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Abstract: Multi-task learning (MTL) seeks to improve the generalized performance during new
testing tasks by exploiting useful information incorporated in related tasks. This paper developed an
MTL-based control framework that considers signal temporal logic (STL) specifications applied to air
traffic management. MTL settings involve both training and testing stages. In the training stage, an
ensemble of tasks is generated by perturbing STL specifications considering the spatiotemporal features,
ensuring a diverse yet structured task distribution. Task compliance is measured using the robustness
degree, which is computed through STL semantics to quantify how well a state variables trajectory
satisfies a set of specifications. Furthermore, robustness degree expressions are inherently non-convex
due to log-sum exponential (LSE) terms used to approximate min and max operators, making direct
optimization challenging. To address this, we employed sequential convex programming (SCP) with
dynamically updated trust regions, which iteratively refine solutions to ensure convergence and stability
in the optimization process. In the testing stage, new unseen tasks were introduced, requiring adaptation
based on prior knowledge. The optimal solution obtained from the training phase served as a warm
start, enabling rapid/few-shot adaptation to new, more perturbed tasks. Experimental validation was
performed on two different dynamical systems. The first system corresponds to the spring-mass-damper
system. The second system corresponds to a more comprehensive application within the air traffic
control problem, scaled down to the context of quad-rotor dynamics. The results demonstrate that the
proposed framework successfully satisfies new tasks’ specifications within only a few SCP iterations,
even under significant perturbations, highlighting the efficiency and adaptability of our approach.

Keywords: air traffic control; multi-task learning; optimal control; sequential convex programming,
signal temporal logic; task generator; UAVs traffic management
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Set of allowable values for the state variables.

Set of allowable values for the control inputs.

Set of lower bounds for temporal parameters in the task formulas.
Set of upper bounds for temporal parameters in the task formulas.
Set of spatial parameters that describe the formulas in a task.

Set of temporal operators used in the formulas of the task.

Set of predicates used in the formulas of the task.

Set of Boolean operators used in the formulas of the task.

Number of time steps along the time horizon.

Initial value of the state variables x.

Initial trajectory of the state variables.

Initial sequence of values for the control inputs.

Maximum number of sequential convex programming iterations.
Number of tasks in the training stage.

Number of tasks in the testing stage.

Linear quadratic regulator weight factor for the optimal control problem.
Positive semidefinite weight matrix for the state variables in the linear
quadratic regulator.

Positive semidefinite weight matrix for the control inputs in the linear
quadratic regulator.

Constant used in the log-sum exponential approximation for max and
min operators.

Number of tasks to create in the task generator procedure.

Number of formulas used to create the task in conjunctive normal
form. In nested form, N corresponds to the number of levels of the task.
Spatial parameter of the nested task in the innermost level.

Trust region in the sequential convex programming.

Reference point of the state variables in the linear quadratic regulator
settings.

State variables in the system dynamics f.
Control inputs that determine the behavior of the system dynamics
along the time horizon.

System dynamics with state variable x and control input u.
Robustness degree of the task in terms of the state variables x.
Linearized system dynamics.

Average robustness degree for the tasks used in the training stage.
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1. Introduction

New challenges are present with the increasing number of unmanned aerial vehicles (UAVs) involved
in air traffic control (ATC), which leverages safe flight operations in controlled airspaces. From the
ATC perspective, the most significant problem is the collision between two aircraft or the aircraft
with surrounding obstacles. In the particular case of UAVs, a sufficient guarantee must be provided to
integrate the UAVs in the conventional airspace [1], since the autonomous operation has emerged as
a task-strategic framework for applications such as goods delivery, aerial mapping, agriculture, and
surveillance. Under the context of the UAVs Traffic Management (UTM), smooth operation of UAVs is
required in the open air space in high-density urban cities [2]. In this sense, tasks related to obstacle
avoidance, reaching way-points, and flight altitude limits, are part of the learning process of the UAV’s
task-compliance to establish a harmonized autonomous operation in the airspace. This paper addresses
efficient learning and control of aerial vehicle systems.

In the learning process, developing a new skill is based on prior knowledge obtained based on other
related skills. This principle leads to learning multiple tasks simultaneously, from which transferrable
skills can be obtained and utilized for new tasks. This knowledge transfer mechanism allows an
individual to learn new concepts with limited data. Motivated by humans’ ability to learn, multi-task
learning (MTL) aims to learn multiple tasks simultaneously such that the experience obtained when
developing one task gathers useful information that can be used to generalize the performance for other
related tasks [3]. MTL is especially useful for transferring skills to situations with limited data for
online fast adaptation, since a performant controller is often trained by using a noticeable amount of
data [4]. This data scarcity issue is more severe in applications requiring manual labor to label data, i.e.,
medical image analysis, speech recognition, and natural language processing [5]. Furthermore, when
the available labeled data is very limited for training purposes, few-shot learning (FSL) results in a
useful approach that corresponds to the ability of the machine learning models to generalize from only a
few training examples [6]. Nevertheless, MTL is not typically classified within the FSL framework,
as its core aim involves learning multiple tasks simultaneously, considering that these tasks share a
common representation, rather than necessitating few training examples.

