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Abstract: We develop a unified uncertainty propagation framework for computational models
involving stochastic variability together with two distinct forms of epistemic uncertainty: vagueness
and incomplete knowledge. In this framework, stochastic uncertainty is represented by random
variables, while the epistemic components are modeled by random fuzzy sets with fuzzy mass functions
generalized from Dempster-Shafer theory and fuzzy set theory. Using generalized polynomial chaos
expansions and extension principles, the propagated uncertainty in output expectation is then quantified
efficiently by a fuzzy mass function. We also introduce a distance measure between fuzzy mass
functions and use it to analyze the error in the resulting numerical approximations. The proposed
approach is demonstrated on several simple examples and applied to two biological systems: the
Mitchell-Schaeffer model governed by a system of ordinary differential equations, and a computational
model of olfaction governed by the Navier-Stokes equations.
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1. Introduction

It is increasingly recognized that multiple forms of uncertainty affect the modeling and simulation
process of physical systems [1–5]. Some model parameters vary because of inherent randomness,
some are uncertain because the available data are limited, and some are specified imprecisely because
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the available information lacks clarity. Therefore, a comprehensive uncertainty quantification (UQ)
framework is needed to represent, propagate, and analyze the different types of uncertainty that may
coexist within the same physical system.

Probability theory, through random variables and probability density functions, provides a natural
framework for describing aleatory variability. However, it may not be suitable for addressing
epistemic uncertainty – uncertainty due to lack of knowledge or clarity [6]. To tackle epistemic UQ, it
is important to consider alternative mathematical frameworks. For example, fuzzy set theory uses
membership functions to capture the graded and vague nature of imprecise descriptions [7, 8], while
Dempster-Shafer (DS) theory relaxes the additivity constraint of probability measures by assigning
belief mass to sets rather than points, making it well-suited for representing uncertainty due to lack of
knowledge [9–11]. There are other related frameworks such as possibility theory [12, 13], generalized
p-boxes [14], and interval analysis.

Several researchers have focused on individual theories for specific types of uncertainty. In purely
probabilistic settings, methods such as the Monte Carlo method and generalized polynomial chaos
(gPC) expansion [15–19] have been widely used to quantify stochastic uncertainty arising from
randomness. For epistemic uncertainty caused by incomplete knowledge, DS-theory-based UQ
methods have been developed and adopted in a variety of applications [20–24]. For epistemic
uncertainty due to lack of clarity, fuzzy-set-based propagation methods have also been studied
extensively in engineering and scientific applications [25–28].

Pairwise combinations of these theories have also been used to develop mixed-UQ approaches. For
example, in previous work, we combined DS theory with the gPC method to quantify both epistemic
and aleatory uncertainties in synthetic problems [20]. Fuzzy set theory has been combined separately
with DS theory or probability theory in reliability analysis and engineering systems [29, 30]. These
hybrid UQ approaches have proven effective for both benchmark examples and practical problems.
However, research on a mixed-UQ framework that combines probability theory, fuzzy set theory, and
DS theory (which is capable of addressing randomness, vagueness, and partial knowledge coexisting
in the same system) remains very limited. Additionally, to the best of our knowledge, no rigorous error
analysis is currently available for efficient mixed-UQ methods built upon the combination of these
three theories.

To address this gap, we propose a unified numerical UQ framework that jointly propagates aleatory
uncertainty and two distinct types of epistemic uncertainty through a single simulation model. First,
under the assumption of independence among all uncertain inputs, we construct fuzzy mass functions
for random fuzzy sets [31, 32] based on fuzzy set theory and DS theory, to represent two forms of
epistemic uncertainty in the inputs. Second, we propagate the mixed uncertainty using gPC expansion
coupled with extension principles [33–36], and obtain fuzzy mass functions to represent uncertainty
in output expectation. Third, we introduce a new distance measure between two fuzzy mass functions,
leveraging the concepts of Hausdorff distance [20, 37], and use it to conduct a rigorous error analysis
of the proposed method. Finally, we demonstrate the approach on several examples involving both
ordinary differential equations (ODEs) and partial differential equations (PDEs). The main
contributions of this work include the development of a numerical algorithm for propagating fuzzy
mass functions, the error analysis for mixed uncertainty propagation when gPC expansions are used
as approximations over stochastic space, and the novel application of the proposed methodology to
biological computational models.
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The paper is organized as follows. In Section 2, we present the relevant concepts from fuzzy set
theory and DS theory, introduce random fuzzy sets with fuzzy mass functions, and define a distance
metric between two fuzzy mass functions. In Section 3, we describe the comprehensive numerical
method for propagating mixed stochastic and various epistemic uncertainties, together with its error
analysis. The method is demonstrated on several illustrative examples in Section 4. In Section 5, we
apply the approach to two biological models governed by differential systems. Finally, we conclude
the paper with a summary and conclusion in Section 6.

2. Preliminaries

In this section, we introduce the basic concepts from fuzzy set theory, DS theory, and random
fuzzy sets.

2.1. Basics of fuzzy set theory

Let x be an element of a nonempty classical set X. A fuzzy set Ã ⊂ X is defined as the collection of
ordered pairs:

Ã = {(x, µÃ(x))|x ∈ X},

where µÃ(x) : X → [0, 1] (or simply Ã(x)) is called the membership function. The value µÃ(x)
represents the degree of membership of x in the fuzzy set Ã.

The set of elements that belong to Ã with membership degree at least α, i.e.,

{x ∈ X|Ã(x) ≥ α},

is called the α-cut, denoted as [Ã]α. The corresponding strong α-cut, denoted as [Ã]α+ , is defined with
strict inequality. The support of Ã is the set of all elements with nonzero membership, denoted as
supp(Ã). All three are crisp sets that characterize Ã. A fuzzy set Ã is called normal if sup µÃ(x) = 1.

The basic operations on fuzzy sets were introduced by Zadeh [7]. Specifically, the membership
functions of the intersection and union of two fuzzy sets Ã and B̃ are defined as follows, respectively:

µÃ∩B̃(x) = min(µÃ(x), µB̃(x)), x ∈ X; (1)
µÃ∪B̃(x) = max(µÃ(x), µB̃(x)), x ∈ X.

Zadeh’s extension principle provides a standard way to define functions over fuzzy sets. We state it
in a general form [35, 36].
Definition 1 (Zadeh’s extension principle). Let Ã1, . . . , ÃnΞ be fuzzy sets with corresponding
membership functions µÃ1

, . . . , µÃnΞ
defined on X1, . . . , XnΞ , respectively, and let X be a Cartesian

product X = X1 × · · · × XnΞ . Let f be a mapping from X to a set U, i.e., u = f (x1, x2, ..., xnΞ). Then, the
extension principle defines a fuzzy set B̃ in U by

B̃ = {(u, µB̃(u))|u = f (x1, . . . , xnΞ), (x1, . . . , xnΞ) ∈ X}, (2)

where

µB̃(u) =

sup(x1,...,xnΞ )∈ f −1(u) min{µÃ1
(x1), . . . , µÃnΞ

(xnΞ)}, if f −1(u) , ∅,

0, otherwise,
(3)

where f −1 is the inverse of f .
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2.2. Basics of DS theory

Assume that the collected evidence, regarding the quantity of interest ζ ∈ Z, can be interpreted in
finitely many ways with given probabilities [9,31]. If the interpretation ω ∈ Ω (whereΩ is the finite set
of all interpretations) holds, then the evidence indicates that the proposition “the true value of ζ falls
in Γ(ω) ⊆ Z ” is true, with no further specification, where Γ is a mapping from Ω to 2Z. We further
assume that a probability measure P can be defined on (Ω, 2Ω). Then the tuple (Ω, 2Ω, P,Γ) is a random
set. The corresponding mass function m : 2Z → [0, 1] is defined as in [31].

m(A) = P(ω ∈ Ω : Γ(ω) = A), (4)

for all nonempty subsets A ⊆ Z, with m(∅) = 0. A subset A is called a focal element of m if
m(A) is nonzero. The mass function is also called the basic belief assignment (BBA) or m-function
in [9, 10, 34, 38, 39] (hereafter, we use mass function and m-function interchangeably).

