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Abstract: In this paper, we develop a mathematical model to investigate the impact of dynamic
hygiene behaviour on the transmission dynamics of typhoid fever in the presence of antibiotic
resistance. The model extends existing modelling approaches by integrating behavioural responses
with treatment and resistance dynamics. The model is calibrated using cumulative data on typhoid
cases reported at the Mbandjock District Hospital in Cameroon. The calibrated parameter estimates
give R0 = 2.0754 > 1 and R0e = 1.9509 > 1. These values indicate that the disease can persist
in the population and remains endemic in the region. A sensitivity analysis of the basic reproduction
number is performed to identify the parameters that have the greatest influence on disease transmission.
The results show that the environmental transmission rate βb and the bacterial decay rate µb in
the environment are among the most influential parameters affecting the value of R0. The model
shows the possibility of backward bifurcation, indicating that reducing the reproduction number below
one may not be enough to eliminate the disease, particularly in settings with poor hygiene or high
levels of antibiotic resistance. Numerical simulations demonstrate that improved hygiene practices
can significantly reduce infections and environmental contamination. In general, the findings show
the importance of combining behavioural interventions with effective treatment strategies to control
typhoid fever.

Keywords: typhoid fever; antibiotic resistance; dynamic hygiene behaviour; bifurcation analysis;
mathematical modelling

https://www.aimspress.com/journal/mbe
https://dx.doi.org/10.3934/mbe.2026102


2905

1. Introduction

Typhoid fever remains a significant public health concern in many parts of the world, particularly
in regions where access to clean water and proper sanitation is limited. Typhoid fever is an infectious
disease caused by Salmonella typhi, which is mainly transmitted by the faecal-oral route, typically
through contaminated food and water [1]. Despite substantial public-health advances, recent global
estimates indicate that typhoid fever causes millions of cases and tens of thousands of deaths annually,
with the highest burden in South Asia and sub-Saharan Africa [1, 2].

Young children and populations living in poor socioeconomic conditions are particularly
vulnerable to infection. Although the global burden of typhoid has declined in some regions, the
disease remains persistent in areas with limited access to safe water, sanitation, and hygiene (WASH)
infrastructure [3, 4]. Interventions that improve water quality, sanitation, and personal hygiene are
widely recognized as essential strategies for controlling typhoid fever [5–7]. Studies have shown that
household water treatment, safe storage, access to sanitation, and regular handwashing significantly
reduce infection risk [5–7]. Evidence from meta-analyses also suggests that hygiene practices,
particularly handwashing with soap, can be highly effective in preventing infection when adopted
consistently within communities [6]. However, maintaining a high and sustained level of hygiene
practices remains a major challenge. In many communities, the adoption of hygiene behaviours often
changes over time and may depend on factors such as perceived disease risk, social norms, and
availability of resources [8].

A major challenge in the control of typhoid fever is the emergence of antibiotic-resistant strains of
salmonella typhi [9]. The misuse and overuse of antibiotics have contributed to the development of
resistant infections, making treatment more difficult and increasing the risk of complications [9]. In
addition to medical interventions, preventive measures such as improved hygiene and sanitation play a
critical role in reducing transmission. Therefore, improved diagnostic methods and treatment strategies
are essential for the early detection and effective management of resistant cases [10]. Behavioural
responses, such as increased handwashing and improved awareness of hygiene during outbreaks, can
influence how the disease spreads within a population.

Mathematical modelling has become an important tool for understanding the transmission
dynamics of infectious diseases and for evaluating the potential impact of control strategies. In the
context of typhoid fever, models have been used to examine the roles of environmental transmission,
treatment, and vaccination [11, 12]. Compartmental models, in particular, capture key mechanisms
such as human-to-human transmission, environmental contamination, and the effects of treatment on
infectiousness [11, 13].

A study by [14] demonstrated the role of contaminated water and poor sanitation in sustaining
disease transmission. Behavioural responses, particularly those related to hygiene practices, can
significantly influence transmission by modifying contact patterns and exposure to contaminated
environments [15, 16]. Behavioural responses within communities can play an important role in
reducing disease transmission. For example, people can adopt improved hygiene practices, such as
handwashing and safe food handling, when awareness of the risk of infection increases. These
behavioural changes can influence how the disease spreads within a population, particularly in
settings where environmental contamination contributes to transmission. However, the interaction
between hygiene behaviour and antibiotic resistance in typhoid transmission remains less explored in
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mathematical modelling studies.
More recent modelling studies have incorporated behavioural responses, demonstrating that

changes in hygiene practices can significantly influence disease dynamics [17, 18]. These approaches
account for risk-driven behaviour, behavioural fatigue, and adaptive responses that can alter
transmission patterns. Models that integrate environmental bacterial dynamics with behaviourally
driven contact or shedding rates are especially relevant for enteric diseases such as typhoid fever.

In addition, several studies have highlighted the growing impact of antibiotic resistance on typhoid
transmission and control. The rise of multidrug-resistant strains has reduced the effectiveness of
commonly used antibiotics and increased the complexity of treatment strategies [19]. Although some
modelling studies have explored the dynamics and resistance of treatment [20], relatively few have
considered the combined effects of behavioural responses and resistance to antibiotics within a
unified framework.

A study by [17] developed a compartmental model to examine the interaction between cholera and
typhoid fever, with particular emphasis on the role of hygiene behaviour in disease transmission. In
their work, the contact rate was formulated as a function of hygiene level, allowing the model to capture
how improved sanitation and behavioural changes can reduce the spread of infection. Their results
show that better hygiene practices significantly lower transmission rates and can contribute to the
control of both diseases. However, our study focuses on typhoid fever alone and extends the analysis
by incorporating antibiotic resistance and treatment dynamics alongside behavioural responses.

In addition, a study by [8] emphasizes that poor water, sanitation, and hygiene conditions remain a
major driver of disease transmission, particularly in many African settings. Furthermore, the study
by [10] discusses modern detection methods, showing how improved diagnostic tools can help in the
early identification of resistant strains and support better treatment decisions. Together, these studies
indicate that effective control of typhoid fever depends on a combination of improved treatment
strategies, better hygiene practices, and enhanced detection of drug-resistant pathogens.

Although several mathematical models have been developed to study typhoid transmission
dynamics, many focus primarily on environmental transmission, vaccination, or treatment
interventions. Only a limited number of studies, such as [17], incorporate behaviour-dependent
transmission mechanisms, and even fewer account for the combined effects of behavioural responses
and antibiotic resistance. This gap is particularly important in endemic settings, where behavioural
changes, such as increased handwashing and hygiene awareness, can reduce exposure to
contaminated environments, while antibiotic resistance may alter disease progression and
transmission patterns, further complicating control efforts.

To address this gap, this study extends existing mathematical models of typhoid transmission by
incorporating dynamic hygiene behaviour into a framework that also accounts for antibiotic resistance
and treatment dynamics. Rather than proposing an entirely new modelling structure, the contribution
lies in examining how behaviour-dependent hygiene and resistance interact within a unified setting.
The model captures human-to-environment transmission, adaptive hygiene responses, and treatment-
related resistance, and is used to provide new insights into how these factors jointly influence disease
dynamics. In particular, the study explores the impact of behavioural changes on transmission, the
role of resistance in shaping endemic outcomes, and the implications for control strategies in resource-
limited settings.

The rest of the paper is organised as follows. Section 2 introduces the mathematical model and
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explains how it is formulated. In Section 3, we examine the positivity and boundedness of solutions,
along with a detailed analysis of the model. Sensitivity analysis and model calibration are discussed in
Section 4, while numerical simulations are provided in Section 5. Section 6 concludes the paper.

2. Model formulation

We develop a deterministic compartmental model to describe the transmission dynamics of typhoid
fever in the presence of antibiotic resistance, treatment switching, and behaviour-dependent hygiene
interventions. The total human population at time t, denoted by N(t), which is assumed to be bounded
over time, is given by

N(t) = S (t) + Is(t) + Ir(t) + Ts1(t) + Tr1(t) + Ts2(t) + Tr2(t) + R(t).

The model structure is illustrated in Figure 1. The population is divided into susceptible
individuals S (t), infected individuals with drug-sensitive strain Is(t), infected individuals with
drug-resistant strain Ir(t), people receiving first-line treatment (Ts1(t), Tr1(t)), people receiving
second-line treatment (Ts2(t), Tr2(t)), and recovered individuals R(t). The model also incorporates the
environmental bacterial concentration Bc(t) and a behaviour-dependent hygiene variable H(t).

The hygiene variable H(t) is modelled as a proxy for the behavioural response at the
population-level driven by the perceived risk of infection, represented by the total number of
infectious individuals (Is + Ir). This assumption follows a common approach in behavioural
epidemiology, where increasing the prevalence of diseases leads to increased awareness and the
adoption of protective measures. Hygiene behaviour is influenced by multiple factors, including
public health interventions, education, media influence, cultural practices, and access to sanitation
resources. However, explicitly incorporating all of these factors would substantially increase the
complexity of the model and the uncertainty of the parameters.

Therefore, this paper provides a simplified but analytically tractable representation of adaptive
behaviour, which is sufficient for capturing its interaction with transmission and antibiotic
resistance dynamics.

Transmission is assumed to occur through exposure to contaminated environments such as unsafe
water or food. The forces of infection for drug-sensitive and drug-resistant strains are defined as

λs = ω

(︄
βbBc

Bc + κ

)︄
(1 − ξH), λr = (1 − ω)

(︄
βbBc

Bc + κ

)︄
(1 − ξH), (2.1)

where βb is the effective contact rate with contaminated environments, κ is the half-saturation
constant, and ω ∈ [0, 1] represents the relative contribution of the drug-sensitive strain to
transmission. The term (1 − ξH) captures the reduction in transmission due to hygiene behaviour,
where H ∈ [0, 1) denotes the level of hygiene adoption and ξ ∈ (0, 1] measures the effectiveness of
hygiene in reducing environmental contamination. The environmental contribution to infection is
represented by the saturating function βbBc

Bc+κ
, which describes the risk of infection from contact with

contaminated water or food and approaches a maximum as the bacterial concentration increases. To
account for the relative probability of infection with each strain, a weighting factor ω is introduced,
where ω represents the probability of contracting the sensitive strain and (1 − ω) represents the
probability of contracting the resistant strain.
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Transmission is driven by environmental bacterial contamination and influenced by hygiene
behaviour. Infection occurs when susceptible individuals (S ) are exposed to a contaminated
environment, after which they may become infected with the drug-sensitive strain (Is) at rate λs or the
drug-resistant strain (Ir) at rate λr. Following works by [20–22], treatment in this model is modelled
using two lines of antibiotics: a first-line treatment (Antibiotic 1), which may be partially ineffective
due to resistance or misdiagnosed, and second-line treatment (Antibiotic 2), which is assumed to be
resistance-free.