Additionally, MTL not only improves the performance of specific tasks but also increases the
adversarial robustness, decreasing the model vulnerabilities under adversarial attacks [7]. Early
contributions presented in [8] defined MTL as an inductive transfer mechanism to improve the
generalization performance by leveraging the domain-specific information contained in training signals
of related tasks. The training signals process is developed in parallel using a shared representation.
Different approaches have been proposed for MTL, from multi-objective optimization [9] and dynamic
task prioritization [10], to task-dependent weighting [11]. With the introduction of deep learning [12],
significant progress has been made during the last two decades for MTL.

MTL can be properly formulated using signal temporal logic (STL) to incorporate the temporal
behavior of tasks in autonomous systems due to its expressiveness and interoperability from its similarity
to natural language. The task is defined by one or several formulas with spatiotemporal parameters and
logical operators. The symbolic control problem is composed of a continuous-time signal trajectory
that meets the task formulas, providing a quantitative notion of time and space [13]. Several studies

Metascience in Aerospace Volume 2, Issue 3, 68—88.



71

have been conducted on the STL application in the optimal control context. This encompasses robust
control, control barrier function, and control Lyapunov function, applied in energy management systems,
temperature control, autonomous driving, and trajectory control for unmanned ground and aerial
vehicles. Reference [14] introduced and maximized the robustness degree, a metric to measure how
robustly the formulas are satisfied or violated, using smooth approximations of STL semantics. The
methodology is applied to the control of heating, ventilation, and air conditioning buildings. Similarly,
in [13] a new robustness under-approximation was developed, based on arithmetic and geometric
means that makes the positive robustness a sufficient condition to meet the formula. STL has been
extended to the time-varying control barrier function (CBF) and its temporal properties within STL task
satisfaction. A control law is derived so that the state variables’ solution with an initial condition met
the specification. This approach is especially useful in multi-robot systems, where some methods do not
scale computationally [15]. In [16] a methodology was proposed to construct a CBF for a fragment of
STL tasks by solving an optimization problem, applied in dynamically coupled multi-agent systems.
Other approaches learn a neural network controller to satisfy an STL specification. The parameters of
the CBF are obtained through training, substantially decreasing the conservatism [17]. Considering the
trajectory planning for continuous linear systems, a mixed integer quadratic program was formulated
in [18] with STL constraints with linear predicates and a CBF, to synthesize a discrete sequence of
controls. In [19], the STL formulas considered nonlinear state constraints using high order control
Lyapunov barrier functions. This led to developing controllers for system stabilization inside a set
within a specified time while guaranteeing the system to remain in the set.

In this article, an MTL-based approach for fast online adaptation with STL formulas is developed
using STL semantics and robustness degree maximization. Due to the non-convex terms that arise from
the STL semantics, such as the log-sum exponential approximation for the min and max operators, a
sequential convex programming (SCP) algorithm is used to solve the non-convex problem, considering
the system dynamics and the trust region as constraints. There are two stages in the methodology: the
training stage, in which the SCP finds an optimal solution for multiple tasks perturbed under the nominal
STL formula, given that the robustness degree of the final solution must be positive for task compliance,
and the testing stage, where new related tasks are generated by applying a larger perturbation compared
with the training stage. The solution obtained in the training stage is the initializer for the testing stage,
solving the new perturbed tasks with only a few SCP iterations. To the best of our knowledge, our work
is the first to apply MTL under the STL framework, since STL-based optimal control problems can be
properly addressed with MTL principles.

The contributions of this work are summarized as follows:

e Introduction of a novel approach that applies multi-task learning under the optimal control context
using signal temporal logic specifications.

e Utilizing sequential convex programming to efficiently solve STL-based optimal control problems,
considering smooth approximations of max and min operators with log-sum exponential
expressions.

e Development of a two-stage learning framework for STL-based optimal control problems. In the
first stage, the system is trained over a set of perturbed tasks while ensuring a positive robustness
degree. In the second stage, the learned initialization enables fast adaptation to new, more
perturbed tasks.

e Practical application on two case studies, e.g., the spring-mass-damper system and air traffic
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control for UAVs, demonstrating the feasibility and efficiency of applying MTL principles to
STL-based optimal control problems.

The remainder of this article is organized as follows. Section 2 presents the mathematical formulation,
considering the optimal control problem and how the STL framework is introduced in the robustness
degree. In Section 3 the problem formulation and solution methodology is explained, within the SCP
algorithm and MTL training and testing stages. The results of two case studies are addressed in
Section 4. Finally, the concluding remarks and some avenues of research are presented in Section 5.

2. Preliminaries and mathematical formulation

Let x € R" and u € U C R™ be the state and control input of a discrete-time system presented as follows:

Xie1 = f (O, ug) 2.1

where f (xi, u;) represents the discretized system dynamics. Given the initial state x, and a control
sequence (uo, Uy, ..., Un,1), a trajectory (xo, x1, ..., Xy, ) that satisfies (2.1) can be generated, and in this
work is named signal.

