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Abstract: Black pod disease and mirids attacks cause substantial losses in cacao production. Black
pod disease darkens the affected areas of cacao pods, while the cacao mirids (Sahlbergella singularis)
is a major pest in West African plantations. Together, these threats significantly reduce crop yield and
shorten the lifespan of the plants. This study evaluates production losses caused by the combined ef-
fects of Miridae infestation and black pod disease. We formulate and analyze a mathematical model
incorporating spores, pods, and Miridae populations, governed by a system of ordinary differential
equations. Theoretical analyses include equilibrium computations and threshold conditions for opti-
mal plantation productivity. The analytical findings are validated through numerical simulations. We
also examine the effects of three control strategies, Phytosanitary measures, Miridae control, and their
combined application on production optimization. These strategies are modeled using impulsive dif-
ferential equation systems. Our key quantitative findings show that black pod disease alone causes
approximately 88.94% production loss, Miridae alone cause 34.21% loss, and co-infection leads to
near-total losses exceeding 90%.
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1. Introduction

Cocoa production plays a vital role in multiple industries because of its versatility. It is most
renowned for its contribution to chocolate manufacturing, where cocoa beans are processed into cocoa
solids and cocoa butter, essential ingredients for dark, milk, and white chocolate. Beyond confec-
tionery, cocoa is widely used in baked goods, beverages, dietary supplements, and cosmetics, high-
lighting its broad economic and cultural significance. Globally, approximately 5–6 million farmers
contribute 90–95% of cacao production, predominantly through smallholder farms inWest and Central
Africa. Key producers include Ivory Coast, Ghana, Nigeria, Cameroon, and Togo, with Ivory Coast
being the largest global producer [1, 2]. In Cameroon alone, 400,000–600,000 families are involved in
cocoa cultivation, with about 95% operating small farms of 2.5–5 hectares. Cocoa is a key cash crop
that supports livelihoods and local economies.

Cacao production faces significant challenges from pests and diseases. Black pod rot, caused by
Phytophthora species such as P. palmivora and P. megakarya, can reduce yields by 80–90% in poorly
managed plantations [3,4]. In Cameroon, P. megakarya has become the predominant agent of black pod
rot. Concurrently, Miridae pests, particularly Sahlbergella singularis, are widespread and can cause 30–
40% losses in potential production [5]. Another notable pest is Distantiella theobroma. Understanding
these threats and their interactions is essential for designing effective management strategies. While
several mathematical models have examined Miridae populations’dynamics [6, 7, 10] and black pod
disease spread [8, 9] separately, few models have examined the combined impact of both threats or
explore the co–infection dynamics. The present work extends previous studies by explicitly coupling
pest and pathogen dynamics, thereby providing a unified framework that captures the synergistic effects
of co–infection on cacao production losses.

This paper addresses these gaps by formulating a coupled model that integrates Miridae pests,
black pod rot, and cacao pod development. The model accounts for pod stages, spore classes, and
Miridae life stages (eggs and adults). Each sub–model is analyzed to determine the equilibria, stability,
and production losses. The complete system allows the identification of coexistence thresholds and
conditions under which Miridae infestations can exacerbate disease, and vice versa. The paper is
organized as follows: Section 2 presents the mathematical model for interactions among Miridae, black
pod rot, and pod development; Section 3 provides mathematical analysis, including sub-model studies
and reciprocal impacts, and Section 4 concludes with key findings and implications for sustainable
cacao management.

2. Model construction

2.1. Biological background for modeling purposes

Phytophthora megakarya is the causative agent of black pod rot, the most damaging disease af-
fecting cocoa production. Its life cycle includes four stages: the mycelial stage, sporangia, zoospores,
and chlamydospores (see Figure 1(a) for details). Sporangia serve as the primary infection source and
require free water to release zoospores. These zoospores spread the pathogen either directly through
rainfall and infected debris or indirectly via insects and human activities, particularly under favorable
rainy conditions.

The most harmful pest affecting cocoa crops is Sahlbergella singularis, a member of the Miridae
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(a) (b)
Figure 1. (a) Life cycle of Phytophthora megakarya on cacao, highlighting the main spore
types and infective propagules [8]. (b) Life cycle of Sahlbergella singularis: (a) Eggs, (b)
Nymphs L1, (c) Nymphs L2, (d) Nymphs L3, (e) Nymphs L4, (f) Nymphs L5 and (g) adults.

family. Its life cycle comprises three key stages: Eggs, nymphs, and adults (see Figure 1(b) for details).
Adult mirids feed on cocoa pods and lay eggs within them, causing substantial damage. Previous
studies have used mathematical models to estimate the extent of damage caused by these pests [10].

The growth cycle of cacao pods can typically be divided into three subphases. The first phase,
known as the ”cherelle” stage, is when fruits are highly susceptible to physiological deterioration,
commonly referred to as ”cherelle wilt” [14]. The final phase corresponds to fully ripe pods.

2.2. The model framework

The formulation of the model builds upon the life cycles of cacao pods and the organisms that affect
them. The primary disease considered is black pod rot, caused by species of Phytophthora, notably
Phytophthora megakarya, which is responsible for severe yield losses and plant deterioration.

Cacao growth and Sahlbergella singularis (Miridae) development proceed through three main
stages: Cherelles, young pods, and ripe pods for cacao, and eggs, nymphs, and adults for Miridae.Adult
insects feed on pods and lay eggs inside them, causing substantial physical and physiological damage
to both pods and trees.

While the effects of Miridae damage have previously been modeled mathematically [10], this study
investigates the combined impact of Miridae infestations and black pod rot on cacao production. The
model includes three interacting populations: Miridae, cacao pods, and fungal spores. Cacao pods are
divided into two epidemiological classes: Susceptible and infected. Infected pods are grouped into
three categories: Pods damaged by Miridae (Im), pods infected by black pod rot (Ip), and pods affected
by both agents (co–infected pods, Imp).

We also consider two classes within the Miridae population: Eggs (E) laid by adult females, and
Miridae (M), representing all biting life stages (nymphs and adults). In addition, a single class de-
scribes the spore population (P). The overall system is illustrated in Figure 2.
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Figure 2. Flowchart of the model for cacao infection dynamics, illustrating the interactions
among susceptible pods (S 1, S 2), ripe pods (S 3), spores (P), and Miridae vectors (M) in
disease transmission and the progression of affected pods (Im, Ip, Imp).

In the cherelle stage, pods enter the system at a constant rate Λ. The parameters µ1, α, and ν
represent the natural death rate, the additional death rate due to cherelle wilt, and the maturation rate,
respectively. Wilt is a natural physiological process that regulates pod density on the tree. For the
young pod stage, γ denotes the maturation rate to ripe pods, and µ2 the natural death rate of young
pods.

Pods infected by black pod rot (Ip) result from contact between susceptible pods and spores, either
from environmental sources or directly from other infected pods. Susceptible pods (cherelles and
young pods) are infected following the principle of mass action, with the rates αpP for cherelles and
βpP for young pods. Co–infected pods (Imp) are those first damaged by Miridae bites and subsequently
contaminated by spores, also at the rate βpP. Because Miridae prefer to feed on healthy pods, we
assume that pods already infected by black pod rot cannot be further bitten. The parameters αp and βp

thus represent the maximal infection rates for cherelles and young pods, respectively. The parameters
θ and µI represent the phytosanitary removal rate of infected pods and their average death rate.

Pods damaged by Miridae (Im) emerge when susceptible pods (cherelles or young pods) are bitten
by Miridae, at the rates αmM and βmM, respectively. Here, αm (for cherelles) and βm (for young pods)
denote the probabilities that a bite leads to damage. Continued feeding and oviposition further damage
affected pods, captured by the loss term −dImM, which represents additional mortality due to intensive
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Miridae activity.

The Miridae population includes both eggs (E) and biting individuals (M). Egg production is limited
by a carrying capacity K, reflecting resource constraints. The parameter r represents the sex ratio, 1/νE

is the time required for eggs to develop into adults, µE is the egg mortality rate, d is the feeding and
oviposition efficiency, e is the biomass conversion rate, and µm is the adult mortality rate.

Spores are produced by infected pods (Ip and Imp), which release them into the environment and
thereby perpetuate infection. The rate of spore production is σ, η represents the rate of spore release,
and µp is the rate of spore inactivation due to parasitism, senescence, or natural decay. The term βpImP
appears in the equations for Imp (representing contamination of Miridae–damaged pods by spores)
and correctly does not appear in the Ip equation, as pods already infected by black pod rot cannot be
subsequently damaged by Miridae under our unidirectional assumption.

Co-infection is assumed to be unidirectional: Pods damaged by Miridae can be subsequently in-
fected by black pod rot, but not vice versa. This simplification is justified by field observations that
Miridae preferentially attack healthy pods rather than those already showing signs of fungal infec-
tion, though direct experimental evidence remains limited [11–13]. Future field studies should test this
assumption explicitly.

Parameter values for spore and pod dynamics were derived from published sources, while param-
eters associated with Miridae–induced damage were based on expert knowledge and biological rea-
soning. The model considers a spatial scale of 1 hectare, typically containing about 1200 cacao trees.
Following the empirical observations in [28], each tree produces approximately 12 cherelles per day,
corresponding to about 14,400 new cherelles daily per hectare. The transmission rates αm, βm, αp, and
βp are per–capita rates scaled to this spatial unit of 1 hectare with 1200 trees, assuming homogeneous
mixing within the plantation.