Susceptible individuals are recruited into the population at rate Λ and become infected at rates
λs and λr. Infected individuals in Is and Ir may start first-line treatment at rates σs and σr, recover
naturally at rates θs and θr or die due to the disease at rates δs and δr, respectively. Individuals receiving
first-line treatment (Ts1, Tr1) may recover at rates νs and νr, move to second-line treatment (Ts2, Tr2) at
rates ρs and ρr if treatment fails, or die due to the disease at rates δs1 and δr1. Individuals in second-line
treatment (Ts2, Tr2) recover at rates γs and γr, or die due to the disease at rates δs2 and δr2. Recovered
individuals lose immunity at rate ϵ and return to the susceptible class. All individuals are also subject
to natural death at rate µ.

The environmental bacterial concentration Bc(t) is driven by shedding from infectious individuals
(Is, Ir) and those receiving first-line treatment (Ts1, Tr1). Individuals in Is and Ir shed bacteria at rates
αs and αr, respectively, while those in (Ts1, Tr1) shed at reduced rates αs1 and αr1. Shedding from
individuals receiving second-line treatment is assumed negligible. The bacterial population grows at
rate g and decays at rate µb, with µb > g, ensuring that environmental bacteria remain bounded. We
assume that first-line treatment (Antibiotic 1) is less effective, which justifies the need for second-line
treatment (Antibiotic 2), thus it is assumed that individuals receiving first-line treatment in classes
(Ts1 and Tr1) can continue shedding bacteria due to treatment failure or resistance development. In
addition, individuals in the infectious classes Is and Ir shed bacteria at higher rates αs and αr

respectively compared to those receiving first-line treatment in classes Ts1 and Tr1, who shed at lower
rates αs1 and αr1. This reflects the assumption that first-line treatment is less effective, hence allowing
continued shedding from individuals in Ts1 and Tr1.

Bacterial shedding from individuals receiving second-line treatment (Ts2, Tr2) is assumed to be
very low and therefore considered negligible. Although some bacteria may still be released during
second-line treatment, the number is minimal because second-line antibiotics are typically more potent
and effective at suppressing bacterial load than first-line drugs. As a result, individuals who receive
second-line treatment contribute very little to environmental contamination compared to those who are
infectious (Is, Ir) or who undergo first-line treatment (Ts1, Tr1). This assumption simplifies the model
without losing biological relevance, as the majority of bacterial shedding and transmission is expected
to occur during earlier stages of infection and treatment when bacterial concentrations are highest.

As infection levels increase, individuals are more likely to adopt protective hygiene at a rate ψ1, in
response to the increased risk. However, in the absence of sustained motivation, these practices decline
at a rate ψ2. Higher levels of hygiene reduce environmental exposure to the environment, reducing
the likelihood that susceptible individuals become infected. This effect also indirectly influences the
flow of individuals into infected and treatment compartments. In this way, hygiene acts as a dynamic
control measure that helps regulate the overall trajectory of the epidemic.

Shedding into the environment is assumed to be hygiene-dependent because the level of hygiene in
a community strongly affects how much bacteria from infected individuals enters the surrounding
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environment. In settings where hygiene practices are poor such as limited handwashing, inadequate
waste disposal, or absence of proper sewage systems, infected individuals are more likely to
contaminate water sources and food through faecal matter or improper sanitation. This leads to higher
bacterial concentrations in the environment, which increases the risk of indirect transmission.

The term ψ1(Is + Ir)(1 − H) represents the rate at which individuals adopt or improve hygiene
practices in response to increasing infection levels. As the number of infected individuals rises, people
are more likely to adopt protective behaviours such as frequent handwashing and improved sanitation.
The term ψ2H describes the decline in hygiene awareness over time. As infection levels decrease
and the perceived risk becomes lower, individuals tend to relax these behaviours, leading to reduced
compliance with recommended hygiene practices. Therefore, these terms capture the dynamic nature
of human behaviour, in response to disease prevalence, suggesting that hygiene practices improve
during outbreaks but may decline once the threat subsides.

Hygiene adoption is modelled as a population-level response driven by infection prevalence,
represented by Is + Ir, which is assumed to represent perceived risk in the community. Although
individuals undergoing treatment (Ts1, Tr1, Ts2, Tr2) are influenced by hygiene awareness, as shown
in the model diagram, this effect is not explicitly included in the equations. This is because treated
individuals are assumed to follow prescribed medical guidelines, and the simplification avoids
additional complexity and overlap with treatment effects.

Figure 1. Schematic diagram of the typhoid fever model (2.2).

Thus, based on the model assumption, formulation, and Figure 1, we have the corresponding system
of ordinary differential equations:
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dS
dt
= Λ − (λs + λr + µ)S + ϵR,

dIs

dt
= λsS − (σs + θs + δs + µ)Is,

dIr

dt
= λrS − (σr + θr + δr + µ)Ir,

dTs1

dt
= σsIs − (ρs + νs + δs1 + µ)Ts1,

dTr1

dt
= σrIr − (ρr + νr + δr1 + µ)Tr1,

dTs2

dt
= ρsTs1 − (γs + δs2 + µ)Ts2,

dTr2

dt
= ρrTr1 − (γr + δr2 + µ)Tr2,

dR
dt
= θsIs + θrIr + νsTs1 + νrTr1 + γsTs2 + γrTr2 − (ϵ + µ)R,

dBc

dt
= gBc + (1 − ξH)(αsIs + αrIr + αs1Ts1 + αr1Tr1) − µbBc,

dH
dt
= ψ1(Is + Ir)(1 − H) − ψ2H,

(2.2)

with the initial conditions be

S (0) > 0, Is(0) ≥ 0, Ir(0) ≥ 0, Ts1(0) ≥ 0, Tr1(0) ≥ 0, Ts2(0) ≥ 0, Tr2(0) ≥ 0,
R(0) ≥ 0, Bc(0) ≥ 0, H(0) ≥ 0. (2.3)

3. Model analysis

This section presents a detailed analysis of the formulated typhoid fever model to understand its
qualitative and epidemiological behaviour. Furthermore, the basic reproduction number, denoted by
R0, is derived using the next-generation matrix method to determine the threshold condition that
dictates whether the disease will die out or persist in the community. Local and global stability
analyses of the disease-free equilibrium (DFE) are examined to understand the behaviour of the
model around the equilibrium.

3.1. Positivity of solutions

We now analyse the positivity of the model system (2.2). We prove that all state variables remain
non-negative and that every solution of the model system (2.2) with positive initial conditions remains
positive for all t > 0. The following theorem is thus presented.

Theorem 1. All solutions of the typhoid fever model (2.2) defined by the set
Y(t) = (S (t), Is(t), Ir(t), Ts1, Tr1(t), Ts2(t), Tr2(t),R(t), Bc(t),H(t)), with positive initial conditions (2.3)

Y(0) = (S (0), Is(0), Ir(0), Ts1(0), Tr1(0), Ts2(0), Tr2(0),R(0), Bc(0),H(0)), remain positive for all
time t > 0.
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Proof. We need to show that the system solutions remain non-negative for all t > 0. Consider the first
equation of model (2.2) given by

dS
dt
= Λ + ϵR − (µ + λs + λr) S = Λ + ϵR − (µ + λ) S , where λ = λs + λr. (3.1)

Solving (3.1), we have

d
dt

(︄
S (t) exp

(︄
µt +

∫︂ t

0
λ(s) ds

)︄)︄
= (Λ + ϵR(t)) exp

(︄
µt +

∫︂ t

0
λ(s) ds

)︄
.

So,

S (t̂) exp
⎛⎜⎜⎜⎜⎝µt̂ +

∫︂ t̂

0
λ(s) ds

⎞⎟⎟⎟⎟⎠ − S (0) =
∫︂ t̂

0
(Λ + ϵR(t)) exp

⎛⎜⎜⎜⎜⎝µt̂ +
∫︂ t̂

0
λ(v) dv

⎞⎟⎟⎟⎟⎠ dt̂,

giving

S (t̂) = S (0) exp
⎛⎜⎜⎜⎜⎝− ⎛⎜⎜⎜⎜⎝µt̂ +

∫︂ t̂

0
λ(s) ds

⎞⎟⎟⎟⎟⎠⎞⎟⎟⎟⎟⎠
+ exp

⎛⎜⎜⎜⎜⎝− ⎛⎜⎜⎜⎜⎝µt̂ +
∫︂ t̂

0
λ(s) ds

⎞⎟⎟⎟⎟⎠⎞⎟⎟⎟⎟⎠ ∫︂ t̂

0

⎡⎢⎢⎢⎢⎣(Λ + ϵR(t)) exp
⎛⎜⎜⎜⎜⎝µt̂ +

∫︂ t̂

0
λ(v) dv

⎞⎟⎟⎟⎟⎠ dt̂
⎤⎥⎥⎥⎥⎦ > 0.

From the second equation of model system equations (2.2), we obtain

dIs(t)
dt
= λsS − (σs + θs + δs + µ)Is ≥ −(σs + θs + δs + µ)Is

⇒ I(t̂) ≥ Is0 exp [−(σs + θs + δs + µ)t̂ ] > 0.

Similarly, using the same method for the other state variables, it can be shown that the solution set
Ir(t), Ts1, Tr1(t), Ts2(t), Tr2(t),R(t), Bc(t), and H(t) remains positive for all t > 0, therefore, the
model (2.2) is positively invariant in R10

+ , and this completes the proof.

3.2. Boundedness of solutions

To ensure that the model is mathematically and epidemiologically well posed, it is necessary to
establish that all state variables remain non-negative and bounded for all time t ≥ 0.