2.1. Signal temporal logic (STL) and the robustness degree

STL is a formal language to describe a broad range of real-valued, temporal properties in cyber-
physical systems [20]. An STL formula comprises predicates, logical connectives, and temporal
operators, using the atomic propositions presented in the Backus-Naur form, as shown below:

¢ := True |B§ > 0| ~ ¢ lp1 A do| $1U a2 161 = @ol (2.2)

where ~ means “negation”, A is the “And” operator, U means “Until”, [a, b] is the time interval from a
to b, and ¢, and ¢, are STL formulas. From the elementary propositions above, additional operators can
be written, such as ¢, V @2, Flan¢, Gund, and ¢; = ¢,, that stand for “Or”, “Eventually”, “Always”,
and “Infer” operators, respectively. The predicate Bs is a function £ in terms of the signal x, which is
expressed as h(x) — Cy. If Bg > 0, then By is True, otherwise, By is False. Considering that (x, ) = ¢
indicates if the signal x satisfies ¢ at time ¢, the formula satisfaction is recursively computed in the
formula semantics, as presented in [18] and shown below:

x,HEB; © hx()=0

xDE~¢ © ~((xDE¢

XOEHAG & (DEGAMNXDE

x, ) E iUy © 3ty €lt+a,t+Db]s.t. 2.3)
(x,11) E ¢ AV € [1,11],
(x,2) E ¢

(LDE$ = ¢ o if (x,1)F ¢ then (x,1) E ¢

To measure how well the STL formula is satisfied by the signal x, a quantitative semantics named the
robustness degree, denoted by p, is used. If p > 0, the STL formula is satisfied, and p < 0 otherwise. If
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p = 0, the formula satisfaction is inconclusive. The robustness of ¢ with respect to signal x at time 7 is
recursively defined as follows:
Bs = h(x) - C
P (x, 1) = h(x) = Cy
p~0(x, 1) = —p?(x,1)
p¢"\¢2(x, f) = min (p¢| (x, t),p¢2(x, t))
p¢|V¢2(x’ l‘) = max (,0(1)] ()C, t),p¢2(x, l))

2.4)
Fras¢ — ¢
p (%1 z/emi}z&b] (p *x, t))
Gia,p1¢ — ; @
p (X’ t) t’e[I;IJ}zlz?+b] (p (X, t))

p¢1$¢2 (x, 1) = max (—p¢1(x, 1), p¢2 (x, t))

2.2. Mathematical model

Given the STL semantics, the following optimal control problem is formulated in (2.5) along a
horizon N7, maximizing p subject to the system dynamics. The objective is to find a control input and
state variable sequence that satisfies a set of formulas.

Nr
max p (x) — @ Z [x{ Ox; + u] Ruy]

k=1 (2.5)
S.t. Xpy1 = f(xk, u,),Yk€{0,1,..., Ny — 1}
X € X, Uy € (L{,

where Q and R are positive semidefinite weight matrices for the state variables and control inputs,
respectively, to form the linear quadratic regulator (LQR) term weighted with a. Although this term
penalizes the objective function, it plays an important role in stabilizing the signal trajectory.

Additionally, the computation of p? often lacks smoothness due to the max and min operators
commonly used in robustness degree semantics. A smooth (infinitely differentiable) approximation
is achieved by replacing the max and min operators in p? with the log-sum-exponential (LSE)
functions [21], as shown as follows:

_ 1 <
max [(ay, ...,a,)]" = Elog ;ek‘“] (2.6)
min [(ay, ..., an)]" = - log Zmle_kai (2.7)
1o eees U . K L .

The max and min operators’ approximation in (2.6) and (2.7) are smooth when using LSE expressions,
and the gradient can be analytically derived. As the parameter K — oo, the maximum and minimum
values approach to their true values. Although the resulting mathematical model is still non-convex,
employing convex approximations such as Taylor series expansion and SCP allows us to obtain a
positive local maximum.
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3. Problem formulation and implementation of multi-task learning on STL specifications

An STL formula ¢ is composed by a predicate By of the form h(x) — Cy, where h(x) and C, describe
the behavior of the state variables in the task in the standard form of A(x) — C4 > 0. The function h(x)
depends on one or several state variables. Additionally, a time interval [#,, #,] is also included, in which
the formula h(x) — C, > 0 should be satisfied. The time interval [7,, #,] can encompass the entire horizon
Nr or a subset of Ny. In general, the parameters Cy, t,, and 1, are the spatial and temporal parameters of
the STL formula, respectively, formally expressed as ¢, 1.

Example 1. A robot is required to traverse four way-points along a time-horizon. Each way-point has
to be visited by the robot at a specified time window, as described by the following task:
¢(C¥) = F[f],tz](P E WPI) /\ F[235t4](P E WPZ) /\ F[tS,tﬁ](P E WP3) /\ F[t7,t8](P E WP4) (3.1)

where P denotes the robot’s position at each way-point WP. Figures 1(a) and 1(b) present the robot’s
trajectory when it is not (p < 0) and it is (p > 0) in compliance with the task specifications, respectively.
Each formula within the task establishes the behavior of the robot at the corresponding way-point,
considering a temporal and spatial parameter.

Y

t, A tg
A 8 7
I
; t
t7 4 WP, 7
Whe L wh : | WP
1 1
|I 7’ 1 N l’
Z ~ t
. ,/ DR i1te , ’ & N <G 6
3 | ta sy < » , ts N I
t2 | ty N /
N
\
t\ OWPs 4 t WP,
WP, \ WP, N
\ S
\
\ s ~ N
\
\ S ~
~
Start . Start'@
(a) Robot’s trajectory with p < 0. (b) Robot’s trajectory with p > 0.

Figure 1. Trajectory of the robot for the task in (3.1).

