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Abstract: Goal of this paper is to study the following doubly nonlocal equation
(=A)'u + puu = (I, * Fw))F'(u) inRY (P)

in the case of general nonlinearities F € C'(R) of Berestycki-Lions type, when N > 2 and u > 0 is
fixed. Here (—A)°, s € (0, 1), denotes the fractional Laplacian, while the Hartree-type term is given
by convolution with the Riesz potential /,, @ € (0, N). We prove existence of ground states of (P).
Furthermore we obtain regularity and asymptotic decay of general solutions, extending some results
contained in [23,61].
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1. Introduction

In this paper we deal with the following fractional Choquard equation

(=AYu+ pu = (I * Fw)f(u) inRY (1.1)
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where N > 2, u >0, s € (0,1), @ € (0,N), (—A)* and 1, denote respectively the fractional Laplacian
and the Riesz potential defined by

s . u(x) — u(y) . 1
(=AY’ u(x) := Cn LN ey dy, I,(x):= AN,(IW’
4T ) - " - is i
where Cy; := )] and Ay, = 37T are two suitable positive constants and the integral is in
b 2

the principal value sense. Finally F : R — R, F’ = f is a nonlinearity satisfying general assumptions
specified below.

When dealing with double nonlocalities, important applications arise in the study of exotic stars:
minimization properties related to (1.1) play indeed a fundamental role in the mathematical description
of the gravitational collapse of boson stars [31,53] and white dwarf stars [37]. In fact, the study of the
ground states to (1.1) gives information on the size of the critical initial conditions for the solutions
of the corresponding pseudo-relativistic equation [48]. Moreover, when s = %, N =3, a =2and
F() = %Itl’, we obtain

V=Au + pu = (; * Iulr) lu>u inR?
27r| x|
related to the well-known massless boson stars equation [29, 39, 50], where the pseudorelativistic
operator V—A + m collapses to the square root of the Laplacian. Other applications can be found in
relativistic physics and in quantum chemistry [1,22,38] and in the study of graphene [56], where the
nonlocal nonlinearity describes the short time interactions between particles.

In the limiting local case s = 1, when N = 3, @ = 2 and F(t) = %Itlz, the equation has been
introduced in 1954 by Pekar in [63] to describe the quantum theory of a polaron at rest. Successively,
in 1976 it was arisen in the work [51] suggested by Choquard on the modeling of an electron trapped
in its own hole, in a certain approximation to Hartree-Fock theory of one-component plasma (see
also [32, 33, 69]). In 1996 the same equation was derived by Penrose in his discussion on the self-
gravitational collapse of a quantum mechanical wave-function [59, 64-66] (see also [70,71]) and in
that context it is referred as Schrodinger-Newton system. Variational methods were also employed to
derive existence and qualitative results of standing wave solutions for more generic values of @ € (0, N)
and of power type nonlinearities F(t) = }Itl” [60] (see also [14,20,49,58,61,62]). The case of general
functions F', almost optimal in the sense of Berestycki-Lions [5], has been treated in [19,61].

The fractional power of the Laplacian appearing in (1.1), when s € (0, 1), has been introduced
instead by Laskin [47] as an extension of the classical local Laplacian in the study of nonlinear
Schrédinger equations, replacing the path integral over Brownian motions with Lévy flights. This
operator arises naturally in many contexts and concrete applications in various fields, such as
optimization, finance, crystal dislocations, charge transport in biopolymers, flame propagation,
minimal surfaces, water waves, geo-hydrology, anomalous diffusion, neural systems, phase transition
and Bose-Einstein condensation (see [6, 25, 31, 45, 46, 55] and references therein). Equations
involving the fractional Laplacian together with local nonlinearities have been largely investigated,
and some fundamental contributions can be found in [9, 10, 30]. In particular, existence and
qualitative properties of the solutions for general classes of fractional NLS equations with local
sources have been studied in [7,11,28,41,42].

Mathematically, doubly nonlocal equations have been treated in [23,24] in the case of pure power
nonlinearities (see also [13] for some orbital stability results and [12] for a Strichartz estimates
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approach), obtaining existence and qualitative properties of the solutions. Other results can be found
in [4,57, 67] for superlinear nonlinearities, in [36] for L?>-supercritical Cauchy problems, in [35] for
bounded domains and in [72] for concentration phenomena with strictly noncritical and monotone
sources.

In the present paper we address the study of (1.1) when f satisfies the following set of assumptions
of Berestycki-Lions type [5]:

(f1) f e CR,R);
(f2) we have

(e tf(t
i) limsup | fN(m)l < 400, i) limsup | fN(m)l ;
t—0 I\ N |f]—>+00 |l’|N—2s
(f3) F(1) = [; f(r)dx satisfies
F(t F(t
i) lim 152! =0, i) lim §+) =0;
=0 || 7 lfl—>+co |f| n=2s

(f4) there exists ) € R, ty # 0 such that F(z) # O.

We observe that (f3) implies that we are in a noncritical setting: indeed the exponents % and 1{}'3’&
have been addressed in [60] as critical for Choquard-type equations when s = 1, and then generalized
to s € (0,1) in [23]; we will assume the noncriticality in order to obtain the existence of a solution,
while most of the qualitative results will be given in a possibly critical setting. This kind of general
nonlinearities include some particular cases such as pure powers f(f) ~ ", cooperating powers f(t) ~
t" + 1", competing powers f(f) ~ " —t" and saturable functions f(¢) ~ 1% (which arise, for instance, in
nonlinear optics [27]).

We deal first with existence of a ground state for (1.1), obtaining the following result.

Theorem 1.1. Assume (f1)—(f4). Then there exists a radially symmetric weak solution u of (3.1), which
satisfies the Pohozaev identity:

N-2 N N
ul f (=AYl dx + ~pu f WPdx= ¢ f (I, * F(u)F () dx. (1.2)
2 RN 2 RN 2 RN

This solution is of Mountain Pass type and minimizes the energy among all the solutions satisfying
(1.2).

We refer to Section 3 for the precise meaning of weak solution, of Mountain Pass type and energy,
according to a variational formulation of the problem.

We point out some difficulties which arise in this framework. Indeed, the presence of the fractional
power of the Laplacian does not allow to use the fact that every solution satisfies the Pohozaev
identity to conclude that a Mountain Pass solution is actually a (Pohozaev) ground state, as in [44]
(see Remark 3.5). On the other hand, the presence of the Choquard term, which scales differently
from the L2-norm term, does not allow to implement the classical minimization argument by [5, 21].
Finally, the nonhomogeneity of the nonlinearity f obstructs the minimization approach of [23, 61].
Thus, we need a new approach to get existence of solutions, in the spirit of [16—18].

Under (f1)—(f4) it is moreover possible to state the existence of a constant sign solution (see
Proposition 3.6). This motivates the investigation of qualitative properties for general positive
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solutions; in this case we consider weaker or stronger assumptions in substitution to (f1)—(f3),
depending on the result. In particular, we observe that (f1)—(f2) alone imply

ltf ()] < C(|r|% + |;|%)’

and
PO < C(10™™ +1075),

where we notice that the last inequality is weaker than (f3); some of the qualitative results are still

valid when F' has this possible critical growth. Consider finally the following stronger assumption in

the origin:

ltf @)

|2

(f5) limsup,_,, < +o0,

and observe that
(f5) = (£2,1) and (f3.1).