We assume a well–mixed population within this spatial scale, ignoring fine–scale stochastic fluctua-
tions and spatial heterogeneity. This simplification allows the analysis of system–level trends, though it
limits the ability to capture localized outbreaks or inter-plantation spread. The model does not include
direct interaction terms between the two diseases, but represents co-infection as a one–way process
from Miridae–induced to black pod–induced infection.

Finally, only young pods are considered harvestable; once a pod becomes infected, it is excluded
from harvest. The complete model therefore integrates the biological processes governing pod devel-
opment, Miridae dynamics, and spore transmission into a unified mathematical framework.

The temporal evolution of the system is described by a set of nonlinear ordinary differential equa-
tions (Eq. (2.1)), which capture the interactions among pods, spores, and Miridae populations over
time. These equations form the basis for subsequent theoretical and numerical analyses, including the
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study of equilibrium points, threshold conditions, and control strategies.



Ṡ 1 = Λ − (ν + µ1 + α) S 1 − αm S 1 M − αp S 1 P,

Ṡ 2 = ν S 1 − (γ + µ2) S 2 − βm S 2 M − βp S 2 P,

İm = αm S 1 M + βm S 2 M − µI Im − βp Im P − d Im M,

İmp = βp Im P − µI Imp,

İp = αp S 1 P + βp S 2 P − (µI + θ) Ip,

Ṡ 3 = γ S 2 − µ3 S 3,

Ṗ = ησ (Ip + Imp) − µp P,

Ė = r b M
(
1 −

E
K

)
− (νE + µE) E,

Ṁ = νE E + e d Im M − µm M ,

(2.1)

with positive initial conditions given by
S 1(0) = S 0

1, S 2(0) = S 0
2, Im(0) = I0

m, S 3(0) = S 0
3,

Ip(0) = I0
p, Imp(0) = I0

mp, P(0) = P0, E(0) = E0, M(0) = M0.

(2.2)

Tables 1 and 2 provide a comprehensive list of all variables and parameters of System (2.1), along
with their respective values and references.

Table 1. Variables of System (2.1).

Symbol Biological meaning
S 1 Cherelle pods
S 2 Young pods
Im Pods damaged by Miridae attacks
Ip Pods infected by black pod rot
Imp Co-infected pods (Miridae damage and black pod rot)
S 3 Ripe pods
P Spore population in the plot
E Egg population of Miridae in the plot
M Miridae population (nymphs and adults) in the plot
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Table 2. Parameter description of System (2.1).

Parameter Description Values Unit References
Λ Cherelle recruitment rate 14,400 Cherelles·days−1 Assumed
ν Progression rate from cherelle to 0.05 days−1 [16]

young pod
γ Progression rate from young pod 0.027 days−1 [8]

to ripe pod
α Additional death rate due to wilt 0.1 days−1 [15]
αm Damage rate of cherelle stage due 0.00002 days−1·Miridae−1 Assumed

to Miridae attacks
βm Damage rate of young pods due 0.00001 days−1·Miridae−1 Assumed

to Miridae attacks
αp Infection rate of cherelle stage 0.00001 days−1·Spores−1 Assumed

due to black pod rot
βp Infection rate of the young pods stage 0.0002 days−1·Spores−1 Assumed

due to black pod rot
µ1 Natural death rate of cherelles 0.05 days−1 [16]
µ2 Natural death rate of young pods 0.00469 days−1 [16]
µ3 Natural death rate of ripe pods 0.0469 days−1 Assumed
µI Natural death rate of infected pods 0.05 days−1 Assumed
θ Rate of phytosanitary pod removal 0.3 days−1 [22]
e Biomass conversion rate 0.000001 dimensionless Assumed
d Feeding and egg-laying efficiency rate 0.000001 days−1 Assumed
η Releasing speed of spore 0.04 days−1 Assumed
σ Production rate of spores by infected pods 10 days−1 Assumed
µp Natural death rate of spores 0.02 days−1 [8]
r Sex ratio of Miridae population 0.58 dimensionless [17]
b Mean number of eggs laid by a mature 3.28 Miridae−1·days−1 [6]

female mirid
1/νE Time for an egg to become an adult mirid 15 days [6]
µE Mortality of Miridae eggs 0.001 days−1 [6]
K Carrying capacity for eggs 5000 dimensionless Assumed
µm Mortality rate of adult Miridae 0.07 days−1 [6]
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3. Model analysis

In this section, we perform a qualitative analysis of Model (2.1) to gain a deeper understanding of
the dynamics governing the evolution of Miridae and black pod disease. This analysis includes proving
the positivity and boundedness of each population, establishing the existence and stability of steady–
state solutions, calculating threshold quantities, and exploring potential bifurcation phenomena. We
start by analyzing the spores–pods and Miridae–pods submodels, followed by a presentation of the
generalized results for the co-infection model (2.1).

3.1. Basic properties of Model (2.1)

Model (2.1) describes the interactions between the pods, spores, and Miridae populations. It can be
shown that the state variables associated with the model are non–negative for all t ≥ 0, and that the
solutions of Model (2.1) with positive initial conditions remain positive for all t ≥ 0. Furthermore, we
assume that the associated parameters are non–negative for all t ≥ 0, and we will demonstrate that all
feasible solutions are uniformly bounded within a proper subset Ω.

Lemma 1. For any non-negative initial conditions, all solutions of Model (2.1) remain non-negative
for all t ≥ 0.

System (2.1) can be rewritten as 
dX
dt
= A(X) X + F,

X(0) = X0 ≥ 0,

(3.1)

where X = (S 1, S 2, Im, Imp, Ip, S 3, P, E, M)T ,

A(X) =



−a1 0 0 0 0 0 0 0 0

ν −a2 0 0 0 0 0 0 0

αm M βm M −a3 0 0 0 0 0 0

0 0 βp P −µI 0 0 0 0 0

αp P βp P 0 0 −(µI + θ) 0 0 0 0

0 γ 0 0 0 −µ3 0 0 0

0 0 0 ησ ησ 0 −µp 0 0

0 0 0 0 0 0 0 −(νE + µE) r b
(
1 −

E
K

)
0 0 e d Im 0 0 0 0 νE −µm



,
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and
F = (Λ, 0, 0, 0, 0, 0, 0, 0, 0)T

with

a1 = ν + µ1 + α + αm M + αp P, a2 = γ + µ2 + βm M + βp P, a3 = µI + βp P + d M .

The matrix A(X) is a Metzler matrix, and F ≥ 0. Therefore, System (2.1) is positively invariant in
R9
+ [24]. This implies that any trajectory of the system, starting from an initial state in the positive

orthant R9
+, will remain in R9

+ for all t ≥ 0.

Theorem 1. The domain

Ω ={(S 1, S 2, Im, Imp, Ip, S 3, P, E, M) ∈ R9
+ S 1 ≤ S max

1 , S 2 ≤ S max
2 , Im ≤ Imax

m , Imp ≤ Imax
mp ,

Ip ≤ Imax
p , S 3 ≤ S max

3 , P ≤ Pmax, E ≤ Emax, M ≤ Mmax.}

where

S max
1 =

Λ

ν + µ1 + α
, S max

2 =
ν S max

1

γ + µ2
, Imax

m =
αm S max

1 Mmax + βm S max
2 Mmax

µI
,

Imax
mp =

βp Imax
m Pmax

µI
, Imax

p =
αp S max

1 + βp S max
2

µI + θ
,

S max
3 =

γ S max
2

µ3
, Pmax =

ησ Imax
p

µp
, Emax = K and Mmax =

νE K
µm − e d Imax

m

is positively invariant for Model (2.1).

Remark 1. The domainΩ is realistic if µm > e d Imax
m , which ensures non–negativity. Using the baseline

parameter values from Table 2, we verify that µm = 0.07 and edImax
m ≈ 0.000001 × 0.000001 × Imax

m ,
which is satisfied for realistic Imax

m values. This condition holds under typical plantation conditions but
could be violated if Miridae-induced mortality becomes extremely high.

Proof: From the first equation of System (2.1), we have

Ṡ 1(t) = Λ − (ν + µ1 + α) S 1(t) − αp S 1(t) P(t) − αm S 1(t) M(t) ≤ Λ − (ν + µ1 + α) S 1 .

Solving this inequality leads to

S 1(t) ≤ S max
1 + (S 1(0) − S max

1 )e−(ν+µ1+α)t .

Thus, if S 1(0) ≤ S max
1 , we can deduce that

0 ≤ S 1(t) ≤ S max
1 for all t ≥ 0 .

Similarly, one can prove that S 2(t) ≤ S max
2 and S 3(t) ≤ S max

3 for all t ≥ 0.
From the eighth equation of System (2.1), we have

Ė(t) = r b M(t)
(
1 −

E(t)
K

)
− (νE + µE) E(t) .
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Assume that exists ε > 0 such that

t1 ≤ t1 + ε < T and E(t1 + ε) > K .

Now define
t∗1 = inf{t ≥ t1 : E(t) ≥ K}.

It follows that
E(t∗1) = K .

Thus we have

E(t) = E(t∗1) + Ė(t∗1)(t − t∗1) + o(t − t∗1) and Ė(t∗1) = −(νE + µE)E(t∗1) < 0 .

So, exists ε1 > 0 such that
t∗1 ≤ t < t∗1 + ε1 and E(t∗1) < K .

This leads to a contradiction because t∗1 = inf{t ≥ t1, E(t) ≥ K}. Consequently, E(t) ≤ K for all t ≥ t0.