Considering the task’s formulation using the STL semantics, the MTL framework simultaneously
trains a model with multiple tasks, given that each task involves several formulas. Through spatial and
temporal parameter perturbation within these tasks, the aim is to obtain a sequence of control inputs and
state variables that satisfy the set of training tasks serving as a strong initializer to address other related
tasks. This stage is referred to as the “training stage”. Subsequently, a phase known as the “testing
stage” is applied, in which the solutions of the tasks are achieved, i.e., p becomes positive, in only a few
iterations of the SCP algorithm. This concept involves a quick online adaptation to new tasks, as the
training is performed offline on a batch of related training tasks. The term “related” implies that the
temporal and spatial parameters are affected by a similar level of perturbation.
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Algorithm 1 presents the procedure to generate M tasks given N formulas in conjunctive normal
form (CNF). If the tasks are in nested form, N corresponds to the number of levels of the nested task,
from the innermost to the outermost level. The base task includes the input data 7~ and 7, which are
the lower and upper bounds, respectively, for the temporal parameters, and C is the spatial parameter.
These are included in the sets 7 = {E, . ..,ﬂ}, T = {7_'1, . ..,‘7TN}, and C = {Cy,...,Cy}. The set
O ={0,,...,0Oy} contains the temporal operators F and/or G for “eventual” and “always” operators,
respectively; and the set H(x,C) = {H,(x,Cy), ..., Hy(x,Cy)} corresponds to the predicates, which
are in terms of the state variables and the spatial parameters, and that describe the system dynamics
for each formula throughout the task. Additionally, the Boolean operators A and V to conform the
task are in the set 8 = {8, 8, ...,8),_,, @}. For CNF task construction purposes, the last element in
B is @ since no more specifications are ahead to conform the CNF task. In the nested task, a unique
predicate described as H(x, S) is assumed where S is the spatial parameter for the nested base task, and
no Boolean operators are incorporated along the levels. For task generation purposes, N formulas/levels
are created by using the probability distribution of each temporal and spatial parameter, until M tasks
are generated. The perturbation on the parameters is performed using a normal distribution N(u, o?),
where ¢ and o are the mean and the standard deviation, respectively. Given that the tasks generated in
Algorithm 1 are related to each other, the resulting tasks are in conjunctive or nested form, without a
combination between forms.

Example 2. The linear position x of a mass along a time horizon of 20 seconds is described by the task
in conjunctive normal form below:

¢ = Gue(x > 9) A Fpig12)(x < =10) A Gyye,181(x < —10) (3.2)

In accordance with the base task in (3.2), a perturbed task is generated using the pseudo-code in
Algorithm 1. The lower and upper limits of the temporal parameters, i.e., the time-windows for the
three specifications, are represented by T = {4, 10, 16} and T =1{6,12,18), respectively. The sets of
spatial parameters, Boolean operators, and temporal operators are C = {9,—-10,—-15}, B = {A, A, @},
and O = {G, F, G}, respectively. Following the conjunctive normal form section in Algorithm 1, and
considering a normal distribution for the perturbation of the spatiotemporal parameters, the first
specification, this is j = 1, of the CNF task is described by T, = 3.92, 7, =587, C/ = 875,
using lines 5 to 7 in the pseudo-code. Line 8 joins the temporaﬁperator O, « G with the predicate
Hi(x,C)) « (x—8.75 > 0) and the Boolean operator B, < A at the end. This results in the first portion
of the CNF task given by ¢, = G3.02587)(x — 8.75 > 0)A. Later, the content in ¢, is assigned to Task <
G3.925871(x — 8.75 > 0)A in line 9. Similarly, the second specification ¢, = F(190s.11.93(—=x —9.73 > 0)A
is appended in Task < Gz92587(x — 8.75 = 0) A F10.08.11.93(—=x — 9.73 > 0)A. The last specification
&3 = Gie.ss.17.451(x+15.28 > 0) is finally appended in the Task, which results in the following conjunctive
normal form task:

Task — G[3,92,5‘87](x - 875 > O) A F[]o.()g’]].gg](—x - 973 > 0) A G[16,58,17'45](X + 1528 > O) (33)

Example 3. The linear position of a mass is addressed in this case as a nested STL task along a
10-second horizon, as shown below:

¢ = Fo,101 (Gio2) (Floz1(x > 8))) 34
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Algorithm 1 Task Generator

1: function TaAsk GENERATOR(M, N, T, T,C, 0, B)
— Conjunctive Normal Form —

2: if iSCNF(Task) then
3 fori=1to Mdo
4: for j=1to N do
5: T/ ~N(T;, 0'3.]_ ) > Lower time limit of spec j
6: 7_]/ ~N (’7_'j, 0'%) > Upper time limit of spec j
7: C:~ N(C;, 0%/_) > Spatial param of spec j

: }; — Oj[,,.j,fjf](‘Hj(x, C’)8B; » Build spec j
9: Task; < Task;.append(¢;) > Add spec j to task i
10: end for
11: Tasks « Tasks.append(Task;) > Add task i to Tasks
12: end for
13: end if

— Nested form —
14: if isNested(Task) then

15: fori=1toMdo

16: S ~ NG, 0'?9) > Perturbation on spatial parameter
17: Task; « H(x,S’) » Task i initialized with predicate
18: for j=1toNdo

19: T ~ N(T;, o:zr/_) > Lower time limit of level j
20: ?j, ~ N(T;, 0'%) > Upper time limit of level j
21: Task; « Oj['r,- ,f:/](Task[) > Add previous expression to Task i
22: end for -

23: Tasks < Tasks.append(Task;) > Add task i to Tasks
24: end for

25: end if

26: return Tasks

27: end function

Metascience in Aerospace Volume 2, Issue 3, 68—88.