The main qualitative results that we obtain are the following ones.

Theorem 1.2. Assume (f1)—(f2). Let u € H*(RM) be a weak positive solution of (1.1). Then u €
L'RN) N L*(RN). The same conclusion holds for generally signed solutions by assuming also (f5).

The condition in zero of the function f assumed in (f5) leads also to the following polynomial decay
of the solutions.

Theorem 1.3. Assume (f1)—(f2) and (f5). Let u € H*(RN) be a positive weak solution of (1.1). Then
there exists C’,C"” > 0 such that

N
WSM(X)S for x e R,

The previous results generalize some of the ones in [23] to the case of general, not homogeneous,
nonlinearities; in particular, we do not even assume f to satisfy Ambrosetti-Rabinowitz type conditions
nor monotonicity conditions. We observe in addition that the information u € L'(RY) n L>(RY) is
new even in the power-type setting: indeed in [23] the authors assume the nonlinearity to be not lower
critical, while here we include the possibility of criticality. Moreover, we improve the results in [57,67]
since we do not assume f to be superlinear, and we have no restriction on the parameter «. Finally,
we extend some of the results in [61] to the fractional framework, and some of the results in [7] to
Choquard nonlinearities.

The paper is organized as follows. We start with some notations and recalls in Section 2. In
Section 3 we obtain the existence of a ground state in a noncritical setting, and in addition the existence
of a positive solution. Section 4 is dedicated to the study of the boundedness of positive solutions, while
in Section 5 we investigate the asymptotic decay. Finally in the Appendix A we obtain the boundedness
of general signed solutions under some more restrictive assumption.

2. Preliminaries

Let N > 2 and s € (0, 1). Recalled the definition of the fractional Laplacian [25]
v u(x) — u(y)
(~A)u(x) = C,s f L
R

N |)C _ y|N+25
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for every s € (0, 1), we set the fractional Sobolev space as
H'®Y) = e P®R") | (~8)"u € PRY)
endowed with
el = Nl + (= A)" 2l
In particular, we consider the subspace of radially symmetric functions H*(RY), and recall the
continuous embedding [25, Theorem 3.5]
HRY) — L(RY)
forevery p € [2,27],2; = % critical Sobolev exponent, and the compact embedding [54]
H!(RY) s LP(RY)

for every p € (2,2;). In addition we have the following embedding of the homogeneous space [25,
Theorem 6.5] for some S > 0
lullo; < ST2I(=A) ull,. (2.1)

Moreover the following relation with the Gagliardo seminorm holds [25, Proposition 3.6], for some
C(N,s)>0

lu(x) — u(y)l®
rav | — y|VEEs
Thanks to this last formulation, we obtain that if u € H*(RY) and 4 : R — R is a Lipschitz function
with A(0) = 0, then h(u) € H*(RY). Indeed

IhGoll; = f |A(u) — h(O)* dx < f 11113, = OF dx = 11|13, lull3
RN RN

(=AY "ull? = C(N, S) dx dy. (2.2)

and
dxdy = [W|IZI1(=A)"?ull3.

7112 _ 2
(=AY h(w)|? < C(N’S)f 12 u(x) — u(y)|

RN |.X _ y|N+2s

We further have the following relation with the Fourier transform [25, Proposition 3.3]

(—=A)Y’u = FH(EP(F w));
notice that this last expression is suitable for defining the fractional Sobolev space W*?(RY) also for
s>1andp > 1, by [28]
WPRYN) = {u € LPR") | F1 (€1 (F ) € LY RY)}.

Finally, set « € (0,N), we recall the following standard estimates for the Riesz
potential [52, Theorem 4.3].
Proposition 2.1 (Hardy-Littlewood-Sobolev inequality). Let @ € (0, N), and let r, h € (1, +00) be such
that % - % = . Then the map

feL R I, % f e L"RY)

is continuous. In particular, if r, t € (1,+00) verify % + % =
C(N,a,r,t) > 0 such that

N+a

=~ then there exists a constant C =

(Lo * Qhdx

RN

< Cllgll-IAll;

forall g € L'(RY) and h € L'(RM).
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3. Existence of ground states

In this section we search for solutions to the fractional Choquard equation
(=AN)u+puu = I, * Fw)f(u) inRY (3.1)

by variational methods on the subspace of radially symmetric functions H*(R"). We recall that F’ = f
and we assume (f1)—(f2) in order to have well defined functionals. We set D : H'(RY) — R as

D(u) := f Iy = F(u)F(u)dx
RN
and define the C'-functional J, : H{(R") — R associated to (3.1) by

1 1 u
2 A2 gy Koo
Tulu) := 5 fRN (=28)" ul” dx = S D) + S lully-

We notice that, by the Principle of Symmetric Criticality of Palais, the critical points of 7, are weak
solutions of (3.1). Moreover, inspired by the Pohozaev identity
N —2s
2

N+«
2

N
I(=A)"2ull3 + Eﬂllullg = D(u) (3.2)

we define also the Pohozaev functional P, : H; (RY) - R by

N —2s
2

N+«
2

, N
Puu) := I(=2)*"2ull; ~ D(u) + E,ullulli-

Furthermore we introduce the set of paths

[, := {y € C([0, 11, H}(RY)) | 7(0) = 0, J,(y(1)) < 0}

and the Mountain Pass (MP for short) value
() = ;2{ max Tu(y(@)). (3.3)

Finally we set
p() = inf {F, () | u € H}RY) \ (0}, P,(u) = 0}

the least energy of J,, on the Pohozaev set.

Remark 3.1. Since of key importance in the good definition of the functionals, as well as in bootstrap
argument in the rest of the paper, we write here in which spaces lie the considered quantities. Let
u € H'R) c L2(RY) n L*(RN). By (f2) we have
f(u) € L (RY) A Law5RN) + L2652 0 Lavs (RY)
c L% (RY) + Lavs (RY),
F(u) € L5 (RY) 0 L 75 RY) + L2 RY) 0 L (RY)
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c L¥s(RY),
Thus by the Hardy-Littlewood-Sobolev inequality we obtain

2 =25
I, * F(u) € L¥5 (RY) 0 L=wavza (RY) + Lit-aveo (RY) 1 L5 (RY)
c L7+ ®RM).
Finally, by the Holder inequality, we have

N2 —2s
(I, * F(u) f(u) € L>*RM N LNg—Zsa R + L%(RN) N L%(RN)
c 2®RY) + L= RY).
In particular we observe that (I, * F(u))f(u) does not lie in L>(RY), generally. On the other hand, if

¢ € H'RY) c L*(RY) N L%(RYN), we notice that the found summability of (I, * F(u))f(u) is enough to
have

| o Fap g x
RN
well defined.

We present now an existence result for (3.1).

Theorem 3.2. Assume (f1)—(f4). Let u > 0 be fixed. Then there exists a Mountain Pass solution u of
(3.1), that is
Tw) = () > 0.

Moreover, the found solution satisfies the Pohozaev identity
Pu(u) = 0.