Theorem 2. The feasible region Υ of the typhoid fever model (2.2), as defined in (3.2), is positively
invariant and attracting:

Υ =
{︂
(S , Is, Ir, Ts1, Tr1, Ts2, Tr2,R, Bc,H) ∈ R10

+ : H ∈ [0, 1), N ≤
Λ

µ
, Bc ≤ M

}︂
, (3.2)

where
M = max

{︂
Bc(0),

(αs + αr + αs1 + αr1)Λ
µ(µb − g)

}︂
.

Proof. Summing the first order of the linear equation for the rate of change in the total human
population N(t), we have

dN(t)
dt
= Λ − µN(t) − (δsIs + δrIr + δs1Is1 + δr1Ir1 + δs2Is2 + δr2Ir2) ≤ Λ − µN(t), (3.3)
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since the disease-induced death rates are non-negative. Thus, the linear differential inequality has
the solution,

N(t) ≤ N(0) exp−µt +
Λ

µ

(︁
1 − exp−µt)︁ ,

which implies that N(t) is uniformly bounded and that

lim sup
t→∞

N(t) ≤
Λ

µ
.

This shows that the total human population is uniformly bounded above by
Λ

µ
for all t > 0.

For the environmental bacteria Bc, we have

dBc

dt
= (g − µb)Bc + (1 − ξH)(αsIs + αrIr + αs1Ts1 + αr1Tr1)

≤ (g − µb)Bc + (1 − ξH)(αs + αr + αs1 + αr1)N(t).

Since 0 ≤ (1 − ξH) ≤ 1 and all state variables are non-negative, it follows that

dBc

dt
≤ (g − µb)Bc +

(αs + αr + αs1 + αr1)Λ
µ

.

Since µb > g, the we have:

Bc(t) ≤ Bc(0) exp−(µb−g)t +
(αs + αr + αs1 + αr1)Λ

µ(µb − g)

(︂
1 − exp−(µb−g)t

)︂
≤ max

{︂
Bc(0),

(αs + αr + αs1 + αr1)Λ
µ(µb − g)

}︂
.

Thus, Bc(t) is uniformly bounded and

lim sup
t→∞

Bc(t) ≤
(αs + αr + αs1 + αr1)Λ

µ(µb − g)
.

For the hygiene variable H(t), we have

dH
dt
= ψ1(Is + Ir)(1 − H) − ψ2H.

Given that H ∈ [0, 1), at H = 0,
dH
dt
= ψ1(Is + Ir) ≥ 0. Therefore, H(t) remains within the biologically

meaningful interval [0, 1) for all t ≥ 0.
Combining these results, the feasible (positively invariant) region for the system is defined as

Υ =
{︂
(S , Is, Ir, Ts1, Tr1, Ts2, Tr2,R, Bc,H) ∈ R10

+ : H ∈ [0, 1), N ≤
Λ

µ
, Bc ≤ M

}︂
.

Hence, all solutions of the model with non-negative initial conditions remain inΥ for all t ≥ 0, ensuring
that the model is biologically and mathematically well-posed.
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3.3. Typhoid-free equilibrium and the basic reproduction number

In this section, we establish the typhoid DFE of the model (2.2) and derive the corresponding basic
reproduction number, denoted by R0. The DFE represents a steady state in which no infection persists
in the population.
The DFE of (2.2) is denoted by D0 = (S ∗, I∗s , I

∗
r , T

∗
s1, T

∗
r1, T

∗
s2, T

∗
r2,R

∗, B∗c,H
∗), obtained by setting all

infection-related compartments to zero. That is,

I∗s = I∗r = T ∗s1 = T ∗r1 = T ∗s2 = T ∗r2 = R∗ = B∗c = 0.

The hygiene equation at equilibrium becomes

0 = ψ1(0)(1 − H∗) − ψ2H∗ =⇒ H∗ = 0.

The susceptible equation reduces to

0 = Λ − (µ)S ∗ =⇒ S ∗ =
Λ

µ
.

Thus, the DFE is

D0 =
(︂Λ
µ
, 0, 0, 0, 0, 0, 0, 0, 0, 0

)︂
.

The basic reproduction number R0, is derived using the next-generation matrix approach [23]. This
threshold quantity measures the expected number of secondary cases produced by a single infected
individual in a susceptible population. The value ofR0 serves as a key determinant of disease dynamics:
If R0 < 1, the typhoid infection will eventually die out, while R0 > 1 implies that the disease can invade
and persist in the community. Therefore, computing R0 is crucial for identifying the conditions under
which typhoid transmission can be controlled or eliminated.

To derive the basic reproduction number, we follow the standard next-generation matrix approach
(van den Driessche and Watmough) [24]. The method involves identifying the new infection terms F
and the transition terms V for all infected compartments. The infected compartments of the system are
Is, Ir, Ts1, Tr1, Ts2, Tr2, and Bc. New infections occur in compartments Is and Ir, driven by the force
of infection. The transition terms account for recovery, treatment, switching, resistance development,
and natural mortality.

F =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

λsS
λrS

0
0
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, V =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(µ + σs + θs + δs)Is

(µ + σr + θr + δr)Ir

(µ + ρs + νs + δs1)Ts1 − σsIs

(µ + ρr + νr + δr1)Tr1 − σrIr

(µ + γs + δs2)Ts2 − ρsTs1

(µ + γr + δr2)Tr2 − ρrTr1

(µb − g)Bc − (1 − ξH)(αsIs + αrIr + αs1Ts1 + αr1Tr1)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Let

Z1 = µ + σs + θs + δs, Z2 = µ + σr + θr + δr, Z3 = µ + ρs + νs + δs1, Z8 = µb − g, (3.4)
Z4 = µ + ρr + νr + δr1, Z5 = µ + γs + δs2, Z6 = µ + γr + δr2, Z7 = ϵ + µ.
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Then

FV−1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Q1 K6
ωβbΛ

µκ
Q2

ωβbΛαr1

µκZ4Z8
0 0

ωβbΛ

µκZ8

K5
(1 − ω)βbΛ

µκ
Q3

(1 − ω)βbΛαs1

µκZ3Z8
Q4 0 0

(1 − ω)βbΛ

µκZ8
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where

Q1 = K5
ωβbΛ

µκ
, Q2 =

ωβbΛαs1

µκZ3Z8
, Q3 = K6

(1 − ω)βbΛ

µκ
, Q4 =

(1 − ω)βbΛαr1

µκZ4Z8
, (3.5)

with

K5 =
Z3αs + αs1σs

Z1Z3Z8
, K6 =

Z4αr + αr1σr

Z2Z4Z8
.

The matrix product FV−1 captures the expected number of new infections produced in each infection
class by a single infected individual introduced into the DFE. The eigenvalues of FV−1, are given as

λ1 = λ2 = λ3 = λ4 = λ5 = λ6 = 0, λ7 =
(Q1 + Q3) −

√
Ψ

2
, λ8 =

(Q1 + Q3) +
√
Ψ

2
,

where

Ψ = (Q1 − Q3)2 + 4
Λ

µ
ωβbK5

Λ

µ
(1 − ω)βbK6.

Since Ψ > 0, then λ8 > 0 and λ7 will be positive if (Q1+Q3) >
√
Ψ. Given that Ψ > 0, then λ8 > λ7,

so λ8 is the dominant eigenvalue of FV−1. Hence, the basic reproduction number of the model (2.2),
obtained by R0 = ρ(FV−1), where ρ is the spectral radius of the product FV−1, is given by

R0 =
(Q1 + Q3) +

√
Ψ

2
.

Let
Rs = K5

ωβbΛ

µκ
, Rr = K6

(1 − ω)βbΛ

µκ
, Rsr =

Λ

µ
ωβbK5

Λ

µ
(1 − ω)βbK6, (3.6)

with Rs and Rr representing the contributions of environmental transmission pathways for sensitive
and resistant strains, respectively. The interaction term Rrs captures the combined effect of sensitive
and resistance strains through shared environment.
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The basic reproduction number can be rewritten in terms of Rs, Rr, and Rsr as:

R0 =
Rs + Rr +

√︁
(Rs − Rr)2 + 4Rsr

2
. (3.7)

It is seen that the basic reproduction number is expressed in terms of contributions from the
sensitive and resistant strains. This decomposition assumes that the two strains are epidemiologically
separable, but still interact through the shared environmental bacterial compartment. Rsr represents
this interaction, capturing the indirect link between the strains through the shared environment. This
means that the presence of one strain can increase environmental contamination, which in turn
enhances the transmission potential of the other strain, leading to co-circulation of both strains.

In the absence of hygiene behaviour, R0 is assumed to represent the intrinsic transmission capacity
of typhoid fever under natural conditions. In the absence of resistant strains (Ir = 0), the transmission
dynamics of the model are driven solely by the sensitive strain. Under this condition, the interaction
term Rsr = 0, and the basic reproduction number R0 in Eq (3.7) reduces to the component associated
with the sensitive strain, that is,

Rs = K5
ωβbΛ

µκ
.

This quantity represents the expected number of secondary infections caused by a single infectious
individual in a completely susceptible population when only the sensitive strain is circulating.
Similarly, in the absence of the sensitive strain (Is = 0), transmission is driven entirely by the resistant
strain, leading to

Rr = K6
(1 − ω)βbΛ

µκ
.

This is assumed to represent the contribution of the resistant strain to new infections through
environmental transmission. In the presence of hygiene behaviour, the effective reproduction number
is reduced due to a decrease in environmental transmission. Specifically, hygiene awareness modifies
the terms of transmission in the force of infection through the factor (1 − ξH), and H ∈ [0, 1)
represents the level of hygiene awareness in the population. We thus have the following Remark 1.

Remark 1. Role of hygiene in the reproduction number

In this model, hygiene reduces both disease transmission and bacterial shedding. The forces of
infection for the drug-sensitive and drug-resistant strains include the factor (1 − ξH), which represents
how increased hygiene lowers the likelihood of infection.

At the DFE, all infected compartments are zero, and hygiene awareness naturally decays to its
minimum level, H∗ = 0, because no infections exist to stimulate increased hygiene behaviour.
Consequently, when the basic reproduction number R0 is evaluated at the DFE, hygiene parameters
do not appear explicitly. Importantly, this is an emergent property of the model and not an imposed
assumption. In the absence of infections, hygiene awareness naturally decays to zero.

