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Abstract: Symmetry plays an important role in nature as well as in mathematics. Many properties of
matter can be expressed in terms of Cartesian tensors. The analysis of tensor symmetry can be
simplified by decomposing tensors into irreducible parts that possess complete (permutation)
symmetry in the sense of Young. This paper compiles well-known results and formulas from group
theory to construct an algorithm for such analytical decomposition and provides its explicit realization
for Cartesian tensors of small rank (from 2 to 4). The complete results are presented in tabular form.
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1. Introduction

Symmetry plays an important role in nature and in mathematics. Many properties of matter can
be expressed in terms of Cartesian tensors, which can be decomposed into irreducible parts possessing
complete (permutation) symmetry according to Young (Euler form). From another point of view, these
properties can be represented through the decomposition of tensor spherical harmonics in three-
dimensional space (Gauss form). In spaces of other dimensions, the situation becomes more complex.
Proponents and opponents of these representation forms continue to debate which approach is more
appropriate. Each point of view is supported by serious and convincing arguments. In this author’s
opinion, both representations are valid and have their own field of application. The Euler representation
is often used for analytical problems in which symmetry and irreducibility can be used to derive
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solutions. Another advantage of the Euler form is its relatively straightforward extension to problems
in spaces of dimension higher than 3.

However, formulas of the Euler representation, especially for arbitrary fourth-rank tensors, are
scarcely presented in the literature (except for second-rank tensors, which have been extensively
studied and will also be discussed in the present paper). Although general formulas exist for certain
stages of the decomposition, they are highly complicated, and users may easily make errors when using
them. Therefore, the goal of this paper is to employ well-known results and formulas from group theory
to build a complete algorithm for such analytical decomposition and to implement it for Cartesian
tensors of small rank (from 2 to 4), presenting the results in tabular form. These tables may be used
for the investigation of tensor symmetry properties.

The author has attempted to compile general formulas and algorithms that are useful for the
practical study of symmetry properties and that enable readers to perform any decomposition, as well
as to implement it computationally.

2. Methods and data sources
2.1. Notations and definitions

In this work, the following notations are used: dim is the dimension of the space; GL(dim) is the
general group of linear transformations; O(dim) is the group of orthogonal transformations; and
SO(dim) 1s the group of rotations (the special group of orthogonal transformations).

Most of the tensor-algebra notation employed in this paper can be found in [1,2], including
definitions of multi-indices and multi-components according to Damour and Thorne; symmetric,
antisymmetric, and trace-free tensors (both in terms of the group or groups of indices and in their
entirety); definitions of dual components; and operations of symmetrization, antisymmetrization,
deviatorization, and dualization (both in terms of the group or groups of indices and in their entirety).
As such, these concepts are introduced here only to the extent necessary for the comprehension of the
material presented.

In addition to widely accepted conventions, several further specific definitions, concepts, and
notations from group theory, as well as some introduced by the author, will be needed.

2.1.1.  Young tableaux and Young symmetry index

The central concept of group theory for describing Young-type symmetry is the Young tableaux,
which is detailed in [3]. It is noteworthy to mention that here, only the line form of Young tableaux is
used, as the Young symmetry index. It includes, in curly brackets, the content of every string of Young
Tableaux, listed from biggest to smallest, in the form of string index numbers. Indices of each string
are separated by commas. For example, for a third-rank tensor, the Young tableaux is as follows:

l1]2]3] [1]2] |1

(1)

This can be written in line form as follows: {{1,2,3}}, {{1,2}{3}}, {{1,3}{2}},and {{1}{2}{3}},
which can also be used as the Young symmetry index here.
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Trace-free tensors are denoted by adding the suffix 7F to the Young symmetry index (YS7). For
example, the YSI of the trace-free part of a tensor with symmetry index {{1,2}{3}} is written as
{{1,2}{3}}TF. Similarly, the traceless part of a tensor with Young symmetry index {{1,2,3}} is
denoted as {{1,2,3}}TF.

2.1.2.  Operation-history indices and other notations

Because the representation of high-rank tensors becomes increasingly complex, it is convenient
to use not only the Young symmetry index but also a special coupled operation index (OI) and Young
symmetry index (YS7) for all transformation steps, as explained below.

YSI for result of first operation series

YSI for start component with start component
(if YSI exists or omitted ) (if YSI exists or omitted ) YSI of current component
Ol for current component (if YSI exists or omitted)
(if operation(s) were executed or omitted)| OI for start component Ol for results of first operation series iyl .0,
(if operation(s) were executed or omitted) with start component —
. . . tensor indices
(if operation(s) were executed or omitted)

In most cases, the OI associated with the current component can (and, if possible, should) be
shown using traditional bracket notation applied directly to tensor indices. However, additional
notation is required to describe operations for other steps. Another reason is the need to perform
operations not on all indices but only on individual groups. The author of this paper proposes the
following notations by analogy with traditional notations.

Particular dualization. For every space dimension, a tensor with a certain Young symmetry is
equivalent to a combination of components that are (dual) tensors or pseudotensors of smaller rank.
These can be obtained by dualization using either the fully antisymmetric unit tensor of the space
(named here as tensor dualization) or the fully antisymmetric unit symbol Levi-Civita (named as
pseudotensor dualization). In the OI, tensor (pseudotensor) dualization is denoted by the symbol e (¢),
followed by the enumeration of index groups in curly brackets, in parentheses and separated by
commas. If dualization is executed for a group of indices in columns of a Young tableaux, the
corresponding column numbers are written after symbol e (&) in curly brackets and separated by commas.

Particular symmetrization, antisymmetrization, and deviatorization. In OI, the designations S,
A, and STF are used for these operations. The groups of indices on which the operation if performed

2)

are listed in curly brackets; indices within each group are enclosed in parentheses and separated by commas.

Particular trace freedomization. In O, the designation TF is used. Two groups of indices are
specified in curly brackets. The first group includes the first indices of convolution in parentheses,
separated by commas. The second group includes the second indices of convolution in parentheses,
separated by commas.

Particular trace-part extraction. In OI, the designation 7P is used. After this symbol, the groups
of index numbers determining the trace part are listed in curly brackets. It should be noted that a
completely antisymmetric tensor has no trace part, so the ATP notation is not meaningful.

Particular spoor. In OI, the designation Sp is used. Two parentheses are specified in curly
brackets. The first parentheses list the first indices of the convolution, separated by commas, and the
second parentheses list the corresponding second indices of the convolution. If the tensor is symmetric,
it does not matter which pairs of indices are used for the trace. In this case, the Sp symbol in curly

brackets only includes the number of pairs of indices used for the spoor, and the parentheses are omitted.
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Extraction of a part multiplied by a given multiplier. In OI, the designation PMB (from Part
Multiplied By) is used. The multiplier is written in curly brackets. This multiplier is usually an isotropic
tensor. If the multiplier is a number (not tensor), it is written as a number before other operations in OL.

2.2. Method

First, an arbitrary tensor of a given rank is decomposed into a sum of certain Young symmetry
index members (for the algorithm, see [4]). The Young operator is determined according to Appendix
A of [4], yielding a decomposition into irreducible representations of GL(dim). Subsequently, the rank
of some members is reduced by dualization whenever possible. If, after dualization, reducible parts do
not have a given YS/, the operation is repeated for each such component. The formulas for the number
of independent components are derived from general expressions given in [5]. The first selection rule [5]
is used to exclude zero members.

For traceless representations, after decomposition into components with certain YSI, the trace
parts with certain YS7 are extracted. All operations are then repeated for tensor parts appearing in these
traces. Whenever possible, the rank of some components is reduced by dualization. As a result, the
decomposition into traceless components is conducted. This yields irreducible representations of
O(dim) (for tensor dualization) or SO (dim) (for pseudotensor dualization).

Because pseudotensor dualization is more frequently used and differs visually from tensor
dualization only by the symbols e or £ (for Cartesian spaces), formulas are presented for pseudotensor
dualization. The formulas for the number of independent components of traceless members are derived
from general formulas [6,7]. The first and second selection rules [5] are used to exclude zero members.

In addition, numerical values for the number of independent components are provided for several
commonly used space dimensions (2, 3, 4, 5, 10, 11, 16). The cases of 2-, 3-, and 4-dimensional spaces
do not require comments. The Kaluza-Klein gravity [8] deals with a 5-dimensional space. The 10-, 11-,
and 16-dimensional spaces are often used for theories of the Great Unification (string theory, M-
theories, and others). Some theories require even higher dimensions (for example, in bosonic string
theory, the space-time is 26-dimensional) [9].

2.3. Example

Formulas for second-rank tensors are trivial and do not require any special discussion. By contrast,
formulas for fourth-rank tensors are very complicated, and a complete description of all operations
requires extensive space. So let us consider an arbitrary third-rank tensor decomposition stage; for
second- and fourth-rank tensors, only the final results will be presented.

