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Abstract: In this paper, we develop a mean-field game model for SEIR epidemics on heterogeneous
contact networks, where individuals choose state-dependent contact effort to balance infection losses
against the social and economic costs of isolation. The Nash equilibrium is characterized by a coupled
Hamilton–Jacobi–Bellman/Kolmogorov system across degree classes. An important feature of the
SEIR setting is the exposed compartment: the incubation period separates infection from infectiousness
and changes incentives after infection occurs. In the baseline formulation, exposed agents optimally
maintain full contact, while susceptible agents reduce contact according to an explicit best-response
rule driven by infection pressure and the value gap. We also discuss extensions that yield nontrivial
exposed precaution by introducing responsibility or compliance incentives. We establish existence
of equilibrium via a fixed-point argument and prove the uniqueness under a suitable monotonicity
condition. The analysis identifies a delay in the onset of precaution under longer incubation, which
can lead to weaker behavioral responses and larger outbreaks. Numerical experiments illustrate how
network degree and the cost exponent shape equilibrium policies and epidemic outcomes.

Keywords: mean-field games; SEIR epidemic model; heterogeneous networks; Nash equilibrium;
strategic delay; behavioral epidemiology

1. Introduction

Classical compartmental epidemic models, dating back to the seminal work of Kermack and
McKendrick, treat contact rates as exogenous parameters and focus on the resulting population-level
dynamics [1, 2]. In practice, contact behavior responds to perceived risk, information, and policies,
producing feedback between disease prevalence and transmission opportunities [3–5]. This feedback
can substantially alter epidemic trajectories and can also bias inference and forecasting when it is
ignored [5, 6]. A complementary perspective models individual choices explicitly, for instance,
through differential-game or game-theoretic formulations of distancing or protection [7, 8]. Network
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structure provides an additional layer of heterogeneity that is crucial for both transmission and
behavior. A large literature shows how degree distributions, correlations, and mixing patterns reshape
epidemic thresholds, early growth, and final size [9–14]. In particular, degree-structured and
correlated networks are naturally encoded through P(k) and P(k′|k), which allow one to represent
heterogeneous connectivity and assortativity in a tractable way [10, 13].

Mean-field game (MFG) theory offers a principled framework for modeling large populations of
interacting decision makers, where each agent optimizes an individual objective against an aggregate
state [15–18]. From a computational standpoint, forward–backward schemes and related
finite-difference/iterative methods are standard tools for MFG systems [19]. Moreover, the
interpretation of equilibrium computation as a learning procedure has become increasingly relevant
for policy and behavioral applications [20, 21]. In epidemic modeling, several works have used MFG
or mean-field equilibrium ideas to study contact reduction and the inefficiency gap between individual
and socially optimal responses [22–26]. A complementary control-theoretic direction steers stochastic
compartmental epidemic models by PDE-constrained control of the associated Fokker–Planck
equation; cf [27]. Existing network-based MFG epidemic models have largely focused on SIR-type
dynamics [26]. For pathogens with a meaningful latent period, with SARS-CoV-2 as a motivating
example, the exposed compartment matters: infection and infectiousness are separated in time, and
pre-symptomatic transmission can be significant [28]. This separation changes incentives after
infection occurs, and it interacts with network heterogeneity in ways that are not present in
SIR-based models.

In this paper, we develop a mean-field game framework for SEIR dynamics on heterogeneous
networks. We derive the coupled HJB–Kolmogorov system across degree classes, using the
compensator identity to represent a one-time infection loss as an equivalent running cost [29]. We
show that in the baseline formulation exposed agents optimally maintain full contact, and we discuss
extensions that yield nontrivial exposed precaution through responsibility or compliance incentives.
We prove existence of equilibrium via a Schauder fixed-point argument and provide uniqueness under
a suitable monotonicity condition. The analysis identifies an incubation-induced delay in the onset of
precaution when the latent period is longer, which can lead to weaker equilibrium contact reductions
and larger outbreaks. Numerical experiments illustrate how network degree and the isolation-cost
exponent shape equilibrium policies and epidemic outcomes.

1.1. Related works

Behavioral responses in epidemics have been widely modeled through risk-dependent transmission
and information-driven behavior, with surveys and systematic reviews summarizing many
mechanisms and modeling choices [3, 4]. Game-theoretic treatments of protective behavior include
vaccination and distancing models that expose free-riding and externalities [7, 8], as well as broader
reviews of game-theoretic infectious-disease modeling [30] and data-driven optimal-control
approaches to compartmental epidemic models [31]. On the network side, a broad theory connects
epidemic dynamics to degree heterogeneity and mixing structure; see [9, 11, 14] and the degree-based
random network formulation in [10, 12]. Correlations encoded by P(k′|k) (Markovian networks) are
known to alter thresholds and equilibrium conditions [13].

For MFG theory and computation, we refer to the foundational and modern references [15–19].
Learning-based viewpoints for equilibrium computation include fictitious play and mean-field

Mathematical Biosciences and Engineering Volume 23, Issue 7, 2083–2109.



2085

reinforcement learning [20, 21]. In epidemic applications, mean-field equilibrium approaches to
contact reduction and policy comparison are developed in [22, 23] and in social-structure models
in [24–26]. More recent work has begun to extend mean-field and SEIR-type formulations to network
and dynamic-network settings [32, 33], reflecting a rapidly expanding literature on behavior-coupled
epidemic dynamics on networks. Related data-driven prediction and learning-based control methods
for spreading and networked dynamical systems provide complementary tools for learning or
approximating behavior-coupled models [34, 35]. The present paper differs by focusing on SEIR
dynamics on heterogeneous networks and by isolating how the exposed compartment reshapes
equilibrium incentives and timing.

2. The SEIR network model

We consider a population of N individuals (N large) situated on a network where nodes represent
individuals and edges represent potential transmission contacts. Each individual has degree k (number
of neighbors) drawn from distribution P(k). Following the approach of Bremaud et al. [26], we consider
Markovian networks characterized by P(k) and the degree correlation matrix Gkk′ = P(k′|k). For the
numerical experiments, we consider uncorrelated Markovian networks, for which Gkk′ = k′P(k′)/⟨k⟩
and the force of infection reduces to Θk(t) ≡ Θ(t), independent of degree class. Specifically, we take
P(k) to be a truncated Poisson distribution with mean µ = 8 supported on {1, . . . , 25}, which gives
⟨k2⟩/⟨k⟩ = µ + 1 = 9 and allows R0 = β(µ + 1)/γ to be set explicitly.

2.1. Compartmental dynamics

Individuals can be in one of four states: Susceptible (S ), Exposed (E), Infectious (I), or Recovered
(R). Let S k(t), Ek(t), Ik(t), and Rk(t) denote the fractions of individuals with degree k in each state at
time t, with normalization S k(t) + Ek(t) + Ik(t) + Rk(t) = 1. The disease progression follows standard
SEIR dynamics with network-dependent transmission:

Ṡ k(t) = −λk(t)S k(t), (2.1)
Ėk(t) = λk(t)S k(t) − σEk(t), (2.2)
İk(t) = σEk(t) − γIk(t),

Ṙk(t) = γIk(t), (2.3)

where σ−1 is the mean incubation period, and γ is the recovery rate.