By integrating the equations for M, Im, Imp, Ip, and P separately in System (2.1) and applying Gron-
wall’s lemma, we can show that

M(t) ≤ Mmax, Im(t) ≤ Imax
m , Imp(t) ≤ Imax

mp , Ip(t) ≤ Imax
p , and P(t) ≤ Pmax for all t ≥ 0.

This concludes the proof. 2

3.1.1. Model reduction

The S 3 (ripe pods) compartment is decoupled from the infection dynamics because ripe pods are
no longer susceptible to infection and do not contribute to spore production or Miridae population
growth. Therefore, we can simplify our analysis by focusing on the compartments that are critical for
understanding the dynamics of the system. Therefore, we deduce that our system is governed by the
following system of ordinary differential equations:

Ṡ 1 = Λ − (ν + µ1 + α) S 1 − αm S 1 M − αp S 1 P,

Ṡ 2 = ν S 1 − (γ + µ2) S 2 − βm S 2 M − βp S 2 P,

İm = αm S 1 M + βm S 2 M − µI Im − βp Im P − d Im M,

İmp = βp Im P − µI Imp,

İp = αp S 1 P + βp S 2 P − (µI + θ) Ip,

Ṗ = ησ (Ip + Imp) − µp P,

Ė = r b M
(
1 −

E
K

)
− (νE + µE) E,

Ṁ = νE E + e d Im M − µM M .

(3.2)
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This system captures the essential dynamics of disease transmission without the additional complexity
introduced by the S 3 compartment.
For a better understanding of the dynamics of co-infection using the proposed reduced model (3.2),
we first compute the equilibrium points of the model and then examine the dynamics around those
stationary points. The detailed analysis will focus on the behavior of each submodel solutions near the
equilibrium points for spores–pods model, Miridae–pods model, and the coinfection model.

3.1.2. Sensitivity analysis of model (2.1)

We performed the sensitivity analysis using a partial rank correlation coefficient (PRCC) in order
to evaluate the sensitivity of the model output to variations in key parameters. The result is given
in Figure 3. This result indicates that the recruitment rate (Λ) has the strongest positive influence
(PRCC ≈ 0.7), implying that increased inflow into the susceptible population substantially enhances
disease transmission. Similarly, the pathogen production parameters (η) and (σ) exhibit notable pos-
itive sensitivity, highlighting their role in amplifying environmental pathogen. Transmission-related
parameters, including (αm), (αp), (βm), and (βp), show moderate positive effects, confirming their con-
tribution to infection spread. In contrast, natural mortality parameters (µ1, µ2, µ3) display relatively
weak negative correlations, suggesting a limited influence on overall dynamics.

On the other hand, several parameters demonstrate strong negative influence the model. The recov-
ery or removal rate (θ) emerges as the most influential mitigating factor (PRCC ≈ −0.6), indicating
that increasing recovery significantly reduces disease prevalence. The pathogen decay rate (µp) also
shows a negative effect, emphasizing the importance of reducing environmental pathogen persistence.
Additionally, the infected mortality rate (µI) contributes negatively, with a moderate magnitude. Over-
all, the PRCC analysis reveals that disease dynamics are primarily driven by recruitment and pathogen
production processes, while recovery and pathogen decay play critical roles in controlling the spread
of infection. These findings provide valuable insights for designing effective intervention strategies.

Figure 3. PRCC sensitivity analysis of Model (2.1).
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3.2. Spores–pods model

Here, we present the theoretical results of the spores–pods model. By setting Im = M = 0 in
System (3.2), the spores–pods model is governed by the following system of ordinary differential
equations: 

Ṡ 1 = Λ − (ν + µ1 + α) S 1 − αp S 1 P ,

Ṡ 2 = ν S 1 − (γ + µ2) S 2 − βp S 2 P ,

İp = αp S 1 P + βp S 2 P − (µI + θ) Ip ,

Ṗ = ησ Ip − µp P ,

(3.3)

with initial conditions S 1(0) > 0, S 2(0) ≥ 0, Ip(0) ≥ 0, and P(0) > 0 .

3.2.1. Stability of disease-free equilibrium (DFE) of the spores-pods sub-model (3.3)

The DFE of the spores–pods model (3.3) is obtained by setting all the equations in System (3.3) to
zero. Since there are no infections at the DFE, the equilibrium of the spores–pods sub–model (3.3) is
given by

Q0 = (S 0
1, S 0

2, 0, 0) =
(

Λ

ν + µ1 + α
,

Λ ν

(γ + µ2) (ν + µ1 + α)
, 0, 0

)
. (3.4)

Using the next-generation approach developed by Van den Driessche and Watmough [18], we compute
the basic reproduction numberR, which, in this case, represents the number of new infections produced
by an infectious pod when introduced into a population of healthy pods of any maturity stage. To do
this, we rewrite System (3.3) as

ẋ = f (x) = F (x) −V(x), (3.5)

where x = (Ip, P), F is the rate of new infections in each class, andV(x) represents the transfer rate of
individuals into and out of each compartment. Hence, we have

F =


αp S 1 P + βp S 2 P

ησ Ip

 and V =


(µI + θ) Ip

µpP

 .
The Jacobian matrices of F andV evaluated at the DFE Q0 are

F =


0 αp S 0

1 + βp S 0
2

0 0

 and V =


µI + θ 0

0 µp

 .
The basic reproduction number, R, is defined as the spectral radius (dominant eigenvalue) of the next-
generation matrix FV−1

R =

(
ησ (αp S 0

1 + βp S 0
2)

µp (µI + θ)

)1/2

=

(
ησΛ (βp ν + αp (γ + µ2))

µp (µI + θ) (µ2 + γ) (ν + µ1 + α)

)1/2

.
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Lemma 2. The expression for R quantifies the number of secondary infections caused by an infectious
pod in a fully susceptible population, considering both mature and immature pods.

We have the following result on the global asymptotic stability of the DFE Q0 of System (3.3).

Theorem 2. The DFE Q0 of the System (3.3) is globally asymptotically stable in Ω when R ≤ 1 and
unstable when R > 1. This implies that there will be no infection in the plot when R ≤ 1.

Proof: Consider the following Lyapunov function candidate:

V(X) = ησ IP + (µI + θ) P, (3.6)

where X = (S 1, S 2, IP, P)T . Its time derivative satisfies

V̇ = ησ İp + (µI + θ) Ṗ ,

= ησ
[
(αp S 1 + βp S 2) P − (µI + θ) Ip

]
+ (µI + θ)(ησ Ip − µp P) ,

= ησ (αp S 1 + βp S 2)P − (µI + θ)µpP . (3.7)

Since S 1(t) ≤ S 0
1 and S 2(t) ≤ S 0

2 for all t ≥ 0, Equation (3.7) becomes

V̇ ≤ ησ (αp S 0
1 + βp S 0

2)P − (µI + θ)µpP

= µp(µI + θ)P
[
ησ (αp S 0

1 + βp S 0
2)

µp(µI + θ)
− 1

]
≤ µp(µI + θ)P

(
R2 − 1

)
. (3.8)

Hence, V̇ ≤ 0 whenever R ≤ 1. Furthermore,

V̇ = 0⇐⇒ P = 0 or S 1 = S 0
1, S 2 = S 0

2 and R = 1 .

Thus, the largest invariant set H contained in {X ∈ Ω, V̇(X) = 0} is the singleton Q0. By LaSalle’s
invariance principle [23], Q0 is globally asymptotically stable in Ω. This completes the proof. 2

Remark 2. When R ≤ 1, optimal production in the plot is achieved and given by

S 3 =
Λ ν

µ3 (γ + µ2) (ν + µ1 + α)
.

It is important to determine the parameters that impact the basic reproduction number R and the pro-
duction S 3. To do this, we perform sensitivity analysis of R and S 3. The parameter values used for the
sensitivity analysis are provided in Table 2.
Figure 4 presents the sensitivity analysis of the basic reproduction number R and the optimal produc-

tion S 3. The results indicate that R is significantly impacted by parameters such as η, σ, and Λ, which
have a positive effect, and by µp and µI , which have a negative effect. Similarly, the production S 3 is
primarily influenced by Λ and ν, both contributing positively, while µ3 and γ negatively affect it.
Now, we will illustrate this theory through numerical simulations. We consider a density of 1, 200
cocoa plants per hectare, which aligns with the recommended spacing of 2 to 3 meters between cocoa
tree rows. This density reflects the average cultivation practices in Africa [25]. The initial conditions
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(a) (b)
Figure 4. Sensitivity analysis of the basic reproduction number R and the optimal production
of ripe pods S 3.

are S 1(0) = 1000, S 2(0) = 500, S 3(0) = Ip(0) = 0, and P(0) = 100, chosen arbitrarily.
Figure 5 (on Page 2669) presents the trajectories of System (3.3) using various initial conditions. Blue,
red, and green colours represent respectively the phase plane (infectious pods, cherelle, and young
pods), the ripe pods and spores’evolution. It is evident that these trajectories converge to the DFE Q0,
as shown in Theorem 2. This indicates that the disease disappears within the cocoa plot, resulting in
optimal production.

3.2.2. The endemic equilibrium of sub–model (3.3)

Let (S 1, S 2, I p, P) be the endemic equilibrium of Eq. (3.3). The endemic equilibrium is obtained by
setting System (3.3) equal to zero, leading to the following polynomial equation:

a2 P2 + a1 P + a0 = 0 (3.9)

The coefficients are now correctly labeled a2, a1, a0 (not a3), where

a2 = αp βp µp (µI + θ),

a1 = µp (µI + θ) (αp (γ + µ2) + βp (ν + µ1 + α)) − ησΛαp βp,

a0 = µp (µI + θ) (ν + µ1 + α) (γ + µ2) (1 − R2).