2.3.1. GL(dim) decomposition

Using algorithm [4] for the decomposition of an arbitrary third-rank tensor into components with
a certain YS/, one can obtain:

— 23 | pln 6y pisey {2331
=T + T +T, + (1= 0,47,

hily hhly bl hhly hhls 5 (3)

where
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1
(0,231 _ _ _( )
bk~ Alhiok) T g Tt T Ty, + Tty + T, F T, * T,

1
sl _ __( _ _ _ )
Ty, = T = 6 Lt Tt T Doty = Tty ™ T, ~ Tt
wasn e p o p o V220 )
klk2k3 3 klk2k3 k2k1k3 k3k2kl k2k3kl 3 [kl ‘k2|k3 ] k2 [k1k3] (4)
waen L p 1 V22T 4T )
k1k2k3 3 k1k2k3 k3k2kl k2k1k3 k3klk2 3 [klkZ]k3 k3 [kal]
1
. L2431 32} .
Taking into account that 7;(122;% +7;{1k2k3 ' —5(27;(1;{2;(3 —7;{2;% —7;(3;{1;{2), one can easily

check that (3) is valid. The fully antisymmetric part is always equal to zero for a two-dimensional
space, according to the first selection rule (for a two-dimensional space, a complex Fourier transform
is more convenient, but, to preserve community, this case is also included).

Using a particular pseudotensor dualization, one can reduce the rank of some components for a
space with dim=2:

1 1
L2330 _ o {{1,2}{3}}]';(2’ {{1,2}{3}}7/’(2 — {{1,2}{3}}]';( {12333 —

kykyks kyks {1} {1} 13k = 56}1"3 ikl 3 gili3 (T['i] Ik, s 1 + Tl‘fz[iliz]) >

1 1
L3332} {{1,33{2}} {{1,34{2}} _ {1324} _ - W32 _ ©
];1k2k3 = Sk, g{l}];c3> g{l}];% T oell2ie T, 6}1i27;i2k3 3 &ii, (]Eiliz]k3 +];c3[i2i1]) :

For a space with dim=3, which is increasingly challenging, let us extract the trace part from the
components with mixed symmetry:

L2430 = 238 _ UL BHTF S W23

{{1,2}{3}}7‘
TP{(k;kyk: kikyk: Ik lakyk: ok, 1 k
{(kkkes )}~ ey 110153 172/ '22Sp{(1){2}} 3

+
bk Ly i

2

1 1
{2330

+§k1k3 lSp{(l){S}’}E - g é‘klkz (2I;sk - Tl'@ss - T;k3s) - 5k2k3 g (zjl'skl - Tlvclss - T;kls)

2

R —

=0
1 {{1,23{3}} 1,233} (3) {1,233} 7(3)
{1,213} 7(3) _ Whes sy — ey _ [QEEEIRCSS)

If T, =g( T;sk3 _T;czss _];k3s) , then 7 {(kikoky )} 7;‘1"‘2"‘3 5/‘1/‘2 7;‘3 5/‘2/(3 Eﬁ .

The second trace-free part, as will be shown below (see next chapter), is

WL2HBNTE _ o L BNTF il Tr,
il iizk s} ki

1
where T2 =g(€ksj (T. A+ T, )+<9i2 (Tskj +Tks;))

e{l}" ki, iy j irSj si

{L23{3}) _ L2} BHTF p ({12} TF {12} {337 (3) {12} {33} (3)
So, Tl'c,kzk_; =ik Y ) +5k,k2 7;3 _5k2k3 I,”,
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which expresses the Tk{l,{ész B component through one vector 1}((33) and the STF-tensor with the

L2 (3 TF e { {121\ TF . . .
second-rank " }i{l}Tkg W The corresponding number of independent components is 8 for

decomposed parts and 3 and 5 for decomposition on equivalent components. So, a balance exists.

: {13442} {32 TF {1,213 TF {1,342} (3) {13123 ()
Analogically, T =& on T 0y, Ty =0 T,
1 1
wsenEpyE _ (L (o 7 WO _ T T T
Where 5{1}7:1{3 6 (glsl (];/1(3 TIL}@/ ) + gk}"/ (];/I ZS/ )) and k 3(d1m— 1) ( sks kss ssk) .

The rank of the fully antisymmetric part can be reduced by representation:

HH2HBH Q) 1 T

{233 = {23 33 —
1 — uly T 6 g/g'm kim -

Tk Eks , where the pseudo-scalar

For a space with dim = 4 and higher, the dual to mixed components have more indices than the
original component; as such, particular dualization for the mixed component does not make sense. A
similar situation holds for fully antisymmetric members starting from dim = 6. The following formulas
are valid for dim = 4:

1
{38y ({121 {33} m(4) Wz B4 _ =
];clkzk; = gk1k2k3m - Tm 4 Where 7:'” - 6 8ml]k7:]k ;

and, for dim = 5:,

1
e 2 2 T, .

1
{2133 {32130 (5)

ks o Skt i > Wh

The numbers of independent components in (3) are estimated, according to common formulas
from [5], which, for an arbitrary dim, yield:

. . i . v . s 2 . s L
(dlnH-Z)(dlm+1)d1m, dim(dim 1)’ dim(dim 1)’ and dim(dim—1)(dim—2) for members in (3).

6 3 3 6
The sum of these is equal to dim® as expected.

2.3.2.  SO(dim) decomposition

In this case, the formula (3) is used to start the following consideration. Tensor fo,g}fi’3}} = Zklkzkg)

is fully symmetric. Therefore, it can be decomposed into a fully symmetric trace-free (S7TF) part and a
trace part (7P) according to formula [10, 11]:

{1,234 _ {1233} TF {123} _
7;clkzk3 - T;clkzk3 + TP{(1,2,3)} | * kykyks -
_ pHL23}TF {{1,2,3}} 1{1,2,3}} {{1,2,3}}
- 7;clkzk3 + §k1k2 1 7;3 + 5klk3 1 7;(2 + §k2k3 1 7‘]’(]
- Spil} - Spil} - Spil}
(dim+2) (dim+2) (dim+2)

=T st m (§k1k2 (quk3 + T, + T ) +0, (T;'kzs +1 .+ T, ) +0,4, (Eclm + T + T, )) > (5)
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1
0 T <khohy> = E(Tk,kzk3 + Tk2k3k1 + Tk3klk2 + Tk2k1k3 + Tk,k3k2 + Tk3k2k1 )_
where .
1
- 3(d1m+ 2) (§klk2 (Tssk3 + T;k3s + T}c3s.9 )+ §klk3 (T;'kzs + T;czss + ijslc2 )+ §k2k3 (T;clss + T;'skl + Tvkls ))
Let us note:
2y 1
1= Sy ) P * P+ ) (©)

{1,234 _ {1231 TF {{1,2,3}} {{1,2,3}} {{1.2,3}}

Then, Tklk2k3 = Y;clkzk3 + 5k1k2 Tk3 + §klk3 Tkz + 51% Tkl (7)

Let us consider the term with YS7 {{1,2}{3}}:

1
{1,213} — {1.24{3}} 123} _ 12143
L e {(1){2}}T 3(27;5" T =1 ) W= ; 1} 3}}T =0
™ TSR ARL
waenp 1 ey 1 (2T ~T - T, ) =~ L e _ WAy .
@t (dim-1) U 3(dim—1) N SE TR ek (dim—1) ( dH:H)Sp‘.a){zn k
Then,
TH2B _ Pl | 5 w2y WALy | s w2y _
iy kol ko P02 ks RACEE fiks GO
<d1 (dim-1) (d
\—ﬁ———J
®)
1 1
=Ty — —§ (2T, -T, . -T, )-8, ——(2T, -T, .- T
kikyky 3 ( dim— 1) kiky ( ssks lsss sk3s) leokes 3( dim— 1) ( ssky kyss skls)
1
L2381 TF _ _ _ _
]—;Clkzk3 - 3 (]-];IkaZi + TI"zklkz 73(3](2](] ]-I;Zkf&kl )
where 1 1
- 3(dlm— 1) 5k1k2 (2];sk3 - T/;}ss - 7;k3s) + 51(2/(3 3(dlm— 1) (2T§Sk1 - T/'qss - T:vkls)
Analogically,
BT, | e | e,
(@im-1)” (d 7 (dm)”
[
=0
| . )
HL3H 2 TF _ _ _ _ _
ko ke + 3 ( dlm— 1) §k1k3 (2]—;/(25 T/:tzss T;Sk2 ) §k2k3 3 ( dlm— 1) (2]—;k1s I;clss ];skl )
{3 20TF _ — _ _ _

1 1
B 3(dlm_ 1) 5k1k3 (27;1(23 - T/'czss - T;Skz ) + 5k2k3 3(dlm— 1) (27;/(15‘ - T/'clss - TS‘Skl )

Now, one can insert expressions (6 — 9) in (3) and bring in similar members. As a result, for
dim > 2:
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1
= PUINTE L pULNBHTE | pISHRNTE | B 2VSHTF : %
(dim—1)(dim+ 2) (10)

x{0,, ((Wim+ DT, T, =T, )+ 6, ((dim+ DT, 7, ~T,, )+ 6, ((dim+ DT, -7, - T, )}

iss sis S8k

where

{{1,2,3}}TF __ l

ili2i3 6 ( klk2k3 + TkaSkl + Tk3klk2 + Tk2klk3 + Tk1k3k2 + TkSkal ) -

S {{1’2’3}}T{1} +5 {{1,2,3}}T{1} +5
ik, 1

L gy s TRE L gk TRE
(dim+2) (dim+2) (dim+2)

{11,2,34 o {1
1 Tkz
Sp{l}

1
where [T =

=—— (T, +T,+T,,):;
(dierz)Sp{l} k 3(dim+ 2) ( ssk sks k.SS)

1
UL 2P TF _ ~ _ _ _ HL3 2} p ({1 HL3 2} A ({1}
Tk1k2k3 - 3 ( kikaks + Tk3k2k1 Tk2k1k3 Tk3k1k2 ) kyks SP{(I)(3)}Tkz + 5"2"3 SP{(I)(3)}Tk1 >
{{1’3}{2}}]’{{1}} _ 1 2T —-T —-T .
where Sp{(H3) k - 3(d1m— 1) sks kss ssk )
1
W2 BHIF _ © _ _ _ UL2H 3 ) L2 3 )
T;‘lkzka - 3 (];‘11‘2]‘3 + ];‘2]‘1]‘3 7;‘31‘2]‘1 ]—;‘21‘3]‘1 ) kiky Sp {(1)(2)}]—;‘3 + 5k2k3 SP{(I)(Z)}];Q 2
{{1,2}{3}}]“{{1}} _ 1 2T T T
where spihnt k = 3( dim— 1) ssk — Lkss T Lsks

f 31 1 1
Now, let us prove that "2 ®/ETH2HTE — g(%‘ ( T, + Tl.zsj) +e, (Tsk/ +T,, )) as suggested above.