2.2. Network-dependent force of infection

We incorporate network structure through the degree correlation matrix Gkk′ = P(k′|k) (Markovian
networks). Let Θk(t) denote the probability that a randomly chosen neighbor of a degree-k node is
effectively infectious. In the baseline SEIR setting, only infectious individuals transmit. Infectious
individuals do not optimize their contact rate (they have no further incentive to reduce contacts and
face no effort cost); we set nI

k ≡ 1 for all k. The effective infection pressure from a randomly chosen
neighbor of a degree-k node is therefore

Θk(t) =
∑

k′
Gkk′ Ik′(t).
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A susceptible individual of degree k has k neighbors, each contacted at effort nS
k (t), hence the force of

infection is
λk(t) = β k nS

k (t)Θk(t). (2.4)

Remark 2.1 (Why nI ≡ 1). Once infectious, an individual has no remaining infection-risk incentive
and faces no effort-cost term in (3.4). Introducing nI as a free variable without a corresponding cost
would be internally inconsistent, so we set nI ≡ 1. We emphasize that this is a modeling choice for the
baseline, strategic, setting: it isolates the decisions of agents who still face infection risk (susceptible
and exposed) from the dynamics of those already infected. In practice, infectious individuals often do
reduce contact, either passively (illness, mandatory isolation) or actively (social responsibility). Such
effects are not behavioral responses to infection risk but exogenous or externality-driven reductions;
they can be incorporated by adding an effort-cost term in state I, or, in the case of pre-symptomatic
transmission, through the responsibility/compliance extension discussed in Remark 3.5.

If exposed individuals transmit at reduced rate βE = κβ with κ ∈ [0, 1], then we instead set

Θk(t) =
∑

k′
Gkk′

(
Ik′(t) + κ nE

k′(t)Ek′(t)
)
, (2.5)

and keep (2.4) unchanged.
If the network is uncorrelated, Gkk′ =

k′P(k′)
⟨k⟩ , so Θk(t) becomes independent of k:

Θ(t) =
1
⟨k⟩

∑
k′

k′P(k′) Ik′(t), λk(t) = β k nS
k (t)Θ(t). (2.6)

2.3. Some assumptions

Assumption 2.2 (Control in the exposed compartment). We allow exposed individuals to choose a
contact level nE

k (t) ∈ [nmin, 1] to model awareness, compliance, or quarantine decisions. Under the
baseline cost structure and purely symptomatic transmission, however, the exposed-state control does
not affect the agent’s own transition intensity, and the Nash best response is nE∗

k (t) = 1 (see (3.8) and
Remark 3.5). Nontrivial exposed precautions (nE∗

k < 1) arise only under extensions that internalize
pre-symptomatic transmission externalities or include responsibility/compliance penalties.

Assumption 2.3 (Asymptomatic transmission). We consider two scenarios: (1) Exposed individuals
are not infectious, with transmission occurring only from I individuals; (2) Exposed individuals can
transmit at reduced rate βE = κβ with 0 ≤ κ ≤ 1, reflecting pre-symptomatic transmission.

3. Mean-field game formulation

3.1. Individual cost structure

Each individual of degree k aims to minimize an expected cost over time horizon [0,T ]. The control
variables are (nS (t), nE(t)), the contact-reduction efforts in states S and E respectively; in states I and
R there is no active control (nI = nR ≡ 1). Throughout, “incentives” refers to the costs and benefits
entering the individual objective (3.1): the social and economic cost of reduced contact (captured
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by fk), the health costs CE,CI of being infected, and the lump-sum infection cost rI . These may be
interpreted as economic, social, or policy-driven, depending on the application. The individual cost is

Jk = E

[ˆ T

0

(
rI λk(t, nS ) I{x(t)=S } + fk(n(t)) I{x(t)∈{S ,E}}

+CE I{x(t)=E} +CI I{x(t)=I}

)
dt + Ψ(x(T ))

]
,

(3.1)

where n(t) = nS (t) I{x(t)=S } + nE(t) I{x(t)=E} is the state-dependent control, fk(·) is the social/economic
isolation cost, CE,CI are health costs, and Ψ is a terminal cost. Following Bremaud et al. [26], we take

fk(n) = kϵ
(
1
n
− 1

)
, ϵ ∈ {0, 1}.

Remark 3.1 (Infection lump-sum cost via the compensator identity). The term rI represents a one-time
cost paid at the (random) moment of infection τ = inf{t : x(t) = E}. By the Doob–Meyer compensator
identity for a counting process with stochastic intensity λk(t, nS ) I{x(t)=S },

E
[
rI I{τ≤T }

∣∣∣ x(0) = S
]
= E

[ˆ T

0
rI λk(t, nS ) I{x(t)=S } dt

∣∣∣∣∣∣ x(0) = S
]
.

Writing it as a running cost inside the integral (rather than a terminal/stopping-time payment) is
therefore exact and ensures the HJB equation (3.2) is the correct necessary condition for the stated
optimization problem. In particular, the jump term rI + UE

k − US
k in (3.2) arises directly from

differentiating this running cost.

3.2. Value functions and HJB equations

Define the value function U x
k (t) as the minimum expected remaining cost for an individual of degree

k in state x at time t:

U x
k (t) = min

(nS ,nE)
E
[ˆ T

t

(
rIλk(s, nS )I{x(s)=S } + fk(n(s))I{x(s)∈{S ,E}}

+CEI{x(s)=E} +CII{x(s)=I}
)

ds + Ψ(x(T ))
∣∣∣∣ x(t) = x

]
.

Applying dynamic programming principles leads to the Hamilton-Jacobi-Bellman equations. For
susceptible individuals,

−
dUS

k

dt
= min

nS ∈[nmin,1]

[
λk(t, nS )

(
rI + UE

k (t) − US
k (t)

)
+ fk(nS )

]
, (3.2)

where rI is the infection cost incurred at the moment of infection, and λk(t, nS ) = βknSΘk(t). For
exposed individuals,

−
dUE

k

dt
= min

nE∈[nmin,1]

[
σ

(
U I

k(t) − UE
k (t)

)
+CE + fk(nE)

]
. (3.3)
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Note that CE enters (3.3) additively and does not depend on nE; it therefore does not affect the
optimal exposed effort nE∗

k (see Remark 3.5), and in the baseline case CE = 0. For infectious and
recovered individuals,

−
dU I

k

dt
= γ

(
UR

k (t) − U I
k(t)

)
+CI (3.4)

−
dUR

k

dt
= 0 (3.5)

with terminal conditions U x
k (T ) = Ψ(x). The terminal cost Ψ(x) assigns a residual cost to each state at

the end of the horizon; in the baseline model, we take Ψ ≡ 0, i.e., Ψ(S ) = Ψ(E) = Ψ(I) = Ψ(R) = 0, so
that all costs are accrued within [0,T ]. Equation (3.5) reflects that a recovered agent incurs no further
isolation or infection cost (no effort is exerted and no transitions remain); withΨ ≡ 0 this gives UR

k ≡ 0,
so the recovered value is constant in time. A nonzero Ψ (e.g., a vaccination reward or a residual health
cost) can be incorporated without changing the analysis.

3.3. Rigorous derivation of HJB equations

Theorem 3.2 (HJB Derivation for SEIR-MFG). The value functions U x
k (t) defined in (3.2) satisfy the

HJB equations (3.2)–(3.5) under appropriate regularity conditions.

Proof. We derive the HJB equation for susceptible individuals in detail; the other cases follow
similarly. Consider a susceptible individual of degree k at time t. By the dynamic programming
principle for a small time increment h > 0, and using the compensator identity for rI (Remark 3.1):

US
k (t) = min

nS (·)
E
[ ˆ t+h

t

(
rIλk(s, nS )I{x(s)=S } + fk(nS (s))I{x(s)∈{S ,E}}

+CEI{x(s)=E} +CII{x(s)=I}

)
ds

+ U x(t+h)
k (t + h)

∣∣∣∣∣ x(t) = S
]
.

For sufficiently small h, the probability of multiple state transitions is o(h). The individual remains
susceptible with probability 1−λk(t, nS (t))h+o(h) and becomes exposed with probability λk(t, nS (t))h+
o(h). Using the compensator representation of rI , the dynamic programming principle gives

US
k (t) = min

nS

{(
rIλk(t, nS ) + fk(nS )

)
h +

(
1 − λk(t, nS )h

)
US

k (t + h)

+λk(t, nS )h UE
k (t + h) + o(h)

}
.

Rearranging and taking h→ 0,

US
k (t + h) − US

k (t)
h

= min
nS

{
rIλk(t, nS ) + fk(nS ) + λk(t, nS )

(
UE

k (t + h) − US
k (t + h)

)}
+ o(1).