Explicitly, the endemic equilibrium is given by:

S 1 =
Λ

ν + µ1 + α + αpP
, S 2 =

νS 1

γ + µ2 + βpP, I p =
αpS 1P+βpS 2P

µI+θ

where P is the positive root of Eq. 3.9. Using Descartes’ sign rules for the polynomial (3.9), the number
of positive solutions is summarized in Table 3.

As illustrated in Figure 6 (a), when R ≥ 1, there is a unique positive solution that is stable, while
the DFE loses stability and becomes unstable. In Figure 6 (b), when R ≤ 1, optimal production is
achieved, whereas when R ≥ 1, production decreases exponentially.
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(a)

(b) (c)
Figure 5. Numerical simulations for System (3.3) when R = 0.8668; η = 0.008 and all other
parameter values are shown in Table 2. (a) Phase portrait S 1 + S 2 versus Ip; (b) ripe pods S 3;
(c) spores P.

Theorem 3. When R ≥ 1, System (3.3) admits a unique endemic equilibrium that is locally asymptot-
ically stable.

Proof: To analyze the stability of the endemic equilibrium in relation toR, we use Theorem 6, provided
in Appendix B.

Figure 7 presents the trajectories of System (3.3) when R > 1. It is evident from this figure that the
trajectories converge to the endemic equilibrium point, as demonstrated in Theorem 3. This indicates
that the disease persists within the plantation, leading to significant production losses.

3.2.3. Estimation of production losses caused by black pod rot disease

Herein, we present and discuss numerical simulations that highlight the production losses caused
by black pod disease.
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Table 3. Number of positive Ssolutions of Equation (3.9) using Descartes’ rule for polyno-
mials.

a2 a1 a0 R Number of positive solutions
+ − + R < 1 No or two positive solutions
+ + + R < 1 No positive solution
+ − − R > 1 One positive solution
+ + − R > 1 One positive solution

(a) (b)
Figure 6. Bifurcation diagram illustrating the relationship between the basic reproduction
number R and (a) the stability of P̄ and (b) the cocoa production S 3.

(a) (b)
Figure 8. Evolution of ripe pods and spores with and without black pod disease in the plot.

Figure 8 illustrates the time evolution of ripe pods both with and without black pod disease through-
out the growth season. As anticipated, the number of harvested pods decreases significantly due to the
disease. To quantify these results, we will summarize the data in Table 4 to estimate the production
losses of cocoa within the plot.

Table 4 presents a comparison of the number of ripe pods in the presence and absence of black pod

Mathematical Biosciences and Engineering Volume 23, Issue 9, 2655–2697.



2671

(a)

(b) (c)
Figure 7. Numerical simulations of System (3.3) when R = 1.9383. Parameter values are
shown in Table 2. (a) Phase portrait for cherelle and young pods (S 1 + S 2) versus infected
pods (Ip). (b) ripe pods (S 3). (c) spores (P).

disease. From this table, it is evident that the production loss is approximately 88.94%.

Table 4. Estimation of production losses.

Production without disease Production with disease Losses
Ripe pods 76,000 8,400 88.94%

The production losses due to black pod disease are substantial within a cocoa plantation. It is crucial
to identify strategies to reduce the spread of this disease to enhance production in the plantation. Thus,
improving phytosanitary control is essential.

Figure 9 shows the evolution of ripe pods for various values of the phytosanitary control parameter
θ. We observe that when the control is high, production increases. According to [25], this parameter
varies within the interval [0, 0.8]. Numerical simulations demonstrate that when this parameter is
optimal (θ = 0.8), production losses are estimated to be 60%.

Black pod rot disease is a highly detrimental condition for cocoa, potentially leading to total pro-
duction loss. Therefore, it is vital to manage this disease promptly upon the appearance of the first
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symptoms to prevent its spread throughout the plantation. Once the disease has become widespread,
control measures may only mitigate damage, and optimal production will no longer be achievable.

Figure 9. Evolution of ripe pods with various values of the phytosanitary control parameter.

3.3. Miridae–pods model

Here, we study the Miridae–pods model. By setting Ip = P = 0 in Model (3.2), the Miridae–pods
model is governed by the following differential system:

Ṡ 1 = Λ − (ν + µ1 + α) S 1 − αm S 1 M,

Ṡ 2 = ν S 1 − (γ + µ2) S 2 − βm S 2 M,

İm = αm S 1 M + βm S 2 M − µI Im − d Im M,

Ė = r b M
(
1 −

E
K

)
− (νE + µE) E,

Ṁ = νE E + e d Im M − µm M .

(3.10)

3.3.1. Stability of the pest–free equilibrium of the Miridae–pods sub–model (3.10)

The pest–free equilibrium of Sub-model (3.10) is obtained when there are no Miridae in the plot.
Setting E = M = 0 and solving System (3.10) so that it is equal to zero, we compute the pest–free
equilibrium point given by

ξ0 = (S 0
1, S 0

2, 0, 0, 0) . (3.11)

Using the notations and method from [18], the basic offspring number is given by

N0 =
r b νE

µm (νE + µE)
. (3.12)

System (3.10) can be written in the following compact form:{
ẋ = h(x, y),
ẏ = (F̃ − Ṽ) y,

(3.13)
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where x = (S 1, S 2)T represents the class of the non-infected pods, and y = (Im, E,M)T represents the
class of infected pods and the Miridae population,

F̃ =


0 0 αm S 1 + βm S 2

0 0 r b

0 0 0


, Ṽ =


µI 0 0

0 νE + µE 0

0 −νE µm


,

and

h(x, y) =


Λ − (ν + µ1 + α)S 1 − αmS 1M

νS 1 − (γ + µ2)S 2 − βmS 2M

 .

Since αm S 1 + βm S 2 ≤ αm S 0
1 + βm S 0

2, System (3.13) can be bounded by the following system of
equations: 

˙̄x = h(x̄, ȳ),

˙̄y = (F̄ − Ṽ) ȳ,
(3.14)

where

F̄ =


0 0 αm S 0

1 + βm S 0
2

0 0 r b

0 0 0


.

Thus, the dynamics of System (3.13) is derived from the dynamics of System (3.14). Moreover, Sys-
tem (3.14) is globally asymptotically stable if the spectral radius of matrix F̄Ṽ−1 is less than one, i.e.,

ρ(F̄V−1) ≤ 1. A simple computation shows that ρ(F̄Ṽ−1) =
rbνE

µm(νE + µE)
. This means that the pest-free

equilibrium ξ0 is globally asymptotically stable when N0 ≤ 1. We have proved the following result.

Theorem 4. The pest–free equilibrium ξ0 is globally asymptotically stable when N0 ≤ 1.

Figure 10 presents the sensitivity analysis of the basic offspring numberN0 and the optimal produc-
tion S 3. We observe that N0 is significantly affected by parameters r, b, and νE, which have positive
effects, as well as µm and µE, which have negative effects. The production S 3 is more influenced by
Λ and ν, which have positive effects, and µ3 and γ, which have negative effects. For the numeri-
cal simulations, we selected the following arbitrary initial conditions: S 1(0) = 1000, S 2(0) = 500,
S 3(0) = Im(0) = 0, E(0) = 0, and M(0) = 960, as recommended by [26].

Figure 11, on Page 2674, illustrates the trajectories of System (3.10). From this figure, it is evident
that the trajectories of System (3.10) converge to the pest-free equilibrium ξ0, as demonstrated in The-
orem 4. This convergence indicates that the pest disappears within the cocoa plot, allowing for optimal
production. Blue, red, cyan, and green colours represent, respectively, the phase plane (infectious pods,
cherelles, and young pods), the ripe pods, eggs, and Miridae evolution.

Mathematical Biosciences and Engineering Volume 23, Issue 9, 2655–2697.



2674

(a) (b)
Figure 10. Sensitivity analysis of the basic offspring number N0 and the production of ripe
pods S 3.

(a) (b)

(c) (d)
Figure 11. Numerical simulations for System (3.10) when N0 = 0.8992 ≤ 1; b = 2;
µE = 0.2; µm = 0.3; other parameter values are given in Table 2. (a) Phase portrait of S 1 + S 2

versus Im; (b) ripe pods S 3; (c) eggs E; (d) Miridae M.
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3.3.2. The pest equilibrium point and its stability

Let (S̃ 1, S̃ 2, Ĩm, Ẽ, M̃) be the endemic equilibrium of Model (3.10). The endemic equilibrium is
obtained by setting System (3.10) equal to zero, leading to the following polynomial equation:

b4M4 + b3M3 + b2M2 + b1M + b0 = 0 (3.15)

where

b4 =r b d µm αm βm,

b3 =r b µm d (αm (γ + µ2) + βm (ν + µ1 + α)) + αm βm [r b µm µI + d K µm (νE + µE) (1 − N0)],
b2 =[βm (ν + µ1 + α) + αm (γ + µ2)][d K µm (νE + µE) (1 − N0) + r b µm µI] − Λ e d βm

+ r b µm (γ + µ2) (ν + µ1 + α),
b1 =K µm (νE + µE) (1 − N0) µI [βm (ν + µ1 + α) + αm (γ + µ2)] − (e dΛ ν + Λ (γ + µ2))

+ (ν + µ1 + α) (γ + µ2) [r b µm µI + d K µm (νE + µE) (1 − N0)],
b0 =K µm (νE + µE) µI (ν + µ1 + α) (γ + µ2) (1 − N0) .

