions. In particular,
following [25,26], Ivanov and Vassilev in [20] proved the following result.

Theorem A (Lemma 1.4.5, Ivanov and Vassilev [20]) Let (w)x be a sequence in S“P(H") such that
we — uin SYPH") and P dé — v, |DHuk|p dé — uin M(H"), for some appropriate u € SP(H"),
and finite nonnegative Radon measures u, v on H".

Then, there exist an at most countable set J, a family of points {£;}jc; C H" and two families of
nonnegative numbers {1} je; and {v,} je; such that

v = |ulP dé + Z Vibe, > |Dyulldé + Z/degj vf/p* < g—] forall j € J,

jel jel P
where ¢, are the Dirac functions at the points &; of H".

The aim of this paper is to extend Theorem A in two different ways. First, we want to prove a version
of Theorem A suitable to deal with a combined Hardy and Sobolev embedding. Indeed, following [16],

we set
2l

(&) = |1Dpr(@)ln = @ for & = (z,1) # (0,0).
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Assume from now on that 1 < p < Q and let ¢ € C’(H" \ {O}). Then, the Hardy inequality in the
Heisenberg group states as follows

P
|¢|W’§ < (Q’i p) f Duglydé. (1.4)
Inequality (1.4) was obtained by Garofalo and Lanconelli in [16] when p = 2 and then extended to all
p > 1in[7,29]. When p = 2, the optimality of the constant (2/(Q — 2))? is shown in [18]. Let us also
mention that a sharp inequality of type (1.4) has been derived in general Carnot—Carathéodory spaces
by Danielli, Garofalo and Phuc in [8].

Obviously, inequality (1.4) remains valid in S "»(H"). Moreover, inequalities (1.1) and (1.4) imply
that for any o € (—oo, H),) the following best constant is well defined

Hﬂ

IDgully, = olully,

Io, = 1n ) . (15)
ues P (H") llull
u#0
where »
. |D gul| P
‘H,= inf —pp, ||u||£, = |u|”¢/—d§. (1.6)
1 n )4 4
ues P (H") ||u||H’ B r
u#0 4

Note that, when o = 0, we recover the Sobolev embedding, that is 7o = C,-. However, the Hardy
embedding S'P(H") < LP(H",y"rPdé) is continuous, but not compact, even locally in any
neighborhood of O, where O = (0,0) denotes the origin of H". A challenging problem is then to
provide sufficient conditions for the existence of a nontrivial solution to critical equations with Hardy
terms in the whole space H", when a triple loss of compactness takes place. To overcome this
difficulty, we prove in Theorem 1.1 and Theorem 1.2 some versions of the
concentration—compactness principle for related to the embedding (1.5).

Theorem 1.1. Letr o € (—oo, H,) and let (uy), be a sequence in S P (H") such that u, — w in S'P(H"),

* * * d
and \ui|P dé — v, |DHMk|Zd§ - N |”k|p‘/’pr(§)p

and finite nonnegative Radon measures u, v, w on H".
Then, there exist an at most countable set J, a family of points {£;}jc; C H", two families of
nonnegative numbers {u;} jc; and {v;}jc; and three nonnegative numbers vy, [, wo, such that

S win M(H"), for some appropriate u € SP(H"),

v = Ul dé +vodo + ) vid, (1.7)
jeJ
W2 DUl dé + podo + ) i, (1.8)
jeJ
dé
— P, P

w = [ul’y ey + wpdo, (1.9)
vi.’/p* < g—/ forall j € J, vg/p* < @, (1.10)

P o

where C,. = Iy and I, are defined in (1.3) and (1.5), while 6o, 6, are the Dirac functions at the points
O and &; of H", respectively.
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Theorem 1.1 extends Theorem A and also Theorem 1.2 of [5] to the case of unbounded domains,
see also [20,31,32]. The strategy is the same as the one in the seminal papers of Lions [25,26], but
there are some complications due to the non Euclidean context.

The whole Heisenberg group is endowed with noncompact families of dilations and translations,
which could provide a loss of compactness due to the drifting towards infinity of the mass, or — in other
words — the concentration at infinity. In order to deal with this type of phenomena, we prove a variant
of the concentration—compactness principle of Lions, that is the concentration—compactness principle
at infinity. This variant was introduced by Bianchi, Chabrowski and Szulkin in [3, 6] and we prove an
extension of their results suitable to deal with critical Hardy equations in the Heisenberg group.

Denote by Bg(€) the Kordnyi open ball of radius R centered at £. For simplicity By is the ball of
radius R centered at & = O.