Using the mass function, the belief and plausibility functions are defined as

Bel(A) =
∑
B⊆A

m(B), Pl(A) =
∑

B∩A,∅

m(B). (5)

The belief function measures the expected necessity of the proposition ζ ∈ A, indicating the total
support from the evidence on A (including all subsets of A); while the plausibility function measures
the expected possibility of the proposition, indicating the maximum possible strength of the evidence
supporting ζ ∈ A. These two functions are linked by the duality relation Pl(A) = 1 − Bel(A).

The cumulative belief function (CBF) and cumulative plausibility function (CPF) of a belief
function in DS theory are defined as follows [6, 40]:

CBF(z) = Bel(ζ ∈ (−∞, z]), (6)
CPF(z) = Pl(ζ ∈ (−∞, z]). (7)

The extension principle in the framework of DS theory has been defined as in [33, 41].

Definition 2. Let u = f (ζ) be a mapping from the domain Z ⊂ RnZ to a domain U, and let mζ be
the mass function associated with the variable ζ, with focal elements A1, A2, . . . , An̂. Then the mass
function mu of the output u is defined for any B ⊂ U as the following

mu(B) =


∑

i∈I mζ(Ai), if I = {i| f (Ai) = B} is nonempty,
0, otherwise.

(8)

2.3. Fuzzy mass functions

To handle evidence that is both uncertain and fuzzy, DS theory is generalized, and random fuzzy sets
and fuzzy mass functions are defined [31,32]. Consider a quantity θ ∈ Θ, and let F ∗(Θ) be the set of all
normal fuzzy subsets of Θ. As in Section 2.2, we assume that the evidence can be interpreted in a finite
number of different ways, and the finite set of all interpretations is denoted as Ω. If the interpretation
ω ∈ Ω holds, then the proposition “the true value of θ ∈ Θ falls in Γ̃(ω) ⊆ Θ ” is true, and nothing
more, where Γ̃ : Ω → F ∗(Θ) maps each interpretation to a normal fuzzy subset of Θ. As before, we
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further assume the existence of a probability measure P on (Ω, 2Ω). Then the tuple (Ω, 2Ω, P, Γ̃) is a
random fuzzy set [31, 42]. The corresponding fuzzy mass function m : F ∗(Θ)→ [0, 1] is defined as

m̃(Ã) = P(ω ∈ Ω : Γ̃(ω) = Ã). (9)

The set Ã is called a (fuzzy) focal element of m̃ if m̃(Ã) > 0. Note that the number of focal elements is
finite due to the assumption of Ω being finite. The quantity m̃(Ã) indicates the strength of the evidence
that supports the proposition “θ is in Ã”, without supporting any more specific propositions.

Let Ã1, . . . , Ãñ denote all the focal elements, and the plausibility and belief of a crisp set A are
defined in [31, 43]

Plm̃(A) =
ñ∑

i=1

m̃(Ãi) max
z∈A

Ãi(z), (10)

Belm̃(A) =
ñ∑

i=1

m̃(Ãi) min
z<A

[1 − Ãi(z)]. (11)

2.4. Distance between two fuzzy mass functions

For the purpose of error analysis, we introduce a distance to measure the difference between the
numerical approximation fuzzy mass function obtained from a numerical algorithm and the true one.
Before that, let us first recall the distance between two fuzzy sets and its properties introduced in [37].

Definition 3. Let Ã be a fuzzy set defined on X, f and g be two mappings on X, and F̃ = f (Ã) and
G̃ = g(Ã) be the corresponding fuzzy sets defined by Definition 1. For α ∈ [0, 1], let F̃α+ = f ([Ã]α+)
and G̃α+ = g([Ã]α+).Then the distance between two fuzzy sets F̃ and G̃ is defined as, for p ≥ 1 [37]

Dp(F̃, G̃) =
∫ 1

0
dHp(F̃α+ , G̃α+)dα, (12)

where

dHp(F̃α+ , G̃α+) =max{(
∫

s∈[Ã]α+
essinfr∈[Ã]α+

dp( f (s), g(r))ds))1/p,

(
∫

r∈[Ã]α+
essinfs∈[Ã]α+

dp( f (s), g(r))dr))1/p},

(13)

and d represents the classical distance between two elements.

Note that dHp distance with p = 1 is a relaxed version of the well-known Hausdorff distance [37].
That is for any two classical nonempty sets A, B, we have

dH(A, B) = max{sup
s∈A

inf
r∈B

d(s, r), sup
r∈B

inf
s∈A

d(s, r)}.

Theorem 2.1. Following Definition 3 with d(x, y) = |x − y|, and with S = supp(Ã), for any α ∈ [0, 1],
we have [37]

dHp(F̃α+ , G̃α+) ≤ ∥ f − g∥Lp(S ). (14)
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We then recall the distance between two mass functions defined in [20].

Definition 4. Let θ ∈ Θ be the input parameter associated with a mass function mθ. Let Ai (1 ≤ i ≤ n̂) be
the focal elements with belief masses mθ(Ai). Consider two mappings f , g on Θ and the mass functions
m f ,mg for the corresponding outputs defined by Definition 2. Let Fi = f (Ai) and Gi = g(Ai). Then the
distance between the two mass functions m f and mg is

Dp(m f ,mg) =
n̂∑

i=1

mθ(Ai)dHp(Fi,Gi). (15)

Hausdorff distance dH is used in [20] with p=1. Next, we extend Definition 2 to the extension
principle for fuzzy mass functions and extend the Definitions 3 and 4 to a distance measure between
two fuzzy mass functions.

Definition 5. Let u = f (θ) be a mapping from the domain Θ ⊂ RnZ to a domain U, and let m̃θ be
the fuzzy mass function associated with the variable θ, where its focal elements are a finite number of
fuzzy sets {Ã1, Ã2, . . . , Ãñ}. Let F ∗(U) denote the collection of all normal fuzzy sets of U. Then the
fuzzy mass function m̃u of the output function u, is defined for any B̃ ∈ F ∗(U) as the following

m̃u(B̃) =


∑

i∈I m̃θ(Ãi), if I = {i| f (Ãi) = B̃} is nonempty,
0, otherwise,

(16)

where f (Ãi) is the corresponding fuzzy sets defined by Definition 1.

We finally define the distance between two fuzzy mass functions.

Definition 6. Let θ ∈ Θ be an input variable associated with a fuzzy mass function m̃θ, which has a
finite number of focal elements Ãi (1 ≤ i ≤ ñ) with the corresponding belief masses m̃(Ãi). Consider
two mappings f , g on Θ and the fuzzy mass functions m̃ f , m̃g for the corresponding outputs defined by
Definition 5. Let F̃i = f (Ãi) and G̃i = g(Ãi). Then the distance between the two fuzzy mass functions
m̃ f and m̃g is

D̃p(m̃ f , m̃g) =
ñ∑

i=1

m̃θ(Ãi)Dp(F̃i, G̃i). (17)

This satisfies the following properties:

• D̃p(m̃ f , m̃g) ≥ 0 and D̃p(m̃ f , m̃g) = 0 =⇒ m̃ f = m̃g.
• D̃p(m̃ f , m̃g) = D̃p(m̃g, m̃ f ).
• D̃p(m̃ f , m̃g) ≤ D̃p(m̃ f , m̃h) + D̃p(m̃h, m̃g), where m̃h is the fuzzy mass function for the output of

function h(θ).

Theorem 2.2. Let D̃p(m̃ f , m̃g) be the distance defined in Definition 6. Denote S i = supp(Ãi). If
|| f − g||Lp(S i) ≤ ϵ for all 1 ≤ i ≤ ñ, we have

D̃p(m̃ f , m̃g) ≤ ϵ. (18)

Proof: Observe

D̃p(m̃ f , m̃g) =
ñ∑

i=1

m̃θ(Ãi)Dp(F̃i, G̃i).
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According to Eq (14) and the assumption, we have

dHp(F̃i,α+ , G̃i,α+) ≤ || f − g||Lp(S i) ≤ ϵ.