Taking the limit h→ 0,

−
dUS

k

dt
= min

nS

{
λk(t, nS )

(
rI + UE

k (t) − US
k (t)

)
+ fk(nS )

}
,
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which is exactly Eq (3.2). For exposed individuals, the derivation is similar, but accounts for the
Markovian transition E → I with intensity σ:

UE
k (t) = min

nE

{
(CE + fk(nE))h + (1 − σh)UE

k (t + h) + σhU I
k(t + h) + o(h)

}
,

leading to

−
dUE

k

dt
= min

nE

{
CE + fk(nE) + σ

(
U I

k(t) − UE
k (t)

)}
,

which is Eq (3.3). The derivations for infectious and recovered states are straightforward since no
optimization is involved in those states (once infectious, the disease progression is autonomous).

3.4. Optimal effort policies

Definition 3.3 (Degree-scaled infection pressure). Define θ̄k(t) := kΘk(t), so that the force of infection
takes the compact form

λk(t, nS ) = β nS θ̄k(t).

In the uncorrelated case, θ̄k(t) = kΘ(t) with Θ(t) given by (2.6).

The optimal effort levels are obtained from the minimization in the HJB equations. For susceptible
individuals,

nS ∗
k (t) = arg min

nS ∈[nmin,1]

[
βnS θ̄k(t)

(
rI + UE

k (t) − US
k (t)

)
+ fk(nS )

]
.

Theorem 3.4 (Closed-form optimal control). For the social cost function fk(n) = kϵ
(

1
n − 1

)
, the optimal

effort for susceptible individuals is

nS ∗
k (t) =


1, θ̄k(t)∆Uk(t) ≤ 0,

min

1, max

nmin,

√
kϵ

β θ̄k(t)∆Uk(t)


 , θ̄k(t)∆Uk(t) > 0,

(3.6)

where ∆Uk(t) := rI + UE
k (t) − US

k (t). Since θ̄k(t) = kΘk(t), this is equivalently

nS ∗
k (t) = min

1, max

nmin,

√
kϵ−1

βΘk(t)∆Uk(t)


 . (3.7)

(When Θk(t)∆Uk(t) ≤ 0, the minimizer is nS ∗
k (t) = 1 by monotonicity of the Hamiltonian in n.)

Proof. The minimization problem in (3.4) with λk(t, nS ) = βnS θ̄k for interior solutions requires solving

∂

∂nS

[
βnS θ̄k(t)∆Uk(t) + kϵ

(
1
nS − 1

)]
= 0.

This gives

βθ̄k(t)∆Uk(t) −
kϵ

(nS )2 = 0.
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Solving for nS yields

nS =

√
kϵ

β θ̄k(t)∆Uk(t)
.

Substituting θ̄k = kΘk recovers (3.7). The solution must be constrained to [nmin, 1], giving the result
in (3.6).

For exposed individuals, under the current cost structure where transition to infectiousness is
independent of contacts,

nE∗
k (t) = arg min

nE∈[nmin,1]

[
fk(nE)

]
= 1 (since fk is decreasing in n). (3.8)

Remark 3.5 (Nash equilibrium value of nE∗
k and extensions). In the baseline model, the HJB

equation (3.3) for an exposed individual minimizes only fk(nE) (since the σ(U I
k − UE

k ) and CE terms
do not depend on nE). Because fk is decreasing, the Nash equilibrium strategy is nE∗

k = 1 for all t: an
exposed agent who has no remaining infection risk and faces only an isolation penalty will not
voluntarily self-isolate. When κ > 0 (pre-symptomatic transmission), exposed individuals’ contact
rate nE

k enters the aggregate Θk through (2.5). However, at Nash equilibrium each individual
optimizes against the aggregate field, not their own infinitesimal contribution. Therefore, nE∗

k = 1
continues to hold; the effect of κ > 0 is felt indirectly through the aggregate pressure on susceptibles.

To obtain nE∗
k < 1 as a Nash outcome, one must add an incentive that increases the exposed agent’s

running cost when nE is large (high contacts). A simple choice is a responsibility/compliance term that
internalizes pre-symptomatic transmission externalities, for example,

ηE κ β k nE(t)Θk(t), ηE > 0,

added to the running cost in state E. Then, the exposed HJB becomes minnE∈[nmin,1]
[
σ(U I

k − UE
k ) +

CE + fk(nE) + ηEκβknEΘk(t)
]
, which admits interior minimizers and yields nE∗

k (t) < 1 when infection
pressure is substantial.

3.5. Computing the reproduction number

In degree-structured network models, the effective reproduction number is most naturally defined
via a next-generation operator acting on degree classes. In our setting (baseline: only I transmits), new
exposures in class k generated by infectious individuals in class k′ occur at instantaneous rate

new Ek ∝ β k nS
k (t) S k(t) Gkk′ nI

k′(t) Ik′(t).

Theorem 3.6 (Time-varying effective reproduction number as a spectral radius). Define the K × K
matrix

K(t)kk′ =
β

γ
k nS

k (t) S k(t) Gkk′ .

Then the time-varying effective reproduction number is

Rt = ρ
(
K(t)

)
, (3.9)

where ρ(·) denotes the spectral radius.
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Remark 3.7 (Rt is the effective reproduction number). We emphasize that Rt in (3.9) is the effective
(time-varying) reproduction number, which by definition incorporates the current susceptible fractions
S k(t): it counts the expected secondary infections produced by a typical infectious individual given
the current state of the population, including depletion of susceptibles and the prevailing equilibrium
effort nS

k (t). This is the standard next-generation construction with the susceptible state evaluated at
time t rather than at the disease-free equilibrium. The basic reproduction number R0 is recovered as
the special case S k ≈ 1, nS

k ≡ 1 at the disease-free equilibrium, as stated in Corollary 3.8 below. The
early-phase exponential growth rate is a distinct quantity and is treated separately in Proposition 5.6.

Proof. We linearize the infection subsystem around the current state (S k(t))K
k=1 and consider a small

perturbation in infectious mass (Ik′)K
k′=1. A degree-k′ infectious individual remains infectious for mean

time 1/γ. During that time, it produces new exposures in class k along edges at rate β k nS
k (t) S k(t) Gkk′

(using nI ≡ 1). Thus, the expected number of secondary cases in class k produced by one class-k′

infectious is exactly K(t)kk′ . The dominant growth/branching factor across degree classes is therefore
the Perron root ρ(K(t)), which yields (3.9).

Corollary 3.8 (Basic reproduction number at disease-free equilibrium). At the disease-free equilibrium
S k(0) ≈ 1 and with baseline contact levels nS

k (0) = nI
k(0) = 1,

R0 = ρ
(
K0

)
, (K0)kk′ =

β

γ
k Gkk′ .

In the uncorrelated case Gkk′ =
k′P(k′)
⟨k⟩ , K0 is rank-one and

R0 =
β

γ

⟨k2⟩

⟨k⟩
.

Remark 3.9 (Incubation rate σ and R0). In the baseline SEIR model where only I transmits, the
incubation rate σ affects timing (growth rate and peak), but not the expected number of secondary
infections produced by one infected individual, hence R0 depends on β, γ (and network structure) but
not on σ.

Remark 3.10. For correlated networks, compute Rt by taking the largest eigenvalue of K(t) (power
iteration is sufficient). For uncorrelated networks, the spectral radius reduces to the scalar

Rt =
β

γ

1
⟨k⟩

∑
k

k2P(k) nS
k (t) S k(t).

4. Nash equilibrium characterization

4.1. Complete SEIR-MFG system

The MFG is characterized by the following coupled forward-backward system.
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Forward (Kolmogorov) equations:

Ṡ k(t) = −βknS
k (t)Θk(t)S k(t),

Ėk(t) = βknS
k (t)Θk(t)S k(t) − σEk(t),

İk(t) = σEk(t) − γIk(t),
Ṙk(t) = γIk(t),

Θk(t) =
∑

k′
Gkk′ Ik′(t).

