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Abstract: Stochastic optimal control provides a rigorous framework for systems subject to uncertainty,
yet its operational use in ecological crisis contexts remains limited by interpretability. We reinterpreted
a stochastic control formulation in which selected parameters emerged as indicators of decision
urgency rather than normative preferences. Vegetation biomass was modeled as a stochastic stock
subject to nonlinear loss driven by feeding pressure (e.g., desert locust activity) and multiplicative
noise, with uncertainty represented by a time-varying volatility term that integrated extreme rainfall
anomalies and conflict-related disruption. Rather than prescribing an optimal policy, we inverted the
closed-form solution of the control problem to infer the minimum urgency required to maintain the
stock above a policy-defined threshold. Applied spatio-temporally, the framework revealed coherent
monthly and regional patterns of inferred urgency, distinguishing stable regimes from disruption-
dominated conditions and identifying periods in which short-term depletion overwhelms recovery.

Keywords: optimal control theory; Brownian motion; Hamilton—Jacobi—Bellman; operational
decision support; Schistocerca gregaria

1. Introduction

Ecological systems exposed to extreme biological shocks often exhibit nonlinear, stochastic, and
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path-dependent dynamics that challenge conventional modeling and decision-making frameworks [1].
These impacts arise from complex interactions among biological processes, environmental variability,
and human response capacity, leading to abrupt and spatially heterogeneous losses in vegetation
biomass that are difficult to anticipate or manage using deterministic or equilibrium-based
approaches [2—4]. Outbreaks of highly mobile herbivorous insects, such as desert locusts
(Schistocerca gregaria), represent a particularly acute manifestation of this challenge [5].

Stochastic process models provide a natural mathematical framework for representing ecological
systems that evolve under uncertainty, abrupt fluctuations, and incomplete observability [6—8]. In this
context, stochastic differential equations (SDEs) driven by Brownian motion are widely used as
reduced-form representations of cumulative, unresolved variability arising from environmental forcing,
behavioral heterogeneity, and measurement or surveillance gaps [9-13]. Rather than modeling each
source of randomness explicitly, the Brownian component captures their aggregate effect on system
dynamics in a tractable way [12].

When combined with optimal control theory, such SDE-based formulations lead to stochastic
control problems whose solutions are characterized by Hamilton—Jacobi—Bellman (HIB) equations [9,10].
This framework has been applied to modeled agricultural exploitation and sales planning problems
using SDEs to represent production dynamics subject to environmental and market variability, while
optimal decisions are derived by solving the associated Hamilton—Jacobi—Bellman equations [14].
However, while mathematically well established, the use of Hamilton—Jacobi—Bellman equations in
operational ecological decision support in time and space remains limited, largely because the resulting
parameters and policies are often difficult to interpret in biologically or management-relevant terms.

A central reason is not mathematical intractability, but rather interpretability: Key model
parameters, such as volatility, elasticity, or discounting, are often difficult to relate directly to
biologically meaningful processes or actionable management decisions. This interpretability gap is
particularly pronounced under crisis conditions. During extreme biological shocks, decision-makers
are rarely interested in long-term optimal trajectories or equilibrium states [15]. Instead, they face
urgent questions such as how fast intervention must occur, where losses may become unacceptable,
and which locations require immediate prioritization [16]. Traditional stochastic control formulations,
while mathematically elegant, typically embed these questions implicitly within abstract optimization
objectives, making it difficult to extract decision-relevant insights without strong assumptions about
preferences or economic valuation.

In this study, we argued that this limitation stems not from the stochastic control framework, but
from how its parameters are commonly interpreted. Rather than treating quantities such as discount
rates or loss elasticities as fixed economic or biological constants, we propose a reinterpretation in
which these parameters are viewed as emergent indicators of decision urgency under uncertainty. In
classical stochastic optimal control, the discount rate r is introduced as a temporal weighting
parameter that determines how future outcomes are valued relative to present ones, thereby directly
influencing optimal decisions and stopping behavior under uncertainty [17]. Beyond this economic
interpretation, » plays a structural role in dynamic programming formulations, where it governs the
time sensitivity of the value function and the responsiveness of optimal trajectories through the
Hamilton—Jacobi—Bellman equation [18]. Consequently, changes in the discount rate systematically
alter the balance between short-term and long-term dynamics, effectively controlling how rapidly
decisions respond to evolving system states.

Within this perspective, stochastic control models are not viewed as normative prescriptions of

Mathematical Biosciences and Engineering Volume 23, Issue 6, 1844—1868.



1846

an optimal exploitation problem, but a potential diagnostic tool to translate ecological variability and
operational constraints into interpretable measures of response pressure. Therefore, we developed and
illustrated this reinterpretation using vegetation biomass dynamics in Sudan as a representative
ecological system exposed to interacting environmental shocks and management constraints.
Herbivory pressure, exemplified here by desert locust feeding, exhibits pronounced nonlinearity with
consumption rates that saturate at high resource availability due to physiological and behavioral
constraints [19-21], while rainfall extremes, temperature suitability, and disruptions to monitoring and
control operations further modulate biomass depletion [22-25]. To address these coupled dynamics,
we represent vegetation biomass as a stochastic stock process [14] subject to nonlinear, saturation-
limited losses [26], and multiplicative environmental noise, and invert the resulting stochastic control
solution to infer the minimum level of decision urgency required to prevent biomass stocks from falling
below a policy-defined acceptable threshold.