Proof. We split the proof in some steps.
Step 1. We first show that 7, satisfies the Palais-Smale-Pohozaev condition at every level b € R,
that is each sequence u, in H*(R") satisfying

Ju(un) — b, (3.4)
j/:(u,,) — 0 strongly in (H}(RY))*, 3.5
Pu(u,) — 0, (3.6)

converges up to a subsequence. Indeed (3.4) and (3.6) imply

a+2s
2

Thus we obtain that » > 0 and u, is bounded in HS(RY).
Step 2. After extracting a subsequence, denoted in the same way, we may assume that u, — u
weakly in H*(R"). Taking into account the assumptions (f1)—(f3), we obtain

(0
I(=2)"2u, |15 + E,ullunllﬁ = (N +a)b + o(D).

f (Lo * F(up)) f(up)uo dx — f (Lo * F(uo)) f (uo)uo dx
RN RN
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and

f (Ia * F(un))f(un)un dx — f (Ia * F(”O))f(”O)MO dx.
RN RN

Thus we derive that (7 /:(un), u,) — 0 and (7 ,i(”n)’ upy — 0, and hence
I(=A)unll3 + pllualls = (=2 uoll3 + pllusoll3

which implies u, — u strongly in H*(RY).
Step 3. Denote by
[T, <b]:={ueHRY)| T, < b}

the sublevel of 7, and by
Ky = {u e H{RY) | J.(w) = b, T, (u) = 0, P, () = 0}

the set of critical points of 7, satisfying the Pohozaev identity. Then, by Steps 1-2, K}, is compact.
Arguing as in [40, Proposition 4.5] (see also [43, Proposition 3.1 and Corollary 4.3]), we obtain for
any b € R, & > 0 and any U open neighborhood of K, that there exist an & € (0, £) and a continuous
map 7 : [0, 1] x HX(RY) — HR") such that

(1°) nO,u) =u Vue Hrs(RN);

2% nt,u) =u V(t,u)€[0,1]x[J, <b-El

(3% Jut,w) < Ju(w)  V(t,u) € [0, 1] x H}(RV);
@) n(L,[Jy<b+el\U)C I, <D-el
G)n(L,[J.<b+eh) Iy <b-e]UU;

(6°) if K =0,thenn(1,[J, <b+¢e]) C [T, <b-¢l

Step 4. By exploiting (f4) and arguing as in [61, Proposition 2.1], we obtain the existence of a
function v € H*(R") such that D(v) > 0. Thus defined y(¢) := v(-/f) for > 0 and y(0) := 0 we have
J(y(1)) < 0 for ¢ large and J (y(7)) > O for ¢ small; this means, after a suitable rescaling, that /(u) is
finite and strictly positive. In particular we observe that 0 ¢ K.

Step 5. By applying the deformation result at level b = I(u) > 0, the existence of a Mountain Pass
solution u is then obtained classically. Moreover, u € Ky, by construction, thus # # 0 and #,(u) = 0.

We prove now that the found solution is actually a ground state over the Pohozaev set.

Proposition 3.3. The Mountain Pass level and the Pohozaev minimum level coincide, that is

I(u) = p(u) > 0.
In particular, the solution found in Theorem 3.2 is a Pohozaev minimum.

Proof. Let u € H¥(RM) \ {0} such that P.(u) = 0; observe that D(u) > 0. We define y(r) := u(-/t) for
t # 0 and y(0) := 0 so that t € (0, +o0) = F,(¥(?)) is negative for large values of ¢, and it attains the
maximum in ¢ = 1. After a suitable rescaling we have y € I', and thus

Ju(u) = max Ju(y(@) = I(u). (3.7)

Mathematics in Engineering Volume 4, Issue 6, 1-33.



9

Passing to the infimum in Eq (3.7) we have p(u) > I(u). Let now y € I',. By definition we have
Ju(y(1)) <0, thus by

Pu(v) = NI, (v) = sll(=A)"][; - %D(V), v e HiRY),

we obtain £, (y(1)) < 0. In addition, since D(u) = o(|lull};,) as u — 0 and y(r) — O as t — 0 in H}(R"),
we have
P.(y(H)) >0 for small ¢ > 0.

Thus there exists a t* such that £, (y(t*)) = 0, and hence

p(u) < J,(y()) < max Ju(y(0);

passing to the infimum we come up with p(u) < I(u), and hence the claim. |
Proof of Theorem 1.1. We obtain the result by matching Theorem 3.2 and Proposition 3.3. |

We pass to investigate more in details Pohozaev minima, showing that it is a general fact that they
are solutions of the Eq (3.1).

Proposition 3.4. Every Pohozaev minimum is a solution of (3.1), i.e.,
Juw) = p(u) and P,(u) =0

imply
Ti(w) =0.

As a consequence
p() = inf {J,(u) | u € H}RY)\ {0}, Py(u) =0, J,(u) = 0}.

Proof. Let u be such that J,,(«) = p(u) and P, (u) = 0. In particular, considered y(#) = u(-/t), we have
that 7, (y(?)) is negative for large values of ¢ and its maximum value is p(u) attained only in ¢ = 1.
Assume by contradiction that u is not critical. Let I := [1-06, 1 +¢] be such that y(/)N K, = 0, and
set & := p(u)—max,g J,(y(t)) > 0. Letnow U be a neighborhood of K, verifying y(/)NU = (: by the
deformation lemma presented in the proof of Theorem 3.2 there exists an i : [0, 11X H}(RY) — H}RY)
at level p(u) € R with properties (1°)-(6°). Define then ¥(¢) := n(1, y(¢)) a deformed path.
For ¢ ¢ I we have J,(y(¢)) < p(u) — &, and thus by (2°) we gain

Juy(@0) = Ju(y(®0) < p(uw) — &, forr ¢l (3.8)
Let now ¢ € I: we have y(7) ¢ U and J,(y(?)) < p(u) < p(u) + &, thus by (4°) we obtain
Ju(y() < p(u) — &. (3.9)

Joining (3.8) and (3.9) we have
max J.(y(®) < pu) = ()

which is an absurd, since after a suitable rescaling it results that ¥ € I, thanks to (3°). |
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Remark 3.5. We point out that it is not known, even in the case of local nonlinearities [7], if

p() = inf {(J,(u) | u € HXR) \ {0}, T/ (u) = O}.

On the other hand, by assuming that every solution of (3.1) satisfies the Pohozaev identity (see e.g., [67,
Proposition 2] and [23, Eq (6.1)]), the claim holds true.

We show now that, under the same assumptions of Theorem 3.2, we can find a solution with constant
sign.

Proposition 3.6. Assume (f1)-(f4) and that F # 0 on (0, +o0) (i.e., to in assumption (f4) can be chosen
positive). Then there exists a positive radially symmetric solution of (3.1), which is minimum over all
the positive functions on the Pohozaev set.

Proof. Let us define
8 = XO40) S
We have that g still satisfies (f1)—(f4). Thus, by Theorem 3.2 there exists a solution u of

(=AY'u + pu = (I, * G(u))g(u) inRY

where G(¢) = fot g(t)dr. We show now that u is positive. We start observing the following: by (2.2)
we have

2
”(_A)s/ZlulH% — C(N, S)f (Iu(x)l—lu(y)l) dXdy
R2N

|x y|N+2S
2
— C(N, S) fm |l/t| (X) + |I|’t)|c ()’;lN+§ISu|(x)|u|(y)

2 2
CV. 5) f () +u”(y) = 2u(Du(y)

|X y|N+25

IA

— C(N )fZN (M(X) - M(Y)) dx dy — ||(—A)S/21/l||%,

|)C _ |N+25

thus
I(=A)ullla < I(=A)"2ull,.