Backward (HJB) equations:

−
dUS

k

dt
= βknS

k (t)Θk(t)
(
rI + UE

k (t) − US
k (t)

)
+ fk(nS

k (t)),

−
dUE

k

dt
= σ

(
U I

k(t) − UE
k (t)

)
+CE + fk(nE

k (t)),

−
dU I

k

dt
= γ

(
UR

k (t) − U I
k(t)

)
+CI ,

−
dUR

k

dt
= 0.

Consistency conditions:
nS

k (t) = nS ∗
k (t), nE

k (t) = nE∗
k (t),

with initial conditions S k(0) ≈ 1, Ek(0) = εk, Ik(0) = Rk(0) = 0, and terminal conditions U x
k (T ) = Ψ(x).

The consistency condition (4.1) ensures that the effort parameters appearing in the population dynamics
(FP) match those chosen by individuals optimizing against those same dynamics (HJB). This fixed-
point condition defines the Nash equilibrium.

4.2. Existence and uniqueness

Theorem 4.1 (Existence of Nash equilibrium). Consider the SEIR-MFG system. Assume:

1). The social cost function fk(n) is strictly convex, twice continuously differentiable on [nmin, 1], with
f ′k (n) < 0 and f ′′k (n) > 0.

2). Model parameters satisfy 0 < β, σ, γ < ∞.

3). Initial conditions: S k(0) > 0, Ek(0), Ik(0),Rk(0) ≥ 0, with S k(0) + Ek(0) + Ik(0) + Rk(0) = 1, and∑
k(Ek(0) + Ik(0)) > 0 (nontrivial outbreak).

4). Degree distribution P(k) has finite support k ∈ {1, 2, . . . ,K}.

Then, there exists a Nash equilibrium on [0,T ].

We will prove the above theorem via a Schauder fixed point theorem. Note that the strategy of
proving Nash equilibrium existence via a Schauder fixed-point argument on the policy space is
standard in mean-field game theory [17] and has been applied in epidemic MFG settings by Hubert
and Turinici [36] for SIR vaccination models and by Cecchin and Fischer [37] for MFG on graphs
with congestion.
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Proof. Since we have finitely many degree classes k ∈ {1, . . . ,K} and finite state space {S , E, I,R}, the
state of the system is characterized by 4K continuous functions. We work in the Banach space

X = C([0,T ])K ×C([0,T ])K

of pairs of continuous policies (nS (·), nE(·)) with nS
k , n

E
k : [0,T ] → [nmin, 1], equipped with the sup-

norm ∥ · ∥∞. Define
A =

{
(nS , nE) ∈ X : nS

k (t), nE
k (t) ∈ [nmin, 1] ∀k, t

}
,

which is a closed, bounded, convex subset of X. We continue in several steps.
Step 1 (Forward map is Lipschitz). Given (nS , nE) ∈ A, the forward systems (2.1)–(2.3) is a

system of ODEs with right-hand sides that are uniformly Lipschitz in the state (since nS
k ∈ [nmin, 1] and

all quantities are bounded). The Cauchy–Lipschitz theorem yields a unique solution
µ[n] ∈ C1([0,T ])4K , bounded in [ 0, 1 ]4K .

Step 2 (Backward map is Lipschitz). Given µ[n], the HJB systems (3.2)–(3.5) is a backward ODE
with Lipschitz right-hand side (using the bounds on µ and n). The terminal-value problem has a unique
solution U[n] ∈ C1([0,T ])4K , uniformly bounded by CU := T ( fk(nmin) +CE +CI) +max |Ψ|.

Step 3 (Best-response map). Define Φ : A → A by

[Φ(n)]S
k (t) =


1, θ̄k(t)∆Uk(t) ≤ 0,

proj[nmin,1]


√

kϵ

β θ̄k(t)∆Uk(t)

 , θ̄k(t)∆Uk(t) > 0,
[Φ(n)]E

k (t) ≡ 1.

where θ̄k,∆Uk are computed from Steps 1–2.
Step 4 (Compactness via Arzel‘a–Ascoli). The image Φ(A) is equicontinuous. Indeed, (θ̄k(t))k

and (∆Uk(t))k are Lipschitz in t (solutions of Lipschitz ODEs). Define the clipped map

g(z) := min{1,max{nmin, z−1/2}}, z > 0,

and interpret it piecewise: g(z) = 1 for z ≤ 1, g(z) = z−1/2 for 1 < z < 1/n2
min, and g(z) = nmin

for z ≥ 1/n2
min. On each region g is Lipschitz, hence globally Lipschitz on (0,∞). Applying g to

zk(t) := β θ̄k(t)∆Uk(t)/kϵ (with the convention nS ∗ = 1 if zk(t) ≤ 0) yields a uniform modulus of
continuity for [Φ(n)]S

k (·). Therefore, Φ(A) is relatively compact in X by Arzel‘a–Ascoli.
Step 5 (Continuity of Φ). If n( j) → n inA (uniform convergence), then by continuous dependence

of the ODE solutions (Grönwall), µ[n( j)] → µ[n] and U[n( j)] → U[n] uniformly, so Φ(n( j)) → Φ(n)
uniformly.
A is a closed, bounded, convex subset of the infinite-dimensional space X = C([0,T ])2K , but it

is not compact (closed bounded convex sets in infinite-dimensional Banach spaces are not compact
in general). What Steps 4–5 give instead is: Φ(A) is relatively compact (by Arzel–Ascoli) and Φ is
continuous. By the Schauder fixed-point theorem in this form, a continuous map on a closed convex
set whose image is relatively compact has a fixed point. Hence, Φ has a fixed point n∗ ∈ A, and
(µ[n∗], n∗,U[n∗]) is a Nash equilibrium.

Theorem 4.2 (Uniqueness under monotonicity conditions). Assume in addition to the conditions of
Theorem 4.1 that
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1). The Hamiltonian HS
k (nS ,U,Θk) satisfies the displacement monotonicity condition: For any two

sets of value functions U1,U2 ∈ V and corresponding infection pressures Θ1,Θ2,

K∑
k=1

ˆ T

0

[
HS

k (nS ∗1
k ,U

1
k ,Θ

1) − HS
k (nS ∗2

k ,U
1
k ,Θ

1) − HS
k (nS ∗1

k ,U
2
k ,Θ

2) + HS
k (nS ∗2

k ,U
2
k ,Θ

2)
]

dt ≥ 0,

with equality only when nS ∗1 = nS ∗2 almost everywhere.

2). The social cost fk(n) is strongly convex: f ′′k (n) ≥ α > 0 for all n ∈ [nmin, 1].

Then, the Nash equilibrium is unique.

Proof. Suppose there exist two distinct Nash equilibria (µ1, n1,U1) and (µ2, n2,U2). Denote differences
by δS k = S 1

k − S 2
k , δnS

k = nS 1
k − nS 2

k , δUS
k = US 1

k − US 2
k , etc. From the optimality conditions,

nS 1
k (t) = arg min

nS
HS

k (nS ,U1
k (t),Θ1(t)),

nS 2
k (t) = arg min

nS
HS

k (nS ,U2
k (t),Θ2(t)).

By optimality, we have for almost every t,

HS
k (nS 1

k ,U
1
k ,Θ

1) − HS
k (nS 2

k ,U
1
k ,Θ

1) ≤ 0, (4.1)
HS

k (nS 2
k ,U

2
k ,Θ

2) − HS
k (nS 1

k ,U
2
k ,Θ

2) ≤ 0. (4.2)

Adding (4.1) and (4.2),[
HS

k (nS 1
k ,U

1
k ,Θ

1) − HS
k (nS 2

k ,U
1
k ,Θ

1)
]
+

[
HS

k (nS 2
k ,U

2
k ,Θ

2) − HS
k (nS 1

k ,U
2
k ,Θ

2)
]
≤ 0. (4.3)

By strong convexity of fk,

HS
k (nS 1

k ,U
1
k ,Θ

1) − HS
k (nS 2

k ,U
1
k ,Θ

1)

≥ βkΘ1(rI + UE1
k − US 1

k )(nS 1
k − nS 2

k ) + f ′k (nS 2
k )(nS 1

k − nS 2
k ) +

α

2
(nS 1

k − nS 2
k )2.