2. Materials and methods

To operationalize the stochastic control framework with biologically interpretable inputs, we
construct (i) a biological saturation factor y(t) from normalized difference vegetation index (NDVI)-
derived biomass using a Holling-type saturation form with parameter uncertainty propagated by Monte
Carlo sampling, and (ii) a time-varying volatility ¢(t) derived from an instability index combining
operational disruption, rainfall extremes, and background habitat suitability (Figure 1). These
quantities are then coupled to the closed-form optimal stock trajectory and inverted numerically to
infer the implied urgency parameter ¢ (t) required to keep the stock above a specified target level
M under stochastic forcing.

2.1. Stochastic representation of resource stock dynamics and inversion of the optimal stock trajectory
to infer policy urgency

We model vegetation biomass in Sudan as a continuous-time stochastic stock process subject to
herbivory-driven depletion and environmental uncertainty, with desert locust feeding used as a
representative loss mechanism. Sudan is used as a motivating case study because it represents a highly
variable, shock-prone system where vegetation dynamics, desert locust pressure, and severe insecurity
interact strongly across space and time. Sudan lies within a region that has been repeatedly affected by
desert locust invasion [27-30]. Vegetation productivity is largely rainfall-driven, making biomass
availability sensitive to short-term climatic anomalies that can rapidly amplify locust breeding
potential [31]. Furthermore, conflicts have introduced pronounced spatial heterogeneity in surveillance
and response capacity across states, creating conditions where biological pressure and operational
constraints may align [32]. This combination makes Sudan a suitable test case for demonstrating a
stochastic decision framework that links biological buffering, environmental instability, and
intervention urgency, without aiming to predict realized impacts or losses.

Let us denote the total vegetation biomass stock available at time t. The stochastic differential
equation describes its temporal evolution as follows [9-11]:

dM, = —v(t, M,)dt + oM,dW,, M(0) = M,, (1)

where v(t,M,) is the control variable representing the rate of vegetation biomass loss
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attributable to locust consumption, ¢ is a volatility parameter capturing uncertainty in loss intensity,
and W, is astandard Wiener process. The stochastic term captures the erratic, unpredictable nature of
desert locust swarm behavior and damage intensity.
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Figure 1. The components and their implications for decision-relevant stock vulnerability.
Panel (a) reports y(t) with uncertainty bands arising from uncertainty in the
Holling/allometric parameters, rather than variability from individual Brownian sample
paths. Panel (b) shows the constructed o(t) trajectory under the chosen shock regime,
while panel (c) presents the corresponding inferred r(t) obtained by numerically
inverting the policy kernel at each time point given y(t), a(t), and the target constraint.

2.1.1.  Optimal control formulation

We characterize biomass stock vulnerability under crisis conditions by formulating a stochastic
control problem that represents extreme consumption pressure rather than a normative management
objective. Specifically, we consider a discounted utility functional of locust-driven biomass loss,
defined as:

T
max[E U e‘”v,}/dtl , (2)
v 0

subject to the stock dynamics above, where r > 0 1is a discount rate and 0 < y < 1 represents
the elasticity of loss intensity. This formulation does not imply the desirability of biomass loss but
provides a mathematically tractable abstraction of worst-case exploitation pressure arising from
interacting biotic and abiotic stressors, such as locust feeding, climatic extremes, and operational
disruption, thereby enabling inversion of the control solution to infer the minimum decision urgency
required to maintain biomass above a policy-defined threshold under uncertainty.
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2.1.2. Optimal policy and stock trajectory

Following standard results in stochastic optimal control theory, the above problem admits a
closed-form optimal control policy. As the derivation follows established arguments, it is not
reproduced here (see Diallo et al. [14], for details). The resulting optimal control is given by:

v M) = () . 3)
S ey
with:
a=r-— 102)/()/ - 1). (4)

2

Substituting this control into the state equation yields the corresponding optimal biomass stock
trajectory

1—exp (—%(T—t))

exp (1;;/ )—exp (—&—y(T—t)

1
M; = M, ) exp (—Eazt + aWt>. (5)

These expressions describe the expected depletion dynamics of vegetation biomass under
sustained desert locust feeding pressure and stochastic environmental variability. The biomass stock
process is evaluated up to the first time at which M, reaches zero, corresponding to complete
depletion of available vegetation. This event defines a crisis threshold beyond which ecosystem
functioning collapses and is used to interpret early stock exhaustion in the numerical simulations.
No recovery dynamics are assumed beyond this point, reflecting worst-case conditions during a
locust upsurge.

2.2.  Inversion of the optimal stock trajectory to infer policy urgency

We begin from the closed-form optimal stock trajectory obtained from the stochastic control
problem:

1—exp (—%(T—t))

exp (%t) — exp (_1E_y(T_ t)

1
M; = M, ) exp (—Eazt + aWt>,t € (0, T]. (6)

Here, M, denotes the initial stock level, o is the volatility parameter, W; is a standard
Brownian motion, 0 <y < 1 represents the elasticity of loss intensity, r > 0 is the discount rate,
and

1
a=r-— Eazy(y - 1). (7)

Step 1: Definition of a policy urgency parameter
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The time-dependent fraction in Eq (6) depends on the parameters only through the ratio a/(1 —
¥). To simplify notation and interpretation, we define the composite parameter

1
a _7’—702]’()’_1)

k =
1-y 1-y

(8)

Parameter k > 0 aggregates the effects of decision urgency (r), uncertainty (o), and nonlinear
loss elasticity (y).
Substituting Eq (8) into Eq (6) yields

1— e—k(T—t)

1
M; = MO [ml exp (-EO'Zt + O'Wt>. (9)

Step 2: Deterministic policy kernel

We define the deterministic function

1— e—k(T—t)
G(t; k) = okt _ g—k(T—0)’ (10)

which captures the policy-driven evolution of the stock.
Eq (9) can then be written compactly as

1
M; = MyG(t; k)exp (—Eazt + O'Wt). 11

Step 3: Separation of stochastic and policy components
We define the stochastic multiplier
1
Z; = exp (— Eazt + aWt> (12)

so that the optimal stock trajectory can be expressed as
M; = MyG(t; k)Z; (13)

This decomposition separates realized stochastic shocks, captured by Z;, from policy-controlled
dynamics, captured by G(t; k).