The "% }iﬁﬂdz has mixed symmetry. Therefore, it has to be decomposed repeatedly:

1 1
HL2} {34} TF _ (L2} 31 TF (L2} 31 TF HL2}3}TF HL2H 31 TF
g{l}Tkiz - 5( s{l}Tkiz + 5{1}7;2/()"'5( s{l}Tkiz - g{l}TiZk)

= %(«%j (Tw'zj +T ) tE (Ts,g. + 1,y )) + %(‘9’“/‘ (];izj +T,, ) —&,, (Tvkj i Tksj)) n

1
4, (27,,-T,,-T

ppj Jpp )2/4 )

1 1
{L2L BN TF p {121 TF _ © _ _ —
.s{l}Tki2 - 6 (gksj (Tsiz Jj + ]:Ziy ) + gizsj (Tskj + Tkv )) 18 §ki2 ( ‘c"mi];pj + gps/T psj ‘C"p‘v'T psj + ‘C"ijT pS.f)

=0

1 1
2 enTE et _ 1 _ 1 T
T, % (gksy' (Tsizj + Tw‘) & g (T/q +T, ky)) g (2T i~ Ly =T, pjp)

With antisymmetric members, one can execute repeat dualization:
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W2BRIF punen _ o g epre| e
e{l} e{l} ~ ki, kiym {1} e{l} m
{2y 1 1
{12} (3} TF _ _
{1} Tm - _gmwl glsj ]ZWJ + TWA] W_Sj T;l] + T}sj wmlgl]w 2Tppj T'pp - ijp -
{1} 12 12

=T, (5mS 5WJ 5m] §ws ) (TSWI +T wsj ) (é‘msé‘lj - 5m./’ 61-5' ) (Tvl/ + Tlv mj i Jpp pip

) 11225.(2T T T

__L _ L _ 1 _
= (T+T 2T) (T+T 2T)6(2T T T)o

1o\ mi Jmj ssm 1\ mss sms ssm ppm mpp — * pmp
Then,
i]ijll»z}{3}}TF 51113k {1, 2}{3}3‘7?127';{12 — gi,i3k {{1:2}{3}87&]‘1({1{1 23 TF + gili . L, 2}{3}i?ﬁT{{1}{2}}
-0
=y ORI g g (T + T ) e, (T +T1)

f f 1 1 1 .
where [T - p (%j (T o+ Zzsj) +e, (ﬂk/ +T,, )) and the proof is concluded.

Sh

3. Results

The results of all evaluations (for all cases mentioned above) are shown below in tabular form for

conveniency (see Tables 1-10).

3.1. Result for a second-rank tensor

These results (Tables 1 and 2) are trivial and often presented by several authors; however, for a

better understanding of the other results and notations in this paper, they remain useful.

Table 1. Decomposition of a second-rank tensor.

GROUP DESIGNATION
GL(2) 0(2), SO(2)
Direct decomposition [7]
_ il ptaney T =TT iy s Wy
iy, T;'liz Tzllz o hh i B _Lgimey
dim
where
1
72 :l(T. b7, ): TV = (];l_ T, ); i :l(T.. LT )_5 g
iis o Vi ™ A ihy 2V = " g\ TR g2
1 1
{25 {123} _ _
T =T o r =—-T,
—Sp{(l)(zn dim S @) dim
1 1
T =5 W2r 5 L i _ g T
TP{(I,Z)}‘ ijiy iy 1 il kk il kk
S SPID@) dim dim

with transformation by antisymmetric index group dualization if appropriate

Continued on next page
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dim=2
_ L2 TF {123} L2} _
(1.2} Vi iy - iyl +ei1iz @{1}T+é;1i2 LS {1 2)}T o
=T e RN <SSP
il ijiy 1jiy e
2 (e — L2} TF {23} {{L.2}}
=T, 7 e it L, e el T, LSp{(l)(z)}T
dim
1
{13 {2}} _ {1 {2} _
where e{]}T __eijlg' ) a{l}T - _gldT/d
2 2
dim=3
_ 2 neny _ {12} TF ({23 120
iiy ]—;1[2 + eilizk Q{I}Tk T;liz - 7-1"11'2 + eilizk 6{1}7-;€+5i1i2 LS {(1)(2)}T -
— T{{ll}} &, {{1}{2}§Tk dim P
ijiy iiiy &{l
ST g VT, T
dim "
{{1}{2}}T _le T {{1}{2}}T _ lg T
where e — ) kpstps s sk T 5 kpst ps

The dualization does not provide a simplification for a second-rank fully antisymmetric tensor for dim > 3

Finally, expressions in which components with certain YS/ are obtained from the starting tensor
by operations of symmetrization, antisymmetrization, and deviatorization, are denoted by brackets:

bz et 2l —p o LT

iyl (hiy)? " iy (i ]° iy <hip>"

Table 2. Numbers of independent components in spaces of a certain dimension.

Space Symmetry index

dimension {{1,2}} {{1,2}}TF {{1}{2}} {}
dim dim(dim+ 1) dim(dim+1) | dim(dim-1) I

2 2 2

2 3 2 1 1
3 6 5 3 1
4 10 9 6 1
5 15 14 10 1
10 55 54 45 1
11 66 65 55 1
16 136 135 120 1

In fact, the scalar and vector do not have YSI, as they do not have enough indices for any
permutation. Still, it is possible to define YS/ {1} (Young tableaux with one cell only) and {} (empty
set of Young Tableaux) for complete representation.

3.2. Result for a third-rank tensor
As pseudotensor dualization visually differs from tensor dualization only by changing the fully

unit antisymmetric tensor of space by the fully unit antisymmetric symbol Levi-Civita, in the following
formulas, only the pseudotensor dualization form will be presented.
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Results for of a third-rank tensor are presented in Tables 3 and 4 for GL(dim) and in Tables 5 and
6 for decomposition on trace-free components.

Table 3. Decomposition of a third-rank tensor.

Direct decomposition [7], GL(dim)
_ i{l,2,3}} {{1,2}{3}} {{1,3342}} {13 {233}
Qiyiy ];151'3 + ];11'215 + ];11'215 + (1 - 52 dim)];'Iizzg
where:

(01,230 _ _ _( )
bk Hhkok) T g Loty T, + T, F T, T, T T

W6 _ __( _ _ _ )
7-;{11{21% - TEklkaS] - 6 7-]'{11{2]{3 +7-;€2k3k1 +7-;{3k1k2 7-]'{21{11{3 7-;{11{31{2 7-;{3]{2]{1
wasn e o p o )220t T
k1k2k3 3 k1k2k3 k2k1k3 k3k2k1 k2k3kl 3 [kl ‘kZ ‘kS ] kZ [klk3 ]
roven Y wroor o V=T, 4T )
k]k2k3 3 k]k2k3 k3k2k1 k2k1k3 kSklkZ 3 [k]kZ ]k3 k3 [ka] ]
with transformation by antisymmetric index group dualization if appropriate
dim=2
{1233 {{1,2}43}} {13428 _ {312
T ™ =&, 5{1}7;c2 Tr, " =& anli
where:
waeny L oz 1, (T 4T ) wyeny Lo poyen 1 (T +7, )
1k 2 iyiy ™ ks 3 hiy \ 7 Lilkli5] ki3] ) 2 e{l}" ky 2 iy ™ iyiyky 3 iy \ 7 [iiy 1ks kslii]) -
(Til{ijilj B =0 for dim=2, according to the first selection rule)
dim=3
{12030 _ HL2H B33 TF ap{ {12} TF {1,233} (3) {12134 p(3)
T ™ =€ el i, + 5k1k2 I - 5k2k3 .
{332} {32} TF {123} TF {1332} (3) {1,312} (3)
Lo ™ =& Y ) +§k1k3 T _5k2k3 B
{3233} _ {1 {2333 (3)
T;cllkzlr@ = Ehohy B A
where:
1 1
UL BUTF {1213 TF _ = {2334 p(3) — & _ _ .
v in % (‘91{;/ (Tsizj + ]:Zsj)+ . (Tskj + Tks,)) ) 7= 6(2];sk3 T, 7;k3s) )
HLAEHIF P =1(g A<T. -T A)+g (T.. —T..)) 1
e{l} " iky 6 isj \ " sjky kssi AN i), {‘11’3}{2}}7';{(3) = g(z]’;k3 _ Tks.s- _ T;sk);
{2 3 (3) _ l
T = p Exim L kjm -

The dualization does not provide a simplification for third-rank tensors with mixed symmetry for dim > 3
dim=4

1
U233 {1233} (4) {L2sr@ _ _ =
]—;‘1]‘21‘3 B 8k1k2k3m Tm ) where: Tm = 6 ml'jkT;'jk :

dim=5

1 1
{233 {32133 () 2B ) =
T;qkzk3 —§3k1k2k3mz Tml » where: T, ml T 6 gmly'k]:jk-

The dualization does not provide a simplification for a third-rank fully antisymmetric tensor for dim > 5
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Table 4. Numbers of independent components in spaces of certain dimension.