Since nS 2
k minimizes HS

k (·,U2
k ,Θ

2), we have f ′k (nS 2
k ) = −βkΘ2(rI + UE2

k − US 2
k ). Thus,

LHS of (4.3) ≥ βk
[
Θ1(rI + UE1

k − US 1
k ) − Θ2(rI + UE2

k − US 2
k )

]
(nS 1

k − nS 2
k ) + α(nS 1

k − nS 2
k )2.

From the forward equations, we have

d
dt

(δS k) ≤ C1(|δnS
k | + |δΘk| + |δS k|).

By Grönwall’s inequality, ∥δS k∥L∞ ≤ C2
´ T

0 (|δnS
k | + |δΘk|)dt. For the value functions, from the

HJB equations, ∣∣∣∣∣ d
dt

(δUS
k )

∣∣∣∣∣ ≤ C3(|δnS
k | + |δU

S
k | + |δU

E
k | + |δΘk|).
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Integrating backward gives ∥δUS
k ∥L∞ ≤ C4

´ T
0 (|δnS

k |+|δΘk|)dt. The infection pressure difference satisfies
that

|δΘk(t)| ≤ C5

∑
k′
|δIk′(t)|,

and from the Ik equation, |δIk(t)| ≤ C6
´ t

0 (|δEk(s)| + |δIk(s)|)ds. Combining all estimates with the
monotonicity condition yields

α

K∑
k=1

ˆ T

0
|δnS

k (t)|2dt ≤ C7

K∑
k=1

ˆ T

0
|δnS

k (t)| ·
(ˆ T

0
|δnS

k (s)|ds
)

dt.

Writing ak :=
´ T

0 |δn
S
k (t)| dt and applying the Cauchy–Schwarz inequality ak ≤ T 1/2( ´ T

0 |δn
S
k |

2)1/2 to
the right-hand side gives α

∑
k ∥δnS

k ∥
2
L2 ≤ C7T 1/2 ∑

k ∥δnS
k ∥L2 ak ≤ C7T

∑
k ∥δnS

k ∥
2
L2 . When T is small

enough that C7T < α, this forces
∑

k ∥δnS
k ∥

2
L2 = 0; the restriction on T is then removed by iterating over

successive subintervals of length O(α/C7), a standard continuation argument. This is the network-
SEIR adaptation of the monotonicity-based MFG uniqueness argument of Carmona and Delarue [17].
Applying Young’s inequality and Grönwall’s lemma gives δnS

k = 0 almost everywhere. Then, δµk = 0
and δUk = 0 follow from the differential equations, establishing uniqueness.

Remark 4.3 (On the monotonicity condition). The displacement-monotonicity condition in
Theorem 4.2 is a sufficient condition stated at the level of the Hamiltonian, in the spirit of standard
MFG uniqueness theory [17]. We do not verify it analytically for the full SEIR-network Hamiltonian,
since Θk depends nonlinearly on the state and ∆Uk may be non-monotone, particularly for small σ
where the long incubation produces the late-time effort adjustments seen in Section 6. The uniqueness
result should therefore be read as holding under appropriate monotonicity conditions; in all of our
numerical experiments the forward–backward sweep converged to a single equilibrium regardless of
initialization, consistent with uniqueness in the parameter regimes considered.

4.3. Regularity of solutions

Lemma 4.4 (Boundedness and regularity). Under the assumptions of Theorem 1, the solutions satisfy,

1). S k(t), Ek(t), Ik(t),Rk(t) ∈ [0, 1] for all t ∈ [0,T ] and
∑

x∈{S ,E,I,R} Xk(t) = 1.

2). US
k (t),UE

k (t),U I
k(t),UR

k (t) are uniformly bounded on [0,T ].

3). nS ∗
k (t), nE∗

k (t) ∈ [nmin, 1] and are measurable functions.

Proof. We see that the right-hand sides of (2.1)–(2.3) sum to zero:

d
dt

∑
x∈{S ,E,I,R}

Xk(t) = −βknS
kΘkS k + βknS

kΘkS k − σEk + σEk − γIk + γIk = 0,

so
∑

x Xk(t) =
∑

x Xk(0) = 1. Non-negativity follows from the structure of the equations. For the
value functions,
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|US
k (t)| ≤

ˆ T

t

(
max

n∈[nmin,1]
| fk(n)| +CE +CI

)
ds + |Ψ(S )|

≤ T
(
max

n
| fk(n)| +CE +CI

)
+max

x
|Ψ(x)|.

Similar bounds hold for UE
k ,U

I
k,U

R
k . The optimal controls are defined as minimizers of continuous

functions over the compact set [nmin, 1], so they exist and are measurable by measurable
selection theorems.

Theorem 4.5 (Continuous dependence on parameters). For two parameter setsP1,P2 with ∥P1−P2∥ ≤

δ, the corresponding equilibria satisfy:

sup
t∈[0,T ]

K∑
k=1

(
|µ1

k(t) − µ2
k(t)| + |U1

k (t) − U2
k (t)|

)
+

ˆ T

0
|n1

k(t) − n2
k(t)|dt ≤ C(T, L)δ,

where C(T, L) depends on time horizon T and Lipschitz constants of the dynamics.

Proof. Let (µ1, n1,U1) and (µ2, n2,U2) be equilibria for parameters P1 and P2. Denote differences by
δµk = µ

1
k − µ

2
k , δnk = n1

k − n2
k , δUk = U1

k − U2
k , δΘk = Θ

1
k − Θ

2
k . From the S k equation, decomposing

the difference, ∣∣∣∣∣ d
dt

(δS k)
∣∣∣∣∣ ≤ L1(|δnS

k | + |δΘk| + |δS k| + δ),

since all quantities are bounded (|nS
k | ≤ 1, |S k| ≤ 1, |Θk| ≤ 1). For δΘk,

|δΘk(t)| ≤
K max k
⟨k⟩

∑
k′
|δIk′ |.

From the HJB for US
k , ∣∣∣∣∣ d

dt
(δUS

k )
∣∣∣∣∣ ≤ L2(|δnS

k | + |δΘk| + |δUS
k | + |δU

E
k | + δ).

When solutions are interior, the first-order optimality conditions give f ′k (nS i
k ) = −βkΘi(rI + UEi

k − US i
k )

for i = 1, 2. By the mean value theorem and strong convexity,

|δnS
k | ≤

L3

α
(|δUS

k | + |δU
E
k | + |δΘk| + δ).

Finally, we define

Φ(t) =
K∑

k=1

(
|δS k(t)| + |δEk(t)| + |δIk(t)| + |δUS

k (t)| + |δUE
k (t)|

)
.
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Combining the estimates from Steps 1–3,

dΦ
dt
≤ L5(Φ + δ).

By Grönwall’s inequality with Φ(0) ≤ C0δ,

Φ(t) ≤ C(T, L)δ,
ˆ T

0
|δnS

k (t)|dt ≤ C′(T, L)δ,

establishing the claimed continuous dependence.

5. Special cases and analytical insights

5.1. Strategic and biological roles of the incubation rate

The introduction of the exposed compartment reshapes the epidemic game through the value gap
∆Uk(t) = rI +UE

k (t) −US
k (t), the marginal cost of infection. As the following remark makes precise, σ

acts on this gap through two opposing channels (Figure 1).