Step 4: Normalization and target stock constraint

Let M{" denote a minimum acceptable stock level at time t. Normalizing Eq (13) yields

y =47 <Gk, (14)

Substituting the definition of G(t; k) gives
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1— e—k(T—t)
Y= i k@D’ (15)

Step 5: Numerical inversion for the urgency parameter

Eq (15) contains k in exponentials with different arguments and therefore does not admit a
closed-form solution in elementary functions. We thus determine k numerically as the unique positive
root of the scalar function

F(k) = G(t; k) — y, k > 0. (16)

The monotonicity of G(t; k) in k guarantees the existence and uniqueness of the solution. In
practice, k 1is obtained using a stable one-dimensional root-finding algorithm (e.g., bisection or
Brent's method).

In the numerical implementation, the uncertainty in y(t) is not propagated through the inversion
procedure. Instead, the mean trajectory ¥,,.., (t) isused to compute the urgency parameter. As a result,
the inferred values of 7(t) reflect stochastic variability arising from the process-level dynamics
(through o(t) and Z;), but do not incorporate uncertainty associated with the biological saturation
parameter. This separation enables a clearer interpretation of the respective contributions of biological
and stochastic components.

Step 6: Recovery of the implied discount rate

Once k has been estimated, the implied policy urgency, expressed as a discount rate, follows
directly from Eq (8):

r=0-y)k+ %azy(y —1). (17)

This inversion enables 7 to be interpreted as the degree of urgency required to prevent the stock
from falling below a specified target level under stochastic shocks, rather than as an exogenously
imposed economic preference.

In standard intertemporal models, r determines the value of future flows and encodes the relative
importance of immediate versus delayed outcomes [33,34]. A higher r value reduces the contribution
of future states, effectively prioritizing short-term dynamics and accelerating optimal responses to
current conditions [33,35,36]. In stochastic control settings, this temporal weighting directly shapes
the optimal policy and resulting state trajectory.

The r in this framework should not be interpreted as a biological parameter, nor as a
conventional economic preference rate. Instead, it emerges endogenously as an implied policy urgency,
defined by the requirement that vegetation biomass stocks remain above a minimum acceptable
threshold under stochastic desert locust pressure. From a control-theoretic perspective, this inversion
repositions r as a quantity that enforces feasibility of a constrained trajectory. In this sense, r acts is
analogous to a dual variable associated with maintaining the system above a prescribed threshold,
translating temporal weighting into a measure of constraint pressure. This interpretation is consistent
with broader results showing that discounting parameters fundamentally influence optimal stopping
and control behavior in stochastic systems [17]. In this sense, r is not estimated from biological
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processes such as locust fecundity, development, or mortality, but is inferred from the dynamics of the
stock constraint itself. Specifically, r represents the level of decision urgency necessary to prevent
the biomass stock M, from falling below a prescribed target M{2" at a given time t, given the
combined effects of biological saturation, environmental variability, and operational disruption.

Under this interpretation, larger values of r indicate situations in which short-term losses
dominate system dynamics, corresponding to emergency-level conditions that require rapid and
decisive intervention. Conversely, smaller values of r reflect greater tolerance for delayed impacts
and are consistent with longer-term planning and lower perceived urgency. The r thus functions as a
quantitative indicator of crisis severity and response pressure, translating stochastic biological shocks
into a decision-relevant measure of urgency rather than representing intrinsic economic preferences.
This reinterpretation enables the stochastic control framework to operate as a decision-support tool,
linking ecological instability directly to actionable assessments of response timing.

2.3. Construction of model parameters and numerical implementation
2.3.1. Vegetation resource proxy

Vegetation availability is represented by a biomass proxy derived from the remotely sensed NDVI.
Following established empirical relationships, vegetation biomass at time t is approximated as [37,38]:

R(t) = max(11750 - NDVI(t) — 3120,  0), (18)

where the truncation at zero ensures biological plausibility by preventing negative biomass values.
This proxy is used consistently for initial stock estimation and temporal dynamics. The NDVI-biomass
relationship adopted here was derived from studies conducted in Senegal. Although geographically
distinct, Senegal and the study area share important ecological characteristics as part of the Sudano—
Sahelian belt, including strong rainfall seasonality and dryland vegetation dynamics. We therefore
considered this relationship as a reasonable approximation for representing biomass variability in the
absence of locally calibrated formulations, while acknowledging that regional deviations may exist.
Long-term average administrative level NDVI from June to September (2002-2026) is obtained from
the Humanitarian Data Exchange (HDX; https://data.humdata.org/dataset/sdn-ndvi-subnational)
platform. The datasets were accessed in January 2026 and correspond to the most recent publicly
available facility layers for Sudan at the time of data retrieval. The data are available at the second
administrative units aggregated to the state (Admin-1).