Theorem 1.2. Let (u;); be a sequence in S'"P(H") as in Theorem 1.1 and define

= hm lim supf lugl” dé, e = hm lim supf |Dyuly dé, (1.11)
k— o0 k—o0 ;
Weo = hm lim su f i |Pyr? (1.12)
k—»oop ¢ '70 (f)p
Then,
lim supf lugl” dé = v(H") + veo, lim supf IDyuilbdé = p(H") + oo, (1.13)
k—o0 Hn k—o0 n
lim sup |uk|p¢/” = WH") + W, VP BT W (1.14)

k— o0 (éf)p - Io' ’
where u, v, w are the measures introduced in Theorem 1.1.

In the second part of the paper, we want to extend the previous results to the fractional case. Let
0<s<land1 < p < oco. We define the fractional Sobolev space HW*?(H") as the completion of
C>(H") with respect to the norm

I Nawseay = |1+ ey + [asps
where y
(&) — p(I” g e
[@luspy = (ﬂﬂnxw Wdfdn along any ¢ € C°(H"). (1.15)

The fractional Sobolev embedding in the Heinseberg group was obtained in [1] following the lines
of [9] and states as follows. If sp < Q, then there exists a constant C,,: depending on p, Q and s such

that
pQ
Q-sp
The proof of the above inequality is obtained directly, by extending the method of [9] to the Heisenberg
context.
For notational simplicity, the fractional (s, p) horizontal gradient of any function u € HW*?(H") is
denoted by

lell?. < Cpilely,, forallgeCXMHY,  p;= (1.16)

(1.17)

IDSulP(€) = |u(@) — u(m!” u(n)lp f u(€ o h) - u(f)l"

(77_1 )Q+ps r(h)Q+PS
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Note that the (s, p) horizontal gradient of a function u € HW?*?(H") is well defined a.e. in H" and
|D3,ulP € L'(H") thanks to Tonelli’s theorem.
From now on we fix 0 < s < 1, 1 < p < oo with sp < Q. Then, the following result holds true.

Theorem 1.3. Let (1) be a sequence in HW*?P(H") such that u, — u in HW*P(H"), and furthermore
|ug|Psdé Sy, |Dy,ui|Pdé = u, in M(H"), for some appropriate u € HW'P(H"), and finite nonnegative
Radon measures u, v on H".

Then, there exist an at most countable set J, a family of points {£;}ic; C H", two families of
nonnegative numbers {U;} jc; and {v;}jc; such that

v=luldE+ ) vide,  p 2 IDyuldé + ) b, (1.18)
jeJ jeJ
< g—’ forall j €, (1.19)
Py

where the constant C - is defined in (1.16).

In the Euclidean setting, the first extension of the CC method in the fractional Sobolev spaces was
obtained in [30] for p = 2 and then in [28] for any p, with 1 < p < N/s. We also refer to [4, 10, 12] for
similar results in this context and to [33] for the vectorial fractional Sobolev spaces.

In Theorem 1.3 we extend the previous results from the Euclidean setting to the Heisenberg
environment and we also widen Theorem A from the local case to the fractional setup. To the best of
our knowledge Theorem 1.3 is the first extension of the method in the fractional Sobolev space in
Heisenberg group.

Actually, the strategy is the same as the one in the seminal papers of Lions [25, 26], but there
are several complications due to both the nonlocal and the subelliptic context. In order to overcome
these difficulties, we employ the crucial Lemmas 4.4 and 4.5, proved using the key Lemma 4.2 and
Corollary 4.3. To enter into details, the latter results give precise decay estimates and scaling properties
for the fractional (s, p) horizontal gradients of functions of class C:°(H"), with respect to the intrinsic
family of dilations dg.

The paper is organized as follows. In Section 2, we recall some fundamental definitions and
properties related to the Heisenberg group H". Section 3 is devoted to the proof of Theorems 1.1
and 1.2, while the final Section 4 deals with the proof of Theorem 1.3, based on some preliminary
lemmas.

2. Preliminaries

2.1. The Heisenberg group

In this section we present the basic properties of H" as a Lie group. For a complete treatment, we
refer to [13, 16, 17,20, 35]. Let H" be the Heisenberg group of topological dimension 2n + 1, that is
the Lie group which has R**! as a background manifold and whose group structure is given by the
non—Abelian law

go8 = (a2t +2) ) - )
i=1
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for all £, & € H", with

E=(D=(X1, ., X Y1, Y t) and & =2, )= (x], ..., 2, Y, ..., V1)

The inverse is given by £ ' = —£and so (£ 0 &)™ = (&) Lo &l
The real Lie algebra of H" is generated by the left—invariant vector fields on H"

0 0 0 0 0
Xi=— +2y,—, Y= — —-2x;—, =—,
1= 0x, " P 1= 8y, T ar ot
for j = 1,...,n. This basis satisfies the Heisenberg canonical commutation relations

[X), Yid = 46T, [Y;, Vil = [X;, X = [Y;, T] = [X;,T] = 0.

Moreover, all the commutators of length greater than two vanish, and so H" is a nilpotent graded
stratified group of step two. A left invariant vector field X, which is in the span of {X;, Y;}"_,, is called
horizontal.