σ ∆Uk(t) nS ∗
k (t)

Ik(t)

incentive determines

shapes
dynamics

flow rate
E→ I

Θk(t)

— strategic channel—

Biological channel

Strategic channel

Feedback (Θk)

Figure 1. The dual role of incubation (σ). The incubation rate σ affects the epidemic
through two distinct channels. Biologically (bottom arrow), it controls the flow rate from
exposed to infectious (İ ∝ σE). Strategically (top arrow), it determines the immediacy of
the infection cost, altering the value gap ∆Uk and thus the contact effort nS ∗

k .

5.2. Degree scaling of optimal effort

For homogeneous networks where all nodes have degree k, the model yields clear
analytical insights.

Proposition 5.1 (Degree scaling of optimal effort). Assume the uncorrelated reduction (2.6) and
suppose the minimizer in the susceptible HJB is interior (i.e., nmin < nS ∗

k (t) < 1). With
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fk(n) = kϵ
(

1
n − 1

)
, we have

nS ∗
k (t) =

(
kϵ−1

βΘ(t)∆Uk(t)

)1/2

, ∆Uk(t) = rI + UE
k (t) − US

k (t). (5.1)

Consequently:

• if ϵ < 1, then nS ∗
k (t) decreases with k (high-degree agents take more precaution);

• if ϵ = 1, then nS ∗
k (t) = (βΘ(t)∆Uk(t))−1/2 is independent of k;

• if ϵ > 1, then nS ∗
k (t) increases with k (high-degree agents take less precaution).

Degree thresholds appear only through saturation at the box constraints [nmin, 1].

Proof. With (2.4) and the uncorrelated reduction, the susceptible Hamiltonian is

HS
k (n) = β k nΘ(t)∆Uk(t) + kϵ

(1
n
− 1

)
.

For an interior minimizer, 0 = ∂nHS
k (n) = βkΘ∆Uk − kϵ/n2, hence n2 = kϵ−1/(βΘ∆Uk), which

gives (5.1). The monotonicity conclusions follow immediately from the exponent (ϵ − 1)/2.

Remark 5.2 (Minimized cost rate is linear in k for ϵ = 1). Substituting the interior minimizer back for
the case ϵ = 1 gives

H∗k (t) = k
(
2
√
βΘ(t)∆Uk(t) − 1

)
.

This is linear in k (assuming ∆Uk does not depend on k, which holds at zeroth order when degree effects
on value functions are negligible). Therefore, no interior critical degree minimizes or maximizes the
cost rate among interior-solution agents; differences across degree classes arise purely through the
saturation behavior at the constraints nS ∗ = nmin or nS ∗ = 1.

5.3. Comparison with SIR-MFG

The SEIR–SIR comparison has one rigorous early-growth component and one equilibrium-level
observation supported by the numerical experiments. We state the rigorous early-growth comparison
in Proposition 5.6 below (Section 5.4); here, we record the equilibrium-level numerical observation
and its conditional consequence for the final outbreak size, keeping the proven and the numerically-
observed statements clearly separated.

Remark 5.3 (Numerical attenuation of the SEIR response). In all numerical experiments in Section 6,
the SEIR equilibrium response is delayed and shallower than the corresponding SIR response, in the
sense that

max
t
|1 − nSEIR(t)| ≤ max

t
|1 − nSIR(t)|.

This statement is reported as numerical evidence, not as a theorem. A proof would require comparing
two different equilibrium forward–backward systems, as explained in Remark 5.5.

Proposition 5.4 (Conditional final-size comparison). Suppose that along the equilibrium trajectories
the attenuated-response ordering nSEIR(t) ≥ nSIR(t) holds for all t (the pointwise form of the inequality
in Remark 5.3), and that the two epidemics share the same initial susceptible mass. Then, the final-size
relation (5.2) is consistent with, and in the numerical experiments yields, RSEIR(∞) ≥ RSIR(∞).
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Proof. Integrating Ṡ k = −βknSΘkS k and using
´ ∞

0 I dt = R(∞)/γ (which follows from Ṙ = γI) gives
the final-size relation for both SEIR and SIR:

ln
S (0)
S (∞)

=
β

γ

ˆ ∞
0

nS (t) I(t) dt. (5.2)

Relation (5.2) holds separately for each model, with the model’s own equilibrium effort nS and
infectious trajectory I appearing on the right-hand side. A weaker contact reduction (larger nS ) tends
to increase the right-hand side and hence the cumulative outbreak ln(S (0)/S (∞)). A fully rigorous
comparison is delicate because the infectious profile I(t) also differs between the two models, so the
right-hand side is coupled to R(∞) on both sides; we therefore state this as a conditional comparison
rather than a strict inequality. In every numerical experiment of Section 6 the ordering
RSEIR(∞) ≥ RSIR(∞) is observed, consistent with the weaker SEIR contact reduction documented there
(see Table 1).

Remark 5.5 (Why the attenuated response is difficult to prove analytically). A natural attempt is to
compare ∆USEIR = rI + UE

SEIR − US
SEIR with ∆USIR = rI + U I

SIR − US
SIR.

However, the naı̈ve inequality U I
SIR ≥ UE

SEIR is not obviously true, nor is its reverse. In fact, within
the SEIR model itself, since being in state E means the agent must still pass through the E-sojourn
(incurring cost CE) before reaching I, the ordering UE

SEIR ≥ U I
SEIR holds. But, this is a within-model

comparison, whereas the attenuated-response inequality of Remark 5.3 requires comparing value
functions across two different games (SEIR-MFG vs SIR-MFG) with different population dynamics. A
rigorous proof would require tracking how the equilibrium trajectories ISEIR(t) and ISIR(t) differ and
propagating those differences back through the HJB. This is left for future work; numerical evidence
in Section 6 consistently supports the claim.

Note also that there is no discount factor in the HJB (3.2)–(3.5); the strategic delay effect arises
from the finite horizon and the temporal structure of costs, not from exponential discounting.

5.4. Early-phase growth rate comparison

Proposition 5.6 (Early-phase growth rate: SEIR is slower than SIR for the same contact level). Fix
a constant contact level nS ≡ n̄ ∈ (0, 1] and consider the homogeneous mean-field dynamics with
S (t) ≈ 1. For SIR, the linearized growth rate is λSIR = βn̄ − γ. For SEIR (baseline: only I transmits),
the linearized growth rate is the largest root of

λ2 + (σ + γ)λ + σ(γ − βn̄) = 0,

i.e.,

λSEIR =
−(σ + γ) +

√
(σ + γ)2 + 4σ(βn̄ − γ)

2
.

Whenever βn̄ > γ (supercritical regime), one has

0 < λSEIR < λSIR.

Proof. The SIR formula is immediate from İ = (βn̄ − γ)I. For SEIR, linearizing gives Ė = βn̄I − σE

and İ = σE − γI, so d
dt

(
E
I

)
= A

(
E
I

)
with A =

(
−σ βn̄
σ −γ

)
. The characteristic polynomial is exactly

λ2 + (σ + γ)λ + σ(γ − βn̄). In the supercritical regime βn̄ > γ, the Perron root is positive. A direct
comparison of the explicit formulas yields λSEIR < βn̄ − γ for all finite σ.
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5.5. Consequences of incubation for strategic incentives

Proposition 5.7 (Strategic delay in precaution onset). In the supercritical regime, the optimal
susceptible effort satisfies nS ∗

k (t) = 1 on an initial interval [0, t∗σ). As σ decreases (longer incubation),
t∗σ increases.

Proof. By (5.1), the interior solution nS ∗
k < 1 requires βΘ(t)∆Uk(t) > kϵ−1. At t = 0 with I(0) = ε ≪ 1,

we have Θ(0) = O(ε), so βΘ(0)∆Uk(0) < kϵ−1 for small ε. Hence, nS ∗
k (0) = 1. The threshold t∗σ is

defined by βΘ(t∗σ)∆Uk(t∗σ) = kϵ−1. Under the baseline definition ∆Uk(t) = rI + UE
k (t) − US

k (t), the
gap is driven by the epidemic trajectory through the coupled backward HJB system. For smaller σ,
Ik(t) builds up more slowly (the mean E-sojourn time σ−1 must elapse before I grows), keeping Θ(t)
smaller at early times. The product βΘ∆Uk therefore remains below kϵ−1 for longer, so t∗σ increases as
σ decreases.