Space Young symmetry index SUM

dimension {{1.2.3}} {{1.2} {3}} {H{1.33{2}} {{13{23{3}}

Dim (dim+2)(dim+1)dim  dim(dim’-1) dim(dim*-1) dim(dim— 1)(dim—2) dim3
6 3 3 6

2 4 2 2 - 8

3 10 8 8 1 27

4 20 20 20 4 64

5 35 40 40 10 125

10 220 330 330 120 1000

11 286 440 440 165 1331

16 816 1360 1360 560 4096

Table 5. Decomposition of a third-rank tensor.

Direct decomposition according to algorithm [7], SO(dim)

_ {231 TF _
Qisiy 7;11'21'3 +(1 52dim)(T;‘lz’2i3 iyl iy

N 1
(dim—1)(dim+2)

+3,,,((dim+ DT, -7,

Siys irSS

{@&«mm+nn%—aﬂ—ﬂw%‘

T, )+ 0, ((dim+ )T, T, - T, )}

(according to the first and second selection rules, T{Z{Z’Z}{3}}TF

identical in a two-dimensional space),

where
1
taespre _ L _
iyipl3 - 6 ( kykoks + Tkzk3k1 + T;%klkz + Tkzk1k3 + T;flk3k2 + Tk3k2k1 )
_ 1H{1,2,3}} 0 {1} {1,2,3} 0 {1} {1,2,3} 0 {1}
klkZ ¥Sp{l}Tk3 + 5klk3 #Sp{l}TkZ + 5k2k3 #Sp{l}Tkl
(dim+2) (dim+2) (dim+2)
Where
1
W2y = — (T, +T, +T,,)
1 k . ssk sks kss
mSP{l} 3(d1m+ 2)
for dim > 2:
WLy 211 _ — _ _ _
Tk1k2k3 - 3 (Tk1k2k3 + Tkzkzkl Tk2k1k3 Tk3k1k2 )

_ HL3 {23 b ({13} L33 {23 ({13}
5k1k3 SP{(I)(3)}Tk2 + §k2k3 SP{(I)(3)}Tk1
Where

{332} {1} :;
Spi(H3)} Kk 3(d1m— 1)

1
{23333 1F _ © _ _ _
Fedeyles - 3 (7;‘1]‘2]‘3 + 7;‘2]‘1]‘3 ];‘3]‘21‘1 ];‘2]‘3]‘1 )

e 2ty 123 33 1))
Oty spii Ly T Okt i i

Where

(2Tsks T — Tssk)

HL2HBHTE | pULIEZHTE | HIH2HBHTF

HLHZHTE g THHZEBHIF

iyl > iyiyly > Ijiyly

are equal to zero and
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{12311} _ 1 ( T _T )
Sp{()(2)}" k 3(dlm— 1) ssk kss sks
1
{233y _
7-];1];2163‘ -z (7-];1](2]@ + 7-]'€2k3kl + ]—;(Sklk2 - 7—;{2ka3 - 7-ILIkSkZ - Z‘skzkl )

with transformation by antisymmetric index group dualization if appropriate

dim=2

According to the first and second selection rules,

TH2IBHIF - 0 TS EHTE 0, an

d T2 =0 for dim

gl > iy gl

= 2; therefore, components with antisymmetric index groups do not exist
dim=3

HL2HBHTF _ HL2H 3 ({121} TF HL3H2TF HL3H2} A ({121 TF
Tih, = Ehkok e Lo, T, = Ehk et L )

{4233} {{13{2343}}
Lo =T
where

1
HL3H2 p L2 TF _ = _ —
e ~ (“’"lgp (ijk; Tk;jp)+ ki (ijk Qp)),
1 EPERT Y
L2} 3 A HL21TF _ = —
e = g(‘gk/p (T/kzp + T ) e (Tjkp + T, )) ; sl 6 EinLigm
In that case,
— T UHL23NTF {12} 33} p ({123 TF HL3H2Y p ({121 TF {13423 {3}}
v = Lo e e T & cin L, +e el +
1
+ E{é‘lliz (4Tssi3 - 7-;‘3ss - Tsi3s )+5lli3 (4Tsi2s - T;'zss - Tssiz ) + 51'2[3 (47;‘1ss - T'sils - Tssil )}
The dualization does not provide a simplification for third-rank tensors with mixed symmetry for dim > 3
dim =4
1

{2V BHTF _ {1213} (4 {233 () — _ )
T;qkz/@ = gklkzks’” J Tm » Where Tm 6 gmijk]:'jk >
dim =5

1 1 1 1

{23 BHTF _ {23} (5) {28 = -

T;clkz/@ ' _Eg/qkzlﬁml o Tml 4 where Tml - 6 gmﬁjky-;jk :

The dualization does not provide a simplification for a third-rank fully antisymmetric tensor for dim > 5

Table 6. Numbers of independent components in spaces of certain dimensions.

Space Young symmetry index for trace-free tensors SUM
dimension {{1,2,3}}TF {{1,2}{3}}TF {{1,3}{2}}TF
{12} {31} TF

dim dim ( dim?+ 3dim— 4) (dim+2)dim(dim-2)  (dim+2)dim(dim-2)  dim(dim—1)(dim-2) dim (dimz— 3)

3 3 6
2 2 - - - 2
3 7 5 5 1 18
4 16 16 16 4 52
5 30 35 35 10 110
10 210 320 320 120 970
11 275 429 429 165 1298
16 800 1344 1344 560 4048
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3.3. Result for a fourth-rank tensor

Results for of a fourth-rank tensor are presented in Tables 7 and 8 for GL(dim) and in Tables 5

and 6 for decomposition on trace-free components.

Table 7. Decomposition of a fourth-rank tensor.

Direct decomposition according to algorithm [7], GL(dim)
{{1,2,3,4}} + T{{1=2=3}{4}} + T{.{17274}{3}} + T{.{laz}{3,4}} + T{.{1,374}{2}} + T{{173}{2:4}} +

iyiylziy ijiylziy iyiylziy iyiplziy iyiylziy

iyislsiy ijiyisiy
_ {{1,2} {3} {4}} {{1,31{2}{4}} {{1,43{2}{3}} _ {{13{2} {3}{4}}
+(1 52 dim) (7;11'21'31'4 + T;lizi3i4 + 7;11'21'31'4 + (1 53dim)7;li2i3i4 )
T{{LZ}{3}{4}} , i{i{l}}3}{2}{4}} , i{i{t'l;4}{2}{3}} . and i{i{l}i{2}{3}{4}} are equal to zero
102534 10253%4 102534

(according to the first selection rules, 1~
1°2°3%4

and identical in a two-dimensional space),

where
Liylsly 24 Liylsly Liylylsy Lislyly Lislyly Liglsly Liglyly
bivgis T Liiiiy T i, T Liiiis T L, T Ligigiy
Lyl 125101 Lllyly Lyl Ll L hl
iy T Liiiiy T i T Ligiiy, T Liiisiy i4ili2i3}
{{1,2,30{4}} _ l _ + _ _
Liylsly 8 Liylsly L3l Liszlhly Lylzlhl Lzl Lyl
i2i3i1i4 i2i3i4i1 i3i2i1i4 i3i2i4i1 i3i1i2i4 i3i4i2i1 }
sy _ 1 { _ n _ n _
Liylsly 8 Liylsly B3l Liglsly I3l401y Lzl bzl
by  Liigiiy T Ligig  Ligigy T Ligiig, Ly }
{12334} _ { _ _ n n _ _
iyiaisiy 12 Iylalsiy Iyiglsiy Ixlylyiy Iyiglyly Iiiyls Ijiglyly
biyigy T Liigii T i, Ligiy,  Liiii, L i,
biigis  Ligiigiy  Liigigiy T Ligighyi; }