2.3.2. Biological saturation of consumption pressure

To capture the diminishing marginal impact of feeding pressure as vegetation availability
increases, we introduce a biological saturation parameter based on a Holling type II functional form
[26]. The saturation factor y(t) is defined as:

y(@) = (19)

1+ ahR(t)’

where a denotes an effective attack rate and h represents a handling-time-like parameter. This
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formulation reflects physiological limits on intake, spatial aggregation of feeding, and behavioral
constraints, ensuring that effective pressure on the resource saturates at high biomass.

2.3.3. Allometric representation and uncertainty propagation

Rather than fixing a and h determining them deterministically, we express them through
uncertain allometric relationships,

1
a=aM% 1. =I,MY h=—01) (20)

pred’ "max pred’
max

where M,q is a representative insect body mass (normalized to unity), and a, and [, are

scaling constants. The allometric exponents are treated as uncertain and sampled from normal
distributions,

Qa ~ N (o, 00,): @ ~ N (1o, 9g,), (21)

with parameter values drawn from published meta-analyses of insect functional responses [39].

Uncertainty in y(t) is propagated using a Monte Carlo simulation. For each NDVI value, an
ensemble of y(t) realizations are generated, from which the mean and selected quantiles
(2.5%,50%,97.5%) are retained:

Vanean (8) = E[y(©)],7,(t) = Quantile (y(t)), (22)

These summaries represent uncertainty in biological saturation while avoiding overinterpretation
of individual stochastic realizations. Although uncertainty in y(t) is quantified through Monte Carlo
simulation and summarized using quantiles, the inversion procedure is performed using the mean
trajectory ¥,...» (t). This choice ensures a tractable and interpretable estimation of urgency parameter
r(t) while avoiding the compounding of multiple sources of uncertainty within the inversion step.

2.3.4. Time-varying volatility parameter sigma (o (t))

Stochastic variability in stock dynamics is governed by a time-dependent volatility parameter
o(t), which captures unresolved sources of variability including erratic swarm behavior, patchy
feeding, weather-driven activity bursts, detection gaps, and operational disruptions.

We define an instability index S(t) € [0,1] as a weighted combination of three interpretable
components,

S) = WopsSops(t) + WrainSrain (t) + WTST(t)'Wops + Wrain + wr = 1, (23)

where:

® Sy (t) is a binary indicator of operational disruption (e.g., conflict or surveillance

breakdown) obtained from current knowledge of a war-affected area,
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o S, (t) flags rainfall extremes, defined as:

_ (1, ifrainfall percentile < 0.10(drought) or > 0.95(flood)
Srain(t) = {0, otherwise ’ (24)

In the baseline specification, equal weights are assigned to all components, i.e., Wops = Wrain =

wy = 1/3. This choice reflects a non-informative and transparent starting point in the absence of strong
empirical or theoretical evidence to support differential weighting among drivers. Equal weighting is
commonly used in composite indicator construction to avoid introducing subjective bias when relative
importance is uncertain [40,41]. We acknowledge that the relative contribution of these components
may vary across contexts, and that alternative weighting schemes could influence the magnitude of the
resulting volatility index. However, the present formulation is designed to provide a flexible and
generalizable framework, in which weights can be readily adjusted based on expert knowledge,
empirical calibration, or application-specific priorities. Sensitivity to weighting assumptions is
therefore an important consideration for future extensions of the model.

Average rainfall data at administrative level from June to September (2010-2019) were obtained
from the Humanitarian Data Exchange (HDX; https://data.humdata.org/) platform. The datasets were
accessed in January 2026 and correspond to the most recent publicly available facility layers for Sudan
at the time of data retrieval. Rainfall data originally available at finer administrative units were
aggregated to the state (Admin-1) level using area-weighted means to ensure consistency with NDVI
data, which are reported directly at the state level. Prior to aggregation, administrative name
inconsistencies and spelling variants across datasets were manually reconciled using a standardized
crosswalk to avoid misclassification.

Desert locust breeding suitability is represented using a bounded species distribution model (SDM)
trained with Maximum entropy (MaxEnt), based on temperature, rainfall, and vegetation covariates
from Kimathi et al. [27]. The resulting suitability index S7(x,m) € [0,1] provides a spatial proxy for
desert locust physiological activity. This static suitability raster is overlaid with state boundaries, and
area-weighted mean suitability values were extracted per state and treated as a time-invariant covariate
across all months.

The volatility parameter was then mapped linearly as:

o (t) = Omin + (Omax — Omin)S(t) (25)

with oy, = 0.10 and 0y, = 0.40 . Scenario values (low, medium, high) are defined
reproducibly using empirical quantiles of a(t).

For the temporal and spatial analysis, the terminal acceptable stock level M™" is fixed as a 20%
of M, and applied uniformly to all selected locations, providing a common benchmark for evaluating
vulnerability under heterogeneous environmental and operational conditions. In addition, the baseline
stock M, was defined for each state as the mean biomass estimated from NDVI across the seasonal
observation window. Because NDVI and biomass vary substantially from month to month due to
rainfall, phenology, and land-surface dynamics, using a time-averaged biomass ensures that M,
represents a characteristic or expected resource level rather than transient conditions. This stable
baseline enables policy targets and inferred decision urgency to be interpreted as deviations from
normal ecological capacity rather than short-term fluctuations.