To account for pre-existing hygiene in the population, the model introduces a hygiene-adjusted
reproduction number, Re0, where H0 ∈ [0, 1) represents a baseline hygiene level. This baseline reduces
disease transmission through the factor (1 − ξH0), reflecting both the effectiveness of hygiene ξ and
the proportion of the population practising hygiene (H0). Because this factor scales all infection terms
equally, the next-generation matrix is proportionally scaled, giving

R0e = (1 − ξH0)R0,
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where R0, given in (3.7), is the basic reproduction number without hygiene effects.
Thus, as H0 increases, the effective reproduction number decreases proportionally, capturing the

important role of hygiene practices in reducing typhoid transmission via environmental contamination.
When ξH = 0 (either no hygiene awareness or ineffective hygiene), the factor (1− ξH) = 1, so hygiene
has no effect on infection spread.

3.4. Stability of disease-free equilibrium

In this section, the local and global asymptotic stabilities of the DFE of the model (2.2)
are investigated.

Theorem 3. The bacteria-free equilibrium pointD0 of system (2.2) is locally asymptotically stable in
Υ if R0 < 1, and unstable if R0 > 1.

Proof. The basic reproduction number R0 is derived using the next-generation matrix approach [23].
When R0 < 1, the matrix F−V is Metzler, and V−F is a nonsingular M-matrix. This ensures that all

eigenvalues of the linearized system have negative real parts, and hence the typhoid-free equilibrium
D0 is locally asymptotically stable. Conversely, if R0 > 1, the stability condition is not satisfied and
D0 becomes unstable. Further details of this approach can be found in [23, 25].

Theorem 4. The bacteria-free equilibrium pointD0 of system (2.2) is locally asymptotically stable in
Υ when Rs < 1 and Rr < 1 and unstable when Rs > 1 or Rr > 1.

Theorem 4 is sufficient, but not necessary, for stability of the DFE. R0 < 1 is not equivalent to
requiring both Rs < 1 and Rr < 1 due to the interaction term Rsr.

3.5. Global stability of the disease-free equilibrium

The following theorem establishes the global asymptotic stability of the DFE, demonstrating that
the disease will be eliminated regardless of the initial number of infected individuals whenever R0 < 1.
We follow the famous approach of Castillo-Chavez et al. [26], as demonstrated in [27]. To analyse
the global stability of the system (2.2), we rewrite it in the following form. We list two conditions that,
if met, guarantee the global asymptotic stability of the disease-free state.
Define the uninfected class by

X =
(︂
S ,R,H

)︂T
∈ R3

and the infected class by
Y =

(︂
Is, Ir, Ts1, Tr1, Ts2, Tr2, Bc

)︂T
∈ R7,

and the DFE is written in the form Ω1 = (X∗, 0), X∗ =
(︂Λ
µ
, 0

)︂
. Thus, Eq (2.2) becomes:

dX
dt
= F(X,Y),

dY
dt
= G(X,Y), G(X∗, 0) = 0.

The two conditions that must be satisfied in order for the system to be globally asymptotically
stable are:
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H1: For
dX
dt
= F(X∗, 0), X∗ is globally asymptotically stable;

H2: G(X,Y) = AY − ˆ︁G(X,Y), such that ˆ︁G(X,Y) ≥ 0 for (X,Y) ∈ Υ,

whereby the Jacobian of A = G(X∗, 0) forms a Metzler matrix M, and Υ is the region of biological
significance. Then the DFE is globally asymptotically stable provided that R0 < 1 and the conditions
H1 and H2 are satisfied.

Theorem 5. The DFE, Ω1 of the model system (2.2), is globally asymptotically stable in the positive
invariant region Υ if R0 < 1.

Proof. For the DFE, Ω1 of the system (2.2), to be globally asymptotically stable within the positively
invariant region Υ, the system must satisfy the two conditions proposed in the Castillo–Chavez
framework [26]. In this study, we establish that conditions H1 and H2 are satisfied.

From H1, we have the following system:

dX
dt
= F(X∗, 0) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
Λ − µS + ϵR
−Z7R
−ψ2H

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (3.8)

The Jacobian of matrix (3.8) is DXF(X∗, 0) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
−µ ϵ 0
0 −Z7 0
0 0 −ψ2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ .
We conclude that (X∗, 0) is a global asymptotically stable equilibrium point of the system (2.2)

since the system is linear, and all the eigenvalues of the Jacobian matrix are negative and real. Thus,
the result holds because lim

t→∞
∥X(t)∥ = X∗.

Applying condition H2 to the system, the Metzler matrix M and the column vector ˆ︁G(X,Y) are,
respectively, defined as,

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−Z1 0 0 0 0 0
Λωβb

κµ

0 −Z2 0 0 0 0
Λβb(1 − ω)

κµ

σs 0 −Z3 0 0 0 0
0 σr τ1 −Z4 0 0 0
0 0 ρs 0 −Z5 0 0
0 0 0 ρr 0 −Z6 0
αs αr αs1 αr1 0 0 −Z8

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, ˆ︁G(X,Y) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ωβbBc

(︄
Λ

κµ
−

(1 − ξH)S
Bc + κ

)︄
(1 − ω)βbBc

(︄
Λ

κµ
−

(1 − ξH)S
Bc + κ

)︄
0
0
0
0
Q

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where Q = ξH(αsIs + αrIr + αs1Ts1 + αr1Tr1). Since
Bc

Bc + κ
≤

1
κ

, because Bc > 0, 0 ≤ (1 − ξH) ≤ 1,

H ∈ [0, 1), and S ≤
Λ

µ
, it follows that

(1 − ξH)S
Bc + κ

≤
S

Bc + κ
≤
Λ

κµ
, that is,

Λ

κµ
−

(1 − ξH)S
Bc + κ

≥ 0. We

conclude that ˆ︁G(X,Y) ≥ 0 in the biologically feasible region Υ. Since the model system (2.2) satisfies
conditions H1 and H2, it follows from the corresponding global stability theorem that if R0 < 1, the
DFE of (2.2) is globally asymptotically stable. This result guarantees that, under the threshold R0 < 1,
the infection will ultimately be eradicated in the population.
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3.6. Typhoid-persistent equilibria

We compute the possible typhoid-persistent equilibrium points for the system (2.2). There are three
possible endemic equilibria, namely: (1) typhoid-sensitive-only equilibrium, (2) typhoid-resistant-only
equilibrium, and (3) the endemic equilibrium where both typhoid strains exist.

3.6.1. Typhoid-sensitive strain only

We compute the sensitive-strain - only equilibrium, denoted by Ds = (S ∗, I∗s , T ∗s1, T ∗s2, R∗, B∗c, H∗).
This is obtained by setting Ir = 0 in system (2.2) and solving the following system of equations:

0 = Λ − (λ∗s + µ)S ∗ + ϵR∗, (3.9)
0 = λ∗sS

∗ −Z1I∗s , (3.10)
0 = σsI∗s −Z3T ∗s1, (3.11)
0 = ρsT ∗s1 −Z5T ∗s2, (3.12)
0 = θsI∗s + νsT ∗s1 + γsT ∗s2 −Z7R∗, (3.13)
0 = (1 − ξH∗)(αsI∗s + αs1T ∗s1) −Z8B∗c, (3.14)
0 = ψ1I∗s (1 − H∗) − ψ2H∗. (3.15)

From Eqs (3.11), (3.12), and (3.14), we have

T ∗s1 = ϕ1I∗s , T ∗s2 = ϕ2I∗s , and H∗ =
ψ1I∗s

ψ1I∗s + ψ2
, with ϕ1 =

σs

Z3
, ϕ2 =

ρs

Z5
ϕ1. (3.16)

Substituting expressions given in (3.16) into Eq (3.14), we have that:

R∗ = ϕ5I∗s , and B∗c = (1 − ξH∗)ϕ7I∗s , with ϕ5 =
θs + νsϕ1 + γsϕ2

Z7
, ϕ7 =

αs + αs1ϕ1

Z8
.

From (3.9), we have

S ∗ =
Λ + ϵ ϕ5I∗s
λ∗s + µ

,

where,

λ∗s = ω
ψ2 + (1 − ξ)ψ1I∗s

ψ1I∗s + ψ2

[︄
βb

(ψ2 + (1 − ξ)ψ1I∗s )ϕ7I∗s
(ψ2 + (1 − ξ)ψ1I∗s )ϕ7I∗s + κ(ψ1I∗s + ψ2)

]︄
. (3.17)

Substituting expression (3.17) into Eq (3.10) leads to the following fourth-order
polynomial equation:

I∗s (m3I∗3s + m2I∗2s + m1I∗s + m0) = 0. (3.18)

Solving (3.18) gives I∗s = 0, which corresponds to the DFE, or

m3I∗3s + m2I∗2s + m1I∗s + m0 = 0, (3.19)
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where the coefficients mi for i = 0, 1, 2, 3 are

m3 = (1 − ξ)ψ2
1ϕ7

(︂
(1 − ξ)ωβb(ϵϕ5 −Z1) −Z1µ

)︂
,

m2 = ψ1(1 − ξ)ωϕ7βb

(︂
Λψ1(1 − ξ) + 2ψ2ϵϕ5

)︂
− ψ1Z1ψ2ϕ7

(︂
2ωβb(1 − ξ) + µ(2 − ξ)

)︂
− ψ2

1Z1κµ,

m1 = ψ2ωϕ7βb

(︂
2Λ(1 − ξ)ψ1 + ψ2ϵϕ5

)︂
− ψ2Z1

(︂
ψ2ϕ7 (ωβb + µ) + 2κµψ1

)︂
,

m0 = ψ
2
2κµZ1(Rs − 1).

We clearly note that, m0 > 0 if and only if Rs > 1, and m0 < 0 if and only if Rs < 1.
We now apply Descartes’ rule of signs to determine the number of possible positive real roots of the
cubic Eq (3.19). The possibilities can be determined in Table 1, indicating the potential for multiple
endemic equilibria.

The application of Descartes’ rule of rigns to the polynomial obtained for the sensitive strain (see
Table 1) indicates that the equation may admit more than one positive real root. Since each positive
root represents a biologically feasible endemic equilibrium, this result suggests the possible existence
of multiple endemic equilibria for the sensitive strain. This implies that the disease dynamics may allow
the persistence of the sensitive infection at different endemic levels under certain parameter conditions.