T34 l{T _T +T -T + 7 — ];'31'11‘21'4 +

iplsiy g \Mibisi iyl iyl A isiyiyiy

isiyiyh) isiyighs iyilsi) ighiziy gyl iyl }

Continued on next page
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{13424} _ 1 { _ _ n _ _
iz 12 iyiyisiy iyiyiyis yiyiziy Iyl iz iyizigl
T i + Iyisigy + Biyiiy  Lighiiy iy + Igiiais
bigiiy  Tigsiiy 7 iigid) i4i3i2il}
for dim > 2:
1,2} {3} {4 1
T.{.{..}{}{}}Z—{T....— coooo— Ao+ — Lo+
iipisiy 8 iihi3iy fipiyly I3iplyiy i3lyl4l) iyl igliy
Tzzzlz314 biyigiy T hyiziiy + bigigy iy + i2i4i1i3}
{1L,33{23443) l{ _ + _ +
ijiylsiy 8 11121314 11141312 iyljisiy AN iylyi3l) igliisiy
+ 7:3121114 bigiiy 2 iy + bighly T iy + 7;31'11'412}
T4 l{ _ _ _ n
sy 8 sy iziiy yliisiy Iylyiiy Iziyliiy Iziyiyiy
+ bty Ligsl, i + ihiy il + i4i1i2i3}
for dim > 3:
TH2IBHA 1 { _ _ + - + —
liilsiy 24 iy ipigly iyisiaiy iigiyiy iyigisis iyighsls
iy + byliyis + bigiiy T iy + bigigiy by
iy + izhlgdy + biyyiy T iyiigis + bigiy il
T+ T+ T =T + T~ T |
iylylsl) iyl iyl3lhl iyl3iyly iglyisly iyl
with transformation by antisymmetric index group dualization if appropriate
dim=2
. . 12} 314} _ 131234} _ 1412131 _
According to the first selection rules, Yz{i{” B = , Zz{i{ii = 0 , 7;5{”. HABH =0 , and
112534 1°283%4 142434
{23334
AN O
for dim=2:
{{1,2,30{4}} _ < {{1,2,3}{4}}71{{1,2}}. {{1,2,433}} _ =c {12,413} ({123} | r{{13.43{2)) & {{1,3,4}{2}}T{{1,2}} .
yiyisiy — Ciiy {1} iyiy L TN iyl {1 by, > T ijlyiziy — “ii, {1} iziy >
({13324} _ {1.33{2,4}17(2) | ({133 {2,4}} _ {1.33{2,4}} 0 (2)
7:1121314 8111281;14 e{1,2} T > 7:1121314 8111281;14 &{l, Z}T
where
{12,304 p (1.2} _l {12,334y _ (L2304 H{L23 TF {{1,2,31{4}} {{1 2} (2)
8{1}7—;21'3 - 811’4 7—;1121314 5{1}7—;213 + 5"213 &{l} T
2 Sp{l}
with {{1,2,3}{4}}T{{l,2}}TF — l {{1,2.3}{4}} _l {{1,2,31{4}} . — {{1,2,34{4}} .
s by b hig % iyigisiy 4 iy iy i kkiy > g{l} S (1) 4 iyig L i ki, >
{1,241 3} ({12} l {1,2,4343}) _ {1,243} p {123} TF
el = 5 81113]—;]121314 el + 51214 {1} s 0

Continued on next page
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with {1,241 31 p L2 TF lg {{1,2,4}{3}} _l {11,2,43{3}} | {{1,2,4}{3}} {{1’2}}T(2) — l {1{1,2,43{3}}
e by ) iis L iy 4 iy Ciyiy L iykizk > £{1} % Spil} 4 iy © iy kigk >
1
L3402 p {12} _ & 13,4342} _ (13442} p {121 TF {13,412} {12} (2) |
ey, T 251‘11‘27;]1‘21‘31‘4 = 3{1}7;31‘4 +5i3i4 P 1Sp{1'T ;
P s
with 13,412} p ({123} TF =l {{1.3,4}1{2}} _l T{{1’3’4}{2}}‘ {1.3.41{2}} {{1:2}}T(2) :lg {11,341 {2}}
el ii, 2 iy L iyiisiy 4 iniy Ciyiy © ik 5 e{l} % o1} 4 iiy 1 iyiy ke .
1 1
HL2H3.40 p(2) _ H1L233.4} . ({133 {244 (2) _ H{1.3}{2.4}}
5{1,2}T _Zgili3 i2i47;1i;i3i4 > ;{1,2}T _Zgi1[28i3i4];11’2i3i4 v
dim =3
According to the first selection rules, 1;1{1.2{12.4{2}{3}{4}} =0.
In that case,
{12334} _ {12} {3} {4}} . L3234} _ {HL32 4| LA {23143} _ {1312} {4}}
i1i2i3i4[ ' - gili3i4 5{1}]—;2 ’ 7—;11'21’31’4 - gili2i4 5{1}7—;3 ’ ]—;'11'21'31'4 - gilizis 5{1}7—;4 ’
{1.3}{2.4}) _ H1.33{2.4}} . T{{1,3}{2,4}} =c {1,2}{3.4}} .
iybyisiy = Ciii%ii,j syt o Lii, = CiiskCiyiyj (1,23 k>
{12314} _ {11,231 {4}} . {12,433} _ & {{1,2,4}{3}} L pi{l343{2})) & {11,341 {2}}
iiialsiy — Ciik (W kiyiy > iy, — Ciik {1 kiyiy > L ijiyisiy — Ciik {0 ki, -
where
{{1,2}{3}{4}}71 _l T{{l,Z}{3}{4H. {{1,3}{2}{4}}71 _l HL33 {23 {4} | {{1,4}{2}{3}}7" —lg T{{1,4}{2}{3}}.
e, — 6 ik iy jl > e, — 6 ik ijisk > e, — 6 ijkt ijki, >
{{1’3}{2’4}}T _l HL33{2.4}} . {{1’2}{3’4}}T _l £ T{{1’3}{2,4}}.
s{(1,2y0 5 4 ihiy ™ jiziy ™ higlziy ’ e,y g 4 ihi3 ™ Jigly ™ ilzly ’
{1.2,3}{4}} _l {12,304 . ({1,2,43{3}} _l {12,431 {3}} . {{1,2,3}{4}}T —lg T{{1,2,3}{4}}
e kiyiy — 5 Kivig * iyiyiziy ) e kiyiy, — ) kiyis * iyiisiy ) e kigiy — 5 Kiyig * iyipisiy )

The dualization does not provide a simplification for fourth-rank tensors with symmetry other than {{1,2}{3}{4}},
({133 {24 {4}, ({143 {2} 33} m ({1} {2} {3}{4}} for dim > 3.

dim =4
1
{234 _ HB2H3 4 p(4) . W34 (4 _ & HH2}31 {4} .
]—;1i2[3[4 - gi1i2i3i4 5{1}T ’ where E{I}T - 24 iyiplly 7—;11’21‘31‘4 ’
L2333 {4} _ HL2}{3}{4}} . HL3r{2i {4}y _ HL3M{2}{4}} . HLAH2}{3} ) _ HL3M{2} {4}
ibide = Ciiik el s 7;[;31‘4 V=6 18{1}7—;([3’ ];izzgg C= VI
where
1 1
HL2}{3}{4}} _ HL2}{3}{4}} . {133 {2}1{4}} _ {{1,33{2}{4}} .
g{l}Tki2 - _ggijka;'izjs e > ' g{jl}];ci3 - _ggijskT:ji3S >
1
HLAH2}{3}) _ HL43{2}{3}} |
e, = _ggz/skTiisu ;
dim =5
1
W23 34} U234 (5) W2 34 (5) HH2H3H4) ) |
yinisiy = Cliisi gk g{l}Tk ; where g{l}Tk = 24 gkili2i3i47;1i2i3i4 ;
HL2H34)) l HL2H{3}{4}} . T{{1,3}{2}{4}} — l HL3 {2} {4}} .
iyiylsly 2 iyizigkp {1} kpi, ? iyiphly 2 ijiyiskp {1} kpiy ’
HL43{23 330 lg HL33 {23 {4}}
iyisiy o Ciaishp e ipiy >
where
{{1,2}{3}{4}}7* — l HL2H{31 14} . {{1,3}{2}{4}}]“ — lg T{{1,3}{2}{4}} ..
e{1}" kpi, 6 ijskp ™ iiy js > {1}~ kpiy 6 ijskp ™~ ijizs >

The dualization does not provide a simplification for fourth-rank tensors with symmetry other than {{1}{2} {3} {4}} for
dim > 5.

Continued on next page
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dim =6
1 1
{23 33443} — {2314 p L2} 3(6) | HH{2H 34 233 (6) {13 {23{3}{4}} .
Tilizisq ) Eibyisighp g{l}T kp ; where s kp T g i s ’
dim =7
1 1
{2134 {234 (D23} ) . {2 B3H4 (DU {213 {1 {23304} ) .
T;lizi3i4 _ggi1[2i3i4ksp g{l}Tksp ; where e ksp = 4 piisi ili;gi: 75

The dualization does not provide a simplification for fourth-rank fully antisymmetric tensor for dim > 7.

Table 8. Numbers of independent components in spaces of certain dimensions.

YSI Space dimension
2 3 4 5 10 11 16 dim

12341 5 15 35 70 715 1001 3876 (dim+3)(dim+2)(dim+1)dim
24

(1,23} {4} 3015 45 105 1485 2145 9180  (dim+2)(dim+1)dim(dim—1)

{{1,2,4}{3}} 3 15 45 105 1485 2145 9180 ]

{{1,3,4}{2}} 3 15 45 105 1485 2145 9180

{{1,2}{3,4}} 1 6 20 50 825 1210 5440 (dim+1) dim? (dim-1)

{{1,3}{2,4}} 1 6 20 50 825 1210 5440 2

{1,231 {4}} - 3 15 45 9% 1485 7140 (dim+1)dim(dim—1)(dim-2)

{{1,3}{2}{4}} - 3 15 45 990 1485 7140 3

{{1,4}{2} {3}} - 3 15 45 990 1485 7140

{H{13{2}{3}{4}} - - 1 5 210 330 1820 dim(dim—1)(dim— 2)(dim— 3)

24
SUM 16 81 256 625 10000 14641 65536 4im?*

Table 9. Decomposition of a fourth-rank tensor.