For each real positive number R, the dilation o : H" — H", naturally associated with the Heisenberg
group structure, is defined by

0r(&) = (Rz,R*t) forall & = (z,1) € H".

It is easy to verify that the Jacobian determinant of the dilatation d% is constant and equal to R***2,
where the natural number Q = 2n + 2 is the homogeneous dimension of H".
The anisotropic dilation structure on H" introduces the Kordnyi norm, which is given by

r&) =r(z,)) = (2" + A)V* forall ¢ = (z,1) € H".

Consequently, the Kordnyi norm is homogeneous of degree 1, with respect to the dilations g, R > 0,
that is
r(0r()) = r(Rz, R*t) = (IRZ* + R*)V* = Rr(¢) forall ¢ = (z,1) € H".

Clearly, og(n o &) = 0r(n) o 0r(£€). The corresponding distance, the so called Kordnyi distance, is

de(€,€) = (¢ o&) forall (£,¢) e H' x H".

Let Br(&y) = {£ € H" : dg(&€,&) < R} be the Kordnyi open ball of radius R centered at &. For
simplicity we put Bgx = Bg(O), where O = (0, 0) is the natural origin of H".

The Lebesgue measure on R?**! is invariant under the left translations of the Heisenberg group.
Thus, since the Haar measures on Lie groups are unique up to constant multipliers, we denote by dé
the Haar measure on H" that coincides with the (2n + 1)-Lebesgue measure and by |U| the (2n + 1)-
dimensional Lebesgue measure of any measurable set U € H". Furthermore, the Haar measure on H"
1s O—homogeneous with respect to dilations dz. Consequently,

Ibr(U)| = ROU|,  d(6r€) = ROdE.

In particular, |Bg(&y)| = |B1|R? for all &, € H".
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We define the horizontal gradient of a C' function u : H" — R by

n

Dyu = Z [(Xju)Xj + (YJM)YJ:I .
j=1
Clearly, Dyu € span{X;, Y;}"_,. In span{X;, Y;}"_ ~ R*" we consider the natural inner product given by
(X, Y)y = D () + 75)

J=1

for X = {x/X; + ¥Y;}'_  and Y = {y’X; +¥'Y;}"_,. The inner product (-, -),, produces the Hilbertian
norm

|X|H = ’\,(X’ X)H
for the horizontal vector field X.

For any horizontal vector field function X = X(¢), X = {¥/X; + XY i¥i_y» of class C'(H",R™), we
define the horizontal divergence of X by

diviX = > [X,(x) + ¥,G)].

=1

Similarly, if u € C*(H"), then the Kohn—Spencer Laplacian in H", or equivalently the horizontal
Laplacian, or the sub—Laplacian, of u is

A i(xhyz) Z O T T T
u= ‘ u = — + = —— —4x;——|u —.
T LTI L g T oy T Mawe aya )T o

According to the celebrated Theorem 1.1 due to Hérmander in [19], the operator Ay is hypoelliptic. In
particular, Agu = divyDyu for each u € C*(H"). A well known generalization of the Kohn—Spencer
Laplacian is the horizontal p—Laplacian on the Heisenberg group, p € (1, o), defined by

Aupp = divy(IDugll > D) for all g € CX(H").

2.2. Classical Sobolev spaces in the Heisenberg group

Let us now review some useful facts about the classical Sobolev spaces on the Heisenberg group H".
We just consider the special case in which 1 < p < Q and Q is an open set in H". Denote by HW!'?(Q)
the horizontal Sobolev space consisting of the functions u € LP(Q) such that Dyu exists in the sense of
distributions and |Dyuly € LP(Q), endowed with the natural norm

1/p
1/p
lllzwiny = (Il gy + 1Dml}, ) IDatlliey = ( f |DHu|§,d§) :
Q
By [14] we know that if 1 < p < Q, then the embedding

HW'(Q) < L@ forall s € [p.p'], p'=——.
p
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is continuous.

Let us also briefly recall a version of the Rellich theorem in the Heisenberg group. This topic is
largely treated in [13, 16, 17, 20] for vector fields satisfying the Hormander condition. The general
Hormander vector fields have been introduced in [19] and include, as a special case, the horizontal
vector fields (1.2) on the Heisenberg group. For our purposes it is sufficient to recall that for any p,
with 1 < p < @, and for any Korédnyi ball Bg(&)), the embedding

HW"(Bg(&))) =< LI(Bg(&)) (2.1)

is compact, provided that 1 < g < p*. This result holds, more in general, for bounded Poincaré—
Sobolev domains Q of H" and was first established in [27], even for general Hormander vector fields.
For a complete treatment on this topic we mention, e.g., [16,20,25].