In particular, written u = u, —u_, by the previous argument we have u_ = '”' * € H}(RY). Thus, chosen
u_ as test function, we obtain

f (=AN)*u (=A)Pu_dx + f uu_dx = f (I, * G(u)g(u)u_ dx.
RN RN RN

By definition of g and (2.2) we have
c f (u(x) = u(y)(u_(x) — u_(y))
N,s
RNxRN

|_x _ y|N+2s

dxdy—/,tf u? dx = 0. (3.10)
RN

Splitting the domain, we gain

f (u(x) = u(y)(u-(x) — u_(y)) dxd
RN xRN

|)C _ y|N+25
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] f (400 + ) [
{u(x)20}x{u(y)<0}

|X _ y|N+2s

) f (00 + 1)
{u(x)<0}x{u(y)=0}

|X _ y|N+2s

_ 2
_ f (u-(x) Z;g)) dxdy.
u<Opxui<oy X — YN

Thus we obtain that the left-hand side of (3.10) is sum of non positive pieces, thus u_ = 0, thatis u > 0.
Hence g(u) = f(u) and G(u) = F(u), which imply that u is a (positive) solution of (3.1). |

4. Regularity

In this section we prove some regularity results for (3.1). We split the proof of Theorem 1.2 in
different steps.
We start from the following lemma, that can be found in [61, Lemma 3.3].

Lemma 4.1 ([61]). Let N > 2 and a € (0,N). Let 1 € [0,2] and q,r, h,k € [1, +00) be such that

. _4,2-4
N h k g ro

Let 6 € (0, 2) satisfying
1

min{g, r} (% - %) < 6 < max{q, r} (1 - E)’

min{g, r}(% - %) <2 -6 < maxg, r}(l - %)

Let H € L"(RM), K € L*RN) and u € LYRY) 0 L'(RY). Then

f (L (1)) Kl dx < CHlK il
R

for some C > 0 (depending on 6).

By a proper use of Lemma 4.1 we obtain now an estimate on the Choquard term depending on
H’-norm of the function.

Lemma4.2. Let N > 2, s € (0, 1) and a € (0, N). Let moreover 8§ € (3,2 — &) and H,K € L%TN(RN) +
2N

La% (RN). Then for every & > 0 there exists C,.g > 0 such that

f (£ * (H1ul®)) Kl dx < 1(=8)"ull3 + Cogllull}
RN

for every u € HS(RM).

Proof. Observe that 2 — 6 € (§,2 — §) as well. We write
H=H +H, eLs®R")+ Las(RY),
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K=K +K,eLv®R")+Lin®RY).
We split fRN (I(, « (H |u|9)) K|u|*=? dx in four pieces and choose

2N
gq=r=2, h=k=—, A1=2,
a
2N 2N 2N
q:2’r:—’ h:_’ = s :1a
N-2s @ a+2s
2N 2N 2N
S0 r= e b= k=T A=,
g d N —2s a+2s «
2N 2N
= = . h:k: ) :O’
=7 N —2s a+2s

in Lemma 4.1, to obtain

6 2-6 2
f (7 * CIul®)) Ko~ dx SIE s KW 3 + 1V a1 2 Qo] 2 +
RN a a @ (03 5 —Z5

2
+ || H . 2v (K 2v el lloell 2 + [H ]| 2 [[K ] 2y [foel] %5y
a+2s @ N-2s a+2s a+2s N_2s

Recalled that % = 2} and the Sobolev embedding (2.1), we obtain

f (£ * (HIl®)) K1~ doc < (J1H o IRl ) el + (L] 25 K] 2 ) =AYl 3+
RN ‘ ‘

+ (I N 1K 2+ THL 2 1K ) el (=A)Pully, (4.1)

a+2s

2N 2N
1% > a+2s’

choose the decomposition of H and K such that the L%-pieces are arbitrary small
(see [8, Lemma 2.1]). Indeed, let

where < denotes an inequality up to a constant. We want to show now that, since

weE can

H=H +H,eL"®")+ Los(RY)
be a first decomposition. Let M > 0 to be fixed, and write

H = (Hy + Hoxymi<my) + HoXjop>my-

Since Hox(my<my € Lo (RY) N LY(RY) and 2 € (22 o0), we have Haoxm,<m € L= (RY), and thus

a+2s?
* 2N 2N
H = Hl + HZX{lelsM} €L« (RN), H* = HQ)({|H2|>M} € Lo+ (RN)

On the other hand

a+2s

N 2N
IHl 2y = (f |H|avs dX)
a+2s |H2‘>M

which can be made arbitrary small for M > 0. In particular we choose the decomposition so that
2
<
(Il 2 KN 2y ) < €
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and thus
C'(e) i~ (IH v IK 2.

In the last term of (4.1) we use the generalized Young’s inequality ab < ‘%aZ + %bz, with
5 1= & (1B Il Kl 2. + L] 2y 1K Jlav)
so that
(I N 1 2+ 1L 2 K ) ol (= 8) 2l < A& ull3 + € (@)I(=A)ull.
Merging the pieces, we have the claim. |

The following technical result can be found in [35, Lemma 3.5].

Lemma 4.3 ([35]). Leta,b e R, r>2andk > 0. Set T, : R — [—k, k] the truncation in k, that is

—k ift < —k,
Tt =1 t  ifte(=kk),
k ift > k,

and write a; .= Ti(a), by := Ti(b). Then
4(r—1)

72

(™ = 16) < (@ = b) (arlarl > = bilbe ).

Notice that the (optimal) Sobolev embedding tells us that H*(RY) < L?(RY). In the following we

show that u belongs to some L'(RY) with r > 2% = %; we highlight that we make no use of the

Caffarelli-Silvestre s-harmonic extension method, and work directly in the fractional framework.

Proposition 4.4. Let H,K € L%(RN ) + L%(RN ). Assume that u € H*(R") solves
(=A’u+u=(U,*(Hu)K, inRY

in the weak sense. Then

ue U®RYN) forallre|2, X2,

Moreover, for each of these r, we have
el < Crlluall2

with C, > 0 not depending on u.

Proof. By Lemma 4.2 there exists 4 > 0 (that we can assume large) such that

1 A
fRN (Lo * (Hu))) Klul dx < EII(—A)”zuII% + Ellullﬁ- (4.2)

Let us set
H, = HX{IHISn}a K, = KX{|K|SH}’ forn e N
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and observe that
H,, K, € L% ®R"),

H,—- H, K,— K almosteverywhere, asn — +co

and
|H,| < |H|, |K,| <|K| foreveryneN. (4.3)

We thus define the bilinear form

an(p, ) = f (=)@ (=8)Pydx + A f oy dx — f (Lo * (Hop)) Koy dx
RN RN RN
for every ¢, € H(R"). Since, by (4.3) and (4.2), we have

2
||90|| S(RN) (4‘4)

1 ) A 1
a,(¢. ) 2 SlI=8)"¢l + Zligl; >

for each ¢ € H*(R"), we obtain that a, is coercive. Set
fi=@Q-DueH®RY)
we obtain by Lax-Milgram theorem that, for each n € N, there exists a unique u, € H S(RV) solution of

an(itns @) = (f, @)2, ¢ € H'(RY),

that is
(=N)’u, + Au, — (I, * (Hyuy))K, = (A= Du, inRY 4.5)

in the weak sense; moreover the theorem tells us that

Al
Nl < % = 2(A = Dllull>

(since 1/2 appears as coercivity coeflicient in (4.4)), and thus u,, is bounded. Hence u,, — i in H*(R")
up to a subsequence for some . This means in particular that u, — & almost everywhere pointwise.
Thus we can pass to the limit in