Although the stock dynamics are stochastic, results are summarized using conditional
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expectations and uncertainty bands rather than individual sample paths. Biological uncertainty y(t)
was propagated explicitly through Monte Carlo simulation, while stochastic forcing o(t) was
represented via scenario contrasts and inferred policy urgency. This approach avoids path-specific
overinterpretation while preserving the influence of uncertainty on decision-relevant quantities.
Parameters y(t) and o(t) feed directly into the stochastic control solution, which is inverted
numerically to infer the implied discount rate r(t). In this framework, r isnot a biological parameter;
it represents the urgency of decision-making required to prevent stocks from falling below a specified
target.

tar
t

. . . . M, .
In the theoretical formulation, the normalization term > y = e depends on the stochastic

0Zt
multiplier Z; = exp (—%azt + aWt), implying that y, and therefore the inferred parameter k, are

stochastic quantities. In the numerical implementation, stochasticity is handled through an explicit
simulation of the Brownian motion process. Specifically, for each spatial unit, a discrete-time
realization of W, was generated, and the corresponding trajectory of Z; was computed using the
time-varying volatility o;. The inversion was then performed pointwise in time using this realized
trajectory. That is, for each time step t, the value of y was computed using the simulated Z;, and
parameter k was obtained as the unique root of Eq (16). r(t) is subsequently recovered from k.
Consequently, the inferred urgency r(t) represents a path-dependent realization of decision urgency
under stochastic forcing, rather than an expectation or a distributional summary. This approach
preserves the temporal structure of stochastic variability and enables the model to capture dynamically
evolving ecological uncertainty. To ensure reproducibility, all stochastic simulations were performed
using a fixed random seed. We note that alternative formulations are possible, including expectation-
based or quantile-based inversion schemes, which would yield mean-field or risk-sensitive estimates
of urgency. However, this implementation prioritizes trajectory-level interpretation to reflect realized
system dynamics under uncertainty.

2.4. Spatio-temporal extension of the framework

To extend the framework from a purely temporal representation to a spatially explicit analysis,
we linked the model outputs to Sudan’s administrative units using standardized administrative
boundary shapefiles (obtained from the Humanitarian Data Exchange (HDX);
https://data.humdata.org/dataset/sudan-administrative-boundaries-2 accessed in January 2026). This
spatial referencing enables a mean spatio-temporal evaluation at the administrative level, enabling
systematic visualization and comparison across regions. Our objective was to assess how biological
pressure, environmental instability, and inferred policy urgency vary across space under heterogeneous
conditions.

Rather than explicitly simulating spatial stock diffusion, space was treated as a collection of
locations indexed by administrative unit, each characterized by locally observed environmental and
operational conditions. Temporal dynamics were evaluated at an average of monthly resolution,
producing spatially explicit estimates of model quantities. In this way, the spatial extension transforms
the stochastic control framework into a scalable decision-support tool that integrates remote sensing,
climate variability, and biological constraints into interpretable, decision-relevant indicators of
response timing.
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As stated above, the inferred discount rate represents the degree of decision urgency required to
prevent resource stocks from falling below a specified target level under local stochastic conditions.
Rather than interpreting the absolute values of r in isolation, we adopted a relative, data-driven
classification that facilitates policy interpretation and comparison across space and time. Specifically,
we classified policy urgency using empirical quantiles of the inferred distribution. This approach
avoids arbitrary threshold selection, accommodates spatial heterogeneity, and aligns with standard risk
stratification practices in climate and disaster risk assessment.

Let R = {r(x,m)} denote the set of inferred urgency values across all spatial locations and
months. We defined the following thresholds based on the empirical distribution of R:

To2s = 25 th percentile of R,
Toso = 50 th percentile ( median ) of R, (26)
To7s = 75 th percentile of R.

Using these thresholds, each location and month was assigned to one of four policy urgency
categories:

( Low, r(x,m) < 1gzs
Moderate, 71,5 <71(x,m) <r,
_ ) Q25 ) Q50
Urgency class (x,m) = ! High, roso < 7(X,m) < 7 (27)
Critical, r(x,m) > 1475

This classification admits a direct operational interpretation. Areas classified as low urgency are
characterized by relatively slow depletion dynamics, enabling longer-term planning, routine
monitoring, and preventive measures. Moderate urgency regions require heightened surveillance and
preparedness but do not warrant immediate intervention. High urgency regions indicate accelerated
depletion risk, where a timely and coordinated response becomes necessary to avoid unacceptable
biomass loss. Finally, critical urgency regions correspond to emergency conditions in which short-term
losses dominate, and rapid, resource-intensive action is required to prevent irreversible depletion.
Importantly, the framework does not prescribe specific interventions; rather, it provides a quantitative
lens through which the relative severity of conditions can be assessed across space and time.

The spatial representation adopted in this study is based on administrative units, which provide a
consistent and policy-relevant framework for integrating heterogeneous datasets. However, we
acknowledge that aggregating spatial data at this level may mask fine-scale variability in vegetation
dynamics and locust pressure. This limitation is related to the modifiable areal unit problem (MAUP),
whereby statistical results may depend on the scale and configuration of spatial units used in the
analysis [42]. The chosen resolution reflects a trade-off between data availability, computational
tractability, and decision relevance.