We show the existence of a backward bifurcation through numerical examples by creating
bifurcation diagram around Rs = 1 (Figure 2).

Figure 2. Backward bifurcation diagram for the sensitive-strain-only sub-model, using the
parameter values as given in Table 2.
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Table 1. Number of positive roots of the polynomial (3.19). Here, I∗s denotes the number of
possible roots for the three combination, m+i ⇔ mi > 0 for i = 0, 1, 2, 3 and m−i ⇔ mi < 0 for
i = 0, 1, 2, 3.

Coefficients of the Polynomial (m3,m2,m1,m0) I∗s

m+3

m+2

m+1

m+0 0

m−0 1

m−1

m+0 2

m−0 1

m−2

m+1

m+0 2

m−0 3

m−1

m+0 2

m−0 1

m−3

m+2

m+1

m+0 1

m−0 2

m−1

m+0 3

m−0 2

m−2

m+1

m+0 1

m−1 2

m−1

m+0 1

m−0 0

Figure 2 shows the bifurcation diagram of I∗s as a function ofRs, obtained from the cubic equilibrium
equation using the parameter values listed in Table 2. The figure shows the presence of multiple
equilibria for a given reproduction number, including two stable endemic equilibria separated by an
unstable threshold. This means that even when the reproduction number is less than one, the disease
can persist at a low endemic level if the infection is above the unstable threshold.
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Table 2. Parameter values used in the numerical simulations and their descriptions.
Par. Description Range Baseline Unit Source
γs Recovery rate for individuals receiving second-line treatment (Ts2) 0–1 0.4 month−1 [20]
γr Recovery rate for individuals receiving second-line treatment (Tr2) 0–1 0.35 month−1 [20]
ρs Switching rate from first-line to second-line treatment (Ts1 → Ts2) 0–1 0.25 month−1 [20]
ρr Switching rate from first-line to second-line treatment (Tr1 → Tr2) 0–1 0.25 month−1 [20]
κ Half-saturation constant for environmental transmission 0 ≤ κ ≤ 1 0.62 bacteria concentration [25]
θs Natural recovery rate of individuals in Is 0–1 0.6 month−1 [25, 30]
θr Natural recovery rate of individuals in Ir 0–1 0.3 month−1 [25, 30]
δs1 Disease-induced death rate for individuals in Ts1 0–0.001 0.0001 month−1 [25, 30]
δr1 Disease-induced death rate for individuals in Tr1 0–0.001 0.0002 month−1 [25, 30]
ω Proportion of infections caused by sensitive strains 0 ≤ ω ≤ 1 0.8 dimensionless [31]
Λ Recruitment rate into the susceptible population 1–6 2 individuals month−1 [32]
µ Natural death rate of humans 0.0001–0.021 0.001658 month−1 [32]
ϵ Rate at which recovered individuals lose immunity and become susceptible 0.0833–0.666 0.0834 month−1 [32]
δs Disease-induced death rate for Is individuals 0.001–0.15 0.001 month−1 [32]
δr Disease-induced death rate for Ir individuals 0.0001–0.01 0.0089 month−1 [32]
νs Recovery rate of individuals receiving first-line treatment (Ts1) 0–0.60012 0.002485 month−1 [32]
νr Recovery rate of individuals receiving first-line treatment (Tr1) 0–0.60012 0.002485 month−1 [32]
δs2 Disease-induced death rate for individuals in Ts2 0–0.00001 0.0001 month−1 Assumed
δr2 Disease-induced death rate for individuals in Tr2 0–0.00001 0.0003 month−1 Assumed
αs Bacterial shedding rate from infected individuals (Is) 0–0.15 0.03 bacteria month−1 [33]
αr Bacterial shedding rate from infected individuals (Ir) 0–0.15 0.02 bacteria month−1 [33]
αs1 Bacterial shedding rate from individuals in Ts1 0–0.15 0.003 bacteria month−1 [33]
αr1 Bacterial shedding rate from individuals in Tr1 0–0.15 0.002 bacteria month−1 [33]
µb Natural death rate of bacteria in the environment 0.001–0.15 0.05 month−1 [32]
ψ1 Rate at which hygiene awareness increases in response to infection 0–1 0.4 month−1 Assumed
ψ2 Rate at which hygiene awareness decays over time 0–1 0.1 month−1 Assumed

The conditions for backward bifurcation are analysed using the center manifold theory described in
Theorem 4.1, as established by Castillo-Chavez and Song [28]. Rather than restating the theorem, we
focus on its application. This approach has been used in several studies, including [25, 29].

For the sensitive-strain sub-model, Ir = 0, we thus introduce the following change of variables:

S = x1, Is = x2, Ts1 = x3, Ts2 = x4, R = x5, Bc = x6, H = x7,

so that the total sensitive population is defined as Ns =

5∑︂
i=1

xi. We now define the state vector

X = (x1, x2, x3, x4, x5, x6, x7)T . With this notation, system (2.2) can be written compactly as a system
of differential equations:

dX
dt
= F(t,X(t)) =

(︂
f s
1 , f s

2 , f s
3 , f s

4 , f s
5 , f s

6 , f7

)︂T
,

where the components f s
i for i = 1, 2, 3, 4, 5, 6, 7 correspond to the right-hand sides of the respective
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equations in system (2.2). Explicitly:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dx1

dt
= Λ − ω

(︄
βbx6

x6 + κ

)︄
x1(1 − ξx7) − µx1 + ϵx5 = f s

1 ,

dx2

dt
= ω

(︄
βbx6

x6 + κ

)︄
x1(1 − ξx7) −Z1x2 = f s

2 ,

dx3

dt
= σsx2 −Z3x3 = f s

3 ,

dx4

dt
= ρsx3 −Z5x4 = f s

4 ,

dx5

dt
= θsx2 + νsx3 + γsx4 −Z7x5 = f s

5 ,

dx6

dt
= (1 − ξx7)(αsx2 + αs1x3) −Z8x6 = f s

6 ,

dx7

dt
= ψ1x2(1 − x7) − ψ2x7 = f s

7 .

(3.20)

In our analysis, we select βb as the bifurcation parameter and investigate the system dynamics near
the threshold Rs = 1. The condition for the sub-reproduction number Rs = 1 yields a critical threshold
value β∗b, given by:

βb = β
∗s
b =

µκZ1Z3Z8

Λω(Z3αs + αs1σs)
.

Taking the Jacobian matrix of the system (3.20) in the DFE, denoted byDs0 =
(︂Λ
µ
, 0, 0, 0, 0, 0, 0

)︂
, and

substituting βb = β
∗s
b , we obtain:

J(Ds0) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−µ 0 0 0 ϵ −ω
β∗sb Λ

µκ
0

0 −Z1 0 0 0 ω
βs∗

b Λ

µκ
0

0 σs −Z3 0 0 0 0
0 0 ρs −Z5 0 0 0
0 θs νs γs −Z7 0 0
0 αs αs1 0 0 −Z8 0
0 ψ1 0 0 0 0 −ψ2)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

whereZi, for i = 1, 3, 5, 7, 8 are as defined in (3.4).
The eigenvalues of J(Ds0) are:

H1 = 0, H2 = −µ, H3 = −Z5, H4 = −Z7, H7 = −ψ2,

H5, 6 = −
1

2W1

(︄
W2 +

√︁
W1

√︂
Z2

1W1 + (Z3 − Z8)2W1 − 2Z1 (Z3αs(Z3 − Z8) + αs1σs(Z8 +Z3))
)︄
,

where

W1 = Z3αs + αs1σs, W2 = (Z3αs + αs1σs) (Z1 +Z3 +Z8).
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It can be seen that the model system (3.20), with βb = β
∗s
b , has a simple eigenvalue, hence the center

manifold theory can be used to analyse the dynamics of the sensitive sub-model near βb = β
∗s
b . It can

be shown that J(Ds0), has a right eigenvector given by w = (w1, w2, w3, w4, w5, w6, w7)T ,
where,

w1 =
ψ2(Z3Z5θsϵ +Z5ϵνsσs + ϵγsρsσs −Z1Z3Z5Z7)

Z3Z5Z7ψ1µ
, w2 =

ψ2

ψ1
, w3 =

σsψ2

Z3ψ1
,

w4 =
ρsσsψ2

Z3Z5ψ1
, w5 =

ψ2(Z3Z5θs +Z5νsσs + γsρsσs)
Z3Z5Z7ψ1

, w6 =
ψ2(Z3αs + αs1σs)
Z3Z8ψ1

, w7 = 1.

Furthermore, the left eigenvectors of J(Ds0), associated with the zero eigenvalue at βb = β∗sb , are
given by v = (v1, v2, v3, v4, v5, v6, v7)T , where

v1 = v4 = v5 = v7 = 0, v2 =
Z3αs + αs1σs

Z1Z3
, v3 =

αs1

Z3
, v6 = 1.

The sign of a and b determines the type of bifurcation.

a =
7∑︂

k,i, j=1

vkwiw j
∂2 fk

∂xi∂x j
(Ds0, β

∗
b) and b =

7∑︂
k,i=1

vkwi
∂2 fk

∂xiβb
(Ds0, β

∗
b).

For system (3.20), the associated non-zero second-order partial derivatives of F at DFE equilibrium are

∂2 f1
∂x1∂x6

= −
ωβ∗sb

κ
,

∂2 f1
∂x6∂x6

=
2ωΛβ∗sb

µκ2 ,
∂2 f1
∂x6∂x7

=
ωξΛβ∗sb

µκ
,

∂2 f2
∂x1∂x6

=
ωβ∗sb

κ
,

∂2 f2
∂x6∂x6

= −
2ωΛβ∗sb

µκ2 ,

∂2 f2
∂x6∂x7

= −ωξβ∗sb
Λ

µκ
,

∂2 f6
∂x2∂x7

= −ξαs,
∂2 f6
∂x3∂x7

= −ξαs1,
∂2 f7
∂x2∂x7

= −ψ1,
∂2 f1

∂x6∂β
∗s
b
= −ω

Λ

µκ
,

∂2 f2
∂x6∂β

∗s
b
= ω
Λ

µκ
.