(=A)*u, (=N *pdx + A f Upp dx — f (I, * (Huu,)) K,odx = (1= 1) f ug dx;
RN RN RN R:

N

we need to check only the Choquard term. We first see by the continuous embedding that u, —
in LYRY), for ¢ € [2,27]. Split again H = H* + H,, K = K* + K, and work separately in the
four combinations; we assume to work generally with A € {H*, H,}, H € I’(R") and K € {K*, K.},
K € LYRY), where B,y € {#, 2%} Then one can easily prove that H,u, — Hii in L'(R") with
1_ 1

=3+ }1. By the continuity and linearity of the Riesz potential we have 1, * (H,u,) — I, * (Hii) in

L'RY), where 7 = 1 — ¢ As before, we obtain (I, * (H,u,)) K, — (I, * (Hii)) K in L*(RY), where
= % + 3. Simple computations show that if 8 = y = 2 and ¢ = 2, then k' = 2; if B = 2&,
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y = & (or viceversa) and ¢ = 2, then k' = 2; if 8 = y = 2% and g = 2;, then k' = 2!. Therefore

H*(RV) ¢ LF(R") and we can pass to the limit in all the four pieces, obtaining

fR = () Ky dx f U+ (HI) Ky

Therefore, i satisfies
(=AY + it — (I, * (Hi))K = (A= Du, inRVY

as well as u. But we can see this problem, similarly as before, with a Lax-Milgram formulation and
obtain the uniqueness of the solution. Thus # = u and hence

u, = u in H*R"Y),asn — +oo
and almost everywhere pointwise. Let now k > 0 and write
Uy := Ti(u,) € P(RY) 0 L2RY)

where T}, is the truncation introduced in Lemma 4.3. Let r > 2. We have |un,k|’/ 2 € H'RY), by

exploiting (2.2) and the fact that A(f) := (Tx(¢))"/? is a Lipschitz function with 4(0) = 0. By (2.2) and
by Lemma 4.3 we have

4= r/2 r2\?
A(r—1) U = (|t (O = Lt i)
: f (=) (sl )P dx = C(N, 5) f ( N ) dxdy
r RW R2N lx =yl
(%) = 160 3)) (10 Ot O = skt k2
<C(N,s) sz Xy dxdy.

Set

@ = U gl
it results that ¢ € H*(R"), since again h() := T(t)|Tx(t)|""? is a Lipschitz function with 4(0) = 0. Thus
we can choose it as a test function in (4.5) and obtain, by polarizing the identity (2.2),

(up(x) = u,(y)) (@(x) = @()) dxdy

N |.X _ y|N+25

A(r = 1)

72

f (=AY (i )P dx < C(N, 5)
RN R

= —/lf u,pdx + f (I, * (Hyuy)) Kypdx +(1—1) up dx
RN RN

RN
and since u,p > |u,|” we gain

4@r-1)

| 1Al )P dx <

RN

< —ﬁf |t il dx + f (I, * (Hyu,)Kypdx + (A — 1)f up dx. (4.6)
RV RV RN

Focus on the Choquard term on the right-hand side. We have
f Iy * (Hyu,))K,pdx < 4.7)
RN
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IA

fN (Ia * (lHn”unI/\/{lunlsk}))lKn”un,klr_l dx + fN (Ia * (ll_ln||unI/Y{Iu,,|>k}))|l{n||un,k|r_1 dx
R R:

IA

fN (Ia * (lHn”un,kl))'Kn”un,klr_l dx + fN (I(l * (|[_In||unI)({|un|>k}))|l(n”btn'r_1 dx
R R

4.3)
< f (Lo * (Hlun g D) KNt 1" dx + f (Lo * (Hllttn i)V Kallital ™" dx
RN RN
= () +UD. (4.8)

Focus on (I). Consider r € [2, %), so that 6 := % € (%,2 — ). Choose moreover v := |u,l,k|’/2 €

H*(RY) and &* := @ > 0. Thus, observed that if a function belongs to a sum of Lebesgue spaces
then its absolute value does the same ( [3, Proposition 2.3]), by Lemma 4.2 we obtain

2(r—1)

72

(1) < (=22t sl )15 + COMletn sl 13- (4.9)

Focus on (/). Assuming r < min{Z', 22}, we have u, € L'(R") and H, € L% (RY), thus

Hllu,| € LRY),  withl =241

for the Holder inequality. Similarly
r—1 bmN : 1 _ «a 1
|Kn”un| el (R ), with 3 = 3N +1- e

Thus, since i + }7 = %, we have by the Hardy-Littlewood-Sobolev inequality (see Proposition 2.1)
that

1/a 1/b
f (Lo * (Hulltnlx s o)) Kl ™" dx < C(f | H || a’X) (f IKllual ™1 dX) :
RN ([t >k} RV

With respect to k, the second factor on the right-hand side is bounded, while the first factor goes to
zero thanks to the dominated convergence theorem, thus

(Il) = 0x(1), ask — +oo. (4.10)

Joining (4.6), (4.8), (4.9), (4.10) we obtain
2(r—1)

2 (=AY (i) dx <

RN

< —ﬂf |t il dx + C(r)f i dx + (A — l)f up dx + or(1).
RN RN RN

That is, by Sobolev inequality (2.1)

212
C'(r) (f it 4 2% dx) < (C(r)—l)f |t 1" dx + (A — 1)[ |ul | 1|~ dx + 01 (1).
RN RN RN

Letting k — +o00 by the monotone convergence theorem (since u,; are monotone with respect to k and
U, — U, pointwise) we have

2/2%
C’(r)( |, |25 dx) S(C(r)—/l)f |un|’dx+(/l—l)f || |ut,|" dx 4.11)
RN RN

RN
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and thus u, € L2%(R"). Notice that 7€ (1, min{g, %}) If N — 2s < a we are done. Otherwise, set
ry := r, we can now repeat the argument with

2N . (2N N
ry € | ———, min —,2( ) .
N -=2s a N —2s
N

2
Again, if 2 <2 (T) we are done, otherwise we repeat the argument. Inductively, we have
a N-2s

N m

( ) — 400, asm — +0o
N —2s

thus %V <2 (%)’n after a finite number of steps. For such r = r,,, consider again (4.11): by the almost

everywhere convergence of u,, to u and Fatou’s lemma

\2% 2/2:
C”(r) (f |u|£2}) dx < liminf C"(r)( lu, |22 dx)
RV n

RN

RN

< liminf ((C(r) ) lu,| dx + (1 —1) f |ua] |ut,,|”! dx)
n RN

< (C(r) — A) limsup lu,|"dx + (41— 1)1lim supf |t |, ! dx.
n RN n RN

Being u, equibounded in H*(R") and thus in L*(RY), by the iteration argument we have that it is

equibounded also in L"(R"); in particular, the bound is given by ||u||, times a constant C(r). Thus the

right-hand side is a finite quantity, and we gain u € L3%(R"), which is the claim. |

The following Lemma states that I,xg € L*(R") whenever g lies in LY(R") with ¢ in a neighborhood
of g (in particular, it generalizes Proposition 2.1 to the case & = oo and r = g).
In addition, it shows the decay at infinity of the Riesz potential, which will be useful in Section 5.