To apply Descartes’ rule of signs for the polynomial b4M4+b3M3+b2M2+b1M+b0 = 0, we analyze the
number of sign changes in the sequence of coefficients b4, b3, b2, b1, b0. We then identify the number
of sign changes in this sequence, where a sign change occurs when one coefficient is positive and the
next is negative, or vice versa. Descartes’ rule of signs states that the number of positive real roots is
either equal to the number of sign changes in the sequence or less than that number by an even integer.

For example, if the sequence of signs is +,−,+,−, there are three sign changes, indicating that
the number of positive real roots could be three, one, or none. To determine the exact number of
positive solutions, we compute the coefficients based on the parameter values and apply Descartes’
rule. The results are presented in Table 5, showing the number of positive roots for different parameter
configurations. Figure 12 shows that when N0 ≥ 1, there is a unique positive solution which is stable,

Table 5. Number of positive solutions of Equation (3.15) using Descartes’ rule of signs.

b4 b3 b2 b1 b0 N0 Number of positive solutions
+ − + + + N0 < 1 No or two positive solutions
+ − + − + N0 < 1 Four or two positive solutions
+ − − + + N0 < 1 No or two positive solutions
+ − − − + N0 < 1 No or two positive solutions
+ + + + − N0 > 1 One positive solution
+ + + − − N0 > 1 One positive solution
+ + − + − N0 > 1 One or three positive solutions
+ + − − − N0 > 1 One positive solution

and the pest-free equilibrium changes its stability, becoming unstable.
Explicitly, endemic equilibrium (S̃ 1, S̃ 2, Ĩm, Ẽ, M̃) of Model (3.10) is given by:

S̃ 1 =
Λ

ν + µ1 + α + αmM̃
, S̃ 2 =

νS̃ 1

γ + µ2 + βmM̃
, Ĩm =

αmS̃ 1M̃ + βmS̃ 2M̃
µI + dM̃

, Ẽ =
rbM̃(K − Ẽ)
K(νE + µE)
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where M̃ is the positive root of Eq. (3.15).

Theorem 5. When N0 ≥ 1, System (3.10) admits a unique endemic equilibrium, which is locally
asymptotically stable.

Figure 12. Bifurcation diagram showing the behavior of M̄ (on the y-axis) as a function of
N0.

Figure 13 presents the trajectories of System (3.10) with various initial conditions when N0 > 1.
The figure clearly shows that these trajectories converge to the pest equilibrium point, as established in
Theorem 5. This indicates that the pest persists within the cocoa plot, leading to production losses.

3.3.3. Estimation of production losses caused by Miridae

This section presents and discusses numerical simulations that highlight the production losses
caused by Miridae within a plantation.

Figure 14 illustrates the time evolution of ripe pods with and without Miridae during a growth sea-
son. As expected, the number of harvested pods decreases significantly. These results are summarized
in Table 6, which presents the production of pods with and without Miridae, along with the calculated
losses, indicating that the production losses are approximately 34.21%.
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(a) (b)

(c) (d)
Figure 13. Numerical simulations for System (3.10) when N0 = 6.1867 ≥ 1. Parameter
values are shown in Table 2. (a) Phase portrait of S 1+S 2 versus Im; (b) ripe pods S 3; (c) eggs
E; (d) Miridae M.

Figure 14. Ripe pods with and without Miridae in the plot: Without Miridae (blue line) and
With Miridae (red line).

Mathematical Biosciences and Engineering Volume 23, Issue 9, 2655–2697.



2678

Table 6. Estimation of production losses due to Miridae infestation.

Production without Miridae Production with Miridae Losses
Ripe pods 76,000 50,000 34.21%

3.4. Co–infection model: Spores–Pods, and Miridae

In this section, we present the mathematical analysis of the co-infection model described by Equa-
tion (3.2).

3.4.1. Stability of the DFE of the co–infection model (3.2)

For Model (3.2), the DFE is defined as

DFE = (S 0
1, S

0
2, 0, 0, 0, 0, 0, 0), (3.16)

where S 0
1 and S 0

2 are specified in Eq. (3.4). The stability of the DFE is governed by the basic repro-
duction number. Following the work of Van den Driessche and Watmough [18], the basic reproduction
number for Model (3.2) is given by

R0 = max{R, N0}, (3.17)

where R and N0 represent the pods–spores and pods–Miridae–induced basic reproduction and basic
offspring numbers, respectively. These quantities are defined as follows:

R =

(
ησΛ (βp ν + αp (γ + µ2))

µp (µI + θ) (µ2 + γ) (ν + µ1 + α)

)1/2

and N0 =
r b νE

µm (νE + µE)
. (3.18)

Using Theorem 2 from Van den Driessche and Watmough [18], we establish the following result.

Lemma 3. The DFE of Model (3.2) is locally asymptotically stable whenever R0 < 1 and unstable
otherwise.

3.4.2. Co–existence thresholds

In this section, we derive the expressions for the regions of stability boundary equilibria. Two
coexistence thresholds must be calculated: The first separates the region where only black pod dis-
ease persists from the region of coexistence, while the second marks the shift from coexistence to the
persistence of Miridae alone.

To derive an expression for the region of stability of the boundary equilibrium, we assess the ca-
pacity of black pod disease to invade and persist in a plot where Miridae are at equilibrium. In this
context, the DFE for the Model (3.2) is given by

Q∗M = (S ∗∗1 , S
∗∗
2 , I

∗∗
m , 0, 0, 0, E

∗∗,M∗∗), (3.19)

where

S ∗∗1 =
Λ

ν + µ1 + α + αm M∗∗
, S ∗∗2 =

ν S ∗∗1
γ + µ2 + βm M∗∗

,
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I∗∗m =
αmS ∗∗1 M∗∗ + βmS ∗∗2 M∗∗

µI + dM∗∗
, E∗∗ =

rbM∗∗(K − E∗∗)
K(νE + µE)

with M∗∗ being the positive equilibrium of equation (3.15).
Applying the methods of Van den Driessche and Watmough [18], we find the basic reproduction

number of spores in a plantation where Miridae states are fixed

R(Q∗M) =
ησ (αp S ∗∗1 + βp S ∗∗2 )

µp (µI + θ)
. (3.20)

Note that R(Q∗M) is independent of Miridae parameters except through the equilibrium values S ∗∗1 and
S ∗∗2 . This reflects the fact that Miridae affect black pod disease transmission only by reducing the sus-
ceptible pod population, not by altering spore production or infection efficiency directly. The threshold
R(Q∗M) serves as a threshold condition for coexistence, which is equivalent to a threshold condition for
black pod disease endemicity in a plantation where Miridae are at equilibrium. When R(Q∗M) < 1, only
Miridae persists in the plot, while for R(Q∗M) > 1, black pod disease can invade the plot where the
Miridae states are fixed; in other words, coexistence becomes possible. Lemma 4 below expresses this
result in terms of the stability for the equilibrium Q∗M.

Lemma 4. If N0 > 1, the spores-free equilibrium Q∗M is stable for R(Q∗M) < 1 and unstable for
R(Q∗M) > 1.

Figure 15 presents the solution profiles for spore-infected pods, Miridae-damaged pods, ripe pods,
and co-infected pods from the System (2.1), with R = 0.5308 ≤ 1 and R(Q∗M) = 0.4464 ≤ 1.

Figure 16 presents the solution profiles of spore-infected pods, Miridae-damaged pods, ripe pods,
and co-infected pods from the System (2.1), with R = 1.9333 ≥ 1 and R(Q∗M) = 1.6302 ≥ 1.

The black pod disease is endemic when R > 1. We use the same reasoning as before, considering
Miridae as the invading species in a plantation where black pod disease is already endemic.

Let
Q∗p = (S ∗1, S

∗
2, 0, 0, I

∗
p, P

∗, 0, 0) , (3.21)

where

S ∗1 =
Λ

ν + µ1 + α + αp P∗
, S ∗2 =

ν S ∗1
γ + µ2 + βp P∗

, I∗p =
αpS ∗1P∗ + βpS ∗2P∗

µI + θ
,

with P∗ being the positive equilibrium of Equation (3.9). This represents the DFE of Model (3.2)
when the black pod disease is endemic in the plot. We will now compute the region of stability of the
boundary equilibrium Q∗p. This equilibrium exists and is unique when R > 1.

Applying the method of Van den Driessche and Watmough [18], we find the basic offspring number
of the Miridae in a plantation where the black pod disease is fixed

N0(Q∗p) =
r b νE

µm (νE + µE)
. (3.22)

Note that the expression forN0(Q∗p) is similar to that forN0 in Eq. (3.12) because Miridae’s reproduc-
tion depends on pod availability but not directly on the black pod disease status of pods; infected pods
remain suitable for oviposition under our model assumptions. Miridae can invade the plot where the
black pod disease is fixed whenever N0 > 1. The corresponding result for the stability of equilibrium
Q∗p is expressed in Lemma 5.
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(a) (b)

(c) (d)
Figure 15. Numerical simulations for system (2.1) when R = 0.5308, R(Q∗M) = 0.4464,
N0 = 6.7943 (resulting in R0 = 6.7943 > 1) (a) Miridae-damaged pods Im; (b) Co-infected
pods Imp; (c) Spore-infected pods Ip; (d) Ripe pods S 3. Parameters values are shown in
Table 2.

Lemma 5. If R > 1, the Miridae-free equilibrium Q∗p is stable for N0 < 1 and unstable for N0 > 1.