5.6. The SIR limit (σ→ ∞)

Lemma 5.8 (Convergence to SIR-MFG and the initial layer). Fix all parameters except σ and suppose
CE = 0, Ψ ≡ 0. As σ→ ∞:

(1) If the initial exposed mass is compatible with the SIR limit, e.g., Eσk (0) = O(σ−1), then Eσk → 0
uniformly on [0,T ]. If instead Eσk (0) = E0

k is fixed independently of σ, there is an initial layer of
width O(σ−1) near t = 0: for every δ > 0, supt∈[δ,T ] Eσk (t)→ 0, and the limiting SIR system should
be initialized with ISIR

k (0) = I0
k + E0

k (up to the initial-layer correction).

(2) ∥UE,σ
k − U I,σ

k ∥∞ → 0.

(3) ∆Uσk (t) → ∆USIR
k (t) = rI + U I,∞

k (t) − US ,∞
k (t) uniformly on [δ,T ] for every δ > 0 (on all of [0,T ]

under the compatibility condition in (1)).

(4) The SEIR-MFG Nash equilibrium converges to the SIR-MFG equilibrium of [26] at rate O(σ−1)
away from the initial layer.

We note that, in either formulation, the limiting SIR-MFG model has the same basic reproduction
number R0 = β⟨k2⟩/(γ⟨k⟩) as the SEIR model for every σ, since by Remark 3.9 the incubation rate σ
affects only the timing of the epidemic and not R0. The convergence above is therefore a convergence
at fixed R0, isolating the effect of the latent period.

Proof. From (2.2), Ėk = λkS k − σEk. By variation of constants,

Eσk (t) = e−σtEσk (0) +
ˆ t

0
e−σ(t−s)λσk (s)S σk (s) ds.

Since λσk S σk is uniformly bounded by some constant C, the integral term is bounded by C/σ. For
t ≥ δ > 0,

Eσk (t) ≤ e−σδEσk (0) +
C
σ
−→ 0,

which gives uniform convergence on [δ,T ]. The first term e−σtEσk (0) does not vanish uniformly on all
of [0,T ] when Eσk (0) is fixed (at t = 0 it equals Eσk (0)), producing the initial layer; uniform
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convergence on the whole interval holds precisely under the compatibility condition Eσk (0) = O(σ−1).
This establishes (1). Set wk = U I

k − UE
k . Then, wk(T ) = 0 and

ẇk = σwk +
[
γ(UR

k − U I
k) +CI

]
.

The source is bounded uniformly in σ by the boundedness lemma. Integrating backward from T ,

|wk(t)| ≤
M
σ

(1 − e−σ(T−t)) ≤
M
σ
,

establishing (2). Then, ∆Uσk = rI + UE,σ
k − US ,σ

k = rI + U I,σ
k − US ,σ

k + O(σ−1). The limiting gap
rI + U I,∞

k − US ,∞
k is the SIR-MFG value gap ∆USIR

k , establishing (3). Since ∆Uσk → ∆USIR
k uniformly

away from the initial layer, the optimal policy (5.1) converges nS ,σ
k → nS ,SIR

k ; combined with (1), the
forward dynamics converge to the SIR system, establishing (4).

6. Numerical simulations

We solve the coupled forward-backward SEIR-MFG system by a standard forward-backward sweep
(FBS) iteration, alternating between (i) simulating the population dynamics forward in time under a
candidate policy, (ii) solving the HJB system backward in time under the resulting epidemic trajectory,
and (iii) updating the policy by pointwise minimization of the Hamiltonians. A relaxation parameter
ω ∈ (0, 1] prevents oscillations.

6.1. Iterative forward-backward sweep algorithm

Fix a time grid 0 = t0 < t1 < · · · < tM = T , a tolerance tol > 0, and a relaxation parameter ω ∈ (0, 1].
Starting from nS ,(0)

k (ti) ≡ 1, repeat the following steps until convergence.
Forward step. Given nS ,(m), integrate the forward Kolmogorov system by explicit Euler with step

∆t to obtain (S (m+1)
k , E(m+1)

k , I(m+1)
k ,R(m+1)

k ) and compute Θ(m+1)
k (t). Because the SEIR right-hand side

satisfies Ṡ k + Ėk + İk + Ṙk = 0 identically, the explicit Euler scheme inherits mass conservation S k +

Ek + Ik + Rk = 1 to floating-point precision at every step, with no clipping or renormalization required.
Backward step. Solve the HJB system backward from tM to t0 by explicit Euler to obtain

(US ,(m+1)
k ,UE,(m+1)

k ,U I,(m+1)
k ,UR,(m+1)

k ). Under the baseline parameters CE = CI = 0 and Ψ ≡ 0, one has
UR

k ≡ U I
k ≡ UE

k ≡ 0, so the value gap reduces to ∆Uk(t) = rI − US
k (t) and only the backward equation

for US
k is nontrivial.

Policy update. Compute the closed-form minimizer ñS ,(m+1)
k via (3.6), and apply relaxation:

nS ,(m+1)
k ← (1 − ω) nS ,(m)

k + ω ñS ,(m+1)
k .

Stop when maxk,i |n
S ,(m+1)
k (ti) − nS ,(m)

k (ti)| < tol.

6.2. Simulation setup

Heterogeneous-network experiment (primary). We simulate the full degree-structured model with
an uncorrelated truncated Poisson degree distribution, P(k) = e−µµk/k! /

∑Kmax
j=1 e−µµ j/ j!, with mean

degree µ = 8 and truncation Kmax = 25. The transmission rate is set to β = 0.44 so that

R0 =
β

γ

⟨k2⟩

⟨k⟩
=
β

γ
(µ + 1) = 4,
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using the Poisson identity ⟨k2⟩/⟨k⟩ = µ + 1. All 25 degree classes are coupled through the shared
infection pressure Θ(t) = ⟨k⟩−1 ∑

k′ k′P(k′)Ik′(t). The remaining parameters are γ = 1, rI = 50, nmin =

0.1, ε = 1, ∆t = 0.05, ω = 0.3, and tol= 10−7.

Homogeneous-network illustrations (secondary). Following [26], we also report results for
homogeneous networks with βk = 4 fixed across degree classes k ∈ {4, 6, 8, 12, 20}. These runs should
be interpreted as illustrations of the cost-normalization effect rather than as validation of the full
degree-structured model: fixing βk removes the pure network-transmission heterogeneity, so degree
differences manifest only through the isolation cost fk(n) = kε(1/n − 1). In particular, with ε = 1,
larger k implies a larger cost factor fk = k, which pushes the equilibrium effort nS ∗

k =
√

k/(βkI ∆U)
upward toward 1 (weaker precaution), not downward.

6.3. Simulation results

Heterogeneous network. Figure 2 compares the aggregate and per-class SEIR-MFG and SIR-MFG
Nash equilibria on the Poisson network at σ = 2. The aggregate SEIR epidemic (solid red) peaks later
(t∗ ≈ 3.75) and lower than the SIR epidemic (dashed blue, t∗ ≈ 1.75). Per-class quantities reveal the
network structure: high-degree nodes (k = 18) are infected more than low-degree nodes (k = 2) and,
because fk = k is larger, exercise weaker equilibrium precaution.