2.3. Fractional Sobolev spaces in the Heisenberg group

Lets e (0,1)and 1 < p < co. We endow HW?*?(H"), defined in the Introduction, with the norm

- Newsram =11 1lp + [ 1asp-

Our aim is to prove the compactness of the immersion HW*?(H") — LP(Bg(&)) for all & € H" and
R > 0. The proof relies on a Lie group version of the celebrated Frechet—Kolmogorov Compactness
Theorem, cf. Theorem A.4.1 of [11]. First, we need the following lemma.

Lemma 2.1. Let0 < s <1, 1 < p < co. Then, there exists a constant C = C(s, p,n) > 0 such that for
any h e H", with 0 < r(h) < 1/2,

lrpu —ull, < Cr(h)'[ulns, forallue HW*P(H"),
where T,u(€) = u(h o &) for & € H".

Proof. Fix u € HW*P(H"), h € H", with 0 < r(h) < 1/2, and ¢ € H". Take any n € B(&, r(h)). Let
us first observe that 7(7! 0 &) < r(h), so that r(n™' o h o &) < r(n™' 0 &) + r(h) < 2r(h) by the triangle
inequality. Then,

[T — @ < 277" (ulh 0 &) — utl + lup) — u@L) .

Now, averaging in i over B(&, r(h)), we get

1 1
_ 4 ho&)— P _ Pdnl,
[Tau(8) —u@F < ¢ (” (h)Q fB(g,r(h)) b &) —umlidn+ 255 (h)Q fB(g,r(h)) utap) = ()l 77)

with ¢ = ¢(s, p, n). Thus, integrating in & over H", we obtain

s u(h o &) — um)l” f f |uCap) — u(©) )
—ull? < cr(h)* dnd. ————————dnd.
eyt = ull” < er(h) (f]]{["fb:(g,r(h)) r(h)@+sp e Bty T (hye+sr e

s lu(h o &) — u(n)|” ff lu(n) — u()|” )
< 2cr(h)’? dnd —— _dnd
< 2er(h) («[H-‘H"s[l;(f,r(h)) r(n~' o ho &)2+sr £ By Tart o £)2+sp g

< Cr(h)’"[ulps,p,

with C = 4c. O
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Theorem 2.2. Let 0 < s < 1 and 1 < p < oo. Then, for every sequence (u;), bounded in HW*?(H")
there exists u € HW*P(H") and a subsequence (uy,); C (up)y such that for all §, € H" and R > 0

w, > u inLP(Br(&)) as j— oo.

Proof. Let M = sup, lluxllgwseam. Clearly, if (1), is bounded in HW*?(H"), then is also bounded in
LP(H"). Moreover, by Lemma 2.1, we know that

iTnux — will, < Cr(h)’Lug s p < CMr(h)’.

Consequently,

lim sup [|Tux — uill, = 0.
h=0 ren

Therefore, a Lie group version of the Fréchet—Kolmogorov theorem, cf. Theorem A.4.1 of [11], yields
the existence of a function u € LP(H") and a subsequence of (u;)y, still denoted (1), such that u;, — u
a.e. in H" and u; — u in LP(Bg(&)) for all & € H" and R > 0.

It remains to prove that u € HW*P(H"). This follows straightly from an application of Fatou’s
Lemma. Indeed,

0 < lim () — w1 _ JuG) — u@l
~ oo r(n—l o é':)Q+sp r(n—l o é:)Q+sp

fora.e. (£,n) € H" x H".

Consequently, Fatou’s Lemma, together with the lower semicontinuity of [ - ]z ,, gives

[M]H,s,p < lim[uk]H,S,p < Sup[uk]H,s,p < ©0.
k— o0 keN

This concludes the proof. O
3. Proof of Theorems 1.1 and 1.2

This section is devoted to the proof of Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Let (u;); be a sequence in S'P(H") as in the statement of the theorem.
Obviously, (1.7), (1.8) and the first part of (1.10) follow from Theorem A, see [20]. Thus, there is no
reason to repeat the proof here. Let us then focus on the proof of (1.9). We proceed diving the
argument into two cases.

Case 1. u = 0. Fix ¢ € CZ(H"). Then, since clearly gu; € S '*(H") for all k, we get by (1.6)

Hllpudly, < | 1ol IDrulpdé + IDpouly. (3.1)
H}’l

Now, by the subelliptic Rellich Theorem, see (2.1), we know that u; — 0 in L?(Bg) for all R > 0.
Therefore,
]}Lrgo IDgpull, = 0. (3.2)

Consequently, by the weak® convergence and (3.2), letting k — oo, we obtain
1/p 1/p
( Igolpdw) < 7{,;”!’( f Igolpdu) for all € CX(E").
HYI H'I
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Thus, by Lemma 1.4.6 of [20], we conclude that there exist an at most countable set J, a family of
points {£;};c; C H" and a family of nonnegative numbers {w} je;uj0;, Such that

W= wdp+ Y Wil (3.3)

jeJ

Clearly, the set J determined in (3.3) is not necessary the same of the one obtained in the representation
of v. However, since the coefficients v;, u;, w; are allowed to be 0, we can replace these two sets with
their union (which is still at most countable). For this reason we keep the same notation J for the index
set.