3. Results
Figure 2 illustrates the monthly evolution of biological saturation y(t) across Sudanese states

from June to September, derived from NDVI-based biomass estimates. Across most states, y(t)
exhibits a pronounced early-season peak, followed by a rapid decline later in the season if M™" is fixed
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as a 20% of M,. States such as Aj Jazirah, Central Darfur, Gedaref, West Darfur, and White Nile
showed values of y(t) close to unity in June—July, indicating strong biological saturation consistent
with low effective resource limitation. As the season progresses, declining NDVI leads to sharp
reductions in y(t), reflecting increasing resource constraint. In contrast, arid and semi-arid regions
(Northern, River Nile, Kassala, Red Sea) display persistently flat and near-constant saturation profiles,
consistent with chronically low vegetation availability and limited seasonal variability. Intermediate
dynamics are observed in Blue Nile, Sennar, South Darfur, and South Kordofan, where y(t)
decreases more gradually over time, indicating a slower transition from resource-rich to resource-
limited conditions. Importantly, y(t) is a biophysical state variable, not a measure of risk, impact, or
hazard occurrence. It represents the degree to which available biomass can buffer depletion processes
and enters the model as a modifier of how rapidly policy-relevant stock levels respond to extraction
and stochastic shocks. As such, high values of y(t) indicate biological buffering capacity, whereas
low values signal heightened sensitivity of the system to perturbations, but do not imply the presence
or absence of adverse events.
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Figure 2. State-level temporal profiles of biological saturation y(t) from June to
September. Each panel corresponds to one administrative unit. Biological saturation is
derived from normalized difference vegetation index (NDVI)-based biomass estimates
and reflects the degree of resource availability relative to depletion pressure. Values
near 1 indicate strong biological buffering, while lower values indicate increasing
resource limitation.
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Figure 3 shows the monthly evolution of the shock volatility term o (t) across Sudanese states
from June to September. Volatility reflects the combined influence of conflict exposure, rainfall
extremes, and climatic suitability, and captures the intensity of short-term stochastic perturbations
acting on the system if M" is fixed as a 20% of M,. Across most states, a(t) exhibits marked intra-
seasonal variability, with mid-to-late season peaks coinciding with periods of heightened rainfall
extremes and persistent operational disruption. Several states (Central Darfur, East Darfur, North
Darfur, North Kordofan, Sennar, South Darfur, South Kordofan, and White Nile) display a monotonic
increase in volatility toward August—September, indicating growing exposure to compounding shocks
as the season progresses. In contrast, arid or conflict-stable regions (Northern, Kassala, River Nile,
Red Sea) show comparatively lower and more stable volatility profiles, consistent with weaker rainfall
variability and reduced shock amplification. Importantly, a(t) does not represent realized damage,
losses, or impact occurrence. Rather, it quantifies the magnitude of uncertainty and shock intensity
entering the stochastic stock dynamics. High values of o(t) imply greater unpredictability and
stronger short-term fluctuations, which amplify the urgency of decision-making when combined with
low biological saturation and binding policy constraints, but do not indicate adverse outcomes.
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Figure 3. State-level temporal profiles of shock volatility a(t) from June to September.
Volatility integrates the effects of conflict presence, rainfall extremes, and climatic
suitability and represents the intensity of stochastic perturbations acting on the system.
Higher values indicate increased uncertainty and short-term shock amplification, rather
than realized impacts or losses.
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Figure 4 shows the r(t) across states from June to September. The urgency parameter
summarizes the intensity of intervention required to maintain the policy stock constraint in the presence
of biological limitations and stochastic shocks if M"" is fixed as a 20% of M,. Values of r(t) close
to zero indicate that the system can satisty the policy target with minimal intervention, whereas large
positive values indicate periods in which rapid action is required to counteract short-term depletion
pressure. Across a majority of states (Northern, Kassala, River Nile, Red Sea, and Khartoum), inferred
urgency remains near zero throughout the season, reflecting stable conditions in which biological
saturation and shock volatility are insufficient to threaten the policy stock. In these regions, depletion
is slow relative to uncertainty, allowing managers to rely on monitoring and routine preparedness. In
contrast, several states (Blue Nile, East Darfur, South Darfur, South Kordofan, and Sennar) exhibit
sharp, transient peaks in urgency, typically early in the season. These peaks coincide with periods of
reduced biological saturation and elevated shock volatility, indicating that short-term losses dominate
unless rapid corrective action is taken. The subsequent decline in 7(t) reflects improving ecological
conditions or reduced stochastic pressure, rather than realized recovery. Importantly, high values of
r(t) do not imply observed damage, outbreak occurrence, or realized biomass loss. Instead, they
represent model-implied urgency, the rate of response that would be required to prevent policy failure
under prevailing conditions. As such, r(t) provides a forward-looking, decision-relevant signal rather
than a retrospective impact metric.
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Figure 4. Temporal dynamics of inferred decision urgency r(t) by state. Peaks in
urgency indicate periods where rapid intervention is required to maintain the policy stock
under stochastic shocks and biological constraints. Near-zero values reflect stable
conditions permitting routine monitoring.

Mathematical Biosciences and Engineering Volume 23, Issue 6, 1844-1868.



1859

Mean Decision Urgency () Peak Decision Urgency (max r)
maxr
4 6
3 4
] .
2
1
0 0
Mean Shock Volatility (o) Mean Biological Saturation (y)

G \
1.00
0.30
o5 075
0.24 050
0.21 0.25

Figure 5. Spatial distribution of decision urgency and its drivers. Top panels show mean
decision urgency (7) and peak urgency (max 7) across the season. Bottom panels display
mean shock volatility (6) and mean biological saturation (y). High urgency indicates
locations where rapid intervention would be required to maintain policy stock targets
under stochastic shocks, rather than areas of observed impact.