With Eq (12),

Dp(F̃i, G̃i) =
∫ 1

0
dHp(F̃i,α+ , G̃i,α+)dα,

≤ ϵ

∫ 1

0
dα = ϵ. (19)

Following that, we have

D̃p(m̃ f , m̃g) =
ñ∑

i=1

m̃θ(Ãi)Dp(F̃i, G̃i) ≤
ñ∑

i=1

m̃θ(Ãi)ϵ ≤ ϵ.

Table 1 summarizes the key notation introduced in this section and used throughout the paper.

Table 1. Notation summary.

ξ fuzzy variables
ζ DS uncertain variables
y, η(y) random variables and their PDF
Ã, µÃ fuzzy set and its membership function
[Ã]α, supp(Ã) α-cut and support
Ξ̃Ai fuzzy set from Ξ̃ paired with crisp Ai

mζ , Ai mass function and crisp focal elements
m̃, Ãi fuzzy mass function and fuzzy focal elements
Bel,Pl, CBF, CPF belief, plausibility, cumulative belief and plausibility functions
u(ξ, ζ, y) model output
E(ξ, ζ), En(ξ, ζ) true and gPC-approximated conditional expectation
B̃i, B̃n,i output fuzzy focal elements (true / from gPC)
m̃E, m̃En output fuzzy mass functions for E and En

Dp(F̃, G̃) distance between two fuzzy sets
Dp(m f ,mg) distance between two mass functions
D̃p(m̃ f , m̃g) distance between two fuzzy mass functions

3. Uncertainty propagation using fuzzy set and DS theories

In this section, we present a numerical strategy for uncertainty propagation in a general
computational model governed by a differential equation on a spatial domain D and a time interval
(0,T ]. The various types of uncertainty in the system are represented using three types of uncertain
variables: (i) fuzzy variables ξ = {ξ1, . . . , ξnΞ} ∈ Ξ ⊂ R

nΞ representing epistemic uncertainty due to
vagueness or lack of clarity; (ii) uncertain variables ζ = {ζ1, . . . , ζnZ } ∈ Z ⊂ RnZ representing epistemic
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uncertainty stemming from lack of knowledge; and (iii) random variables
y = {y1, y2, . . . , ynY } ∈ Y ⊂ RnY representing aleatory uncertainty from randomness in the system.

The mathematical model is assumed to be well-posed in Y × Ξ × Z, and the model output
(u(x, t, y, ξ, ζ) or a function of u) is assumed to be continuous over the domain Ξ × Z. Given
membership functions for ξ, mass functions in DS theory for ζ, and probability density functions for
y, the objective of uncertainty propagation is to quantify the uncertainty in the model output
propagated from the mixed aleatory and epistemic uncertainty in the input variables. Without loss of
generality, we consider scalar model output (i.e., u ∈ R). For simplicity in notation, we omit the
dependence of the solution on the variables x and t, and focus on the problem for any fixed x ∈ D and
t ∈ (0,T ]. Accordingly, the output is denoted as u(ξ, ζ, y). This approach is standard in most of the
uncertainty quantification (UQ) literature [37].

3.1. Epistemic uncertainty propagation

We first consider the epistemic uncertainty in the system, characterized by the non-probabilistic
uncertain variables ξ ∈ Ξ̃ with membership function µΞ̃(ξ) (and its support is denoted as Ξ) and ζ ∈ Z
with mass function mζ (with focal elements Ai, i = 1, . . . , n̂).

Consider Ai to be a fuzzy set with membership function µAi(ζ) = 1 for ζ ∈ Ai and µAi(ζ) = 0 for
ζ < Ai. The 2D fuzzy set Ξ̃Ai = {(ξ, ζ), µΞ̃Ai

(ξ, ζ)} has membership function as

µΞ̃Ai
(ξ, ζ) = min(µΞ̃(ξ), µAi(ζ)) = µΞ̃(ξ). (20)

Then a fuzzy mass function can be defined with the fuzzy focal elements Ξ̃Ai (for i = 1, . . . , n̂)

m̃(Ξ̃Ai) = P((ξ, ζ) ∈ Ξ̃Ai) = P(ξ ∈ Ξ̃)P(ζ ∈ Ai) = P(ζ ∈ Ai) = mζ(Ai). (21)

The quantity m̃(Ξ̃Ai) is interpreted as the degree to which the evidence supports the proposition “(ξ, ζ)
falls inside the fuzzy set Ξ̃Ai”.

We now propagate the epistemic uncertainty in (ξ, ζ) represented by the fuzzy mass function
through the system, and represent the uncertainty in the output u(ξ, ζ) by a fuzzy mass function using
Definition 5. Numerically, for each input fuzzy focal element Ξ̃Ai, the corresponding output fuzzy
focal element B̃i can be obtained using the extension principle for fuzzy sets. Specifically, we
characterize the input fuzzy set by a finite number of α-cut. For each α-cut of Ξ̃Ai (which is a
classical set), one pair of optimizations can be implemented

Bi,α,1 = min
{ξ,ζ}∈[Ξ̃Ai]α

u(ξ, ζ), (22)

Bi,α,2 = max
{ξ,ζ}∈[Ξ̃Ai]α

u(ξ, ζ). (23)

The interval [Bi,α,1, Bi,α,2] serves as the corresponding α-cut of the output fuzzy set B̃i. The resulting B̃i

then becomes a fuzzy focal element of the output u, and its belief mass m̃(B̃i) is the same as m̃(Ξ̃Ai),
which is also the same as mζ(Ai). The output fuzzy mass function has the same number of fuzzy
focal elements as the input, unless more than one input fuzzy set is mapped to the same fuzzy focal
element. Note: Since optimization is not the primary focus of this work, we employ a simple and
easy-to-implement sampling strategy to solve the optimization problems. This approach provides an
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approximation of the global optimum. While this deterministic sampling method is sufficient for this
study, the computational efficiency and accuracy of the optimization could potentially be improved
by using alternative optimization techniques, such as multi-start local optimization methods or global
optimization algorithms, including efficient global optimization.

3.2. Mixed aleatory and epistemic uncertainty propagation

Whereas epistemic uncertainty is represented using fuzzy mass functions, the mixed uncertainty
propagation problem also involves the aleatory uncertainty characterized by the random variable y ∈ Y
with probability density function denoted as η(y). The mixed types of uncertainty are propagated
through the system, and the goal is to mathematically represent the uncertainty in the output u(ξ, ζ, y) :
Ξ × Z × Y → U. With the probability density function for the random variable y, one can evaluate the
statistics of output u over the space Y , such as its expectation

E(ξ, ζ) = E[u(ξ, ζ, y)|ξ, ζ] =
∫

Y
u(ξ, ζ, y)η(y)dy, ξ ∈ Ξ, ζ ∈ Z. (24)

Because of the mixed types of uncertainty, the expectation E(ξ, ζ) is not deterministic; rather, it is a
function of the non-probabilistic variables ξ and ζ. Since fuzzy sets and belief functions represent
the uncertain information associated with the input variables ξ, ζ, the goal then becomes to obtain a
fuzzy mass function for the expectation of the model output u (i.e., obtain m̃E) using the epistemic
UQ method described in Section 3.1. For the purpose of efficiency, we employ the gPC method to
construct the computationally cheaper surrogate En(ξ, ζ) that approximates the truth E(ξ, ζ), where n
is the approximation polynomial order.

3.3. Generalized polynomial chaos method

Here, we provide the basics of the gPC method. Any second-order random variable u(y(ω)) ∈
L2(Ω,P) can be approximated using the following gPC expansion [16, 44–46]:

un(y(ω)) =
N−1∑
i=0

uiΦi(y(ω)), (25)

where Ω is the sample space and ω ∈ Ω, P : 2Ω → [0, 1] is the probability measure, n is the highest
polynomial order, N = (nY + n)!/(nY!n!) is the number of terms, and uis are the gPC coefficients to
be determined. The functions Φi are generalized polynomial chaos (e.g., Wiener-Hermite polynomial
chaos or Legendre polynomial chaos) [15, 16]. By choosing the proper type of polynomial chaos
(matching the weighting function of these orthogonal polynomials to the probability density function),
the gPC expansion can achieve rapid convergence to smooth functions.