Figure 17 presents the solution profiles of spore-infected pods, Miridae-damaged pods, ripe pods,
and co-infected pods of System (2.1), with N0 = 0.8992 ≤ 1 and R = 1.9333 > 1.

Figure 18 illustrates the time evolution of ripe pods with and without coinfection during a growth
season. In Figure 18 (a), we first consider the infection due to black pod disease (blue color) and then
the coinfection (red colour). Figure 18 (b) presents the time evolution of ripe pods with and without
co-infection with Miridae. It has been shown that co-infection contributes to reduce the number of ripe
pods.

3.5. Interactions between black pod rot disease and Miridae infestation: Impacts on cocoa yield

3.5.1. Quantifying production losses under co–infection

To assess the influences between black pod rot disease and Miridae infestation, we evaluate planta-
tion’s productivity under co-infection conditions. We consider the impact of black pod rot on Miridae
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(a) (b)

(c) (d)
Figure 16. Numerical simulations for System (2.1) when R = 1.9333, R(Q∗M) = 1.6302,
N0 = 6.7943 (so that R0 = 6.7943 > 1). (a) Miridae-damaged pods Im; (b) co-infected pods
Imp; (c) spore-infected pods Ip; (d) ripe pods S 3.

(through reduced susceptible pod availability). The estimated production losses highlight the devastat-
ing synergy between Miridae and black pod rot on cocoa yield. When both are present, they can induce
near-total production collapse. Specifically, co-infection results in losses exceeding 93%, compared
with approximately 88.94% for black pod rot alone and 34.21% for Miridae alone. These findings
underscore the critical need for integrated management strategies targeting both pests and pathogens
to optimize cocoa production.

3.5.2. Formulation of impulsive control strategies

A feasible control strategy includes the following measures: (i) Removal of infected pods to limit
direct transmission of black pod rot disease; (ii) Application of fungicides to eliminate spores and thus
reduce indirect transmission; and (iii) Use of insecticides to suppress Miridae populations. These con-
trol actions increase the parameters θ, µp, and µM, representing the rates of infected pod removal, spore
inactivation, and Miridae mortality, respectively. Following [20], we incorporate these actions using
impulsive differential equations. For each control variable ϕ ∈ {θ∗, µ∗p, µ

∗
M}, we define two parameters:

ϕ (empirical mean) and rϕ (growth rate). Defining θ∗ = 1 − θ, µ∗p = 1 − µp, and µ∗M = 1 − µM, control
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(a) (b)

(c) (d)
Figure 17. Numerical simulations for System (2.1) when R = 1.9333, R(Q∗M) = 1.6302, and
N0 = 0.8992 (so that R0 = 1.9333 > 1). (a) Miridae-damaged pods Im; (b) co-infected pods
Imp; (c) spore-infected pods Ip; (d) ripe pods S 3.

actions temporarily reduce θ∗, µ∗p, and µ∗M. We consider two parameters that drive its temporal evolu-
tion: ϕ, the empirical mean value, and rϕ, the growth rate. Among several empirical formulations, we
adopt the simplest ordinary differential equation as follows:

dϕ
dt
= rϕ (ϕ − ϕ),

ϕ(0) = ϕ0.
(3.23)

Assuming rϕ > 0, the analytical solution is:

ϕ(t) = ϕ − (ϕ − ϕ0) e−rϕ t (3.24)

Thus, ϕ(t) converges to ϕ. Let δ be the proportion of farmers applying control measures. Control
efficiency is assumed to increase with δ. Control actions are applied instantaneously at discrete times:

∆ϕ(ti) = −φ(δ) ϕ(ti) (3.25)

where φ(δ) is an increasing function with φ(0) = 0 and 0 < φ(1) < 1 (imperfect control). It can be
linear (φ(x) = ax, a ∈ (0, 1)) or nonlinear (φ(x) = ax

1+ax , a > 0) where a is a parameter that can be
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(a) (b)
Figure 18. Estimation of production losses due to co-infection. Under co-infection, produc-
tion losses exceed 90% in our simulations, approaching near–total loss when both pathogens
are present.

related to the rate of efficacy. The resulting impulsive system is:


dϕ
dt
= rϕ (ϕ − ϕ),

∆ϕ(t0 + nτ) = −φ(δ) ϕ(t0 + nτ), n = 0, 1, 2, . . .

ϕ(0) = ϕ0.

(3.26)

According to the theory of impulsive differential equations [21], Eq. (3.26) is well defined and has a
unique positive periodic solution ϕper(t). Suppose δ constant and replacing the constant parameters
θ, µp, µM with θper(t) = 1 − θ∗per(t), µpper (t) = 1 − µ∗pper

(t), and µMper (t) = 1 − µ∗Mper
(t) yields the full

time-dependent model (System (3.28)).

Proposition 1. The periodic function

ϕper(t) =

 ϕ − (ϕ − ϕ0) e−rϕ t, t ∈ [0, t0]

ϕ −
(
ϕ − (1 − φ(δ)) ϕ((n − 1)τ + t0)

)
e−rϕ(t−(n−1)τ−t0), t ∈ ((n − 1)τ + t0, nτ + t0], n = 1, 2, . . .

(3.27)
is the solution of Eq. (3.26).

We will use each periodic solution θ∗per, µ
∗
pper

, and µ∗Mper
of (3.26) in System (2.1). Replacing the

constant parameters θ, µp, and µM by the functions θper(t) (θper(t) = 1 − θ∗per(t)), µpper (t) (µpper (t) =
1− µ∗pper

(t)), µMper (t) (µMper (t) = 1− µ∗Mper
(t)) respectively, we obtain the following system of differential
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equations refering to the time-dependent controlled model:

Ṡ 1 = Λ − (ν + µ1 + α) S 1 − αm S 1 M − αp S 1 P,

Ṡ 2 = ν S 1 − (γ + µ2) S 2 − βm S 2 M − βp S 2 P,

İm = αm S 1 M + βm S 2 M − µI Im − βp Im P − d Im M,

İmp = βp Im P − µI Imp − θper(t) Imp,

İp = αp S 1 P + βp S 2 P + βp Im P − (µI + θper(t)) Ip,

Ṡ 3 = γ S 2 − µ3 S 3,

Ṗ = ησ (Ip + Imp) − µpper (t) P,

Ė = r b M
(
1 −

E
K

)
− (νE + µE) E,

Ṁ = νE E + e d Im M − µMper (t) M.

(3.28)

3.5.3. Control scenarios and numerical results

For the simulations, we used: τ = 180 days (control interval), t0 = 10 days, δ = 0.7, a = 0.8,
rϕ = 0.1, θ = 0.3, µp = 0.02, and µM = 0.07. We present three control scenarios, illustrated in
Figures 19 and 20.

• Scenario 1: Control of black pod disease only.
We simulate a situation where the control measures target solely the progression of black pod rot
disease. Phytosanitary control is applied by removing infected pods from the plantation to limit
direct disease transmission. Additionally, chemical fungicides are used to suppress Phytophthora
megakarya, the main causal agent of black pod rot in Central and West Africa. In this case,
the parameters θper and µpper in Model (3.28) are considered, while all other parameters remain
unchanged when R and N0 exceed one.

• Scenario 2: Control of Miridae only.
Here, we focus on reducing Miridae populations within the plantation. This strategy aims to
minimize the damage caused by Miridae feeding and, over time, enhance the overall health of the
cocoa trees. We assume that Miridae control is achieved through the application of insecticides
every τ days, effectively decreasing Miridae’s abundance. In this case, the parameter µMper is used
in Model (3.28), with all other parameters remaining constant when R and N0 are greater than
one.

• Scenario 3: Combined control of black pod rot and Miridae.
In this scenario, both phytosanitary and Miridae control measures are applied simultaneously. The
objective is to maximize cocoa production by jointly reducing Miridae populations and removing
pods infected by black pod rot every τ days. Consequently, both Miridae’s abundance and the
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number of infected pods decrease at each intervention, leading to improved overall yield.

Single-threat scenarios: Figure 19(a) depicts the first situation, where the plantation is affected only
by Miridae infestations. An impulsive control strategy is implemented by applying insecticides at
specific time intervals. The blue curve represents cocoa production in the absence of Miridae, while
the magenta curve corresponds to production under Miridae infestation with control and the red curve
shows the production without any control. A clear improvement in production is observed when control
measures are applied.
The second situation, shown in Figure 19(b), considers a plantation affected only by black pod disease.
In this case, control actions consist of reducing spore concentrations through fungicide application and
removing infected pods (phytosanitary control). The blue curve represents optimal production without
disease, the magenta curve shows production under black pod infection with control, and the red curve
shows the production without control. The results demonstrate a significant increase in production
when control strategies are implemented.

(a) (b)
Figure 19. Numerical simulation for impulsive control in the plot.

Figure 20 illustrates the outcomes under the different control scenarios. It illustrates the temporal
evolution of ripe pods (denoted S 3), pods damaged by Miridae (denoted as Im in the model), infected
pods (denoted Ip) and co-infected pods (denoted Imp) under four distinct control strategies in a cocoa
plantation facing both black pod rot disease and Miridae infestation.