Figure 5 presents the spatial distribution of decision urgency and its underlying components,
aggregated at the administrative level. The upper panels show the mean inferred urgency (7) and peak
urgency (max 7 ), summarizing typical and worst-case intervention pressure over the season,
respectively. The lower panels display the corresponding mean shock volatility () and mean
biological saturation (y), which jointly determine the urgency dynamics. The 7 is low across most
northern and central regions, indicating that, on average, policy stock targets can be maintained without
sustained intervention. In contrast, several southern and transitional states exhibit elevated mean
urgency, reflecting persistent exposure to ecological conditions in which biological capacity is limited,
and stochastic shocks exert stronger influence. The max r further reveals that even where average
conditions appear stable, short but intense periods of high intervention pressure can occur, emphasizing
the importance of preparedness for episodic risk rather than reliance on seasonal averages alone.
Moreover, spatial patterns in urgency are closely aligned with its drivers. Regions with higher &
arising from conflict exposure, rainfall extremes, or environmental suitability tend to coincide with
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areas of elevated peak urgency. Conversely, regions characterized by high y, indicating greater NDVI-
derived biomass availability relative to consumption pressure, generally exhibit lower urgency despite
exposure to shocks.

Figure 6 summarizes spatial variation in decision urgency using four policy-relevant classes
derived from the empirical distribution of inferred urgency. Most northern and central states are
classified as low urgency, indicating that ecological conditions enable the policy stock target to be
maintained without immediate intervention. These regions are characterized by relatively high
biological saturation and/or low shock volatility, such that depletion proceeds slowly relative to
uncertainty. In contrast, several southern states fall into moderate to high urgency classes, reflecting
environments where the policy stock constraint is approaching binding under plausible shock
realizations. These regions warrant increased surveillance and preparedness, as modest deterioration
in environmental conditions or conflict intensity could rapidly elevate intervention needs. A subset of
states is classified as critical urgency, indicating that short-term depletion pressure dominates and that
maintaining the policy stock target would require immediate, coordinated action. Areas labeled NA
reflect insufficient or incomplete data and are excluded from interpretation. Importantly, these urgency
classes do not represent observed damage, outbreak occurrence, or realized biomass loss. Rather, they
identify locations where decision pressure is highest to prevent unacceptable depletion, conditional on
NDVI-derived biomass dynamics and stochastic environmental shocks. Consequently, regions
classified as critical urgency are not necessarily areas of highest hazard presence, but those where
proactive intervention is most strongly required to meet management objectives.

Urgency level
Critical
High
Low
NA

Figure 6. Spatial classification of decision urgency. Administrative units are grouped into
low, moderate, high, and critical urgency classes based on quantiles of inferred urgency.
Classes indicate the relative need for intervention to maintain policy stock targets under
stochastic ecological shocks, rather than observed impact or realized biomass loss.
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4. Discussion

In this study, we advance the translation of stochastic ecological theory into an operational
decision-support framework by reformulating a Hamiltonian-based control problem into an
interpretable measure of decision urgency. Classical formulations based on Hamilton—Jacobi—Bellman
equations and stochastic differential dynamics provide a rigorous description of optimal control under
uncertainty [43—45], but they remain difficult to operationalize for real-world management due to their
abstract mathematical form and limited interpretability for practitioners. By inverting a closed-form
stock kernel and expressing the solution as a time- and space-resolved urgency metric, this work
bridges that gap, transforming a theoretically grounded stochastic control problem into outputs that
can directly inform policy prioritization.

A key innovation of the proposed framework lies in its conceptual separation between hazard
presence and decision urgency. The inferred urgency does not represent pest abundance, outbreak
probability, or realized damage. Instead, it quantifies the risk of failing to maintain a policy-defined
biomass stock threshold, derived from NDVI-based proxies, under prevailing ecological conditions
and stochastic shocks. This distinction is critical: regions classified as high or critical urgency are not
necessarily areas of highest pest pressure, but rather locations where the system is most vulnerable to
rapid biomass depletion relative to the chosen management target. In this sense, the model provides a
forward-looking, preventive perspective, emphasizing where timely action is most needed to avoid
unacceptable losses. Under this reinterpretation, r, traditionally used to weigh future outcomes [14],
represents an exogenous economic preference or subjective valuation of time, but instead quantifies
the minimum urgency of intervention implied by stochastic ecological conditions.

In classical formulations, v represents an exogenous economic preference governing
intertemporal trade-offs. However, because discounting directly controls how future system states
influence present decisions, it also implicitly determines the temporal responsiveness of optimal
control trajectories [17]. By inverting the control problem under a binding stock constraint, we leverage
this structural role to reinterpret r as an endogenous indicator of decision urgency, reflecting the
intensity of response required to maintain system viability under stochastic forcing. Importantly, the
proposed reinterpretation does not modify the mathematical structure of stochastic control but rather
exploits the intrinsic role of r in governing temporal trade-offs and trajectory sensitivity.

Another innovation of this framework is the explicit propagation of uncertainty into two
biologically and operationally meaningful components. Uncertainty in the functional response
parameter is treated as biological uncertainty arising from imperfect knowledge of feeding saturation
and trait scaling and is propagated through uncertain allometric relationships drawn from published
meta-analyses, with outcomes summarized using expectations and quantiles [39]. In contrast, the time-
varying volatility parameter represents process-level instability driven by environmental and
operational shocks, including rainfall extremes, desert locust suitability, and conflict-related
surveillance disruptions. Redefining the volatility parameter as a bounded, interpretable instability
index rather than a purely statistical noise term is particularly relevant for desert locust systems, where
abrupt changes are often externally driven.