Proposition 4.5. Assume that (f1)—(f2) hold. Let u € H*(RN) be a solution of (3.1). Then u € LY(R")
for q € [2, g%), and
I, * F(u) € Co(RY),

that is, continuous and zero at infinity. In particular,
I, * F(u) € L*(R")
and
(I, * F(w)(x) - 0 as |x| » +oo.

Proof. We first check to be in the assumptions of Proposition 4.4. Indeed, by (f1)—(f2) and the fact that
u e HRY) c L>(RY) N L%(R") we obtain that

H = ?, K = f(u)

liein L% RN+ L%(RN ), since bounded by functions in this sum space (see e.g., [3, Proposition 2.3]).

Now by Proposition 4.4 we have u € LY([R") for ¢ € [2, 2.
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To gain the information on the convolution, we want to use Young’s Theorem, which states that if
g, h belong to two Lebesgue spaces with conjugate (finite) indexes, then g * h € Co(RY). We first split

Ly = F(u) = (Loxs,) * F(u) + (Loxs;) * F(u)
where
Lxs, € L"RY), forr €[l,7%),
Lyyp € L*(RY),  forr, € (%, 0]
We need to show that F(u) € LY (RY) N L%(RY) for some ¢; satisfying
1 1
S-=1, i=1,2
qgi i
that is

el 6[1, N ), % E( N ,oo]
g —1 N -« g, — 1 N-«a
or equivalently g, < g < qi. Recall that
() < C (lul ™ + ul¥5).
Note that u € LYRY) for g € [2, ¥ Z2-) implies
ul ¥ 3 € L1 ®Y) 0 L2 @)
for some ¢, < % < qi. Thus we have the claim. |

Once obtained the boundedness of the Choquard term, we can finally gain the boundedness of the
solution.

Proposition 4.6. Assume that (f1)—(f2) hold. Let u € H*(RN) be a positive solution of (3.1). Then
u € L*RM).

Proof. By Lemma 4.5 we obtain
a:=1,* F(u) e L°(R").

Thus u satisfies the following nonautonomous problem, with a local nonlinearity
(-A)"u + pu = a(x)f(u), inRY
with a bounded. In particular
(=AN)u = g(x,u) := —pu + a(x)f(w), inRY

where
a a+2s
lgCx. 0| < pltl + Cllallo (17 + N) _

Set y := max{l, £2} € [1,2}), we thus have

lg(x, Dl < C(A + 1),
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Hence we are in the assumptions of [26, Proposition 5.1.1] and we can conclude. |

We observe that a direct proof of the boundedness for generally signed solutions, but assuming also
(f5), can be found in Appendix A.

Gained the boundedness of the solutions, we obtain also some additional regularity, which will be
implemented in some bootstrap argument for the L'-summability.

Proposition 4.7. Assume that (f1)—(f2) hold. Let u € H*(RY) N L*(R") be a weak solution of (3.1).
Then u € H*RY)NC*(RN) for any y € (0, min{1, 2s}). Moreover u satisfies (3.1) almost everywhere.

Proof. By Proposition 4.6, Proposition 4.5 and (f2) we have that u € L*(R") satisfies
(-A)’u =g e L*(RY)

where g(x) 1= —uu(x) + (I, * F(u))(x)f(u(x)). We prove first that u € H*(R"). Indeed, we already
know that f(u), F(u) and I, * F(u) belong to L*(R"). By Remark 3.1, we obtain

f(u) e Les@®RY) N LRY),  F(u) € Lva(®RY) 0 L2RY),

I * F(u) € L5 RY) N LYRY), (I, * F(w)f@) € LXRY) N L RY).

In particular,
g 1= (Lo * F) f(u) — pu € L*R").

Since u is a weak solution, we have, fixed ¢ € H*(R"),
(=N)"*u(=A)yPpdx = f gdx. (4.12)
RV RV
Since g € L>(RY), we can apply Plancharel theorem and obtain
gl = | TFde 4.13)
RV RV
Since H*(RY) = F(H*(RY)) and ¢ is arbitrary, we gain

€7 =g € L*RY).

By definition, we obtain u € H**(RV), which concludes the proof. Observe moreover that #~'((1 +
€17 )u) = u+g € LA(RY)NL*(RY), thus by definition u € H**(RY)N W2 (R"). By the embedding [28,
Theorem 3.2] we obtain u € C*(RM) if 25 < 1 and y € (0,2s), while u € C'(R") if 25 > 1 and
v € (0,25 — 1) (see also [68, Proposition 2.9]).

It remains to show that u# is an almost everywhere pointwise solution. Thanks to the fact that
u € H*(R"), we use again (4.13), where we can apply Plancharel theorem (that is, we are integrating
by parts (4.12)) and thus

(-A)’updx = f gdx.
RN RN
Since ¢ € H*(R") is arbitrary, we obtain

(=A)’u =g almost everywhere.
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This concludes the proof. |

We observe, by the proof, that if s € (%, 1), then u € C(RY) for any y € (0,25 — 1), and u is a
classical solution, with (—=A)*u € C(R") and equation (3.1) satisfied pointwise.
We end this section by dealing with the summability of u in Lebesgue spaces L' (RY) for r < 2.

Remark 4.8. We start noticing that, if a solution u belongs to some LY(RN) with g < 2, then u € L'(RM).
Assume thus q € (1,2) and let u € LYRYN) N L*(RY), then we have

fu) e LT®M) N L°®RY),  F(u) e L¥=@®RY) n L°RY),

I, * F(u) € LV (RY) 0 L°RY), (I, * Fw))fw) € L% (RY) 0 L°(RY).

Thanks to Proposition 4.7, u satisfies (3.1) almost everywhere, thus we have
FH (R +p)0) = (A u+ pu = (I * F(u)) f () € LT (RY)
which equivalently means that the Bessel operator verifies
—1 2 T BN
F (P + 1) %) € Lvaza (RY),
Thus by [2, Theorem 1.2.4] we obtain that u itself lies in the same Lebesgue space, that is
u € Lvwa (RV),

If#’;_q) < 1, we mean that (I, * F(w)) f(u) € L'(RY) N L*(RY), and thus u € L'(RY) N L*(RY). We

convey this when we deal with exponents less than 1.

If g <2, then
gN
N+ a2 - q)
and we can implement a bootstrap argument to gain u € L'(RY). More precisely
90 € [1,2)
_ anN
qn+1 = N + (},’(2 — qn)

where g, — 0 (but we stop at 1). Thus, in order to implement the argument, we need to show that
u € LYRY) for some g < 2.

We show now that u € L'(R"). It is easy to see that, if the problem is (strictly) not lower-critical,
i.e., (f2) holds together with

F(1)
7 _0
tl—%l |l‘|ﬁ
for some B € (52, 222 then u € L'(RY). Indeed u € H'(RY) N L*(R") ¢ L*(R") N L*(R") and
(o * F(w)f(u) € LIRY),
1 _ B a . : :
where =37 noticed that ¢ < 2, we can implement the bootstrap argument of Remark 4.8.

We will show that the same conclusion can be reached by assuming only (2).
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Proposition 4.9. Assume that (f1)—(f2) hold. Let u € H*(RY) N L(R") be a weak solution of (3.1).