71

The task in (3.4) specifies that within the 10 seconds horizon, there must eventually exist a time-window
of 2 seconds during which, at every instant during the next two seconds, it is guaranteed that x > 8
will occur at least once. Considering this behavior as the base task and following the nested form
section in Algorithm 1, a perturbed task is generated using the lower and upper limits for the temporal
parameters, i.e., the time-windows for the three levels, which are contained in 7~ = {0,0,0} and
T = {2,2,10}, respectively. The set for temporal operators is O = {G,F,G). Temporal parameters
and temporal operator sets start from the innermost to the outermost level in the nested task. The
spatial parameter corresponds to S = 8. Given a normal distribution for the perturbation of the
spatiotemporal parameters, the perturbed spatial parameter S’ = 7.55. Line 17 in the pseudo-code
provides the predicate (x—"1.55 > 0) which initializes the Task. The perturbation o of temporal parameters
is performed in lines 19 and 20 of the pseudo-code, providing 7," = 0.35 and ‘Tl = 1.93, for the lower
and upper limits in the first level time-window, respectively. The temporal parameter is O, = F. This
results in the first portion of the nested task, i.e., Fio3s 193, which is appended with the already initialized
expression. Then, Task < F3s1.93(x —7.55 > 0). Later, the perturbed lower and upper limits in the
time-window for the second level are 7>’ = 0.8 and 7_“2’ = 2.14, respectively, and the temporal operator
is O, = G. Now the expression for the task is Task «— Gios2.141(F035.1.931(x — 7.55 > 0)). Similarly, for
the outermost level the perturbed temporal parameters are T3' = 0.27 and ‘7_'3, = 10.85. The temporal
operator is Oz = F. Finally the perturbed nested task is gene_rated as follows:

Task < F927.10851(Gio.8,2.141(Fj0.35,1.931(x — 7.55 > 0))) (3.5)

As part of the training and testing stages, the SCP algorithm is used to solve the non-convex
mathematical model in (2.5). Since the robustness degree in its current form is non-convex due to
negative LSE for the max operator, an affine approximation is applied on p(x) using the Taylor series
expansion, which yields the linearized expression p (x), as presented below:

1
p () =p () +Vp ()" (x—2x5) + 7 (- )" V2p () (x = x3) (3.6)

where V and V? are the gradient and the Hessian operators, respectively. The linearization of p(x)
is around a known operation point x;, where £ is the index of the SCP iterations. The expansion is
performed until the second-order term that includes V2p (x;). However, this term can be neglected or
approximated by the identity matrix. In this sense, the mathematical model in (2.5) is rewritten in its
linearized version as follows:

maxp(x) aZ x; Ox; + u] Ruy]
=1

s.t. X = f O ), Yk €{0,1,..., Ny — 1} (3.7)
llx = xull <77
X; € X, U, € (L[,

where f (xi, uy) is the linearized system dynamics, 7 is the trust region, and X and U are the domains
for the x and u variables, respectively.

Algorithm 2 presents the SCP pseudo-code. The input set is conformed by: the p expression after
applying LSE approximation for the min and max operators, linearized system dynamics f(x, uy),
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initial point x, for the state variables along the time horizon N7, initial guesses X, and u;,;, for the
state variables’ trajectory and control inputs, respectively, along the time horizon under study, and a
maximum number of iterations N, in the SCP. Initial guess values are assigned to x; and uj, in the first
iteration as nominal vectors [22] to linearize p(x) and obtain p(x). Then, x* and u* are the solutions
obtained for x and u, respectively, in the current iteration 4. Prior to the next SCP iteration /& + 1,
choosing the nominal vector depends on the trust region update. This is based on two performance
metrics: the relative decrease 6 = p(x;) — p(x*) and the relative error 5= p(x,) — p(x*). Trust region n
shrinks/grows contingent upon the performance metric comparison [23]. If § > @', the trust region
is increased for the next iteration % + 1, that is, 1,41 = B, with 0 < @’ < 1 and 8 > 1, and x;,; < X",
meaning that the solution x* is accepted and becomes the nominal vector for the next iteration. If
8 < @6, the trust region is decreased for the next iteration & + 1, that is, 77, = ym,, wWith 0 <y < 1
and x,,; < xj,, meaning that the solution x* is rejected and the current solution remains as the nominal
vector for the next iteration.

Convergence criteria is in terms of a maximum number of iterations N, and moreover, the SCP
algorithm stops when the robustness degree of signal x is positive and the signal meets the task
formulas. The SCP returns the solutions x**! and #*°! in terms of the value sequence for x and u variables,
respectively. The corresponding robustness degree p*°! value for the x trajectory is also provided.