• Magenta curve (no control)
In the absence of any intervention, production decreases considerably. Co-infection is devastat-
ing; the number of Miridae-damaged pods rises rapidly and remains at a persistently high level.
Co-infected pods rise quickly and stay high. The synergy between pests and pathogens is fully
expressed. Infected pods rise rapidly to a high endemic level. The disease spreads both via spores
and through pest-facilitated infection.
• Green curve (black pod rot control only – Scenario 1)

Production improves slightly but remains very low. Controlling only the disease does little be-
cause Miridae continue to damage pods, creating entry points for spores and sustaining the epi-
demic, almost identical to the magenta curve. Controlling black pod rot does not affect Miridae
directly, so damaged pods remain high. This confirms that disease-focused measures alone cannot
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Figure 20. Numerical simulations of impulsive control strategies for black pod disease and
Miridae. (a) ripe pods; (b) pods damaged by Miridae attacks; (c) co-infected pods; (d) pods
infected by black pod disease.

mitigate pest damage. Co-infected pods remain high because Miridae continue to create wounds,
and spores can still infect those wounds despite fungicide application (since fungicides target
spores but not the wounds themselves). Infected pods are reduced but remain moderate. Fungi-
cides and pod removal lower spore loads and remove infectious material, but Miridae continue to
create new infection sites, sustaining the epidemic.
• Red curve (Miridae control only – Scenario 2)

Production improves more significantly but still remains below half of the baseline. Miridae
control reduces pod damage, but black pod rot can still spread via direct spore infection of healthy
pods. Damaged pods show a periodic sawtooth pattern. Each insecticide application causes
an abrupt drop, followed by gradual recovery until the next pulse. The average level is much
lower than in the magenta/green curves. Co-infected pods are significantly reduced because fewer
Miridae means fewer wounded pods that can become co-infected. However, some co-infection
still occurs via direct spore infection of undamaged pods or residual pest activity. Infected pods
are also reduced, because fewer Miridae mean fewer wounded pods, reducing one major route of
infection. However, direct spore infection of healthy pods can still maintain the disease at a lower
level.

Mathematical Biosciences and Engineering Volume 23, Issue 9, 2655–2697.



2687

Table 7. Estimation of production losses under different scenarios.

Production Production Production Losses Losses
without Miridae with Miridae with control without control with control

Ripe pods 76,000 50,000 62,000 34.21% 18.42%
e Production Production Production Losses Losses

without disease with disease with control without control with control
Ripe pods 76,000 8,400 41,600 88.94% 45.26%

Co-infection Production Production Production Losses Losses
without either with with combi- without with combi-

threat co-infection ned control control ned control
Ripe pods 76,000 5,200 35,800 93.16% 52.89%

• Blue curve (combined control – Scenario 3)
Production reaches the highest level among the co-infection scenarios. The synergy between the
two threats is broken by simultaneously reducing both pest damage and disease transmission.
Damaged pods are reduced even further than in red. Why? Combined control removes infected
pods (which might otherwise remain as resources) and may indirectly reduce Miridae’s survival
or reproduction through habitat disruption. Co-infected pods drop to the lowest level. Both
routes to co-infection (pest-mediated and direct) are suppressed simultaneously. Infected pods
reach the lowest level. By simultaneously reducing spores (fungicides), removing infected pods
(phytosanitary), and suppressing Miridae (insecticides), the disease is brought under tight control.

Even for a disease like black pod rot, which has its own direct transmission pathway, pest control alone
provides significant indirect benefits by closing wound-based infection routes. Combined control max-
imizes disease suppression. Co-infected pods are a signature of synergistic interaction. Combined
control drastically reduces them, breaking the feedback loop where pests create infection sites and
disease weakens pods, making them more attractive or vulnerable to pests. Insecticide application
(red and blue) effectively reduces Miridae-damaged pods. Combined control achieves the lowest lev-
els, demonstrating that integrated management enhances pest suppression beyond insecticides alone.
In co-infected plantations, combined control is far superior to single-threat control. The blue curve
demonstrates that integrated management can recover more than half of potential yield, whereas no
control leads to total crop failure.

3.5.4. Production loss estimates

Table 7 summarizes the production losses (ripe pods) for all scenarios. In this table, we present the
estimated production losses for each scenario and compare their outcomes. For each case, production
values correspond to the average between the highest and lowest yield peaks. The following table now
includes a row for co-infection scenarios with and without combined control.
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4. Discussion and Conclusion

4.1. Summary of the findings

In this study, we developed and analyzed a deterministic compartmental model to investigate the
coupled dynamics of black pod disease and S. singularis (Miridae) populations in cocoa plantations.
Our primary goal was to quantify production losses under varying pest and disease pressures and
evaluate control strategies capable of mitigating their combined impact to optimize yield.

We derived the basic reproduction numbers for each submodel and demonstrated that the DFE is
locally asymptotically stable when the reproduction number is below unity. For the spores–pods and
Miridae–pods submodels, endemic equilibria were locally stable when the respective reproduction
numbers exceeded one. Simulations indicate that, in the absence of an intervention, black pod disease
can cause nearly total production loss (∼ 88.94%), while Miridae alone leads to an estimated 34.21%
loss. Under co-infection, combined losses exceed 93%, highlighting the synergistic impact of both
threats.

4.2. Implications of Control Strategies

To reduce these losses, we implemented impulsive control strategies reflecting practical agricultural
practices. Phytosanitary pod removal and fungicide applications target black pod disease, while insecti-
cide spraying controls Miridae populations. Simulations demonstrated substantial improvements under
each regime. Two coexistence thresholds were identified: One delineating the persistence of Miridae
alone (N0 = 1), and another marking the transition from coexistence to black pod disease dominance
(R(Q∗M) = 1). These thresholds provide actionable insights for timing and prioritizing control mea-
sures: When N0 > 1 but R(Q∗M) < 1, controlling Miridae alone may be sufficient; when both exceed
unity, combined control strategies are necessary.

Our model offers a quantitative framework for integrated pest and disease management in cocoa
systems. It supports agronomists and plantation managers in risk assessment, intervention planning,
and optimization of control timing and combinations. More broadly, the framework contributes to agro-
ecosystem modeling, demonstrating how coupled pest-disease dynamics shape system’s resilience.
The identified coexistence thresholds may also serve as early warning indicators of potential regime
shifts between pest and disease-dominated states.

4.3. Limitations and Future Work

While the presented loss estimates (Table 7) provide theoretical benchmarks, empirical validation
remains essential. Future work should include systematic field data on pod production, infection preva-
lence, and Miridae’s abundance across plantations with known management histories. Such data will
enable parameter calibration, enhance predictive accuracy, and strengthen the model’s operational rel-
evance.

Several limitations highlight avenues for future research. The model assumes constant environmen-
tal conditions and spatial homogeneity, whereas real plantations exhibit variability in microclimate,
soil, and pest dispersal. Incorporating stochasticity or spatial structure would improve realism. The
current framework focuses solely on black pod disease and Miridae, excluding other pests, pathogens,
and ecological interactions that may affect yield. Furthermore, while control strategies improved pro-
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duction, the environmental and economic costs were not assessed. Future studies should compare
chemical control with sustainable alternatives such as biological control or integrated pest management
(IPM). Finally, several parameters were estimated from literature or expert opinion; global sensitivity
analysis (e.g., Latin hypercube sampling with PRCCs, as in Marino et al. [27]) is needed to iden-
tify which assumed parameters most critically influence production loss estimates. Targeted empirical
studies are needed to refine these estimates and test the model under diverse agro-ecological contexts.

4.4. Concluding Remarks

This work represents a first step toward understanding the coupled impact of Miridae and black pod
disease through a unified mathematical framework. Although simplified, the model captures key bio-
logical processes governing pod development, infection, and pest dynamics in a well-mixed, hectare-
scale plantation (approx. 1200 cacao trees producing ∼ 14,400 cherelles daily). By explicitly coupling
pest–disease interactions with control dynamics, the framework provides a foundation for designing
effective management strategies. Future extensions integrating empirical data, stochastic processes,
and spatial structure will enhance predictive capacity and decision support, contributing to sustainable
cacao production under evolving ecological and economic challenges.

This study demonstrates how a unified theoretical approach can quantify cacao production losses,
identify critical coexistence thresholds, and evaluate realistic control strategies. By linking pest–
disease dynamics with management interventions, our model provides actionable insights for sustain-
able agroecosystem management and illustrates the broader value of mathematical ecology in guiding
practical decision-making.
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Appendix

A. Derivation of the polynomial

Consider the following system:

Ṡ 1 = Λ − (ν + µ1 + α)S 1 − αpS 1P,

Ṡ 2 = νS 1 − (γ + µ2)S 2 − βpS 2P,

İp = αpS 1P + βpS 2P − (µI + θ)Ip,

Ṗ = ησIp − µpP.

(A.1)

From Ṡ 1 = 0, we have

S 1(P) =
Λ

ν + µ1 + α + αpP
=

Λ

ν + µ1 + α + αpP
,

From Ṡ 2 = 0, we have

S 2(P) =
νS 1(P)

γ + µ2 + βpP
=

νΛ

(γ + µ2 + βpP)(A + αpP)
,

From İp = 0, wwe have

Ip =
αpS 1P + βpS 2P
µI + θ

.

From Ṗ = 0, we have
Ip =

µp

ησ
P.

Substituting (S 1(P)) and (S 2(P)), we have

αpS 1 + βpS 2 = αp ·
Λ

ν + µ1 + α + αpP
+ βp ·

νΛ

(γ + µ2 + βpP)(ν + µ1 + α + αpP)
.