Direct decomposition according to algorithm [7], SO(dim)

iyiziy iyisiy 2dim i1iyiziy ipiziy

— T{{1,2,3,4}}TF +(1 _5 ){T{{1,2,3}{4}}TF + T{{1,2,4}{3}}TF +

HL2HBHANTF (1 _ §3dim)|:T{{1,2}{3,4}}TF + TULAZHTE

il ity hially

i{l_{l_l,l_3}{2,4}}TF + ];\{1_{31_3}{2}{4}}TF + ];\{1_{111_4}{2}{3}}” +
172434 172%3%4 172%3%4
{2334 TF

lyiyisiy :I} +TP{(i1 iy sizsig)} Tklkzk3k4

(according to the second selection rule, all components in curly brackets are identical to zero in a two-dimensional space.
According to the first and second selection rules, all components in square brackets are identical to zero in a three-
dimensional space)

where
({12340TF _ {{1,2,3,4}} {({1,2,3,4  { {1,211 TF ({1,2,3,4)  { {1,211 TF
Iyiyisiy - 7;11'21'31'4 _é;liz 1 s {1]]-1"31'4 _51‘113 1 s {1}7:'21'4 -
(dim+4)™ " (dim+4)
({1,234 {121} TF ({1,234 { {1,211 TF ({1,2,3.4} ) {{1,2}}TF
Y, ) S {1}7;21'; f _5;'2;'3 Lo {1}]:'1}4 _51'21'4 | s {1}7;111'3 -
(dim+4) " (dim+4)" (dim+4)"
({1,234 {121 TF {1,2,3,41)
By 1 Sp{l}T’i"z - (6‘1.]1.2 61'31'4 + é‘fﬂ's 5"2"4 + 5"1"4 5i2"3 ) S Sp{ZIT’
(dim+4) (dim+2)dim™ "’
with

Continued on next page
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1
({1234} {1213 TF _ _
. ;M) spy i " 6(dim+4) {Tssusm + Toigsiny T Laciors  Tiigssiy Ty T T(zsmss}
1
- . . é‘ii (Ylsmm + 71smxm ];mms)
3dim(dim+4) **
1
2345 _ (T +T +T )
1 . . ssmm smsm smms
mSP{z} 3 (dlm+ 2) dlm
According to the second selection rule, 7, 1{12{1133 HHHTE = (0 in a two-dimensional space.
for dim > 2:
T{{l,2,3}{4}}TF _ l{ . . .
iy g sty — ishis iyl iyisini; iijisiy byiiyiy
hiziy by Byisiiiy il liyisi _];iii}_
2°311°4 2344 30241%4 302%44 341°2%4 34452
-5, {({1,2.3}{ T{ nanrE 5. l{{l,2,3}{4};z{i{1,z}}TF -5, 1{{1,2,3}{4}}];2{1,2}}TF _é‘i {1,2.3} }T{ 1.2}}
"2 aim Sp{(l)(2)} s 1 dTmSP{(l)(Z)} 2 2 ESP{(I)(Z)} = 3im Sp{(l)(2)} i
_ {12304 p {13 {2} {1230 {4 ({13 {2}) {12304 p {13 {2}
o pi2 )(3)}T’1’2 T, 1 Sp{(z)(a)}z3i4 o (2)(3)}T’2’4 i
(d1m+2) 2(dim+2) 2(dim+2)
23 iz +5 L23pa plin 2
isiy iy Iyiy iy )
z(dim+2)5p{(2)(3)} z(dim+2)5p{(2)(3)}
with
1
s 2T =~ T+ T+ Ty = Tasins = T = Tocne
ﬁsp{(l)ﬂ)} ij 4dlm ss(if) (ilss|j) s(ils|j) (ilslj)s (ij)ss s(ij)s | »
{{1’2’3}{4}}T{{1}{2}} — 1 ( +T +T )
P23 ij 2(d1m+ 2) s[ilslj] ss[if] Lilssli1) »
(dim+2)""
1
{{1’2’3}{4}}]-'{“}{2}} ( +T +T )
ij s[ilslj] ss[if] Lilssl/1) -
im0} 4(dim+ 2)
According to the second selection rule, Tlﬁ;j AT =0 in a two-dimensional space.
for dim > 2:
{124 B3 TF _ p{{1,.2,41{3}} {{124}{3‘}7"{{12}} {{124‘{3‘}T{{12}} _
iyiyisiy T iiyisiy ily 1 pi()(2)) 1 isiy 1 pi(2)) 12
_ ({1,2,4} 31 {{1,2}} L2433 .2}
sy sy
L2430 iz _ {1243 33 {1 {23} _ 2B pinal _
iiy i3y iy ipiy iply iy
2(d Sp{(Z)(4)} 2(d Sp{(2)(4)} 2(d Sp{(Z)(4)}
_ {{1,2,4}{3}}T{{1}{2}} _ {{1,2,4}{3}}]’{{1}{2}}
hiy 1 iy iy 1 iy
z(dim+2)Sp{(2)(4)} (dim+2)5p{(2)(4)}
with
1
L2433 p 2y {T +7T -T }
1 il o : Liylsliy 1s s[iiy Is ssliiy ]
Gy P} 2(dim+2)
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1
{243 U2 {T +T _T }
1 hi - : [irlsliy 1s s[iiy]s ss[iyiy]
IR 4(dim+ 2)
According to the second selection rule, 7;&;;?’“ 2HT = 0 in a two-dimensional space.
for dim > 2:
I3 QPTE _ plll34320 | ¢ W34 2Npil2y | o U382 il _
iiiisiy iy N i 1 g a3y 2
dim dim

L3z it 2l S L34z izl

sy O
im dim
W34eh iz 4 5 w4l piiizn _ s W3a iy _
iy 1 , piy iy 1 iy iy 1 iy
2(dim+2)3p1(3)(4)} z(dim+2)5p{(3)(4)} z(dim+2)Sp{(3)(4)}
_ W34z izl _ 5 342 pin2n
iy 1 iy iy 1 iy
2(dhmz)Sp{(3)(4)} 7(dim+2)5p{(3)(4)}
with
1
{134 20 HL2BTF _ — -
m%sp{(z)(3)}Z112 - 4 dlm {Y—Eil‘ss‘iz) + Y}il‘s‘iz)s + Y;S(iliZ) 7-;(1'1‘5"1.2) 7';(IAIIAZ)S 7-Eilil )SS}
1
L322l — ( -T -T )
1 il - : [iriy ]ss s[iyiy1s s[ilsk, ]
G2y PO 2(dim+2)
1
L3422l ( -T -T )
1 iy o H Liiy ]ss sliip s s[ilsliy ]
2y P O®) 4(dim+2)
. . (L2} B341TF _ (- . .
According to the second selection rule, 7:,11.21,31,4 =0 in two- and three-dimensional spaces.
for dim > 3:
UL BANTE _ plil2H344 _ 5 L2 B4 HL2NTE _ 5 L34 P UL2NTE
iiisiy iplsiy iy 1 iy iy 1 iy
Gy POy ) PO
L34 P HL2NTF | L2340 P UHL2NTE
iy, 1 ipiy iy 1 iy
(dim_z)Sp{(l)(Z)} (dim_z)Sp{(l)ﬂ)}
—(5.6.. —5,..5..) wLaes
iy i3y iy i3 1 4
7dim(dim_1)Sp{(l,3)(2,4))}
with
1
({12} 3.4} p {121 TF _ _ _ _ _ _ {123 {3.4) P {{1.2}{3.4}}
SpA(1(2)} iiy - 6{ T;S(isizs) + 2]—Ei3i4)53 TS(isizs)S ]—Ei3|55\i4) Yziz\s\izt)s TS(’}\S\Q)} é;siA 1 TSS’””‘

T SPAA32A4D}
m

1 1
1,23 34} 0 _ {1,23{3.4}} _
1 T=—o1T T = (2T = Tons = T}

oy dim 3dim e
According to the second selection rule, ]—;’1{1'2{!’1;’5}{2’4} " =0 in two- and three-dimensional spaces.
fordim > 3:
il{l_z{l_lsi}{ZA}}TF — [lijli}j}{2,4}} _5% 1 {{1,3}{2,4}}7;jii1,2}}TF _é‘% 1 {{1,3}{2,4}}7;1{1_3{1,2}}TF +
(dim_z)Sp{(l)G)} (dim_z)Sp{(l)G)}
1 {{;3}{2,4}}];2{21,2}”1” + 51'213 1 {{1,3}{2,4}}7;1251,2}}TF _
@m2) p{(1)(3)} (dimiz)Sp{(l)G)}

Continued on next page
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_(51'113 51'214 - é;li4 51'213) 1 S{{{(lfj){é’i};T
(dim—1ydim 7"
with
L L 2T T, -T.. -T. -T. )& -7 -T
m&ﬁ%”@)} iyiy 6(dlm— 2)( s(iylsliz) (iylsliy)s s(iyiy)s (iylssli) ss(iyiy) (zltz)ss) 3dlm(d1nl— 2) iy ( smsm mssm ssmm)
AR 1 34 _ 1 ( _ -7,.)
Sp{(l’z)(3,4)} dim(dim_ 1) smsm 3 dim(dim_ 1) smsm mssm ssmm

dim(dim~1)

According to the second selection rule, 7:1{12{1133}{3} T = 0 in two- and three-dimensional spaces.

for dim > 3:
LB ANTE _ piil2i 334 _ 5 LB p UZRTE
iyiylziy iiylsiy iiy iiy
(dim72)Sp{(1)(2)}