To obtain the values for gPC coefficients, the orthogonality of the polynomial basis enables us to
project u onto each basis function with the inner product

ui =
< u,Φi >

< Φi,Φi >
=

1
E[Φ2

i ]

∫
Y

u(y)Φi(y)η(y)dy. (26)
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Numerically, the integration can be approximated using a quadrature rule with data u(y( j)) at a set of
quadrature points {y( j)}Mj=1 as

ui ≈ ûi =
1

E[Φ2
i ]

M∑
j=1

u(y( j))Φi(y( j))w( j), i = 0, 1, . . . ,N − 1, (27)

where {w( j)}Mj=1 are the corresponding weights. To reduce the computational cost for high-dimensional
problems, sparse-grid quadrature can be considered for gPC construction [47].

The projection method (Galerkin projection) yields the best approximation in the weighted L2(η)
norm [46], where η is typically taken as the tensor product of the input marginals, and the multivariate
polynomial basis is constructed as the product of univariate polynomials. When the random variables
are dependent, the assumed product measure deviates from the true joint distribution, and the resulting
surrogate may not minimize the L2 error under that distribution. Alternatively, the gPC coefficients
can be estimated by solving a Least Squares problem on a dataset {y( j), u(y( j))}Mj=1. The Least Squares
problem for the solution û = [û0, û1, . . . , ûN−1] is stated as

û = arg min
u

∥∥∥∥ N−1∑
i=0

uiΦi(y) − u(y)
∥∥∥∥

2
, (28)

where y = {y( j)}, and u = [u0, u1, . . . , uN−1] denotes an arbitrary gPC coefficient vector that converges
to the desired coefficient vector û through the minimization.

With the numerical approximation un(y), one can obtain an approximation En to the expectation.
Including the uncertain non-probabilistic variables ξ, ζ, the truncated gPC expansion un and its
expectation En are updated as

un(ξ, ζ, y) =
N−1∑
i=0

ui(ξ, ζ)Φi(y), (29)

En(ξ, ζ) =
∫

Y
un(ξ, ζ, y)η(y)dy. (30)

As mentioned in Section 3.1, the epistemic uncertainty in the approximated expectation En(ξ, ζ) is
represented using a fuzzy mass function m̃En .

The error in the obtained fuzzy mass function m̃En can be quantified using the distance defined in
Section 2.4.

Theorem 3.1. Let E(ξ, ζ) and En(ξ, ζ) be the true expectation and its approximation defined as in
Eqs (24) and (30), respectively. Recall that ξ ∈ Ξ̃ is associated with membership function µΞ̃(ξ), and ζ
is associated with a mass function mζ with a finite number of focal elements {Ai}

n̂
i=1. Denote the fuzzy

mass function of E(ξ, ζ) by m̃E with fuzzy focal elements B̃is, and the fuzzy mass function of En(ξ, ζ) by
m̃En with fuzzy focal elements B̃n,is obtained by the proposed method. If ∥u(y, ξ, ζ)−un(y, ξ, ζ)∥Lp

η (Y) ≤ ϵn
for all (ξ, ζ) ∈ Ξ × Z and the assumption that u is continuous over Ξ × Z, then we have

|D̃p(m̃E, m̃En)| ≤ ϵn. (31)
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Proof: Since for all {ξ, ζ} ∈ Ξ × Z, ∥u(y, ξ, ζ) − un(y, ξ, ζ)∥Lp
η (Y) ≤ ϵn, one can easily show that the

error in the approximation En is bounded by the error in the approximation un for any {ξ, ζ} ∈ Ξ × Z,
and consequently, we have |E(ξ, ζ) − En(ξ, ζ)|Lp(Ξ×Ai) ≤ ϵn for all i.

Since u and un are continuous over Ξ×Z, their expectations E(ξ, ζ) and En(ξ, ζ) are continuous over
Ξ × Z as well. In addition, all the α-cuts of the fuzzy focal elements of the output fuzzy mass function
are continuous domains.

Since D̃p(m̃E, m̃En) =
∑

i mζ(Ai)Dp(B̃i, B̃n,i), using Theorem 2.2, one can conclude that Eq (31) holds.

Algorithm 1 : Evaluation of En(ξ, ζ) (with fixed ξ, ζ) via gPC
Input: Random variables y ∈ Y ⊂ RnY with η(y); Function u

Specify a set of points {y( j)}Mj=1 (or quadrature points{y( j),w( j)}Mj=1 for projection)
Solve the differential equation at chosen points to obtain u(ξ, ζ, y( j))
Compute gPC expansion as in Section 3.3, obtain un(ξ, ζ, y)
Evaluate En(ξ, ζ) using Eq (30).

Algorithm 2 : Propagation of epistemic uncertainty: output fuzzy mass function
Input
Fuzzy variables ξ j ∈ Ξ̃ j with µΞ̃ j

, j = 1, . . . , nΞ; Function En

Uncertain variables ζi ∈ Zi with mζi : focal elements Ai,ki , i = 1, . . . , nZ

Obtain a single fuzzy set Ξ̃
Obtain Ξ̃ = {ξ, µΞ̃(ξ)}, where ξ = {ξ1, . . . , ξnΞ }.
Membership function µΞ̃(ξ1, . . . , ξnΞ ) = min(µΞ̃1

(ξ1), . . . , µΞ̃nΞ
(ξnΞ ))

Obtain a single mass function mζ
Obtain nZ-dimensional hypercube Ak = A1,k1 × . . . × AnZ ,knZ

Belief mass mζ(Ak) = ΠnZ
i=1mζi (Aiki )

Input fuzzy mass function
Fuzzy focal element Ξ̃Ai with membership function in Eq (20)
Fuzzy belief mass m̃(Ξ̃Ai) defined in Eq (21)

Obtain output fuzzy mass function m̃En

for all fuzzy focal elements Ξ̃Ai do
Obtain the corresponding fuzzy focal element B̃i of m̃En

for α ∈ [0, 1] do
Consider [Ξ̃Ai]α = {(ξ, ζ) ∈ Ξ × Z|µ

Ξ̃Ai
(ξ, ζ) ≥ α}

Optimize Eqs (22, 23) with objective function En(ξ, ζ) instead of u

Corresponding α-cut of B̃i: [B̃i]α = [Bi,α,1, Bi,α,2]
end for
Assign fuzzy belief mass m̃En (B̃i) = m̃(Ξ̃Ai) = mζ(Ai)

end for
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3.4. Algorithm

The procedure to obtain the fuzzy mass function of the conditional expectation of output is
summarized in two stages. Algorithm 1 constructs the gPC approximations un(ξ, ζ, y) and the
corresponding En(ξ, ζ); Algorithm 2 then propagates the epistemic uncertainty through En to obtain
the output fuzzy mass function m̃En .

4. Numerical examples

4.1. Example 1: epistemic UQ

Let us first look at the following example of a second order linear ordinary differential equation
involving different epistemic uncertainties, where the uncertainty due to vagueness is represented using
two fuzzy sets, and the uncertainty due to lack of knowledge is represented using one uncertain variable
associated with a mass function.

u′′(t) − 10u′(t) − ξ1u(t) = 4t

with initial conditions
u(0) = ζ, u′(0) = ξ2,

where ξ1 is a fuzzy variable with the membership function µ1

µ1(ξ1) =


1
5
ξ1 −

4
5
, if 4 ≤ ξ1 ≤ 9,

−
1
5
ξ1 +

14
5
, if 9 ≤ ξ1 ≤ 14,

0, otherwise,

and ξ2 is another fuzzy variable with membership function µ2

µ2(ξ2) =


1
2
ξ2, if 0 ≤ ξ2 ≤ 2,

−ξ2 + 3, if 2 ≤ ξ2 ≤ 3,
0, otherwise.

While ζ is a non-probabilistic uncertain variable associated with a mass function as

mζ(A1) = 0.2; mζ(A2) = 0.7; mζ(A3) = 0.1,

and its focal elements Ais are consecutive intervals

A1 = [0.5, 0.8]; A2 = [0.8, 1.1]; A3 = [1.1, 1.4].