Algorithm 2 Sequential Convex Programming (SCP)

1: function SCP(p, f(xk, l/lk), X0 Xinits Uinits Nh)

2 Xp < x> Initial guess for state trajectory

3 u, < Ui > Initial guess for control trajectory
4 for h=1to N, do

5: Approximate p as p using (3.6)

6

7

8

9

X" < max,,p »> Solve convex problem (3.7)
if trust region is increased then

Xpe1 < x* > Solution obtained becomes the nominal vector for 4 + 1
else if trust region is decreased then

10: Xpe1 < X5 > Current nominal vector is preserved for 42 + 1
11: end if

12: if convergence criteria met or p > 0 and task satisfied then

13: break » Stop if solution is feasible and robust

14: end if

15: end for

16: return p*°', x*°! 1*! > Return final solution

17: end function

The training stage is described in Algorithm 3. Using the task generator function in Algorithm 1,
M, training tasks are created in line 2 and their corresponding symbolic expressions for the robustness
degree are obtained. Later in line 3, the average robustness degree p,, is conformed which overcomes
all the training tasks. Notice that p,, is also a symbolic expression and is used in the linearized optimal
control problem in (3.7). Line 4 runs the SCP to solve (3.7) considering the expression p,,. This yields
the sequence of state variables xje,, and control inputs uye,, that is in compliance with the specifications
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of all the M, training tasks, that is, (pf;{m > (), as long as these tasks are not in conflict with each other.

The solution xje,, With its sequence of control inputs uj,, are used as initialization to solve the tasks in
the testing stage.

Algorithm 3 Training Stage

1: function TRAINING STAGE(M, N, T, T7.C,0, B)
TaskSjean < TaskGenerator(M,, N, 7,7 ,C,0,8) » Task generation for training
Pay < MLL ZhM:Ll p(Tasksjeam,) > Compute average robustness degree for training tasks

2

3

4: plsé’;m, Xiearns Uteam — SCP(04y, f (X, Ur), X0, Xinits Uinit» V) > Obtain initializer for testing stage
5

6:

return Xieam, Uicarn
end function

In the testing stage described in Algorithm 4, the input data are the Xxje,r, and ue,, previously obtained
in Algorithm 3. Parameter M7 is the number of testing tasks to generate in the testing stage. In lines 4
and 5, Xjearn and Uy, are assigned to the initial solution x;, and u;, to run the SCP. Once the convergence
in the SCP algorithm is reached, a solution for the testing task is obtained and stored in p!, in addition
to the signal xs and the control sequence u.

Algorithm 4 Testing Stage

1: function TESTINGSTAGE(Xiearn, Uiearn, M7, N, T, T,C,0,8B)
2: Tasksesy «— TaskGenerator(M7, N, T, 7,C,0,8) » Tasks generation for testing
3: for j=1,...,Mr; do

— Initializer assigned to nominal vector —

4 Xp € Xlearn

5: Up < Ulearn .

6: pfé’sltj, Xiest;» Urest; <= SCP(o(Taskseg,), f(xk, ur), X0, Xn, Un, Ni) - > Solve the task via SCP
7 end for

8 return pioy, Xt Uest

9: end function

The MTL framework is in the flow chart illustration of Figure 2. The enclosed numbers over the
arrows between blocks are the steps of the overall methodology. Initially, the input involves M; and
M7 for the number of training and testing tasks, respectively, the number of formulas N for each task,
upper T and lower 7 limits for temporal parameters, 0, and o, and spatial parameters C. Once
M training tasks are generated through Algorithm 1 using the probability distribution for perturbation
parameters, the average p,, and the approximation p,, are computed, based on LSE and Taylor series
expansion. Later, initial guesses x;j,; and u;y; are assigned to the state variables x and control inputs u,
respectively, since the SCP relies on this initial point to iteratively refine the solutions X, and teqm.
At this point of the flow chart, the following is the testing stage, where 0 = 0 ey, bEING Test > T grain,
meaning that the perturbation in the testing stage is larger than that used in the training. Notice that
for each testing task, the initial point for the SCP corresponds to Xieam and #jeqm, previously obtained in
the training stage. For each task, once the SCP reaches the convergence, the values for the robustness
degree, state variables trajectories and control inputs are presented in pgg;t, Xests and Ugegy, TESpECtively.
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The task generator (Algorithm 1), sequential convex programming (Algorithm 2), and p approximation
modules are involved in both training (Algorithm 3) and testing (Algorithm 4) stages.

pielienlieelelieslielienlien il il Algorithm 4 Testing stage |

Input Algorithm 1: TIaJk generator I
I ! Xlearns M1

ML MT H {Tl, » ‘L'N} I earn earn I

NTt 1= I \

C —)p- : {Tli i TN} : Output:
Otrain @ : {Cl' aa CN} : I | ptseoslt' Xtest) Htest
Otest : 0 = Otrain : I

- J

J é Algorithm 2: Sequential Convex )
| [——=—===-=-==  Programming
|

Xinit = Xlearn
HUinit = MHlearn

=
1l
=y

kaEX,ukEU

1
Pav = M_L Z p(Tasky) 1

h=1 J e | e e - “"'--_-.J-H-F-—ll —
Yl o ot =% | :
: g next —
Approxmlaie p L :_ Unext :_u_j
®) as I
] L ] 1 . ‘l—‘ ————————————— -
| o e — = - | Update Trust Region |
:‘151?151‘:_»: St | @

1guess | it | ] o
il Algorithm 3: Training stage

Figure 2. The overall framework of multi-task learning. Enclosed numbers denote the steps
along the procedure.