In order to conclude the proof of (1.9) on Case 1, it remains to show that w is concentrated at O,
namely that w; = 0 for any j € J. But this is obvious. Indeed, fix ¢ € C7’(H"), with O ¢ supp ¢, so that
E B pE)PYPr(€)77 is in L*(supp ¢). Then, since obviously u;, — 0 in LP(supp ¢), we get

d d
J oo i< [ raror s sc [ mras o

as k — oo. This, combined with the weak™ convergence, gives an lplPdw = 0, that is w is a measure
concentrated in O. Hence w = wydp, and so (1.9) in proved in Case 1.

Case 2. u # 0. Setu;, = u; — u. Clearly, wy — 0 in S'"P(H") and (3.1) still holds for ¢ for any
¢ € C>(H"). Moreover, thanks to Case 1, there exists a finite nonnegative Radon measure w on H",
such that, up to a subsequence still labelled (i), we have as k — oo

d¢
n&)”

[P S @ in MH"), (3.4)

where
w= LL)()(50, (35)

and wy 1s an appropriate nonnegative number as shown in Case 1. Now, by (2.1), up to a subsequence,
uy — u a.e.in H", lue] < ggp  a.e.in H”

for some gg € LP(Bg) and all R > 0. Thus, for all ¢ € C°(H") an application of Brézis—Lieb lemma
yields

lim (gl = lleiily, ) = lloull,
A combination of the above formulas gives for all ¢ € C2°(H")

4 K =g
i~y s = =y — o), (3.6)

where o(1) X 0in M(MH"). Then, computing the limit in (3.6), by the weak* convergence and (3.4), we

get w = w — |ug — ulPyY? . Consequently, taking into account (3.5), we obtain (1.9).

r&)”
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It remains to prove that Vg/p* < (po — cwy)/I,. Fix ¢ € CX(H") such that 0 < ¢ < 1, ¢(0) = 1 and
supp ¢ = B,. Take & > 0 and put ¢.(&) = ¢(01/:(£)), € € H". Then,

plp
* * d
Ia( lpel” lugl” df) < fl%l”lDHukIZdé"+IIDH%Mkllﬁ—Uf |pel” | |Pyp” £
- b g ey 37
dé
= | | Dpug|? dé + o(1) — P lui| Py ,
anIQOI |Druylydé + o(1) Uan |el”luxl "y ey
arguing as before. Now, we know that
i tim | "l e = o (3:8)
e—0% k—>oo Hr
and
lim lim lol” ID gl dé = po. (3.9)
e—0* k—>oo Hn»
Finally, from (1.9) and the fact that w > wyd6o we get
lim lim |pel? g |P P 1 = lim f lpslPdw > wy. (3.10)
e—0% k—co Jpn € r(f)l’ e—0* B, & - )

Hence, passing to the limit as k — oo and € — 0" in (3.7), by (3.8)—(3.10) we obtain that
Igvg/p* < po — owy.

This concludes the proof. O

In Theorem 1.1 we examine the behavior of weakly convergent sequences in the Folland—Stein
space in situations in which the lack of compactness occurs. However, this method does not exclude a
possible loss of compactness due to the drifting towards infinity of the mass, or — in other words — the
concentration at infinity. Let us then turn to the proof of the concentration—compactness principle at
infinity, which extend the method introduced in the Euclidean setting in [3, 6].

Proof of Theorem 1.2. Fix a sequence (i), in S "”(H") , as in the statement of the Theorem 1.1.
Let ¥ € C*(H") be such that 0 < ¥ < 1,¥ = 0in B; and ¥ = 1 in BS. Take R > 0 and put
(&) = ¥(61/r(£)), & € H". Write

|Dyuil,,dé = f

H” H

I

C
2R

Dyl WP d + f Dyngl?.(1 = Wl ). 3.11)

n

We first observe that
Dyl dé < f ID gl ¥l d€ < f IDpuglfydé
H" B

and so by (1.11)
fieo = lim lim sup f Dl [ PglP dé. (3.12)
H}l

R—o0 pso0
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On the other hand, since y is finite, 1 — [W¢|” has compact support and ¥z — 0 a.e. in H", we have by
the definition of u and the dominated convergence theorem that

R—oo  p

lim lim Supf IDyuil? (1 = PrlP)dé = Igim f (1 = |YRrI")du = u(H™). (3.13)
Hr — Jun

Using (3.12) and (3.13) in (3.11) we obtain the second part of (1.13). Arguing similarly for v and w,
we see that