The goal is to quantify the uncertainty in the output solution u propagated from different types of
epistemic uncertainty in inputs using the presented numerical method. Here, the analytical solution of
the ODE is used directly as the forward model. We consider the solution value u(t) at the fixed time
t = 0.25 as the quantity of interest.
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Under the assumption that the uncertain variables are independent, the two-dimensional fuzzy set
is defined for ξ = {ξ1, ξ2}. Its support will be the tensor product of the supports for ξ1 and ξ2. The
membership function is obtained by (illustrated in Figure 1(a)).

µ(ξ1, ξ2) = min(µ1(ξ1), µ2(ξ2)). (32)

To quantify the epistemic uncertainty due to lack of knowledge, one can construct a mass function
for u (i.e., find the output focal elements and assign the belief mass). However, due to the existence of
other epistemic uncertainty caused by vagueness, the output focal elements are not crisp classical sets,
but fuzzy sets. Specifically, a 3D fuzzy set is considered as an input focal element, where the classical
set Ai is treated as a fuzzy set with a constant membership function one over the support. Then, Zadeh’s
extension principle can be applied to obtain one output fuzzy set, which will serve as one output fuzzy
focal element with the same belief mass m(Ai). In the numerical calculation, eleven α-cut levels are
used to construct each output fuzzy focal element. For each α-cut, the corresponding output interval is
obtained by solving a pair of optimization problems in Eqs (22) and (23). The optimization problems
are solved using a sampling-based approach with a tensor grid of 30 × 30 × 50 equally spaced points.

Figure 1(b) provides the obtained fuzzy mass function, which shows that u will fall in the fuzzy set
B̃2 (corresponding to the input focal element A2 = [0.8, 1.1]) with the maximum degree of belief 0.7
(red curve in Figure 1(b)), with preference going to its crisp subinterval [3.91, 4.46] with a degree of
membership one. The output u may also fall inside the other two focal elements (the fuzzy sets with
membership functions in blue and orange curves in Figure 1(b)) with degrees of belief 0.2 and 0.1,
respectively. Figure 1(c) shows the corresponding CBF and CPF (calculated with the Eqs (6), (7), (10)
and (11)), which provide the lower and upper bounds of the possible true probability of the proposition
that output u is below a fixed value.

(a) (b)
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Figure 1. (a) The membership function for input 2D fuzzy variable ξ = {ξ1, ξ2}; (b) the fuzzy
mass function for output u, where the three fuzzy focal elements with belief masses 0.7, 0.2,
0.1 are shown in red, blue and orange, respectively; and (c) the CBF and CPF for u.

4.2. Example 2: mixed aleatory and epistemic UQ

Now, we consider another second order ODE, which involves aleatory and various epistemic
uncertainties.
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d2u(t, y, ζ, ξ)
dt2 = yu,

u(0) = ζ, u′(0) = ξ.

It is assumed that y is a random variable uniformly distributed over interval [2, 5], and ξ is a fuzzy
variable with the membership function µ given by

µ(ξ) =


ξ − 1 if 1 ≤ ξ ≤ 2,
−1

3ξ +
5
3 if 2 ≤ ξ ≤ 5,

0 otherwise,

and ζ is another non-probabilistic uncertain variable associated with a mass function as

mζ([0.4, 0.8]) = 0.2,mζ([0.75, 1.15]) = 0.5,mζ([1.1, 1.5]) = 0.3.

The mixed types of uncertainty in the output u at t = 2 are quantified using the proposed method.
Specifically, a generalized polynomial chaos expansion is constructed to obtain E4(u|ξ, ζ), which
serves as an approximation of the true expectation E(u|ξ, ζ). Since the random variable is uniformly
distributed, Legendre polynomials are chosen as the gPC basis. The gPC coefficients are estimated
using a projection method, and the required integrals are approximated using Clenshaw-Curtis
quadrature with seventeen Chebyshev points. With the obtained E4(u|ξ, ζ), the output fuzzy sets are
then constructed through α-cut optimization. Specifically, eleven α-cut levels are used to construct
each output fuzzy set, and a tensor grid of 30 × 30 equally spaced points is used for the
sampling-based optimization over each input α-cut. The resulting fuzzy mass function represents the
epistemic uncertainty in the output expectation conditioned on the non-probabilistic uncertain
variables ξ, ζ. For error analysis, the obtained fuzzy mass function is compared to a reference
solution. The reference solution is computed using the available analytical solution of the ODE and
the analytical expression for the conditional expectation. For the reference calculation, the
optimization over each α-cut is performed using a finer tensor grid of 100 × 100 equally
spaced points.

Figure 2(a) visualizes the output fuzzy mass function (shown by dashed curves) obtained using
the proposed method, together with the reference fuzzy mass function (shown by solid curves). The
close overlap between the two sets of curves indicates that the proposed method produces reliable
results for this example. From the figure, one can observe that the conditional expectation will fall in
three fuzzy focal elements with different degrees of belief. The fuzzy focal element with membership
function plotted as the red curve has the highest degree of belief 0.5. Inside the fuzzy set, preference
will be given to the crisp interval [40.6, 49.7] with membership one. The corresponding CBF and
CPF for E4(u|ξ, ζ) are plotted as dashed curves in Figure 2(b). These curves also closely match the
reference CBF and CPF, shown by solid curves. The CBF and CPF bound the possible true cumulative
distribution function (CDF).

To illustrate the error bound of the approximated output fuzzy mass function established in
Theorem 3.1, we compute the error in m̃En for the conditional expectation of output u using Eq (17),
together with the maximum L2 norm error of the gPC expansion un over the support of each input
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fuzzy focal elements. All integrals involved in this calculation are evaluated using the
Clenshaw-Curtis quadrature. The two errors are plotted with respect to the polynomial order n in
Figure 2(c). One can observe that the gPC approximation un converges to the true solution u
exponentially as expected, and the gPC error bounds the error in the output fuzzy mass function at
every polynomial order, as predicted in Theorem 3.1.
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Figure 2. (a) The fuzzy mass function for E4(u|ξ, ζ), where the three fuzzy focal elements
with belief masses 0.5, 0.3, and 0.2 are shown in red, orange, and blue, respectively; (b) the
CBF and CPF for E4(u|ξ, ζ); and (c) the errors of output fuzzy mass function D̃p(m̃E, m̃En)
and of gPC surrogate un with respect to n. In (a) & (b), the dashed curves are obtained from
gPC approximation while the solid curves are from the reference solution.

5. Application to biological models

5.1. The Mitchell-Schaeffer model

In this section, we apply the proposed method to the Mitchell-Schaeffer model. Models of the
cardiac membrane potential vary widely with respect to both mathematical complexity and level of
physiological detail. Nearly all single-cell models are formulated as systems of ordinary differential
equations (ODEs), drawing upon the famous Hodgkin-Huxley model of the nerve action potential. The
Mitchell-Schaeffer equations [48] constitute a simple (two ODEs with five parameters) but surprisingly
flexible model of the cardiac action potential. In particular, the Mitchell-Schaeffer model affords one
the flexibility to (i) adjust the durations of the four phases of the action potential; (ii) simulate a variety
of heart rhythms including normal 1:1 rhythm, alternans, or 2:1 conduction block; and (iii) fit data
showing restitution of action potential duration (APD, explained below).

5.1.1. Basic equations

The Mitchell-Schaeffer model equations are

dv
dt
=

h
τin

v2(1 − v) −
v
τout
+ Istim(t), (33)

dh
dt
=

(1 − h)/τopen if v ≤ vgate,

−h/τclose if v > vgate.
(34)
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Variable v represents transmembrane* potential, scaled such that 0 corresponds to the resting potential
and 1 is the peak potential. The three terms on the right hand side represent currents: inward,
outward, and stimulus, respectively. The inward current aggregates all transmembrane ionic currents,
pumps, and exchangers that increase v (such as the fast sodium current and the L-type calcium
current), and the outward current aggregates all currents that decrease v (such as the potassium
current). The inward current is gated and regulated by the inactivation gate variable h, which varies
between 0 and 1 according to Eq (34). The gate variable h increases toward 1 (i.e., the gates open)
whenever v is below the threshold potential vgate, and decays exponentially toward 0 whenever
v > vgate. The term −v/τout, representing an outward current, is passive and ungated. The term Istim

represents a stimulus current, and here we presume that stimuli are applied impulsively, and
periodically with period B. Both the strength and period are chosen such that every stimulus elicits an
action potential. The four time constants are associated with the four phases of the action potential:
τin for the rapid upstroke following a stimulus, τclose for the plateau phase during which the
inactivation gate h decays exponentially, τout for the semi-rapid repolarization during which the
outward current dominates the inward current causing v to decrease, and τopen for the reopening of the
gates while v ≤ vgate prior to the next stimulus.