Clearly, since v1 = v4 = v5 = v7 = 0, it thus follows that

a =
7∑︂

i, j=1

v6 wiw j
∂2 f6

∂xi∂x j
+

7∑︂
i, j=1

v2 wiw j
∂2 f2

∂xi∂x j
+

7∑︂
i, j=1

v3 wiw j
∂2 f2

∂xi∂x j

= 2
(︄
ω
β∗sb

κ
v2w1w6 −

(︂
ξw7

(︁
αsw2 + αs1w3

)︁
+
ωβ∗sb Λν2w6

µκ
(
w6

κ
+ ξw7)

)︂)︄
= 2(Ms

1 −M
s
2),

where

Ms
1 = ω

β∗sb

κ
v2w1w6 and Ms

2 = ξw7
(︁
αsw2 + αs1w3

)︁
+
ωβ∗sb Λν2w6

µκ

(︂w6

κ
+ ξw7

)︂
,

and,

b =
7∑︂

k,i=1

vkwi
∂2 fk

∂xiβb
(Ds0, β

∗s
b ) =

ωΛw6

µκ
(v2 − v1) =

Λω

µκ
v2w6 > 0.

We therefore have the following results:
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Theorem 6. IfMs
1 >M

s
2, then the model (3.20) exhibits a backward bifurcation at Rs = 1. Otherwise,

ifMs
1 <M

s
2, the endemic equilibrium exists and is locally asymptotically stable for Rs > 1 near one.

In this case, backward bifurcation implies the existence of a locally asymptotically stable endemic
equilibrium for Rs < 1.

Remark 2. The condition Ms
1 > Ms

2 indicates that the combined effects of transmission and
persistence outweigh the effects of recovery and control. In this case, the disease can persist even
when the basic reproduction number Rs is less than one, leading to backward bifurcation, where both
the disease-free and endemic equilibria coexist (see Figure 2).

From a public health perspective, the inequalityMs
1 >M

s
2 implies that reducing Rs below one is not

sufficient to eliminate the disease. Additional interventions are required, such as improving hygiene
effectiveness, reducing environmental contamination, and enhancing treatment outcomes.

On the other hand, if Ms
1 < M

s
2, then control measures dominate transmission, and the standard

threshold result holds: When Rs < 1, the disease will eventually die out.

3.6.2. Typhoid-resistant strain only

We compute the resistant-strain- only equilibrium, denoted byDr = (S ⋄, I⋄r , T ⋄r1, T ⋄r2, R⋄, B⋄c , H⋄).
This is obtained by setting Is = 0 in system (2.2) and solving the system of equations. We obtain
the following:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

T ⋄r1 = ϕ3I⋄r , T ⋄r2 = ϕ4I⋄s , H⋄ =
ψ1I⋄r

ψ1I⋄r + ψ2
, R⋄ = ϕ6I⋄r ,

B⋄c = (1 − ξH⋄)ϕ8I⋄r , S ⋄ =
Λ + ϵ ϕ6I⋄r
λ⋄r + µ

, I⋄r =
1
Z2

λ⋄r (Λ + ϵ ϕ6I⋄r )
λ⋄r + µ

,
(3.21)

with

λ⋄r = (1 − ω)
ψ2 + (1 − ξ)ψ1I⋄r

ψ1I⋄r + ψ2

[︄
βb

(ψ2 + (1 − ξ)ψ1I⋄r ) ϕ8I⋄r
(ψ2 + (1 − ξ)ψ1I⋄r )ϕ8I⋄r + κ(ψ1I⋄r + ψ2)

]︄
.

Simplifying I⋄r in Eq (3.21), we have

I⋄r (n3I⋄3r + n2I⋄2r + n1I⋄r + n0) = 0. (3.22)

Solving (3.22) gives I⋄r = 0, which corresponds to the typhoid-resistant- free equilibrium or

n3I⋄3r + n2I⋄2r + n1I⋄r + n0 = 0,

where the coefficients ni for i = 0, 1, 2, 3 are given (3.23) as

n3 = ϕ8ψ
2
1(1 − ξ)

(︂
(1 − ξ)(1 − ω)βb(ϵϕ6 −Z2) − µZ2

)︂
, (3.23)

n2 = ψ1(1 − ξ)(1 − ω)βbϕ8

(︂
ψ1(1 − ξ)Λ + 2ψ2ϵϕ6

)︂
−Z2ψ1ψ2ϕ8

(︂
2(1 − ω)βb(1 − ξ) + µ(2 − ξ)

)︂
− ψ2

1Z2κµ,

n1 = ψ2βbϕ8(1 − ω)
(︂
2Λ(1 − ξ)ψ1 + ϵϕ6ψ2

)︂
−Z2 ψ2

(︂
2κµψ1 + ϕ8ψ2(µ + (1 − ω)βb)

)︂
,

n0 = κµZ2ψ
2
2
(︁
Rr − 1

)︁
.

We clearly note that n0 > 0 if and only if Rr > 1 and n0 < 0 if and only if Rr < 1. Descartes’
rule of signs can be applied to determine the number of possible positive real roots of the quadratic
Eq (3.22).
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Remark 3. The analysis for the resistant strain follows the same general approach as for the sensitive
strain. In particular, the existence of equilibria and their stability can be obtained using the same
approach. The results show that the resistant strain can also persist in the population and is governed
by its own Rr (see Eq (3.6)).

3.6.3. Endemic equilibrium for the full model

Let us denote the endemic equilibrium point byD1 = (S ∗, I∗s , I∗r , T ∗s1, T ∗r1, T ∗s2, T ∗r2, R∗, B∗c, H∗), a
non-trivial equilibrium for the model (2.2). Setting the right-hand side of the model (2.2) to zero gives

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

T ∗s1 = Φ1I∗s , Tr1 = Φ3I∗r , Ts2 = Φ2I∗s , Tr2 = Φ4I∗r , H∗ =
ψ1(I∗s + I∗r )

ψ1(I∗s + I∗r ) + ψ2
,

R∗ = Φ5I∗s + Φ6I∗r , B∗c = (1 − ξH∗)(Φ7I∗s + Φ8I∗r ), S ∗ =
Λ + ϵ (Φ5I∗s + Φ6I∗r )

λ∗s + λ
∗
r + µ

,

I∗s = ωβb A(I∗s , I
∗
r )

1
Z1

(︄
ψ2 + (1 − ξ)ψ1(I∗s + I∗r )

ψ1(I∗s + I∗r ) + ψ2

)︄
Λ + ϵ (Φ5I∗s + Φ6I∗r )

λ∗s + λ
∗
r + µ

,

I∗r = (1 − ω)βb A(I∗s , I
∗
r )

1
Z2

(︄
ψ2 + (1 − ξ)ψ1(I∗s + I∗r )

ψ1(I∗s + I∗r ) + ψ2

)︄
Λ + ϵ (Φ5I∗s + Φ6I∗r )

λ∗s + λ
∗
r + µ

,

(3.24)

with;

λ∗s = ωβb A(I∗s , I
∗
r )

(︄
ψ2 + (1 − ξ)ψ1(I∗s + I∗r )

ψ1(I∗s + I∗r ) + ψ2

)︄
,

λ∗r = (1 − ω)βb A(I∗s , I
∗
r )

(︄
ψ2 + (1 − ξ)ψ1(I∗s + I∗r )

ψ1(I∗s + I∗r ) + ψ2

)︄
,

A(I∗s , I
∗
r ) =

(ψ2 + (1 − ξ)ψ1(I∗s + I∗r )) (Φ7I∗s + Φ8I∗r )
(ψ2 + (1 − ξ)ψ1(I∗s + I∗r )) (Φ7I∗s + Φ8I∗r ) + κ (ψ1(I∗s + I∗r ) + ψ2)

.

The system of equations in (3.24) describes the equilibrium conditions for the infected classes (I∗s )
and (I∗r ). However, due to the strong nonlinearity, the resulting equations become highly complex,
making it difficult to obtain an explicit expression for the endemic equilibrium. The trivial solution
I∗s = 0 and I∗r = 0 corresponds to the DFE. The qualitative behaviour of the full model is further
investigated using global stability analysis and numerical simulations.

4. Model calibration and sensitivity analysis

In this section, we first calibrate the proposed typhoid fever model using the available
epidemiological data in order to estimate the key model parameters. We then examine the
identifiability of these parameters to ensure that they can be reliably determined from the data.
Finally, we perform a sensitivity analysis to determine how changes in model parameters influence the
basic reproduction number and other important model outcomes. By combining calibration with
identifiability analysis, this paper ensures that the estimated parameter values are not only capable of
reproducing the observed dynamics but are also supported by sufficient information in the data. This
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integrated approach strengthens the credibility of the model predictions and enhances the reliability of
subsequent analyses, including sensitivity assessment and policy scenario simulations.

4.1. Model calibration

In this section, we calibrate the proposed typhoid fever model using epidemiological data obtained
from Mbandjock, a town in the Centre Region of Cameroon [32]. The dataset consists of records
of diagnostic tests conducted at Mbandjock District Hospital during the period from 01/08/2019 to
31/07/2020. A summary of the data collected is provided in Table 3.

Table 3. Tests carried out to detect the presence of Salmonella typhi in patients attending
consultation at Mbandjock District Hospital from 01/08/2019 to 31/07/2020. These data
were obtained from [32].

Month Year
Number of tests
performed

Number of
positive tests

Number of
negative tests

August 2019 83 60 23
September 2019 60 50 10
October 2019 56 38 18
November 2019 52 46 6
December 2019 69 62 7
January 2020 76 71 5
February 2020 80 74 6
March 2020 95 43 52
April 2020 68 29 39
May 2020 95 52 43
June 2020 65 38 27
July 2020 58 32 26

In our model (2.2), individuals infected with typhoid are represented by the compartments Is and
Ir, corresponding to infections with drug-sensitive and drug-resistant strains, respectively. We assume
that infected individuals are reported to the hospital and begin first-line treatment at rates σs and σr.

The model (2.2) is calibrated using reported monthly confirmed typhoid cases.

NTCdata(ti), i = 0, 1, . . . , 11.