. : d.
= hm lim sup [Prl? lul” dé, we = hm lim sup [P rI? x| yp? 3 (3.14)
R—co k—oc0 H~ k— o0 H” r(é‘)ﬁ
and
L . : N dé Y
lim limsup | (1 =Ygl )ul? dé = v(H"), hm limsup | (1= |YrI")|uplP? = w(H").
R—co k— o0 n k— o0 n r(é‘-‘)]’

Thus, (1.13)—(1.14) are proved in the same way.
In order to show the last part of (1.14), let us consider again the regular function Wg. Then, since
0 < ¥ < 1, by (1.5) applied to Wxuy € S "P(H"), we get for all k

plp
Sk Sk d
LT( [Wrl” ul” df) < | [YrIPIDrul,dé + IIDH‘PRukIIZ—Gf [V RI” |uag | o 1 . (3.15)
Hr Hr Hr r(&r
Finally, from the fact that limg_, lim sup,_, ||DH‘I’Ruk||Z = 0, using (3.12) and (3.14) in (3.15) we
obtain the desired conclusion. O

4. Proof of Theorem 1.3

This section is devoted to the proof of Theorem 1.3. Before getting there, we need some preliminary
results.

Lemma 4.1. Let ¢ € CX(H"), &€ > 0 and & € H". Define H" 3 & = @.(€) = ¢(61,5(&," © &)). Then,

D3O = — Dy (10" 0 6)]

Proof. Fix ¢ € CX(H"), ¢ > 0 and & € H". The proof is a simple consequence of the change of
variables formula. Indeed, if we putn = 6;,.(h), dn = £ Cdh, then

|0e(& © h) — @e(E)I

D} = . PO dh
B f 16" 0 £0 ) — o1& 0O
- r(h)2+ps
f |0(81/6(&5" © &) 0 61/6(R)) — @(S1/6(&y" o f))l” i
B r(h)2+rs
f |0(81/:(&5" 0 € 0 1) = 0(81/0(&5 o§>)|
T ev r2rs ’
as required thanks to (1.17). O
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Note that, in general, the nonlocal (s, p) horizontal gradient of a compactly supported function does
not need to have compact support. For this, we use the following lemma, which gives valuable decay
estimates of the fractional (s, p) horizontal gradient of a C°(H") function as r(é) — oo. The next
lemma is an extension of Lemma 2.2 of [4] to the Heisenberg setting.

Lemma 4.2. Let ¢ € CX(H") be such that 0 < ¢ < 1, supp ¢ C Bg for some R > 0.Then, there exists a
constant C = C(s, p, n) such that for any ¢ € H"

ID3,0(é)|P < C min{1, R9r(£)"@+P)),
In particular, |D},¢|P € L*(H").

Proof. Let us first prove the global L™ bound. Consider for any & € H"

s _ lp(€oh) - . lp(& o h) — (&)
oy = [ HEN AN, ( [ - [ ) o gy

and compute separately the last two integrals. By the mean value theorem and [14]

lp(& o h) — 90(5)|p 1
f r(h)Q+ps dh < C, jz;l Wdh < C,,

since Q + sp — p < Q. On the other hand,

o€ 0 ) - P
S P |

dh < Cs,

being obviously Q + sp > Q. Now, consider € € H" with r(£) > 2R. Clearly, ¢(¢) = 0 and so

HEShY [ lEeny,
Hn r(h)Q+pS r(éoh)<R r(h)Q+pS

Now, if r(é o h) < R and r(§) > 2R, then r(¢) — r(h) < r(€ o h) so that r(h) > r(¢) — R > r(é)/2.
Therefore,

ID*p(&)I" =

Q+sp

r(&)e+sr

This concludes the proof of the lemma. O

ID*p(&I" <

llplis f dh < CR2r(¢)™@sP),
r(éoh)<R

Combining Lemma 4.1 and Lemma 4.2, we obtain the following.

Corollary 4.3. Let ¢ € CX(H") be such that 0 < ¢ < 1 and suppy C By. Let & € H" and define
H's ¢ @ (6) = go(él/g(fal 0 &)). Then, there exists a constant C = C(s, p,n) such that for any ¢ € H"

IDye:(E)I < Cminfs™", £2r(£)™ @7},

Using the previous estimates, we are able to prove the next result, which is an extension of
Lemma 2.4 of [4] to the Heisenberg context.

Lemma 4.4. Let ¢ € CX(H"). Then, the following embedding is compact

HW*P(H") —><— L°(H", |Dyel"ds).
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Proof. Let (uy); be a bounded sequence in HW*P(H"), say sup, |lukllpwsr@ry < M, with M > 0. From
the reflexivity of HW*?(H") and Theorem 2.2, there exist u € HW*P(H") and a subsequence, still
denoted by (u; )i, such that

uy — uin HW*P(H"), up = u € LP(Bg) foranyR > 0. “4.1)

Fix R > 0 so large that supp ¢ C Bg. Certainly,

1) — OV DY) de = ( [+
B Bor B

R
Now, from Lemma 4.2 and (4.1)

] k(&) — uI 1Dy ()N dé.