4. Case studies and results

For validation purposes, the MTL methodology is proved in two case studies. The first case
corresponds to the spring-mass-damper system where the mass position is controlled along the time
horizon given a task with different STL formulas. In the second case, the air traffic control (ATC)
problem is addressed to generate a control sequence on a quad-copter, subject to preset rules in the STL
framework. Training and testing stages are run in MATLAB R2023A using the Gurobi solver in CVX
modeling language, equipped with an AMD Ryzen 3 2300U processor and 12 GB of RAM.

4.1. Spring-mass-damper system

The first scenario is the spring-mass-damper system with the discretized dynamics shown below.
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1 0
Xi+1 :xk+( ks  —b X + 1 Ltk)A, (41)

where x € R? represents the variables x; and x,: position and velocity of the mass, respectively. Control
input is denoted by u € R. Mass, spring, and damping constants are m, k;, and b, respectively, and are
setat m = 1kg, ky = 2N/m, and b = 0.2 Ns/m. The time step is chosen as A, = 0.1 s. The base task
is related to a desired behavior in the mass position x;, along a time horizon of 30 seconds and initial
values for the state variables [x; xz]g = [m 2]". The base task is described as follows:

Gae(x1 = 9) A Fpioaz(x1 < =10) A Gieas(x1 < =12) A Faooa(x1 > 13) A Gag30)(x1 < —15) (4.2)

Given the task specifications in (4.2), the mass is required to always reach a position farther from
x; = 9 between t = 4 and ¢t = 6; then within ¢ € [10, 12] eventually to be placed in x; < —10; later,
always within # = 16 and r = 18 to a position at x; < —12; then, eventually reach beyond x; = 13
between ¢ € [22,24]; and during the last two seconds to be always positioned at x; < —15. Once the
SCP is applied on the task in (4.2), the mass position along the time horizon is shown in Figure 3. The

specifications are met considering the spatiotemporal parameter settings applied in the task.
27 Gug (1 >9)

Flogoq (w1 > 13)

21 [m]

=20 Ghgag (r1 < —12)

Fli0,19) (901 < —10) ‘

0 5 10 15 20 25
Time [s]

Gas30) (z1 < —15)

-25

Figure 3. Mass position (x;) along the time horizon.

Figure 4(a) presents the training stage over 25 tasks randomly generated with a standard deviation
(STD) of 1.1 in the temporal and spatial parameters. It is worth mentioning that the tasks generated
in the training stage are not in conflict with each other, meaning that the spatiotemporal specifications
are overlapped between tasks, and that the solution xj,,, Obtained satisfies all the training tasks. Notice
that the average p over all the tasks becomes positive after 140 SCP iterations and converges after 250
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iterations. For the least and most complex tasks, 119 and 207 SCP iterations were needed, respectively.
A higher STD along the task generation provides a more diverse set of tasks in the training stage, and
furthermore, more SCP iterations are required to solve all the tasks. The solution obtained at this point
is used as an initializer in the testing stage.

For testing purposes, 10 tasks are randomly generated by applying perturbations using standard
deviations in the temporal and spatial parameters. As opposed to the training, in testing, the tasks
randomly generated are not required to be non-conflicting with each other, as they are solved separately.
The behavior of the robustness degree is plotted in Figure 4(b) for two STD values, along with the
corresponding dispersion across the tasks. Compared to the training stage, it is observed that in the
testing stage, the average robustness degree becomes positive after a few SCP iterations: For perturbation
levels of STD = 2.5 and STD = 3.5, only 9 and 20 SCP iterations were required, representing reductions
of approximately 94% and 86%, respectively, compared to the training stage.

10 - 10

Robustness degree p

-15 Level of perturbation-|
Maximum p ——STD 3.5
Average p
20 I I I I I
50 100 150 200 250 20 ‘ ‘ ‘ ‘
SCP iterations 0 20 40 60 80 100
(a) Robustness degree p: training stage for study case 1. (b) Robustness degree p: testing stage for study case 1.

Figure 4. Results for the spring-mass-damper system.

4.2. ATC problem for an autonomous quad-rotor

The air traffic control (ATC) problem involves complex rules to ensure safety in airspace used by
aircraft. In the context of unmanned aerial vehicles, the ATC paradigm seeks to enable safe, efficient
operation and route optimization in drone operations [24]. Flight constraints are generally related to
altitude ranges for flying in certain areas and prohibited zones where aerial operations are not allowed,
such as airports and military facilities [25]. In this work, the ATC problem is scaled to control a
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quad-rotor to reach a way-point and a final destination, i.e., addressing battery recharge and package
delivery, following some altitude rules and flight avoidance of prohibited zones.
For simulation purposes, the linearized and discretized quad-rotor dynamics [26] are presented as follows:

Xpe1 = Axy + Buy (43&)
1 0 0 0 0 O] [ 1.96 0 0 |
0O 1 0 00O 0 -196 0
0O 0 1 00O 0 0 0.4
A= 02 0 O 1 00 0.196 0 0 (4.35)
0 02 0 010 0 -0.196 0
|0 0 02 0 0 1] 0 0 0.04]

where x € RS represents the variables x;, x,, and x3 corresponding to the velocities, and x4, xs, and xs
the positions, in x, y, and z coordinates respectively; and u € R? represents the control inputs u;, u,, and
us corresponding to the roll angle, pitch angle, and thrust, respectively. Following the STL semantics,
the base task of an autonomous quad-rotor in the ATC framework is described in (4.4a) to (4.4e) along
a time horizon of 2 seconds.