W21 B p iy e

2B 2N TF _
Y I

iy 1 Dy
(dim—2) P (dim—2)
with
1 1
WA @ N _ 2 @) _ (T T * Toton+ T ~ T = i)
G oey (dim-2) ** A(dim—2) U oted T il T Soliid T lbids Tl ol

According to the second selection rule, TH‘IZ{LZ FIT = 0 in two- and three-dimensional spaces.

fordim > 3:
UL3H2HANTE T{‘{.l,?}{2}{4}} -5 {{1 3}{2}{4}}T{{1}{2}} +
1112l3l4 lll2l3l4 1113 1214
(dim_ 2)Sp{(3)(4)}
{{1’3}{2}{4}}T{{1}{2}} -5 {{1,3}{2}{4}}T{{1}{2}}
hi; 1 iy big 1 iy
7(dim_2)Sp{(3)(4)} 7(dim_2)5p{(3)(4)}
with
1 1
{13123 4}}T{{1} o1 L N I R CHY :—{27;[141‘5.'1'2] +]—Ei1i2]ss _T[ilmﬂ —Tss[iliz] _T;[ilizls}

4(dim—2)

According to the second selection rule, 7;1{1.2{1.13}? 2357 = 0 in two- and three-dimensional spaces.

el OO (dim-2) """

(dim-2

for dim > 3:
WABNTE _ pUSRISH s SR
iinisiy ijiisiy iy i)

(dim-2)
(L4 21 B2 ({14} 23 B 2}
By Sp{(s)(4)}Tili3 O, Sp{(s)(4)}Tili2
(dim-2) (dim-2)
with
] ]
HLA 23 3 {2} HLAH233) )
T = = {27;[,-1,-2]s iy Ty ~ Tiggs — Ts[il\s\iz]}

(dim-2) " 4(dim-2)

According to the first selection rule, 7, 11{11;4{2}{3}{4}}@ =0 in two- and three-dimensional spaces.

for dim > 3:

1 itiy
Gy PO

Continued on next page
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(231D _ U @B ENTF _ L{T
1,121314

iiiplsiy iyiplsiy 24 iyisigls iyisiaiy iisighs iiiglsis gl
-1 ... +1 ...+ ... =1 ...+ . .. =1 ... —
Iylyizly Iyljigls Iylsl)ly Ipl3igl Iyl4lsl Iyl4ll;
iy + ialyiyh) + bl isiigd higiiy T isighi
T L, + iaiyiyis + iiyhi; ik + igiisiy iy }
The trace part can be expressed by the following general formulas:
... T — S T{{I,Z})TF + T{{l}{Z}} +
PR R (inos,2)={(1.2.34),(1.3,2,4),(1.4.2.3), SN O AT PMBS,, TP (o)) Ko
(23,1,4),(2,4,13),(3:4,1,2)}
+§k1k2§k3k4 PMB{Sy 1, Sy }TP{(il,iz,i3,i4)}T + 5k1k3 §k2k4 PMB{8,4, 81yt TPACH ,iz,i3,i4)}T + §k1k46kzk3 PMB{S 1, Siyy TP Ay i34}
with:
for dim = 2:
— (3Tv.vmm - Tsmsm - ];mms) . T — (3T$msm - Tssmm - Tvmmv) .
PMB{S, 1, 8y TP (i i3,y )} 8 > PMBS 8, TP i)} ] >
— (3]—;mms - T‘\m\m - ]:smm )
PMB{S,, 8,1y TP 3 i)} g
(ih:2)) =i(2T + T = Tonre * T = Toonrs)
PMBI{S, , [TP{(iy iy iy )Y i 16 ssliziy] llssliy ]+ slisiy1s slislsliy ]~ [slslig s
1
{2} _( )
PMB{&,-“-3 }TP{(il Sy si35ih)} hiy 16 2]-;[i2|3|i4] + TEl'z‘SSVA] + E[iﬂ},]s + 7-;3[12’4] [iaia ]s
2 =i(2T +T e + Ty =T, )
PMB{&,-I,-4 }TP{(il iy} D23 16 sliiz]s Lialslis Is s[ilslis] ssliyis] lz’s]SS
“”““:i(zT + T+ T + T )
PMB{b‘izi3 }TP{(il,iz,i3,i4)} un 16 Liylssliy ] s[iyfsliy ] ss[iyiy ] Liilslig 1s 11’4
“”””:i(zT T * T = Tt * T )
PMB{S,;, VTP {(iy iy i iy )} i3 16 Lirlskiz]s Lirlsslis] Liri3]ss sslii] slais]s
“”””:i(zT + Ty = Toiss + Tigsire = Tt
PMB{S,.,, VTP (i iy iy i)} 2 16 Lijiy 1ss Liglssliz ] sliiy s Lirlsliy 1s sliylsly ]
{12 TF _

PMB{S,, JTP{(iy iy sy} 5

1
= % {1 OJ;S(i3i4) - 87—21‘31'4)&? + (7—;(1‘3 Islig) + Tv(i3i4 )s + 12[3 |ssliy ) + 7—21‘3|s|i4)s ) - 6231‘4 (71v€mm + ];msm + I'vmmx )}

{{1.2}}TF —

PMB{‘sillg }TP{([I dyisiy)y 2l

==i(10T —8T
36

(lsig)s T (
{121 TF _
PMBI8,,, TP {(iy iy iy )} 23 -
1
= %{lon(izl},)s - 8721'2\55\1'3) + (T'ss(izi_;) + ]}izzg )ss + T:v(iz\s|i3) + Téiz|s|i3)s ) - é‘i}i4 (T'ssmm + 7;msm + 7;mms )}

{L21TF _
PMB{S,;, VTP (i iy iy i)} s

1
- %{107—2’1 Issliy) 87;(i1i4)5 + (7;5(1'11'4) + ]—Eiliz! )ss + TS(il|S\l'4) + ]—Eills\i4)s ) - 51'31'4 (Rsmm + I;msm + I;mms )}

s(iyslig)

7:‘(1'21'4)5‘ + ]-Eizi4)ss + 7:'5'(1'21'4) + T;iz|ss\i4) ) - 51'31'4 (T;‘smm + 7;msm + T;'mms ))

Continued on next page
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L2 TF
PMB{‘S/'ZQ; }TP’!(I} dasdysig)} i3 -
1
= %{107}11 Isli3)s - 871‘(1} sli3) + (T’ss(l']i;,) + TEili_a,)ss + s(iji3)s ]lil [ssli) ) - é‘i3i4 (];smm + T;msm + T:vmms )}
HL2PTF _
PMB{S,,, TP (i iy iy i)} it -
1
- %{loz—zih)ss B 87—;S(iliZ) + (T;'(iliz)s + T;iﬂss\iz) + TEI] Isliy )s + ]—;'(illsliz) ) Y, (]—;smm + Tsmsm + 7—;mms )}
for dim > 2:
( ssmm (d1m+ 1) smsm - Ylmms ) ( smsm (d1m+ 1) ssmm - Y;WTmS )
PMBIS, 84, TP s i)Y (d1m+ 2) dim(dim—1) > PMBG, Gy TP G s iy (dlm+ 2) dim(dim—1) ;
(]—;mms (dlm+ l) - I's’mxm - T;'smm)
PMB{Sy 8 JTPCiiy i) (dim+2) dim(dim— 1)
{2 _
PMB{L‘)‘,-I,-2 }TP{(il o izsig)} 3la (d1m+ 2)(d1m 2) {d 55[13’4 Ti’z\”hzz Ts[iz Islis ] +]—Ei1|5|i3]3 + 7—;[i1i3]s}
{13423 _ _ _ _
PMB{ i }TP{(:l A 14)}7-;’ - (d1m+ 2)(d1m 2) {d s[izlsliy] [izig]ss [y]ssliy ] sliigls I;S[l'zizt]}
{2 { dim _ T }
PMB{L‘)‘,-I,-4 }TP{(il o)) 023 (d1m+ 2)(d1m 2) S [ipis]s ss[iyiz] [iris]ss Lizlsliz 1s s[iylsliz ]
{2l _ _
PMB{ is }TP{(h iy ,4)}7-1'1 (d1m+ 2)(d1rn 2) {d [iy]sslig ] slilsliy] ~ *ssliiy] [iylslis 1s Tiill};]ss}
{1323} _ — _
PMB{L‘)‘,-Z‘.4 }TP{(i1 o iysig)) 03 (d1m+ 2)(dlm 2) {d Lilsliz ]s Tm[ili?s] Liylssliz 1 s[iiy]s TEiliz]SS}
{2l _ _
PMB{S,.;, TP A(iy iy is 14)}7;11'2 (dim+ 2)(d1m 2) {d Liyiy Iss T[illsliz] + ];[ilizls T[ills‘v\iz] T[il\s\iz]S}