Figure 3 shows the sensitivity of the heterogeneous-network equilibrium to the incubation rate σ.
As σ decreases from 20 to 0.5, the epidemic peak shifts from t∗ ≈ 2.0 to t∗ ≈ 7.2 and the population-
average effort n̄S ∗(t) =

∑
k P(k)nS ∗

k (t) becomes progressively shallower and delayed, directly illustrating
the strategic delay mechanism of Proposition 5.7. The SIR limit (σ → ∞, dashed black) produces the
strongest and earliest behavioral response. The non-monotone “bump” in the population-average effort
n̄S ∗(t) at late times for σ = 0.5 and σ = 1 (Figure 3, right) is a feature of the coupled forward–
backward structure: with a long incubation period, the infectious pressure Θ(t) persists late into the
horizon, while the backward value functions adjust to the approaching terminal time T . As the value
gap ∆Uk(t) relaxes near t = T , the best-response effort (3.6) partially returns toward 1, producing the
secondary adjustment. It is a finite-horizon effect and not a steady-state property of the equilibrium.
Table 1 summarizes peak timing and final outbreak size across σ values; all runs converge in 40–42
FBS iterations.

Table 1. Heterogeneous-network SEIR-MFG Nash equilibrium summary. Truncated Poisson
P(k), ⟨k⟩ = 8, R0 = 4, ∆t = 0.05, ω = 0.3, and tol = 10−7.

σ tpeak maxt Iagg(t) R(∞) = 1 − S agg(∞)
0.5 7.200 0.1201 0.9379
1.0 5.100 0.1789 0.9285
2.0 3.750 0.2384 0.9167
5.0 2.700 0.2989 0.9066
20.0 2.000 0.3405 0.9008
SIR (σ→ ∞) 1.750 0.3554 0.8987
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Figure 2. Nash equilibrium dynamics on the heterogeneous Poisson network (⟨k⟩ = 8,
R0 = 4, σ = 2). Top-left: aggregate infected fraction Iagg(t) for SEIR-MFG (solid red)
and SIR-MFG (dashed blue). Top-right: per-class Ik(t) for selected degree classes under
SEIR-MFG; higher-degree nodes are infected more due to the λk ∝ k scaling. Bottom-left:
per-class equilibrium effort nS ∗

k (t); lower-degree nodes exercise stronger precaution because
the isolation cost fk = k is smaller. Bottom-right: effort and infected fraction for k = 8,
SEIR-MFG vs. SIR-MFG; the SEIR effort response is delayed and shallower, illustrating the
strategic delay mechanism.

Homogeneous-network illustrations. Figure 4 presents the homogeneous-network results. The left
panel shows that epidemic curves are nearly identical across degree classes, reflecting the fixed-βk
normalization. The middle panel shows the effort profiles: larger k produces weaker precaution because
the isolation cost fk = k dominates in the best-response formula; for k = 20, the equilibrium effort is
nS ∗

20 ≡ 1 (no precaution, converged in 1 FBS iteration). The right panel illustrates the SEIR/SIR timing
comparison for k = 6 and annotates the seed convention ISIR

0 = I0 + E0 used to ensure comparable
initially infected mass; part of the SIR epidemic’s earlier peak is therefore attributable to initialization.
Table 2 records peak times, final sizes, and minimum effort levels for each degree class; all runs with
k ≤ 12 converge in 36–43 FBS iterations.

Figure 5 summarizes peak timing and final outbreak size across σ values. Two features of Table 1
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are worth noting. First, both peak time and peak height decrease monotonically as σ increases toward
the SIR limit, confirming that the exposed compartment delays and attenuates the epidemic through
both the biological and strategic channels. Second, the final outbreak size R(∞) is larger for smaller
σ even though the instantaneous peak is lower: weaker and later precaution allows more cumulative
infections despite suppressing the peak.

Table 2. Homogeneous-network illustration summary (βk = 4, σ = 2, ε = 1). Note: larger k
implies larger isolation cost fk = k, and hence weaker equilibrium precaution.

k tSEIR
peak RSEIR(∞) mint nS ∗

k (t) tSIR
peak RSIR(∞)

4 3.600 0.9470 0.537 1.600 0.9258
6 3.750 0.9671 0.653 1.700 0.9564
8 3.750 0.9752 0.757 1.750 0.9695
12 3.750 0.9813 0.932 1.750 0.9795
20 3.750 0.9821 1.000† 1.750 0.9828

†For k = 20 with ε = 1, the isolation cost f20 = 20 dominates the infection-pressure term in the best-response formula for all t, yielding

nS ∗
20 ≡ 1 (no precaution). Convergence is achieved in a single FBS iteration. The slight reversal RSIR(∞) > RSEIR(∞) at k = 20 reflects

this cost-normalization artifact rather than a genuine model prediction.

Figure 3. Effect of the incubation rate σ on the heterogeneous-network SEIR-MFG Nash
equilibrium. Left: aggregate Iagg(t) for σ ∈ {0.5, 1, 2, 5, 20} and the SIR limit (dashed black).
In both panels the dashed black curve denotes the SIR limit (σ → ∞). Decreasing σ delays
and attenuates the epidemic peak. Right: population-average effort n̄S ∗(t) =

∑
k P(k)nS ∗

k (t).
Longer incubation produces a shallower and later effort response, quantifying the strategic
delay of Proposition 5.7. The non-monotone secondary adjustment visible for σ = 0.5 and
σ = 1 arises from backward HJB propagation over a long epidemic horizon.
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Figure 4. Homogeneous-network illustrations (βk = 4 fixed, σ = 2), presented as cost-
normalization examples rather than validation of the full network model. Left: epidemic
curves collapse across degree classes because βk is constant. Center: equilibrium effort
profiles; larger k implies larger isolation cost fk = k, and hence weaker precaution (nS ∗

20 ≡ 1,
purple line at top). Right: SEIR vs. SIR comparison for k = 6; the earlier SIR peak is partly
due to the seed convention ISIR

0 = I0 + E0.

Figure 5. Quantitative summary for the heterogeneous-network SEIR-MFG across
incubation rates σ (see Table 1). Left: time to aggregate peak tpeak; bars decrease
monotonically from σ = 0.5 to the SIR reference (dashed blue), spanning a delay of more
than a factor of four. Right: final outbreak size R(∞) = 1 − S agg(∞); smaller σ produces a
larger total outbreak despite a lower instantaneous peak, because weaker and later precaution
allows more cumulative infections.
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7. Conclusions and future directions

In this paper, we developed a mean-field game formulation for SEIR dynamics on heterogeneous
contact networks with degree-dependent behavior. We derived the coupled forward–backward
equilibrium system and obtained explicit best-response structure for susceptible contact effort under
the convex isolation cost. A key qualitative consequence of the exposed compartment is that the
incubation stage separates infection from infectiousness and shifts incentives over time; in the
baseline formulation, exposed agents optimally maintain full contact, while susceptible agents reduce
contact according to a value-gap criterion. We proved existence of equilibrium via a Schauder
fixed-point argument and provided a uniqueness result under an appropriate monotonicity condition.
Numerical experiments illustrate how degree heterogeneity, incubation, and the cost exponent
influence equilibrium effort profiles and epidemic outcomes.

Several extensions are natural and would broaden the applicability of the framework. First, one
can enrich the information structure: agents may observe only noisy aggregate signals, which leads to
partially observed control and filtering-coupled HJB systems. Second, one can incorporate additional
policy levers, including testing, isolation mandates, and contact tracing, which act directly on exposed
individuals and create state-dependent constraints or penalties; this would clarify when and how
nontrivial exposed effort can arise as an equilibrium outcome. Third, the network environment can be
made time-dependent by allowing mobility-driven mixing or adaptive rewiring, so that contact
opportunities evolve endogenously with perceived risk and public interventions. Fourth, heterogeneity
beyond degree can be incorporated to study targeted incentives and distributional outcomes. Finally,
empirical calibration and validation using behavioral and epidemic data would help identify which
isolation-cost specifications reproduce observed contact reductions across connectivity classes.

Lastly, another future avenue will be incorporating more types of human behavior, such as
compliance vs. noncompliance and age-structured population. The SIR-based models incorporating
such behavior have been studied from various aspects including ODE, reaction-diffusion PDEs,
optimal control, and stochastic differential equations [38–44].
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