Figure 3(a) illustrates consecutive, simulated action potentials using Eqs (33) and (34), time
constants τin = 0.1 ms, τout = 2.4 ms, τopen = 100 ms, τclose = 150 ms, and voltage threshold
vgate = 0.13. We define the action potential duration (APD) to be the amount of time during which
v ≥ vgate following a stimulus, and the diastolic interval (DI) to be the amount of time during which
v ≤ vgate between consecutive action potentials. In a paced (i.e., repeatedly stimulated) cell, we let An

denote the APD following the nth stimulus, and Dn the DI between the nth and (n + 1)st action
potentials; see the labels in Figure 3(a). Cardiac cells exhibit restitution of APD in that An+1 depends
upon Dn. Figure 3(b) illustrates this dependence via the restitution curve. The restitution curve can be
obtained numerically by (i) solving Eqs (33) and (34) with a fixed pacing period until an approximate
steady-state response is achieved; (ii) plotting the resulting pairs (Dn, An+1) for large n; and (iii)
repeating the two preceding steps for various choices of the pacing period B. Figure 3(b) shows the
numerically-obtained restitution curve obtained by letting B vary from 280 ms to 700 ms,
and includes a second (barely distinguishable) curve obtained using asymptotic formulas (35)
explained below.

The simplicity of the Mitchell-Schaeffer model makes it easy to estimate model parameters from
restitution data. The process is facilitated by asymptotic formulas for the restitution curve that are
incredibly accurate under the physiologically reasonable assumption that τin ≪ τout ≪ τclose. Let
ϵ = τout/τclose and hmin = 4τin/τout, and define h(DIn) = 1 − (1 − hmin) exp(−DIn/τopen). Then, as shown
in [49], in the limit ϵ → 0, we have the [non-regular] perturbation expansion APDn+1 ∼ f0(DIn) +
ε2/3 f1(DIn), where

f0(DI) = τclose ln
[
h(DI)
hmin

]
, f1(DI) = ζτclose

[
1 − e−DI/τopen

h(DI)

]
, (35)

and ζ = 2.33811... is a root of the Airy function Ai(−x).

*The usual convention is to define this voltage as intracellular potential minus extracellular potential.
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Figure 3. (a) Consecutive action potentials generated by numerical simulation of the
Mitchell-Schaeffer model equations (33) and (34). Voltage versus time (purple, solid, thick
curve) and the gate variable (black, dashed, thin curve) are shown. APD following the nth
stimulus is indicated by An, and the subsequent DI is indicated by Dn. (b) Restitution curve
using the same parameters as in the other panel, but for various choices of B ∈ [280, 700].
Two barely distinguishable curves are shown: one obtained by numerical solution of the
model equations, and one from the asymptotic formula (35).

5.1.2. Parameter ranges and distributions

For the purpose of performing uncertainty quantification for the Mitchell-Schaeffer model, we use
fuzzy sets and mass functions to represent different types of epistemic uncertainty in the model, and
probability density functions to represent stochastic uncertainty. The uncertainties are propagated
through the model and accumulated in the quantity of interest: steady-state APD after long-term
pacing with period B = 600 ms. We presume that vgate = 0.13 and sample the values of the time
constants τin, τclose, τout, and τopen from four distributions. For every parameter set that we consider,
constant pacing with period B = 600 ms yields a steady-state in which every stimulus elicits an action
potential, and APD remains constant. Additionally, the ranges and distributions of the four parameters
are meant to ensure that steady-state APD is physiologically reasonable for typical mammals
(e.g., 200 ms for rabbit ventricular myocytes). To this end, the relation APD + DI = B coupled with
the asymptotic approximation APDn+1 ∼ f0(DIn) + ε2/3 f1(DIn) given by (35) informs parameter
selection. We use the following ranges and distributions for the four time constant parameters, all of
which are measured in milliseconds:

• τin ∈ Ã, where the membership function for the fuzzy set (see Figure 4(a)) is

µ(τin) = 0.15/τin − 0.5, τin ∈ [0.1, 0.3]. (36)

• τopen is associated with a mass function (see Figure 4(b)), which has three focal elements:

B1 = [100, 133], B2 = [133, 167], B3 = [167, 200]. (37)

Their corresponding belief masses are

mτopen(B1) = 0.5, mτopen(B2) = 0.3, mτopen(B3) = 0.2. (38)
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• τout is a random variable with a Gaussian distribution τout ∼ N(3.5, 0.33).
• τclose is also random associated with a Gaussian distribution τclose ∼ N(150, 12.0). The joint

Gaussian distribution for the random variables is visualized in Figure 4(c).
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Figure 4. (a) Membership function for τin; (b) the mass function for τopen; and (c) probability
density function for {τclose, τout}.

The distributions of the uncertain parameters in the Mitchell-Schaeffer model are selected based on
prior studies in the literature [50–52] and chosen to ensure that the resulting steady-state APD is
physiologically reasonable for typical mammals. For example, in spatially extended tissue, the
parameter τin has a strong influence on the propagation speed of action potentials [53]. The
membership function for τin is therefore biased toward values that elicit reasonable propagation
speeds for mammalian ventricular tissue, since propagation speed would become unrealistically low if
τin exceeds 0.3. The selected membership function also produces reasonable APD values under the
pacing protocol considered in this study. The parameter τopen has little effect on APD, but does affect
the slope of the restitution curve, a quantity known to influence the likelihood of abnormal rhythms
such as T-wave alternans. The belief function for τopen is chosen to avoid slopes that would be
regarded as extreme for most mammals, while acknowledging that estimates of τopen can vary by a
factor of two across datasets [52]. In addition, prior experimental studies [51] suggest that variability
of baseline APD across human subjects may be approximated using a normal distribution, and the
leading-order asymptotics (see the function f0 defined in (35)) suggest that APD should scale roughly
proportionally to τclose. Guided by this information, the uncertainty representations for the parameters
are assumed to serve as part of the input to the proposed UQ framework. For the above ranges and
distributions of parameters, we have 0.08 ≤ hmin ≤ 0.6. In our simulations, steady-state APD values as
low as 120 ms or as high as 400 ms would be considered extreme, and “typical” steady-state values
are physiologically reasonable.

5.1.3. Mixed uncertainty quantification in APD

With the proposed method, we quantify the mixed uncertainty in APD propagated from both
aleatory and epistemic uncertainty in the uncertain input parameters. To reduce the computational
cost, we construct gPC expansion using Hermite polynomials with order n = 4 to serve as the
approximation to APD in the stochastic space and correspondingly, the conditional expectation
E4(APD|τin, τopen). The gPC coefficients are estimated using a least-squares approach with 100 data
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points. As an example, we show the surface of the constructed APD approximation with respect to
two random parameters, τout and τclose, at a fixed value for the non-probabilistic parameters τin = 0.1
and τopen = 100 in Figure 5(a). The corresponding cumulative distribution function (CDF) using the
constructed gPC expansion evaluated at 200,000 random samples is obtained and plotted in
Figure 5(b). With the constructed gPC expansions, the expectation of APD in stochastic space at any
fixed τin, τopen can also be estimated without extra effort. For the purpose of illustration, the
conditional expectation of APD (the surface) is plotted in Figure 5(c) with respect to non-probabilistic
uncertain parameters, respectively. It shows that the uncertainty in τin has relatively more impact on
the variation in the conditional expectation of APD compared to τopen.

(a) (b) (c)

Figure 5. (a) The gPC surface of APD over the stochastic space at fixed τin = 0.1 and
τopen = 100; (b) the CDF obtained from the gPC expansion (black-dashed curve) and from
the reference solution (red-solid curve), each evaluated at 200,000 random samples from
stochastic space at the same fixed values of τin and τopen; and (c) surface of the conditional
expectation of APD as a function of τin and τopen predicted by the gPC expansion; red
asterisks mark the reference expectations from Monte Carlo sampling method with 200,000
samples.