{02n7F _ 1

" dim®*+2dim-4)T +4T, . | —
PMB{‘SI'IIZ }Tp{(l—l s ig)) 3l (d1m+ 4)(d1m— 2) dim {( ) ss(z3z4) (i3ig)ss
dlm( s(i3lsliy) ]—:v(i3i4)s + ]—Ei_; ssliy) ]—Ei_; \s\i4)s) - 6‘131‘4 ((d1m+ 2) 7—:vsmm - 2 (T:vmsm T'smms ))}
1
L2 TF _ -
PMB{S, , TP{(i iy i iy )Y 20 - (dim+ 4)(dim—- 2) dim {(dlm +2dim- N7, s(iylsliy) 4T(iz\S\i4)s
—dlm( 55(iyiy) + T(12z4)\é + ]2(1314)3 (13|ss\z4)) ((d1m+ 2) T;'msm - 2 (T;'smm + Tsmms ))}
1
T LT — dim*+2dim—-4)T ., +4T
PMB{ ” }TP{(ZI Jyi3niy )} 2B (dlm—|— 4)(dlm_ 2)d11’1’1 {( ) s(iyiz)s (12\8‘8‘\13)
—dim(];s(izi3) + ]1(121;)33 + Tv(zz\ sliz) (12\ \13)v) ((dlm+ 2) ];mms - 2 (T;smm + Tvmsm ))}
(i i T;i{l’z}}TF = . 1 . {(dlm +2dlm 4)T1|ss\1 +47—;‘(ll )s -
PMB{3ys JTP A d iy i)} s (dim+ 4)(dim—2)dim
dlm( ss(iiy) + ]1(1114)ss + ]—;‘(ll |s|14) (4 \s|i4)s) - é:ﬁ ((d1m+ 2) 7—vams - 2 (Z—'ssmm + ]—:vmsm ))}
1
L2 TF _ —
PMBIS,,, TP (i iy ,i4)}7;li3 - (dim+ 4)(dim— 2) dim {(dlm +2dim- YT, i Ifltz)s s(iylsli3)
—dlm( s5(iyiy) + Tézz )ss + T;(lll})s (zllss\13)) ((d1m+ 2) ];msm - Z(Rsmm + ]Z‘mms ))}
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1 } )
THL2BTE {d1m2+2d1m—4 T.. +4T .. —
PMB(3, TP i ) (dimt &) dim_2)dim Mass * s

_dlm(Ts + T(il |ssliy ) + T(i1 Isliy)s + Ts(il|s|i2)) - 51'11'2 ((dlm+ 2) Tsmms - 2 (Tssmm + Tsmsm ))}

with transformation by antisymmetric index group dualization if appropriate

dim =2

According to the first and second selection rules, 7;?};14H2}}TF =0; 7;{1.{1.1;2’4}{3}}” =0; ];{i{l.l’imm}}TF =0;
1°243%4 102°3%4 102534

ULZHBANTE — . pUL3HZANTF — . THLZBHANTE — THLBZHANTE — THLHRIBHTE — and

(iriy)s

byisiy > L, > Liyis, ITANA highsly
{2 B4 TF
7;[2[3[4 =( . Therefore,
fordim = 2:
_ {1,234} TF
Qipiiy 7;11'21'31'4 +TP{(i1 iy i3,504)} Tkukzksla
dim = 3

According to the first and second selection rules, 7;‘5.{1.1’1.2} BANTE = ; ig.{il’f}{z’m”
14243%4 142434

ULSHZHARTE — o  pULAHZEBHTE — ) 0 q THHZHSHERTE —

ity > Liiisi ity

0-: T{{Lz}{3}{4}}TF =0

> Tiiyisly

>

Therefore, for dim = 3:
— T{{1,2,3,4}}TF + T{{1,2,3}{4}}TF + {{1,2,4} {3}}TF + T{{l,2}{3}{4}}TF +

hiahyiy hialyiy hiahyiy hialyiy hixlyiy TP{(iysiyotzoig )} = kykohsky
In that case,
{{L23H4TF _ {12304} TF . {1243 31 TF _ {2,413} TF .
iiyisia = Eik e kiyiy ; idyisia =&k s ki, ;
{13,421} TF _ L3421 TF o {{1,2}}
iiyisiy = Ciigk e ki,
where
HL2,3H{4}} TF — l {12,314} TF . {1,241 (3} TF — l {11,241 31} TF .
ey kiia o iy L ; S0y kiiy o i L ’
{HL2,3H{4}} TF — l {12,314} TF
b

el ks = Erii iz,
The dualization does not provide a simplification for fourth-rank tensors with symmetry other than {{1,2}{3}{4}},

(L35 {20 {4, ({14321 {3} m {{13{2}{3}{4}} fordim > 3.

dim =4
1
{234 _ HBH2H 3 {4 (4) | {2334 (4) _ H{2}{3H4) ) |
iiialzly - gi1i2i3i4 E{I}T s where S{I}T - £8i1i2i3i4 ];li2i3i4 ’
HL2HBHANTF _ {{1»2}{3}{4}}”‘"7‘ . HL3MH2H AN TF {{1»3}{2}{4}}”‘"7‘ .
ity = ik ey ki ) iiiyisiy = Ciyigk {1yt ki >
L4 2} B31TF L3 {2141 TF
iiisiy iiyisk e kiy >
where
{{1’2}{3}{4}}TFT — —lg T{{1,2}{3}{4}}TF . H1L33 {21 {41 TF — —lg HL3 {2 {41} TF .
{1} kiy 6 ijsk " ii, js 4 {1} kiy 6 ijsk " ijizs 4
1
APy {1412} BYTF
g{l}Tki4 __g‘gijskTym'4 o ’
dim=35
1
{23 4} _ {234 (5) | H s ) _ & HH{2H3H4) ) |
T;lizi3i4 = &k g{l}Tk ; where g{l}Tk Y Ekiriyisi, Zlizi3i4 ;
HL2}{3}H{4}}TF :l {{12}{3}{4}}77’1" . HL3MH2} {41} TF :l HL3H2H{4}}TF
iiyisiy o Cisihp e kpiy * Liiyisiy o Ciiaiskp e kpiy

Continued on next page
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T{{1,4}{2}{3}}TF :l {13 {204 1F .
lyinisiy 5 ik e ipiy 0
where
{{1,2}{3}{4}}TFT — l {12} {3}{4}3TF . {{1’3}{2}{4}}TFT — lg {13234} TF .
e} kpi, — 6 ijskp™ iiy js > (I} kpiy — 6 ijskp ™ ijiys ’
{{1’4}{2}{3}}TFT — l T{{1~4}{2}{3}}TF .
ey kpiy 6 ijskp™ ijsiy >

The dualization does not provide a simplification for fourth-rank tensors with symmetry that differs from
{{1}{2}{3}{4}} for dim > 5.

dim =6
1 1
{23 4} _ {23 314 ({13423 31(6) | {2 34 {1323 (6) _ HH{2H3H4)
7;11‘21‘31‘4 = E€i1i2i3i4kp Y ; where et L ~ o4 Epiyinisiy 7:'11'21'31'4 ;
dim=7
1 1
({23304} _ HH2F 3143 (D233} ) . U2 BH4 ) (D23 _ {23314} ) .
highl = g Civkep Y e T C Y S 24 Exspiiviva L, 7

The dualization does not provide a simplification for a fourth-rank fully antisymmetric tensor for dim > 7.

Table 10. Numbers of independent components in spaces of certain dimensions.

YSI Space dimension
2 3 4 5 10 1 16 dim
(12341} TF 2 9 25 55 660 935 3740 (dlm; i) 0 i+ Scim—6)
({123} {4}}TF ~ 7 30 81 138 2025 8925 1, - .
({124} 311 TF ~ 7 30 81 1386 2025 8925 g(d1m+4)(d1m2—1)(dlm—2),
({134} {21} TF ~ 7 30 81 138 2025 8925
dim>3
({12} (3,41} TF ~ — 10 35 770 1144 5304 1, e
({13} {24} TF ~ - 10 35 770 1144 5304 o (dim+2)(dimtT)dim(dim-3),
dim>4
(I213V4NTF - — 9 30 945 1430 7020 1, . o ,
HI3J2HANTF = — 9 30 945 1430 7020  g(dim+2)dim(dim—1)(dim-3),
(1412} B1TF -  — 9 30 945 1430 7020 G 4
(LRIBIANTE — — 15 210 330 1820 dim(dim— 1)(dim— 2)(dim— 3)
24 ’
dim >4
SUM 230 163 463 9403 13918 64003  dim'_ 6dim’+ 3,

dim >4

4. Discussion

The dual simplification parts of Tables 7 and 9 are not fully completed because, for some Y.S/
components, dual tensors do not possess a Y5/ and need to be decomposed again. Therefore, these have
no current YS7 in the present notation.

Fully antisymmetric components with YST {{1}{2}}, {{1}{2}{3}}, and {{1}{2}{3}{4}} have
no trace and thus are identical to tensors with YSI {{1}{2}}TF, {{1}{2}{3}}TF and
{{1}{2} {3} {4} } TF. For this reason, the sign 7F was omitted in most cases.

Metascience in Aerospace Volume 3, Issue 1, 28—53.
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5. Conclusion

A complete algorithm for analytical decomposition, based on well-known results and formulas
from group theory, was proposed. The algorithm was applied for Cartesian tensors of small rank (from
2 to 4), and results are presented in tabular form for use in the investigation of tensor symmetry
properties. The results for second-rank tensors are well-known and have been reported in many
previous studies; they were repeated here for clarification of the proposed notation. Therefore, the
main goal of this investigation was achieved.

Use of Al tools declaration

The authors declare they have not used Artificial Intelligence (A7) tools in the creation of this
article. The content of Table 7 before dual simplification was verified by program decompg! developed
by the author [12]. This program can generated GL-decomposition of tensor of given rank and space
dimension (but not greater than 99) given by user. But, for decomposition on trace-free component
author still does not develop the program. So, this decomposition as such as content for second and
third rank tensors had been evaluated analytically and was not verified by the computer program.
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