Let us denote the total number of cases reported at time ti, where t0 corresponds to August 2019 and
t11 corresponds to July 2020. The available epidemiological data (see Table (3)) report only the total
number of confirmed typhoid cases without distinguishing between drug-sensitive and drug-resistant
strains. To capture the role of antimicrobial resistance, the model includes separate compartments for
each strain. Because strain-specific incidence data are not available, several strain-dependent
parameters are assigned values from the literature to ensure model identifiability. As a result,
strain-specific components of the model cannot be directly calibrated using separate datasets. Instead,
they are incorporated through the overall transmission framework of the model. This data limitation
may influence the identifiability and precise estimation of the parameters associated with each strain.
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This approach allows the model to represent the overall burden of the disease, while allowing
exploration of resistance dynamics and intervention scenarios. The model calibration is performed
using the total predicted incidence. The model predicted number of new reported cases is defined as

NTCpredict(t) = σ
(︁
Is(t) + Ir(t)

)︁
,

where σs = σr = σ represents the rate of initiation of treatment, assumed to be the same for sensitive
and resistant infections. Due to limited epidemiological data, only parameters that directly influence
transmission dynamics and case reporting are estimated. The remaining parameters are fixed on the
basis of available literature to ensure structural identifiability and numerical stability of the estimation
procedure. In particular, recovery rates, disease-induced mortality rates, bacterial shedding rates, and
the strain proportion parameter ω are not estimated but assigned fixed biologically plausible values.

The vector of estimated parameters is given by:

Π = (βb, σ, g, ξ).

Parameter estimation is performed by solving the nonlinear least squares problem

min
Π

⃦⃦⃦
NTCpredict(t;Π) − NTCdata(t)

⃦⃦⃦2

2
.

The hygiene variable H(t) represents the level of hygiene behaviour in the population and scaled
between 0 and 1. Since no data on hygiene awareness or behaviour are available, H(t) is not directly
measured or fitted to the data and is treated as an unobserved variable. Therefore, the parameters
governing awareness dynamics are fixed at plausible values to ensure a stable and identifiable
calibration process.

The system of differential equations of model (2.2) is fitted on the typhoid data of Table 3 using the
nonlinear least squares fitting routine Isqnonlin in the optimization tool box of MATLAB (R2024a).

The initial conditions used in the simulations are the following:

S (0) = 21076, Is(0) = 40, Ir(0) = 20, Ts1(0) = 2, Tr1(0) = 1, (4.1)
Ts2(0) = 0, Tr2(0) = 0, R(0) = 1, Bc(0) = 500, H(0) = 0.2.

The initial susceptible population is set at S (0) = 21076, corresponding to the estimated population
served by the Mbandjock District Hospital 2019–2020. The initial concentration of environmental
bacteria, Bc(0) = 500, is obtained from [32], based on data from the same geographical setting.

Since direct measurements of the environmental bacterial load were unavailable, this value was
chosen within a biologically plausible range to ensure realistic initial transmission dynamics and
numerical stability during model calibration. The monthly cases reported vary considerably, ranging
from 29 to 74 cases. Calibration is performed using the cumulative confirmed case data instead of the
raw monthly counts. The cumulative number of cases predicted by the model is computed as
C(t) = σ

∫︁ t

0

(︁
Is(u) + Ir(u)

)︁
du. This approach improves numerical accuracy and avoids errors that may

arise from manually summing discrete model outputs.
This paper uses a limited dataset (monthly data from August 2019 to July 2020 at Mbandjock

Hospital). The model provides reasonable projections up to September 2021, extending about 80%
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beyond the observed period. The results are consistent with those of a related study conducted at Penka-
Michel Hospital [13], which used a weekly dataset (from December 2019 to January 2023) collected
at Penka-Michel Hospital and projected results up to November 2026. The results of this paper are
in alignment with those reported in [13], although the data was collected from different hospitals,
over different time periods, and in different geographical areas. This suggests that both studies are
capturing similar patterns in the spread of typhoid fever, and that the findings are not limited to one
specific location.
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(a) Model fit on the cumulative number of positive cases
per month (Aug 2019–Jul 2020)
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(b) Model validation and prediction on the dynamics of
typhoid disease for the period up to September 2021.

Figure 3. Model fit and calibration on the dynamics of typhoid fever in Mbandjock city.

Although monthly incidence data are available, the reported case counts are relatively small and
subject to considerable fluctuations. To reduce the impact of this variability and obtain a stable fit, the
model was fitted to cumulative reported cases (see Figure 3). Although incidence data are generally
preferred for statistical inference, cumulative data provide a smoother representation of the outbreak
trajectory. However, this approach may introduce dependencies between observations and potentially
underestimate uncertainty, and results should be interpreted with this limitation.

Before presenting the simulation results, a parameter identifiability analysis is conducted to assess
whether the estimated parameters can be reliably determined from the available data and to justify the
selection of estimated and fixed parameters.

4.2. Parameter identifiability analysis

Given the limited number of observations (12 monthly data points) relative to the number of model
parameters, we assess the practical identifiability of the estimated parameter vector Π = (βb, σ, g, ξ).
With only n = 12 monthly observations and a model containing more than 20 parameters, direct
estimation of the full parameter set is statistically ill-posed. Following the approach of [34, 35], we
therefore partition the parameter space into a small set of estimated parameters Π that directly govern
transmission intensity and case ascertainment, and a set of fixed parameters sourced from the literature
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(Table 2). The estimated parameters enter the observation equation

ˆ︁C(t;Π) = σ
∫︂ t

0
(Is + Ir) du,

directly or through the forces of infection, making them the primary drivers of the data-fit. Parameters
governing compartmental transitions (recovery rates, disease-induced mortality, shedding rates) are
obtained from the literature.

4.2.1. Calibration results

The calibrated parameter estimates together with their 95% confidence intervals ( profile likelihood)
are reported in Table 4. The model achieves a strong cumulative fit with R2

cumul = 0.9843 close to one
and a small root mean square error, confirming that the four-parameter subset (βb, σ, g, ξ) is sufficient
to reproduce the observed trend in cumulative typhoid burden at Mbandjock District Hospital.

Table 4. Calibration of the model parameters (2.2) using nonlinear least squares fitting
routine Isqnonlin of the optimization toolbox of MATLAB software.

Parameter Lower bound Upper bound Estimated value Source

βb 0.0001 1 0.2 Fitted

σ 0.001 0.8 0.002 Fitted

g 0.001 0.03 0.014 Fitted

ξ 0.01 0.99 0.3 Fitted

4.3. Sensitivity analysis

After calibrating the model to observed typhoid data, a sensitivity analysis was carried out to
examine how changes in the model parameters affect the effective reproduction number R0e. Although
some parameters were estimated from data, there is still uncertainty in their values, as well as in the
parameters obtained from the literature. Therefore, it is important to assess how variations in
parameter values influence model outcomes.

In this paper, a global sensitivity analysis is conducted using latin hypercube sampling (LHS)
combined with partial rank correlation coefficients (PRCC). LHS is an efficient statistical method that
allows parameters to be sampled simultaneously across their entire ranges [36]. PRCC is then used to
measure the strength and direction of the relationship between each parameter and the model output
while accounting for the effects of other parameters [37]. This approach has been widely used in
infectious disease modelling to identify key drivers of transmission and to guide control strategies.

A positive PRCC indicates that increasing the parameter increases R0e, while a negative PRCC
suggests that increasing the parameter reduces R0e. Parameters with high absolute PRCC values are
considered highly influential and may serve as key targets for intervention strategies. Therefore, this
analysis provides information on which biological or treatment-related processes contribute the most
to the spread of typhoid fever and antibiotic resistance dynamics in the model. The results identify
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key parameters, such as the transmission rate, and hygiene effectiveness, that significantly influence
disease dynamics and may inform targeted intervention strategies. The environmental transmission rate
βb has the highest positive sensitivity index (see Figure 4), confirming that reducing contact between
susceptible individuals and contaminated water or food is the most impactful for reducing R0e.
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Figure 4. Partial rank correlation coefficient of R0e with respect to model parameters.

5. Numerical simulations

Numerical simulations are performed to examine the effects of key parameters, including
transmission, treatment, and hygiene-related factors, on the dynamics of the model. Using the values
of the fitted parameters, together with the fixed parameters in Table 2, the model (2.2) is simulated
over a period of 25 months. The initial conditions are given in (4.1).

5.1. Effect of hygiene effectiveness on transmission

Figure 5 presents a contour plot showing the combined effects of the environmental transmission
rate, βb, and hygiene effectiveness, ξ, on the effective reproduction number, R0e. The results show that
R0e increases as the transmission rate βb increases, meaning that higher environmental contamination
may lead to greater disease spread. In contrast, increasing hygiene effectiveness ξ reduces R0e. This
indicates that improved hygiene practices, such as safe water use and sanitation, can significantly
reduce transmission. Overall, the results emphasize the importance of environmental control and
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hygiene interventions in reducing transmission and preventing sustained outbreaks.
Figure 6(a) shows the combined effects of the bacterial shedding rate, αs, and hygiene

effectiveness, ξ, on the effective reproduction number, R0e. The results indicate that R0e increases as
αs increases. This means that when infected individuals shed more bacteria into the environment, the
potential for disease transmission increases. In contrast, increasing hygiene effectiveness ξ reduces
R0e, reflecting the important role of hygiene in limiting environmental contamination and
transmission. Figures 6(a),(b) further demonstrate that higher values of αs or αr require stronger
hygiene measures to reduce R0e below one. When hygiene effectiveness is low, even moderate
increases in the shedding rate can sustain disease transmission. In general, the findings emphasize the
importance of reducing environmental contamination and improving hygiene practices to control the
spread of infection.
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Figure 5. The effect of βb and ξ on the basic reproduction number.
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Figure 6. Comparison of the effects of ξ and αs Figure 6(a) and ξ and αr Figure 6(b) on the
reproduction number.

Figure 7(c) shows how environmental bacteria Bc(t) change over time under two hygiene scenarios,
ξ = 0 and ξ = 0.45. When there is no hygiene, the bacterial concentration increases quickly because
infected and treated individuals continuously shed bacteria into the environment. This leads to a steady
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build-up of contamination, making the environment an important source of infection. In contrast, when
hygiene is improved, the level of bacteria grows much more slowly. This is because hygiene reduces
bacterial shedding by the factor (1 − ξH), which limits environmental contamination and reduces the
risk of infection.

Figure 7(a),(b) show that in the absence of hygiene ξ = 0, both the sensitive and resistant
infections increase rapidly, reaching a higher peaks, and persist for a longer period. When hygiene is
introduced ξ = 0.5, transmission is reduced through the factor (1 − ξH), leading to lower infection
peaks. Therefore, the results indicate that improved hygiene effectiveness reduces environmental
contamination and the force of infection.