To quantitatively validate the accuracy of gPC approximation, we generate 200,000 random samples
from stochastic space of {τout, τclose} at forty fixed representative combinations of epistemic variables,
and obtain the corresponding output APD as reference datasets. The relative L2-norm errors of the
surrogate predictions at four representative values for τin, τopen are reported in Table 2. All relative
errors for forty combinations are below 0.6%, so the constructed gPC surrogate model is considered
sufficiently accurate for the uncertainty analysis.

Table 2. Error induced by gPC surrogate for APD.

τin = 0.1 τin = 0.17 τin = 0.23 τin = 0.30
τopen = 100 τopen = 133 τopen = 167 τopen = 200

gPC error 0.56% 0.57% 0.57% 0.56%
Expectation error 0.030% 0.027% 0.029% 0.034%

As an illustrative example, Figure 5(b) compares the empirical CDF of the gPC output predicted at
those 200,000 random samples with fixed τin = 0.1, τopen = 100 to that of the corresponding reference
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data set for the fixed τin = 0.1, τopen = 100. The predicted CDF nearly overlaps with the reference
CDF, indicating good agreement between the surrogate and the full model evaluations. In addition,
the corresponding relative error in the estimated expectation compared with the Monte Carlo estimate
is also reported and is bounded by 0.1%. The expectation values at forty combinations of epistemic
variables computed from Monte Carlo sampling are marked as red asterisks in Figure 5(c), providing
a visual validation of the expectation surface obtained from the gPC surrogate.

Utilizing the constructed numerical approximation for the conditional expectation, we can obtain the
output expectation fuzzy mass function efficiently. Specifically, ten α-cut levels are used to construct
each output fuzzy set, and sampling-based method with a tensor grid of 10 × 10 equally spaced points
are implemented to obtain the lower and upper bounds of output fuzzy set α-cuts. The fuzzy mass
function for E(APD|τin, τopen) is plotted in Figure 6(a). One can observe that the conditional expectation
of APD falls inside the fuzzy set B̃1 with a membership function shown as the blue curve with belief
mass 0.5, which corresponds to τopen ∈ B1. The preference is given to [334.6, 343.5] with a degree
of membership one. It may also be inside the fuzzy set B̃2 (see the red curve in Figure 6(a)) with
belief mass 0.3, with further preference on [325.4, 334.6]. In addition, the conditional expectation of
APD may also be in the fuzzy set B̃3 (see orange curve in Figure 6(a)) with belief mass 0.2. The
preference inside this fuzzy set is the interval [317, 325.4]. The corresponding CBF and CPF are
visualized in Figure 6(b), which bound the possible true cumulative distribution function that measures
the probability of E(APD|τin, τopen) being below a fixed value.
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Figure 6. (a) The fuzzy mass function for E(APD|τin, τopen), where the three fuzzy focal
elements with belief masses 0.5, 0.3, and 0.2 are shown in blue, red, and orange, respectively;
and (b) the CBF (black curve) and CPF (blue curve).

APD measures the duration for which the cardiac membrane potential remains above the threshold
value after stimulation, and could be influenced by uncertain time constants that control different
phases of action potential. As shown in Figure 6(a), the uncertainty in the gate-reopening constant
τopen induces a mild shift between the output fuzzy focal elements. The spread within each output
fuzzy focal element for the steady-state APD is primarily corresponding to the fuzzy uncertainty in
τin, which is associated with the rapid upstroke dynamics. The moderate differences among the fuzzy
focal elements compared with the relatively larger spread within each fuzzy focal element, together
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with the comparison between the variation in APD along τin and τopen directions in Figure 5(c),
indicate that the dynamics associated with the rapid upstroke parameter τin has a more substantial
effect on APD. This makes sense on biophysical grounds, in that the parameters τin and τout regulate
the depolarizing and repolarizing currents (respectively) that fluctuate during an action potential,
while τopen is associated with behavior that occurs during the diastolic interval, not during the action
potential. The resulting fuzzy mass function and the CBF/CPF curves provide ranges of possible APD
values, along with the associated membership values and degrees of belief. These results can be used
to assess whether the predicted APD remains within a physiologically reasonable range under
uncertainty, and to quantify the lower and upper bounds of probability that APD values fall outside
that range.

5.2. A computational model of olfaction

Marine crustaceans and insects use arrays of chemosensory hairs to extract chemical cues (odors)
from the surrounding environment. This process is influenced by various factors such as hair
morphology and surrounding fluid characteristics. Understanding how uncertainty in these parameters
propagates through the system to uncertainties in the fluid flow and odor transport is critical for robust
model-based inference and for advancing biological insight.

5.2.1. Basic equations

The fluid regime of odor capture by hair arrays is governed by the following incompressible Navier-
Stokes equations

ρ (ut(x, t) + u(x, t) · ∇u(x, t)) = −∇p(x, t) + µ̂∇2u(x, t) + F(x, t), (39)
∇ · u(x, t) = 0, (40)

where p(x, t) denotes pressure, u(x, t) is the fluid velocity, ρ denotes the fluid density, µ̂ is the dynamic
viscosity, and F(x, t) denotes the external force defined by

F(x, t) =
∫

f (s, t)δ(x − X(s, t))ds, (41)

Xt(s, t) = u(X(s, t)) =
∫

u(x, t)δ(x − X(s, t))dx, (42)

with X(s, t) the Cartesian coordinates at time t of the boundary point labeled by the Lagrangian
parameter s, and f (s, t) the force per unit length applied to the boundary of the fluid. Forces are
spread from the boundary and the fluid grid via a two-dimensional Dirac delta function δ.

The three-dimensional hair structure consists of long sensilla (sensory hairs) protruding from a
central, supporting antenna. For simplicity, we analyze a cross-sectional slice through the antenna and
sensilla, yielding a two-dimensional representation with circular cross-sections of the antenna (large
circle) and sensilla (small circles) (see Figure 7 for a three-hair-array model as an example). Dirichlet
boundary conditions at the x-axis boundaries are imposed to produce horizontal, free-stream flow
passing the sensilla array. Velocity at these boundaries is quickly accelerated from 0 to the final, steady-
state flow of 0.06 ms−1, a speed representative of sampling in this regime [54, 55]. Simulations are
implemented using Immersed Boundary with Adaptive Mesh Refinement (IBAMR) software, which is

Mathematical Biosciences and Engineering Volume 23, Issue 8, 2228–2258.



2249

an open-source, C++ framework that enables advanced modeling of fluid-structure interactions using
IBM [56, 57]. Each simulation is allowed to reach the steady state. In order to investigate the effects
of size and flow speeds, Reynolds number is varied over the range reported in the literature. For more
details on this model, see Waldrop et al. [58].

Figure 7. (a) Hair structure: supporting antenna (black) and three sensilla (gray), and several
morphological parameters dia, Ant, Dist, Angle, and Gap; and (b) an example of simulated
velocity field with Angle = 12.0316, Gap = 8.92807, Ant = 5.92511, Dist = 0.01861956, and
Re = 1.386137.

5.2.2. Parameter ranges and distributions

The mixed uncertainty in the model is represented using the hair-array morphological parameters
and flow characteristics. Specifically, fuzzy sets and mass functions are used to represent different
types of epistemic uncertainty while probability density functions are used to model the stochastic
uncertainty. For the morphological parameters (see Figure 7(a)), the array angle (Angle), defined as the
orientation of the array relative to the oncoming flow, is treated as uncertain due to natural variability
and measurement error. Its uncertainty is represented with a mass function (see Figure 8(a)), which
has three focal elements:

B1 = [0, 45], B2 = [45, 90], B3 = [90, 180]. (43)

Their corresponding belief masses are

mAngle(B1) = 0.8, mAngle(B2) = 0.18, mAngle(B3) = 0.02. (44)

We fix each sensillum’s diameter and arrange the array with uniform spacing; we then
nondimensionalize the spacing by the diameter and denote the gap-to-hair-diameter-ratio as Gap.
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Based on experts’ opinions, we assume Gap ∈ Ã, where the membership function for the fuzzy set
(see Figure 8(b)) is

µ(Gap) =


0.25Gap − 0.25, 1 ≤ Gap ≤ 5,
1, 5 < Gap ≤ 15,
−1/35Gap + 10/7, 15 < Gap ≤ 50.
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Figure 8. (a) The mass function for Angle; and (b) the membership function for Gap.