Then u € L'(RM).
Proof of Proposition 4.9. For a given solution u € H*(RY) N L*(RY) we set again

Ik:ng K = f(u).

Since u € L*(RY) N L*(RY), by (f2) we have H, K € L= (RY). For n € N, we set
Hy, 1= Hx\jxizn).-

Then we have
|H,||lx. > 0 asn — oo.

Since supp(H — H,) C {|x| < n} is a bounded set, we have for any g € [1, %V]
H-H,cI’!(R") forallneN.

We write our equation (3.1) as

(=AYu+pu =, * Hu)K + R, inR",
where we introduced the function R, by

R, =, = (H - H)uK.

Now we consider the following linear equation:

(-N*v+uv=(U,* HV)K + R, inR"V.

We have the following facts:

(1) The given solution u solves (4.16).
(i) By the property (4.15) with 8 € (%, %), there exists ¢g; € (1,2), namely ql—l
that R, € L"(RN) n L*(RV).
(i11) By the property (4.14), for any r € ( 2N_ 91 ¢ (1,2]

2N-a’

ve 'R - A,(v) := (I, * Hy)K € L'(RY)

is well-defined and verifies
1A, Wl < Cpullvll,

Here C,,, satisfies C,, — 0 asn — oo.

_1
B

(4.14)

(4.15)

(4.16)

1 o4
+ 5 — 3y such

4.17)

We show only (iii). Since v € L"(RY), by Hardy-Littlewood-Sobolev inequality and Holder inequality

we obtain
1AWl < CIH|l2x |IK] 2 IV

where C, > 0 is independent of n, v. Thus by (4.14) we have C,,, := C,||H,||z||K||lzx — 0 asn — oo.
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Now we show u € L9 (R"), where g, € (1,2) is given in (ii). Since ((-A)*+u)~! : L'(RY) — L'(R")
is a bounded linear operator for r € (1, 2] (see [2, Theorem 1.2.4]), (4.16) can be rewritten as

v="T,v),

where
T,(v) = (FA) + )7 (A,() + R,).
By choosing 5 € (2, %) we have ¢, € (21%/]Xa’ 2) c (1,2), thus we observe that for n large, T}, is a
contraction in L>(R") and in L? (RY). We fix such an n.
Since T, is a contraction in L2(R"), we can see that u € H*(R") is a unique fixed point of T,. In
particular, we have

u = lim T50) in L*@RM).

On the the other hand, since T, is a contraction in L' (R"), (T,’;(O)),‘j’:l also converges in L' (RY). Thus
the limit u belongs to L' (R).

Since g; < 2 we can use the bootstrap argument of Remark 4.8 to get u € L'(R"), and reach the
claim. |

5. Asymptotic decay
We prove now the polynomial decay of the solutions. We start from two standard lemmas, whose

proofs can be found for instance in [15, Lemma A.1 and Lemma A.3].

Lemma 5.1 (Maximum Principle). Let T C RY, possibly unbounded, and let u € H*(RN) be a weak

subsolution of
-AN’u+au<0 nRV\Z

with a > 0, in the sense that
f (=A)Pu (=N dx + af updx <0
RN RV

for every positive ¢ € H'(RN) with supp(¢) € RN \ X. Assume moreover that
u<0, forae xeZX.

Then
u<0, forae xeR". (5.1

Lemma 5.2 (Comparison function). Let b > 0. Then there exists a strictly positive continuous function
W € H*(RN) such that, for some positive constants C',C"” (depending on b), it verifies

(AW +bW =0 inRV\B,

pointwise, with r := b~'>, and

’ 124

< W(x) < for |x| > 2r. (5.2)

|x|N+2s |x|N+25 ’
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We show first some conditions which imply the decay at infinity of the solutions.

Lemma 5.3. Assume that (f1)—-(f2) hold. Let u be a weak solution of (3.1). Assume
ue LxRY) 0 L2RY)

and
(I, * Fu) f(u) € L¥®RY) 0 L*RY).

Then we have
ux) —» 0 as|x| - +oo. (5.3)

Proof. Being u solution of
(=A'u+u=1~-mwu+,+Fuw)fw =y inRY,
where y € L% (RY) N L*(R"), we have the representation formula
u=%K=y

where K is the Bessel kernel; we recall that K is positive, it satisfies K(x) < lxl% for |x| > 1 and

K e LiRN) forge[1,1+ N2—S2s) (see [28, page 1241 and Theorem 3.3]). Let us fix > 0; we have, for
xeRY,

u(x) = fR K= Yy
_ f Kx = Yy + f Kx = Y(dy.
|x=y|>1/n |x—yl<1/n

As regards the first piece

C
f K(x = Yy < Iyl f = _dy<Cp
lx—yl=1/n lx=y|>1/n lx — y|V+=s

2s
N-2s

. . ’ N
) and its conjugate exponent ¢' > 5=, we

while for the second piece, fixed a whatever g € (1,1 +
have by Holder inequality

[ sy < KL,
[x=yl<1/n

where the second factor can be made small for |x| > 0. Joining the pieces, we have (5.3). |

We observe that the assumptions of the Lemma are fulfilled by assuming that u is bounded thanks
to Proposition 4.9. We are now ready to prove the polynomial decay of the solutions.

Conclusion of the proof of Theorem 1.3. Observe that, by (f5) and Lemma 5.3, we have

% e L°(RY). (5.4)
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Thus we obtain, by applying Proposition 4.5, that

fux)
u(x)

Thus, by (5.5) and the positivity of u, we have for some R > 0

Iy = F(u))(x) 0 as|x] > +oo. (5.5)

(=8)'u+ e = (U x F@)f0) = Y = (Lo » F@)22 = 4)u <0 in RV \ By
Similarly

(=AYu+ 3puu = (I, * F) f(u) + spu = ((Ia * F(u))% + %u) u>0 inRM\ Bg.

Notice that we always intend differential inequalities in the weak sense, that is tested with functions in
H*(RY) with supports contained in the reference domain (e.g., RV \ Bg).

In addition, by Lemma 5.2 we have that there exist two positive functions W’, W' and three positive
constants R”, C’ and C”” depending only on y, such that

3
(“A)W + Su W' =0 inRV\ By,

’

|| N+2s < W), for |x| > 2R".
x|N+2s T —

and .
(=AW + SH W =0 inRY\ Bg,
74 C” ’7
W (x) < W, for |x| > 2R".

—_—

Set R := max{R’,2R"}. Let C, and C, be some lower and upper bounds for u on B, C, := ming, W
and C, := maxg, W', all strictly positive. Define

W:=CC, W, W:=CC'W

—_ =1

so that
W(x) <u(x) < W(x), for|x| <R.

Thanks to the comparison principle in Lemma 5.1, and redefining C’ and C”, we obtain

’ 12

< W(x) < u(x) < W(x) < v forkd>R

|x|N+25

By the boundedness of u, we obtain the claim. |

We see that, for non sublinear f (that is, (f5)), the decay is essentially given by the fractional

operator. It is important to remark that, contrary to the limiting local case s = 1 (see [60]), the
Choquard term in case of linear f does not affect the decay of the solution.
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Remark 5.4. We observe that the conclusion of the proof of Theorem 1.3 can be substituted by
exploiting a result in [30]. Indeed write V := —(I,, * F(u))%, which is bounded and zero at infinity as
observed in (5.4)—(5.5), and gain

(-AN)'u+V(x)u=—-uu inRN,

Up to dividing for |\ull,, we may assume ||u|l, = 1. Thus we are in the assumptions of [30, Lemma C.2]
and obtain, even for changing-sign solutions of (3.1),

G
N+2s

lu(x)| < ———=
(L+ 1)

together with

G 1
|M(X)| - |X|N+2S to |x|N+2s as lxl — o

for some C{,C;, > 0.
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Boundedness of signed solutions

In order to achieve the boundedness of general signed solution, we ask in addition that f satisfies

(f5). We adapt some argument from [34, Proposition 2.3], giving here the details for the reader’s
convenience.