Multiply both sides by (A + αpP)(B + βpP):

αpΛ(B + βpP) + βpνΛ = K(A + αpP)(B + βpP).
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Using the two expressions of Ip, we have the quadratic equation in P:

a2P2 + a1P + a0 = 0, (A.2)

where

a2 = αp βp µp, (µI + θ),
a1 = µp (µI + θ)(βp (ν + µ1 + α) + αp (γ + µ2)) − ησΛαp βp,

a0 = µp (µI + θ) (γ + µ2) (ν + µ1 + α) (1 − R2).

B. Proof of Theorem 3

In this appendix, we give the proof of Theorem 3 on the local asymptotic stability of the endemic
equilibrium Q of the spores–pods model. We first recall the theorem of Castillo-Chavez and Song [29].

Theorem 6. (Castillo-Chavez and Song [29]) Let

dx
dt
= f (x, ϕ), f : Rn × R←→ Rn and f ∈ C2(Rn × R). (B.1)

Without loss of generality, it is assumed that 0 is a trivial equilibrium for System (B.1) for all values of
the parameter ϕ, that is

f (0, ϕ) ≡ 0 for all ϕ. (B.2)

Assume

A1 A = Dx f (0) =
(
∂ fi

∂x j
(0)

)
is the linearisation matrix of System (B.1) around the equilibrium 0 with

ϕ evaluated at 0. Zero is a simple eigenvalue of A and all other eigenvalues of A have negative
real parts;

A2 Matrix A has a non-negative right eigenvector w and a left eigenvector v corresponding to the
zero eigenvalue.

Let fk be the kth component of f and

a1 =

n∑
k,i, j=1

vkwiw j
∂2 fk

∂xi∂x j
(0) (B.3)

b1 =

n∑
k,i=1

vkwi
∂2 fk

∂xi∂ϕ
(0) (B.4)

The local dynamics of System (B.1) around 0 are totally determined by a1 and b1 as follows.

(i) a1 > 0, b1 > 0. When ϕ < 0 with |ϕ| ≪ 1, 0 is locally asymptotically stable, and there is a
positive unstable equilibrium; when 0 < ϕ ≪ 1, 0 is unstable and thereis a negative and locally
asymptotically stable equilibrium;

(ii) a1 < 0, b1 < 0. When ϕ < 0 with |ϕ| ≪ 1, 0 is unstable; when 0 < ϕ ≪ 1, 0 is locally
asymptotically stable, and there is a positive unstable equilibrium;

Mathematical Biosciences and Engineering Volume 23, Issue 9, 2655–2697.



2694

(iii) a1 > 0, b1 < 0. When ϕ < 0 with |ϕ| ≪ 1, 0 is unstable, and there is a locally asymptotically
stable negative equilibrium; when 0 < ϕ ≪ 1, 0 is stable, and a positive unstable equilibrium
appears;

(iv) a1 < 0, b1 > 0. When ϕ changes from negative to positive, 0 changes its stability from sta-
ble to unstable. Correspondingly, a negative unstable equilibrium becomes positive and locally
asymptotically stable.

Particularly, if a1 > 0 and b1 > 0, then a backward bifurcation occurs at ϕ = 0.

To study the stability of the endemic equilibria Q around R, we use Theorem 6. We first introduce
a positive parameter η. Solving R = 1 gives

η = η∗ =
µp (µI + θ) (γ + µ2) (ν + µ1 + α)
σΛ (βp ν + αp (γ + µ2))

.

To apply this theory, the following simplifications and change of variables are made. Let x1 = S 1,
x2 = S 2, x3 = Ip, and x4 = P. Moreover, by using the vector notation x = (x1, x2, x3, x4), System (3.3)
can be written in the form ẋ = f (x), with f = ( f1, f2, f3, f4), as follows:

ẋ1 = f1 = Λ − (ν + µ1 + α) x1 − αp x1 x4,

ẋ2 = f2 = ν x1 − (γ + µ2) x2 − βp x2 x4,

ẋ3 = f3 = (αp x1 + βp x2) x4 − (µI + θ) x3,

ẋ4 = f4 = ησ x3 − µp x4.

(B.5)

The Jacobian matrix around the DFE Q0 when η = η∗ is given by

J(Q0) =



−(ν + µ1 + α) 0 0 −αp S 0
1

ν −(γ + µ2) 0 −βp S 0
2

0 0 −(µI + θ) αp S 0
1 + βp S 0

2

0 0 η∗ σ −µp


.

Eigenvectors of J(Q0): The Jacobian J(Q0) has a right eigenvector (corresponding to the zero eigen-
value), given by u = (u1, u2, u3, u4)T , where

u1 = −

(
αp S 0

1

ν + µ1 + α

)
u4,

u2 = −

(
βp S 0

2

γ + µ2
+

ν αp S 0
1

(ν + µ1 + α)(γ + µ2)

)
u4,

u3 =

(
αp S 0

1 + βp S 0
2

µI + θ

)
u4,

u4 = u4 > 0.
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Similarly, the components of the left eigenvector of J(Q0) (corresponding to the zero eigenvalue),
denoted v = (v1, v2, v3, v4), are given by

v1 = v2 = 0,

v3 =

(
µp

αp S 0
1 + βp S 0

2

)
v4,

v4 = v4 > 0.

Computation of a1: For System (B.5), the associated non-zero partial derivatives of f (at the DFE)
are given by:

∂2 f1

∂x1 ∂x4
=
∂2 f1

∂x4 ∂x1
= −αp,

∂2 f2

∂x2 ∂x4
=
∂2 f2

∂x4 ∂x2
= −βp,

∂2 f3

∂x1 ∂x4
=
∂2 f3

∂x4 ∂x1
= αp,

and
∂2 f3

∂x2 ∂x4
=
∂2 f3

∂x4 ∂x2
= βp.

Then

a1 = v3

4∑
i, j=1

uiu j
∂2 f3(Q0)
∂xi ∂x j

= −2 u4

 α2
p S 0

1

ν + µ1 + α
+ βp

(
βp S 0

2

γ + µ2
+

ν αp S 0
1

(ν + µ1 + α)(γ + µ2)

) < 0.

Computation of b1: For the sign of b1, it can be shown that the associated non-vanishing partial
derivatives of f are:

∂2 f4

∂x3 ∂η
(Q0) = σ.

Substituting the respective partial derivatives into the expression gives

b1 = v4 σ

(
αp S 0

1 + βp S 0
2

µI + θ

)
u4 > 0.

Thus, a1 < 0 and b1 > 0. This corresponds to Case (iv) of Theorem 6: When R crosses 1 from below,
the DFE changes stability from stable to unstable, and a positive (endemic) equilibrium emerges that
is locally asymptotically stable. This completes the proof of Theorem 3. 2

C. Proof of Theorem 5

We prove that when N0 ≥ 1, the unique endemic equilibrium of System (3.10) is locally asymptot-
ically stable. The proof is based on the bifurcation theorem of Castillo-Chavez and Song [29], which
establishes the direction of the transcritical bifurcation atN0 = 1 and the local stability of the endemic
equilibrium for N0 > 1.
The pest-free equilibrium (DFE) is ξ0 =

(
S 0

1, S
0
2, 0, 0, 0

)
. We choose b as the bifurcation parameter.

The critical value where N0 = 1 is

b0 =
µm (νE + µE)

r νE
.
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The Jacobian matrix J = D f (ξ0, b0) has a simple zero eigenvalue. Order the variables as
(S 1, S 2, Im, E,M). We then have

J =


−(ν + µ1 + α) 0 0 0 −αmS 0

1
ν −(γ + µ2) 0 0 −βmS 0

2
0 0 −µI 0 αmS 0

1 + βmS 0
2

0 0 0 −(νE + µE) rb0

0 0 0 νE −µm


.

Let v be the right eigenvector for zero eigenvalue. Solve Jv = 0, with v = (v1, v2, v3, v4, v5)T , we find

v =
(
−
αmS 0

1

ν + µ1 + α
,
ναmS 0

1

γ + µ2
+

βmS 0
2

(γ + µ2)(ν + µ1 + α)
,
αmS 0

1 + βmS 0
2

µI
,

rb
ν0

E + µE
, 1

)
Let w be the left eigenvector for zero eigenvalue. Solve wJ = 0, with w = (w1,w2,w3,w4,w5), we find

w =
(
0, 0, 0,

νE

νE + µE
, 1

)
.

Computation of coefficient a1

The coefficient a1 is given by:

a1 =

5∑
k,i, j=1

wkviv j
∂2 fk

∂xi∂x j
(ξ0, b0).

Since w1 = w2 = w3 = 0, we only use the equation for Ė) and k = 5 as the equation for Ṁ.
After computation, we find

a1 = −
2µmrb0

K(νE + µE)
+

2ed(αmS 0
1 + βmS 0

2)
µI

.

Computation of coefficient b1 (with respect to bifurcation parameter ϕ = b1)

The coefficient b1 is given by:

b1 =

5∑
k,i=1

wkvi
∂2 fk

∂xi∂b
(ξ0, b0).

We only need the term where f4 (the equation for Ė). The parameter b appears only in the equation
for Ė.
After computation, we find

b1 =
rνE

νE + µE
> 0.

We have:

a1 = −
2µmrb0

K(νE + µE)
+

2ed(αmS 0
1 + βmS 0

2)
µI

, b =
rνE

νE + µE
> 0.
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Since b > 0 always, and typically a < 0 for certain values. In that case, we are in Case (iv) of the
Castillo-Chavez and Song theorem. This implies that: when b increases through b0 (i.e., N0 increases
through 1), the DFE changes stability from stable to unstable, a positive endemic equilibrium appears
for b > b0 (N0 > 1) and is locally asymptotically stable. This completes the proof of Theorem 5. 2
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