Additionally, we define Ant as the ratio of the antenna diameter to dia, and Dist as the ratio of
the distance from the edge of the innermost sensillum to the antenna to dia. Due to the morphological
variability in insects, Ant and Dist are treated as non-deterministic. Together with the Reynolds number
Re, they are modeled as random variables and are assumed to follow a uniform distribution as follows:

Ant ∼ U([1, 50]), Dist ∼ U([0.001, 0.02]), Re ∼ U([0.1, 10]). (45)

Note that the ranges of these parameters are taken from studies on various species in the literature,
including crabs [55, 59–62], lobsters [54, 63–65], crayfish [66–69], among others [70–73]. Based on
these values, available biological knowledge, and expert experience, the further distributions of the
uncertain parameters inside the whole ranges are assumed. Rigorous distinction and construction of
mathematical representations is out of the scope of this work. These assumptions serve as part of the
input to the UQ framework. The UQ analysis for this application is based on the assumed distributions
for the uncertain variables. Better-supported assumptions informed by additional biological data would
lead to more biologically reasonable uncertainty analysis.

5.2.3. Mixed uncertainty quantification in leakiness

With the simulated fluid velocity fields (see Figure 7(b) as an example), quantities related to fluid
flow through and around the hair array, such as leakiness, are computed with VisIt and R [74, 75].
Leakiness is defined as the ratio of the area of fluid that passes through the array during the simulation to
the area of fluid that would have passed through the same area in the absence of the array. Numerically,
velocities are evenly sampled along the line through the sensilla array using VisIt, then are multiplied
by the simulation duration (t = 0.025) and the inter-sample spacing. Summing these contributions
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yields the area swept by the fluid in the simulation. Similarly, the unobstructed reference area is
computed using the imposed free-stream speed (0.06 ms−1).

With the proposed method, we quantify mixed uncertainty in leakiness propagated from both
aleatory and epistemic uncertainty in the non-deterministic morphological parameters and Reynolds
number. To reduce the computational cost, we construct a gPC expansion using Legendre
polynomials with order n = 5 to serve as a surrogate for leakiness, where gPC coefficients are also
estimated using a least-squares approach with 2000 points. With the absence of additional testing data
for this application, to quantify the accuracy of gPC approximations, K-fold cross-validation is
employed since it is one of “the simplest and most widely used methods for estimating prediction
error [76]”. We take K = 10 here, as recommended in [76]. Specifically, the full data set from 2000
CFD simulations is split into ten equal-sized subsets. For each subset, we use the remaining nine
subsets to construct a gPC expansion and calculate the prediction error of the gPC on the chosen
subset. The relative prediction error for each of the ten subsets is reported in Table 3. The constructed
gPC expansion approximation for leakiness is also considered as reasonably accurate due to low
relative error.

Table 3. Prediction error of gPC for leakiness from ten-fold cross validation.

Subset index 1 2 3 4 5 6 7 8 9 10
Error 4.5% 3.4% 3.7% 4.4% 3.7% 4.3% 4.0% 3.4% 4.0% 3.6%

With eleven α-cut levels, sampling-based optimizations with a tensor grid of 20 × 60 points are
implemented to obtain the fuzzy mass function of the output expectation. The numerical approximation
fuzzy mass function for E(Leakiness|Angle, Gap) is plotted in Figure 9(a), which indicates that the
conditional expectation of leakiness falls in the fuzzy set (membership function shown as blue curve)
with the highest degree of belief 0.8. Within the fuzzy set, the preference is given to [0.60, 0.93] with
a degree of membership one. Figure 9(b) provides the corresponding CBF and CPF, which bounds the
possible true CDF of E(Leakiness|Angle, Gap).
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Figure 9. Uncertainty representation for E5(Leakiness|Angle, Gap): (a) the fuzzy mass
function, where the three fuzzy focal elements with belief masses 0.8, 0.18, and 0.02 are
shown in blue, red, and orange, respectively; and (b) the corresponding CBF (black curve)
and CPF (blue curve).
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For many insects and marine crustaceans, chemosensory sensilla arrays sample odorant-laden flow
from the surrounding environment. Leakiness measures the degree of fluid penetration through the
array and serves as a proxy for the exposure of sensory hairs to the fluid flow. The morphological
parameters of the array have potential influence on leakiness and consequently, the odor-sampling
performance. In particular, uncertainty in Gap varies the spacing available for flow penetration, and
uncertainty in Angle varies the orientation of the array relative to the incoming flow and may alter the
exposure of sensilla to the fluid. Figure 9(a) suggests that the steady-state leakiness fuzzy focal
elements associated with different Angle focal elements are relatively close to each other and overlap
substantially, while the spread of leakiness within each fuzzy mass function, primarily influenced by
the fuzzy variable Gap, is comparatively larger. This provides a qualitative indication that, under this
uncertainty model, vagueness in Gap has a more visible effect on the leakiness than the uncertain
variable Angle. This observation is consistent with physical intuition that hair spacing (Gap) strongly
influences the permeability of flow through the array. The resulting fuzzy mass function characterizes
the odor-sampling performance under uncertainty in morphological parameters and flow conditions.
In particular, the range with membership value one and high belief mass indicates that the hair array is
likely to remain moderately to highly permeable to the surrounding flow under the assumed
uncertainty model.

This study is based on a two-dimensional cross-sectional model and may not capture all features of
the full three-dimensional fluid flow through chemosensory hair arrays. The proposed UQ framework,
however, is non-intrusive and is not restricted by the spatial dimensionality of the underlying forward
problem. The same framework can be applied to a three-dimensional Navier-Stokes model by
replacing each two-dimensional forward solver. The main additional cost would arise from the
increased expenses of each forward model evaluation, while the number of evaluations is primarily
influenced by the dimension of the uncertain input space. Extending this analysis to a full
three-dimensional olfaction model is a possible direction of future work.

6. Summary and conclusions

The propagation of uncertainty can be challenging when randomness, vagueness, and incomplete
knowledge coexist in the same computational model. Although probability theory, fuzzy set theory
and Dempster-Shafer theory have each been used individually or in pairs successfully in uncertainty
propagation, a unified computational treatment of these three different forms of uncertainty remains
limited. In this work, we address this issue by developing an efficient framework to quantify
stochastic uncertainty and two distinct epistemic uncertainties within a common setting using fuzzy
mass functions for output expectation. In addition, error analysis is conducted to assess the quality of
the numerical approximation. Several numerical examples are included to demonstrate the method,
followed by applications to the Mitchell-Schaeffer ODE model and a PDE model of olfaction.

The proposed algorithm is implemented under the assumption that the uncertain variables are
independent when combining and propagating the uncertainty. In biological systems, however, some
biological parameters may exhibit dependence due to body proportions, developmental constraint,
physiological mechanisms, or species-specific morphology. Ignoring such dependence may affect the
propagated uncertainty associated with the output quantities. In our biological examples, the
independence is assumed, and the assumption provides a reasonable approximation because the
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parameter ranges are carefully selected to represent biologically plausible configurations, and each of
the two biological models is intended to cover a broad range of organisms rather than a single
species-specific setup. When sufficient joint data corresponding to biological parameters become
available, extending the proposed algorithm to incorporate dependence among uncertain variables
will be an interesting direction for future work.

Although the proposed algorithm is theoretically applicable to high-dimensional problems, its
computational cost may increase substantially with the dimension of both stochastic and
non-stochastic uncertainty spaces. In particular, the gPC method may suffer from the curse of
dimensionality as the stochastic dimension increases, while the number of focal elements and
consequently, the number of optimization problems, may grow exponentially with the dimension of
non-stochastic space. The sampling strategy used in the optimization process can further increase the
computational burden as the number of optimization variables increases. These challenges may be
addressed in future work through sparse-grid integration for gPC expansions, sensitivity-analysis
based reduction of non-influential uncertain variables in the framework of DS theory, and more
efficient optimization strategies.
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