(&) = u@P DI dé < Dyl | |w(§) — w@I"dé = o(1) (4.2)

Bog Bag

as k — co. On the other hand, using (1.16) and the Holder inequality with g = p%/p = Q/(Q - sp) and
q = Q/sp, we get by Lemma 4.2

lp(€ o h) — &P 9° sp/Q
j];ﬁn r(h)2+ps dh‘ df)

&) — )D€ < N — ( [
.

2R

d sp/Q
< 27l el + ||u||§§_>[ f —f) (4.3)
B

. r(g)Q(HQ/sp)
2R
sp/Q
o[ ot
B, r(‘f)Q(HQ/sp)

2 .
where C = 2F’2||<,0||{f<> M?. Now, for any 7 > 0 we can choose R > 0 ever larger, if necessary, so that

dé sp/Q -
g, 1(€)20+0/) <C

Finally, by (4.2) and (4.3), we obtain

C
BZR

Jim sup f (&) — W@V DL dE < T

k—o0

for all 7 > 0. Sending T — 0" we get the desired conclusion. O

The proof of the next lemma is based on the precise decay rate of |D},¢.|”, cf. Corollary 4.3. The
main difficulty here, as we already pointed out in the Introduction, is based essentially on the fact that
the nonlocal (s, p) horizontal gradient |Dj,¢.|” does not need to have compact support. The proof uses
the same strategy of Lemma 4.4, which is effective thanks to the decay estimates given in Lemma 4.1
and Corollary 4.3.

Lemma 4.5. Let (uy); be a bounded sequence in HW*P(H") and let ¢ € C*(H") be such that0 < ¢ < 1,
©(0) = 1 and supp ¢ C By. Take € > 0, fix{y € H" and put H" 3 & — ¢(€) = 90(61/8(661 0&)). Then

lim lim sup |Dy el luk|Pdé = 0.

£-07 k— o0 H»
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Proof. Let (u;)r be a bounded sequence in HW**(H"), say supy, ||ukllpwsr@ry = M. From the reflexivity
of HW*P(H") and Theorem 2.2, there exist u € HW?*?(H") and a subsequence, still denoted by (u)y,
such that

u — uin HW*P(H"), u, — uin LP(Bg(&))), 4.4)

for any R > 0 and &, € H". Clearly,

f |DH%|P|uklpd§=( f . f )lDHsoslpmkwdf.
H" B.(é0) Bg(éo)

Let us first estimate the integral over B.(&). By Corollary 4.3 there exists C = C(s, p,n) > 0 such that

lim supf |Dy el lu|’dé < Clim sups’”’f lug|? = Ca‘”’f [ulPdé — 0 4.5)
+(£0) Be(é0) B.(%0) e=07

k—o0 k—o00

thanks to (4.4) and the Lebesgue theorem, being sp < Q.
Now we turn to the integral over BS(&,). Using the Holder inequality with ¢ = p/p = Q/(Q — sp)
and ¢’ = Q/sp, and again Corollary 4.3, we get

Dol lugl”dé < Nl ( f ID}yee(©) sdf) <CMs ( f —)
L@(&)) " P BS(&0) B r(é:)Q(HQ/sp)

_ sp/Q
< C M?|B,|*"'2&2 (SQ(I Q/SP)) = C MP|B,[*"/2&* .

Therefore, it follows that

limsupf D30\l |Pdé < C MP|B, |7/ 2e*P . (4.6)
BC

k— o0

Finally, using (4.5) and (4.6), we conclude

lim limsup | [Dyg,,I"lul"dé < lim (Ca‘”’ f lulPdé + C MP|B,|*"/9&°7 | = 0,

e20" g Jmn Be(é0)

as required. m|

Lemma 4.5 extends to the Heisenberg case a remark given in the proof of Theorem 1.1 of [4], stated
in the Euclidean framework.

Proof of Theorem 1.3. Let (u;); be a sequence in HW*?(H"), as in the statement of the theorem, and
let us divide the proof into two cases.
Case 1. u = 0. Fix ¢ € C°(H"). Then, an application of Lemma 4.4 immediately yields

Iw(f) eI’
ff”xH" (é‘:)lp é—‘)Q+sp dé‘:d]] = 0(1),
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as k — oo. Consequently, since gu, € HW*P(H") for all k, we get

X . \PIPS - P
o [t st (] LAt
< 2P" 1( f f le(n )I”luk@ u;cé??,l,pdfdn
H"xH" f (47)

Iw(f) e(m” )
P déd
i&wn<a| vy o ez A

<2r! f lol”|Dy il d€ + o(1)
Hn

as k — oo. Therefore, passing to the limit in (4.7), by the weak™ convergence we have the following
reverse Holder inequality