Figure Figure 8 shows how changes in behaviour affect the spread of infection. When there is
no increase in awareness (ψ1 = 0) (Figure 8(a)), people do not change their hygiene practices even
as infections rise. As a result, both sensitive and resistant infections remain high. However, when
awareness increases quickly (ψ1 = 0.5), people improve their hygiene as infections grow. This reduces
transmission and leads to a faster decline in both types of infections. This shows that responding to
disease risk through better hygiene can significantly reduce the spread of infection.

(a) (b)

(c)

Figure 7. Time evolution of resistant infections Ir(t) Figure 7(a), sensitive infections Is(t)
Figure 7(b), and environmental bacterial concentration Bc(t) Figure 7(c) under two hygiene
scenarios, ξ = 0 and ξ = 0.45.

Mathematical Biosciences and Engineering Volume 23, Issue 9, 2904–2941.



2933

When awareness is maintained (ψ2 = 0) (see Figure 8(b)), hygiene practices continue, and infection
levels remain low. But when awareness fades quickly (ψ2 = 0.5), people gradually stop following
good hygiene practices, allowing infections to increase again. The shaded area in the figure shows the
difference between these scenarios, showing how many infections are prevented when people maintain
good hygiene. Overall, the results show that increasing awareness and maintaining it over time are
both important for controlling typhoid transmission.

In Figure 9(b), when αs = αr = 0.003, the shedding rate of infected individuals is relatively low,
meaning that infected people release only a small amount of bacteria into the environment. From the
figure, the basic reproduction number is R0 = 1.17. This value is greater than one, which means that
in the absence of hygiene measures, each infected individual produces more than one new infection on
average. As a result, the disease can spread in the population and persist over time.

(a) (b)

Figure 8. Comparison of the effects of ψ1 = 0 and ψ1 = 0.5 Figure 8(a) and ψ2 = 0 and
ψ2 = 0.5 Figure 8(b) on the populations of infected individuals Is and Ir, respectively.

(a) (b)

Figure 9. Comparison of the effects of αs = αr = 0.3 and H = 0.0001 Figure 9(a) and
αs = αr = 0.0003 and H = 0.6 Figure 9(b) on the contaminated environment Bc, respectively.
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However, when hygiene is included (see Figure 9), the effective reproduction number decreases
to R0e = 0.75. Since R0e < 1, this means that each infected individual produces less than one new
infection on average. In this case, the disease will gradually decline and eventually die out. The
difference between R0 and R0e clearly shows the impact of hygiene. While the shedding rates remain
the same (αs = αr = 0.003), the introduction of hygiene reduces transmission sufficiently to move the
system from a growing epidemic (R0 > 1) to a controlled situation (R0e < 1). This demonstrates that
hygiene plays a crucial role in reducing the spread of infection even when bacterial shedding is present.

5.2. Effect of antibiotic switching

(a) (b)

Figure 10. Comparison of the effects of second - line treatment (ρs = 0 and ρs = 0.5) and
(ρr = 0 and ρr = 0.5) on sensitive and resistant strains, respectively.

Figure 10 shows the effect of second-line treatment. This is examined by comparing scenarios with
and without switching to second-line treatment. When no switching is allowed (ρs = 0 and ρr = 0), the
number of infected individuals remains relatively higher over time, indicating that reliance on first-line
treatment alone is not sufficient to control the disease, especially in the presence of resistant strains.
However, when switching is introduced at a moderate level (ρs = 0.5 and ρr = 0.5), there is a noticeable
reduction in both sensitive and resistant infections, as shown by the shaded regions. The results further
show that switching to second-line treatment leads to a substantial reduction in infection levels for both
sensitive and resistant strains. Therefore, increasing the switching rate enhances disease control.
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5.3. Effect of hygiene behaviour

Figure 11. Trajectories of the susceptible classes are shown. The area between the two
curves represents an improvement in hygiene.

In Figure 11, the trajectories of two susceptible classes are demonstrated in two hygiene scenarios,
H = 0 and H = 0.45. The results show that higher hygiene levels lead to a slower decline in the
susceptible population, indicating reduced transmission intensity. An increase in H reduces the force
of infection, leading to fewer new infections and a higher proportion of individuals remaining in the
susceptible class. The shaded area represents an improvement in hygiene. It can be seen that as time
goes on, the difference increases, showing that hygiene plays an important role in reducing infection
and protecting the population.

(a) (b)

Figure 12. The behaviour of the infected population at different values of H, when H = 0
Figure 12(a) and H = 0.45 Figure 12(b).
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Figure 12 shows that when there is no hygiene (H = 0), both the sensitive and resistant infected
populations reach higher peak levels. However, when hygiene is improved to H = 0.45, the peak Is(t)
decreases by about 45%, while the resistant infected population Ir(t) is reduced by approximately 45%.
This means that a substantial proportion of infections, including those that are harder to treat, can be
prevented through improved hygiene practices.

6. Conclusions

Typhoid fever remains a major public health concern in settings with limited access to clean water,
sanitation, and hygiene, and is further complicated by the emergence of antibiotic resistance.
Understanding how behavioural and treatment-related factors interact is therefore essential for
effective control.

In this paper, a mathematical model was developed to examine the combined effects of hygiene
behaviour, antibiotic switching, and environmental transmission. The results show that these
mechanisms interact in ways that can sustain infection. In particular, the presence of backward
bifurcation indicates that reducing the reproduction number below one is not sufficient for
elimination, as the disease may persist if infection levels remain above a critical threshold.

The model was calibrated using monthly reported cases from Mbandjock District Hospital in
Cameroon, yielding a good fit to the data. Simulation results indicate that improved hygiene reduces
both infection levels and environmental contamination, but its effectiveness depends on sustained
behavioural adherence. A high level of awareness leads to a significant decline in cases, whereas a
rapid loss of awareness weakens control efforts and allows transmission to continue.

The simulations suggest that improved hygiene reduces both infection levels and environmental
contamination, but the effect depends on how consistently these practices are maintained. Strong and
sustained awareness leads to a decrease in cases, while a rapid loss of awareness weakens the overall
impact and allows transmission to continue. This highlights the role of behaviour not just as a protective
factor, but as a dynamic process that can either support or undermine control efforts.

The results suggest that improving hygiene behaviour can significantly reduce both sensitive and
resistant infections, as well as the level of environmental bacterial contamination. The study also
shows that behavioural parameters play an important role; a higher rate of awareness leads to a stronger
reduction in infections, whereas a faster loss of awareness weakens the impact of hygiene interventions
and allows the disease to persist. These findings confirm that sustained behavioural change is essential
for effective disease control.

A key contribution of this study lies in demonstrating that the interplay between hygiene
behaviour, antibiotic switching, and resistance dynamics can fundamentally change typhoid
transmission patterns. While existing studies have established that improved hygiene reduces disease
spread, the present model shows that this effect is not sufficient in isolation when treatment-related
factors are considered. In particular, the results indicate that inappropriate or delayed switching
between treatment lines, combined with declining behavioural adherence, can sustain transmission
even under improved hygiene conditions. Moreover, the coexistence of sensitive and resistant strains
introduces additional complexity, such that control efforts targeting only environmental or behavioural
factors may fail to eliminate the disease.

These findings provide new insight into how coupled behavioural and clinical processes drive
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persistent transmission dynamics, and show that control success depends on the interaction between
behaviour, treatment strategies, and resistance evolution. This emphasizes the need for integrated
intervention strategies that simultaneously promote sustained hygiene practices and ensure
appropriate and timely antibiotic use.

A limitation of this study is the use of a relatively small dataset from a single location, without
strain-specific information. As a result, some model parameters were obtained from the literature
or assumed. In addition, although incidence data were available, the model was fitted to cumulative
reported cases to reduce the effect of fluctuations in the data and obtain a more stable fit. However, this
approach introduces dependence between observations and may underestimate uncertainty. Access to
more detailed epidemiological data, particularly on resistant infections, would improve the accuracy
of the model and enhance its predictive capability.

Overall, the findings suggest that sustained hygiene behaviour, together with effective treatment
strategies, plays a critical role in reducing transmission. Their interaction is important, as it can either
support or undermine disease control. The model could be extended to include vaccination strategies,
which remain an important component of typhoid control in endemic regions. In addition, allowing
hygiene behaviour to vary over time or across subpopulations may provide a more realistic
representation of behavioural responses. Finally, integrating optimal control techniques could help
identify cost-effective intervention strategies that combine treatment, sanitation, and
behavioural measures.
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Appendix

Appendix A. Endemic equilibrium point coefficients for Section 3.6.3

where,

Φ1 =
σs

Z3
, Φ2 =

ρs

Z5
Φ1, Φ3 =

σr

Z4
, Φ4 =

ρr

Z6
Φ3; Φ5 =

θs + νsΦ1 + γsΦ2

Z7
;

Φ6 =
θr + νrΦ3 + γrΦ4

Z7
, Φ7 =

αs + αs1Φ1

Z8
, Φ8 =

αr + αr1Φ3

Z8

λ∗s = ωβb A(I∗s , I
∗
r )

(︄
ψ2 + (1 − ξ)ψ1(I∗s + I∗r )

ψ1(I∗s + I∗r ) + ψ2

)︄
, and

λ∗r = (1 − ω)βb A(I∗s , I
∗
r )

(︄
ψ2 + (1 − ξ)ψ1(I∗s + I∗r )

ψ1(I∗s + I∗r ) + ψ2

)︄
,

A(I∗s , I
∗
r ) =

(ψ2 + (1 − ξ)ψ1(I∗s + I∗r )) (Φ7I∗s + Φ8I∗r )
(ψ2 + (1 − ξ)ψ1(I∗s + I∗r )) (Φ7I∗s + Φ8I∗r ) + κ (ψ1(I∗s + I∗r ) + ψ2)

.
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Appendix B. Endemic equilibrium point for Section 3.6.2

ϕ3 =
σr

Z4
, ϕ4 =

ρr

Z6
ϕ3, ϕ6 =

θr + νrϕ3 + γrϕ4

Z7
, ϕ8 =

αr + αr1ϕ3

Z8
.
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