Gio2)(qg € Zone; = 3 < x6 < 7) (4.4a)

Gio2)(q € Zone, = 0 < xg < 4) (4.4b)
Giooy(x] + x3 > 1.5%) (4.4¢c)

Froa1((xs + 5)* + (x5 +2)* + (x6 — 3)* < 0.5%) (4.4d)
Froo((xs +2.5)* + (x5 — 2.5)* + (xs — 1)* < 0.5%) (4.4e)

where ¢ is the quad-rotor position in x, y, and z coordinates. The task involves (4.4a) A (4.4b) A (4.4c)
A (4.4d) A (4.4e). Formulas (4.4a) and (4.4b) require that the altitude is within a lower and upper limit,
depending on the zone. During the time horizon, the quad-rotor is required to avoid a cylindrical unsafe
zone, which is described in (4.4c). Way-point and terminal point are represented as spheres in (4.4d),
and (4.4e) respectively, that are eventually reached by the quad-rotor along N7 .

Considering the unsafe zone centered at the origin, and the task in (4.4a) to (4.4e), the trajectory
performed by the quad-rotor is presented in Figure 5, once the robustness degree reaches a positive value
in the SCP iterations. Given that the SCP requires an initial operation point to deploy the optimization,
the initial trajectory for the state variables in the ATC problem is obtained by solving the optimal control
problem in (4.5), considering a reference point x,.. This trajectory is not required to satisfy the task
specifications in (4.4a)—(4.4e); rather, it provides a consistent initial point for executing the SCP. In
this regard, and considering the increased complexity of the system dynamics with more variables,
providing a well-defined initial signal trajectory is crucial for the SCP to properly perform. A random
initial solution can lead to poor SCP performance, including numerical instability during optimization
and limited improvement in the objective function across iterations.

Nr
min > [0 = xren)” Q (5 = ) + 1 Ritg]
k=1 (4.5)
S.t. Xpy1 = f(xk, u,),Yk€{0,1,..., Ny — 1}
X € X, U € U.
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In some cases and depending on the level of perturbation assigned to the task, the way-point and
terminal point might be visited in a different order, since there is no visit preference for these two points
in the STL formulas.

6 Zone 2

6 4 2 0 2 4 6
Figure 5. Quad-rotor trajectory.

The training stage is performed for the ATC problem considering 5 tasks, randomly generated
with an STD of 0.1 applied on the spatial parameters, i.e., radii of the unsafe zone, way-point and
terminal point, and allowable altitude on the zones. Temporal parameters are not perturbed as there is
no sequence-based preference to execute the formulas. Similar to the previous case, in the ATC problem
the training tasks must not be in conflict each other and the obtained solution X, should satisfy all
the training tasks. The evolution of the maximum, average, and minimum p in this stage is depicted in
Figure 6(a), which become positive after 486, 542, and 1738 SCP iterations, respectively.

Then the solution obtained in the training stage is used as an initializer for the testing stage. Three
STD values are considered to perturb the position of the way-point and terminal point, which results in
highly complex tasks. Ten tasks are randomly generated, and for each perturbation level, the average p
is shown in Figure 6(b) with dispersion across the tasks. Notice that the larger the perturbation level, the
more SCP iterations are needed to obtain a positive average p. In testing, SCP iterations required to
meet the tasks are at most 4% compared with the training stage.
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(a) Robustness degree p: training stage for study case 2. (b) Robustness degree p: testing stage for study case 2.

Figure 6. Results for the ATC problem.

5. Conclusions

A multi-task learning (MTL) with signal temporal logic (STL) framework is effectively integrated
for fast online adaptation using sequential convex programming (SCP). Approximations for min and
max operators in terms of log-sum exponential (LSE) expressions in the STL specifications are used to
smooth the objective function in the mathematical model maximization, which overcomes the robustness
degree of the overall STL task. Based on the smooth approximation and linearizing around a known
operation point, SCP results in an affordable methodology to solve the training and testing stages of the
MTL approach. For the two dynamical systems under study, e.g., the spring-mass-damper system and
air traffic control applied to UAVs, with temporal and spatial formulas, and considering different levels
of perturbation in the STL formulas, the training stage provided a warm start to solve related tasks in a
few SCP iterations during the testing stage, even for highly perturbed tasks.

Given that the MTL framework is able to address multiple training tasks using a shared representation,
it is often faster to solve a set of similar tasks together, in comparison with solving a single task from a
scratch solution. This implies that when a difficult task is trained with other easier tasks, the SCP can
more quickly find a solution that satisfies all task specifications, as long as the tasks are not in conflict
with each other.

A future research direction involves the meta-optimization framework. In this context, using only
a small number of training tasks can be an effective approach for enabling rapid adaptation to more
perturbed tasks. Additionally, within gradient-based methods, differentiable programming in meta-
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optimization settings may offer a powerful means to efficiently compute how the objective function
changes with respect to problem parameters for training purposes.
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