N 1/pj 1/q
( Icplpsa’v) < C(f Igolpd,u) for all ¢ € C°(H").
Hl‘l n

Thus, by Lemma 1.4.6 of [20], we conclude that there exist an at most countable set J, a family of
points {£;}e; C H" and a family of nonnegative numbers {v;} ;c; such that

v=> v, (4.8)

jeJ

Case 2. u # 0. Setu;, = u; — u. Clearly, uy — 0 in HW*P(H") and (4.7) still holds for ¢u; for any
¢ € CX(H"). Moreover, k — [ |Psdé and k — |D3ui|Pdé are still bounded sequences of measures
and so by Proposition 1.202 of [15], we can conclude that there exist two bounded nonnegative Radon
measure v and u on H", such that, up to a subsequence, we have

Dyinl’dé — T, [l dE =V in MH"). (4.9)

Thus, from Case 1 there exist an at most countable set J, a family of points {£;},c; € H" and a family
of nonnegative numbers {v;} jc; such that v = }’ ;c; v;0,,. Consequently, the claimed representation (1.7)
of v follows exactly as in Theorem 1.1.

Let us now prove the first part of (1.10). Fix a test function ¢ € C(H"), such that 0 < ¢ < 1,
@(0) = 1 and supp ¢ C B;. Take & > 0 and put . j(€) = p(61/:(£;" 0 £)), € € H', for any fixed j € J,
where {£;}; is introduced in (1.7). Fix j € J and 7 > 0. Then, there exists C; > 0 such that, by (1.16)
applied to ¢, jux, we have

N T | (s, 1)@ = (@ jus) )|
Cp; o7 iP5 d < déd
”(fH e i 5) ffmnxw r(nt o §)2+sp e (4.10)

<A +1) | lpePIDymlPdé + C, f Dy e I |u|” dé .

H~

We aim to pass to the limit in (4.10) as k — oo and &€ — 0*. To do this, let us observe first that from
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the weak” convergence and (1.7) we get

lim hmf |‘p81|p |uk|p di’f = lim Igog,jlpidv

o+ +
e—0 e—0 Be(&))

. __ 4.11
= lim { f o 7l d + v,-csg,.«og,j)} @10
#=0" (UB.¢)
=V
since
f e 17"l dé < f lulpsdé = o(1)
B.(¢)) Bg(£))
as & — 07, being 0 < ¢ < 1. On the other hand, the weak® convergence gives
lim | g I’ IDyul’dn = | lepe 1 du, (4.12)
k—oo Hr Hr
while Lemma 4.5 yields
11r(r)1 lim supf |Dy e ilP lu|Pdn = 0. (4.13)
e=0" 0o n

Then, combining (4.11)—(4.13) and letting £ — 0" in (4.10), we find that
Cp;v?/p: < +7)u; foranyje/,
where u; = lim,_,o+ u(B:(¢;)). Since T > 0 is arbitrary, sending 7 — 0%, we finally obtain

CoV'" <y jel

= Zuj%-

jeJ
Denote by B.(&) the Euclidean ball of R*"*! of center & € H" and radius . By Lebesgue’s

differentiation theorem for measures (see for example [15]), in order to prove that u > [D}ulPdé¢ it
suffices to show that

.. :U( 1—:(60)

liminf ————

a=0t |Bs(fo)l

where |B.(&))| is the Lebesgue measure of the Euclidean ball B,(&)).
Clearly, since |Dy,ul|?dé¢ € L! (H"), we know that for a.e. & € H"

Obviously,

> |DSulP (&) forae. & € H", (4.14)

loc

. 1 s B »
lim Bo@ol o \Dyul”(©)dé = |Dpuly(£o)- (4.15)

Fix € > 0 and &, € H" such that (4.15) holds. Now, the functional ® : HW*?(H") — R, defined as

u(@) — ulm!” M(U)|p f
Du = dnd. D3ulPdé,
’ Ls(fo) w171 0 £)007 6= s(fO)l ura
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is convex and strongly continuous on HW*?(H"). Thus, since u; — u in HW?*?(H"), we have

lim inf f D3P de > f D3, ulPdE.
B(6o)

ko Be(&)

Therefore, an application of Proposition 1.203 — Part (ii) of [15] gives

H(Be(&o) Jim sup H(B:(£0) _ Jim sup
1Be(60)l ko Be(&o)l koo [Be(€o)l I,

1 1
> lim inf f \D3,uylPdé > f \D3,ulPdé.
oo 1BoE Ja ey M 1B Jge)

Now, passing to the liminf as € — 0* and using (4.15), we obtain (4.14).
Finally, since |DjulPd¢ is orthogonal to ) jc; u;0¢;, we get the desired conclusion. This concludes
the proof.

|Dyuil”de
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