Proposition A.1. Let u € H*(RY) be a weak subsolution of

(-A)'u < g(x,u) inRN

with

lg(x, ) < C(If] + [¢1>7).

Then u € L*RN).

In particular this apply to (3.1) with
g(x, u) := (o * F(u) f(u) — pu,

whenever (f5) holds (together with (f1)—(f2)), thanks to Proposition 4.5.
Proof. We already know that u € L% (RM). Let us introduce v > 1, to be fixed, and an arbitrary 7" > 0,
and set a y-linear (positive) truncation at T

0 ifr <0,
h(t) = hy,(t) ==t ift€(0,T],
YT 't — (y = DT ift>T.

We have that 2 € C'(R) N W'°(R), it is positive (increasing and convex), zero on the negative halfline,
and by direct computations it satisfies the following properties

O<h@® <], teR, (A1)
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0 <th'(t) <yh(t), teR, (A.2)
Tlim hr()=1, t>0. (A.3)
—+00

The goal is to estimate ||2(u)||>: and give thus a bound of u in L*Y(RN), where 2%y > 2;. In order to
handle the weak formulation of the notion of solution we introduce

h(t) := f (W'(r)*dr, teR
0

and observe that 1 € C'(R) N W"°(R) is positive, increasing, convex and zero on the negative halfline.
In particular
W)= @m@®)>?, teR (A.4)

by definition and
W)= h(r) <KW (@)@ -71), t,reR (A.5)

by convexity, and we gain also the Lipschitz continuity
I(t) — h(r)| < W llolt = 7, £, 7 €R.
Combining the definition of 4, (A.2) and (A.1) we obtain
0 < h(t) < |IWllolt?, t€R. (A.6)
Finally, by a direct application of Jensen inequality we gain
lh(t) — k(PP < (h() — h("))(t — 1), t, reR. (A7)

We observe that i(u) € H*(RY) since £ is Lipschitz continuous and h(0) = 0; moreover, since 2% 1s the
best summability exponent, if we assume

*

2
l<y<s = (A.8)
2
by (A.6) we obtain also
h(u) < W lolul” € LARY).

We use now the embedding (2.1) and combine (2.2), (A.7) and the polarized version of (2.2) to
obtain

Ikl < STHI-A)Yhw)ll;
|A(u(x)) = h(u()P

=(C'(N,5)"'S™ dxdy

sy - yl’fﬂs
< (C'(N.5)" 'S (h(u(x)) — h(u(y)))(u(x) — u(y)) dxdy
- > RN |x _ y|N+2s

=S | (=A)u(=A)*"*h(u)dx.
RN
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Since A(u) € H*(R") we can choose it as a test function in the equation and gain
||h(u)||§§ <S8! fRN g(x, w)h(u) dx.
By the assumptions on g and the positivity of /(u) we obtain
||h(u)||§§ <S’! lg(x, w)|h(u) dx < CS™! fRN (ul + [ul>~Vh(u) dx.

RN

Since A(u) and A(u) are zero when u is negative, we obtain
@)l < CS™F f () dx.
R
Now we use (A.5) (with r = 0), (A.4), and (A.2)

(), < CS™ f (e () dx
R

IA

CS™ | (uy + > Dus (W (uy))? dx < y*CS™ f (1+ 1> ) (h(uy))* dx
RN RN

IA

Y*CS™! f (h(u))? dx +Y*CS™ | u> (h(uy))* dx. (A.9)
EQN

RN

Let now R > 0 to be fixed; splitting the second piece of the right-hand side of (A.9) and by using the
Hoélder inequality we obtain

f e (h(u,)) dx = f e (h(uy)) dx + f w2 (h(uy)) dx
RN u<R u>R
252

PH
szezs-2||h<u+)||§+( f uzsdx) el
u>R

Since u € L*(R"), we can find a sufficiently large R = R(y, my, S™") such that

25-2

f o 5T<1 1
u=sdx S =aT-
u>R Z,YZCS—I

Thus, plugging this information into (A.9), and absorbing the second piece on the right-hand side into
the left-hand side, we obtain by (A.1)

I3 < 2/°CS™H (1 + RE )bl < 2y°CS™ (1 + R\ 13
Recalled that & = hz,, by (A.3) and Fatou’s Lemma we have

2
%

2
* 2% L *

<2°CS™ (1 + RE ).
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By our choice (A.8) of y we gain that u, € L%”(R"), which was the claim. By an iteration argument,
with
L ]
Yo = 358 Yi= 3
we obtain u, € L' (R") for each r € [2, +00). In order to achieve u, € L*(R") we need to be careful on
the bound on the L"-norms.

2;71'—1, Yi — +09,

Knowing that u, lies in every Lebesgue space for r < co we can implement a more precise iteration
argument, where we drop the dependence of the constant on R. We exploit once more (A.9). Applying
again Fatou’s Lemma to (A.9) and using (A.1) we obtain

1137, < ¥*CS™ (u W) dx. (A.10)

Focusing on the second term on the right-hand side, exploiting first the generalized Holder inequality

with
1 1 1

=1,
N/s 2*

4N

possible since ui‘t_z €L’ (RY) because (2¢ — 2)N =
then, we obtain

> 2, and the generalized Young’s inequality

21242y 2:-2
fuﬁ dx:f 'yl dx < Ny ||¥||”1||2||u1||2§
RN RV

252 2 &
<l ) = ey ( el + 5l

2y )
2y

+ and bringing the L%”-norm on the

1 £
2
(2l + 5l

Plugging this into (A.10), set a := ||u+||i;2, choosing € =

2 —
N-2s CS

left hand side, we gain

2y S2PCSTH(1+ 3 CS Nl < Cy M)

for some y-independent C’ > 0. Choosing 2y; := 2*y,_; we obtain

N
|17 2y S (C”}/i )27’ [ 178

25Yi-1
and thus

~ log (c’( ) ) )
log (¢/y* Yico
() ETS

: 1A T~
s < | [ (€YD Nty = 5707 = ¢
j=0

|17

and finally, sending i — +oco,

llusllo < €

where the constant is finite. Thus u, € L*(RY).
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To deal with u_ we consider

0
k() = kr,(t) := hr(=1), k() := f (K'(r)? dr = h(-1)

and choose k(u) as test function. With the same passages we obtain

and thus

kG5 < =S jl; 8, w)k(u) dx

k(3. < S~ f lgC wlk(u)dx < CS™ f Al + |~ Ye(ue) dx

which implies

R

k(- )|, < CS™F f (= ul+ 1 = u " k(-u) dx

RN
and hence
A )ll5. < CS™ f (-] + Ju~Dh(u) dx;
s RN
we then proceed as before to gain u_ € L*(R"). This concludes the proof. |
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