The results showed seasonal and spatial contrasts in how biological capacity and external shocks
shape management pressure across Sudan (Figure 2—6). Early in the season, several agriculturally
productive states exhibit strong biological buffering associated with high vegetation availability, while
arid regions remain persistently resource-limited with little seasonal change. As the season progresses,
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declining vegetation combined with rainfall extremes and operational disruptions increases system
instability in parts of central and southern Sudan. Decision urgency rises only where these pressures
coincide, producing short but pronounced periods in which rapid intervention would be required to
prevent unacceptable depletion. In contrast, most northern and central states remain stable throughout
the season, enabling reliance on routine monitoring rather than emergency action. These developments
align with work in operations research and decision science, emphasizing the need for interpretable
and robust decision-support tools under uncertainty [46—50]. Importantly, the results presented are
conditional on a user-defined policy target, expressed as a fraction of baseline biomass. In this study,
the target is fixed for illustrative purposes, but the framework is explicitly designed to be flexible:
Decision-makers can readily adjust the target threshold to reflect different risk tolerances, management
objectives, or socio-economic constraints. As such, the urgency maps should not be viewed as fixed
risk products, but as adaptive decision layers that evolve with policy priorities. This flexibility is
particularly relevant in operational contexts, where acceptable levels of loss may vary across regions,
seasons, or governance settings.

Although this application focuses on biomass loss derived from NDVI, the framework is readily
generalizable. In principle, any system in which losses can be summarized as a stock (e.g., crop yield,
forage availability, ecosystem services, or economic assets), can be embedded within the same
Hamiltonian structure [13]. The stock variable in this study represents the quantity that policy seeks to
preserve, while stochastic drivers capture environmental, climatic, or socio-political uncertainty. This
generality positions the framework as a unifying approach for decision-support across domains of
environmental and agricultural management. Moreover, the construction of the stochastic volatility
term assumes equal weighting of conflict, rainfall extremes, and suitability, reflecting a neutral baseline
in the absence of strong prior information. However, this choice is not prescriptive. The weighting
scheme can be readily adapted using expert elicitation, empirical calibration, or context-specific
knowledge to emphasize particular drivers of uncertainty [51]. This adaptability enables the framework
to evolve from a generic decision-support tool into a locally tailored system, aligned with stakeholder
expertise and operational realities.

Moreover, the construction of the stochastic volatility term assumes equal weighting of conflict,
rainfall extremes, and climatic suitability, reflecting a neutral baseline in the absence of strong prior
information. In composite indicator frameworks, equal weighting is commonly adopted when
empirical or theoretical evidence is insufficient to justify differential importance among
components [52,53]. While this approach ensures transparency and avoids introducing subjective bias,
it implicitly assumes that all contributing factors have comparable influence, which may not hold in
all contexts [40]. Importantly, the choice of weights is known to influence the magnitude and
interpretation of composite indicators, and different weighting schemes can lead to variation in model
outputs and rankings [41]. For this reason, sensitivity analysis is widely recommended as a critical step
in the construction and evaluation of composite indices to assess robustness under alternative
weighting assumptions. In this framework, the equal-weighting specification should therefore be
interpreted as a baseline, non-informative assumption rather than a definitive representation of system
dynamics. The model is inherently flexible, and weights can be readily adjusted to reflect expert
knowledge, empirical calibration, or context-specific priorities. Future extensions could systematically
explore alternative weighting schemes and their influence on inferred urgency patterns, providing a
more comprehensive assessment of uncertainty associated with model structure.

Nevertheless, a key limitation of this analysis arises from the use of aggregated spatial units.
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Aggregating environmental and ecological processes at the administrative level may obscure important
local heterogeneity, particularly in systems such as desert locust dynamics, where vegetation
conditions and outbreak intensity can vary at much finer spatial scales. This issue is closely related to
the MAUP, a well-established source of bias in spatial analysis, whereby statistical relationships and
spatial patterns depend on the scale and zoning of aggregation [42]. In this study, the use of
administrative units is motivated by the availability and harmonization of input datasets, as well as the
need to align outputs with policy-relevant decision scales. However, the proposed framework is not
inherently tied to this level of aggregation. It is fully scalable and can be implemented at finer spatial
resolutions (e.g., gridded remote sensing data) where data availability permits. In future work,
researchers should therefore explore multi-scale implementations and explicitly assess sensitivity to
spatial resolution to quantify the robustness of inferred urgency patterns under alternative spatial
representations. Another limitation of the present framework is that uncertainty in the biological
saturation parameter y(t), arising from the Holling-type functional response and allometric scaling
relationships, is not propagated through the inversion procedure. While y(t) is estimated with
uncertainty and visualized using confidence bands, the inversion is performed using its mean trajectory.
Consequently, the reported urgency estimates capture stochastic variability associated with
environmental and operational shocks, but do not reflect uncertainty in biological response parameters.
Researchers could extend the framework by propagating y uncertainty through the inversion step,
yielding distributions of r(t) and enabling a more comprehensive quantification of uncertainty in
decision urgency.

More broadly, this work contributes to ecological complexity research by demonstrating how
stochastic process models can be operationalized without overclaiming predictive precision [54].
Rather than emphasizing individual sample paths or exact forecasts, we focus on conditional
expectations, uncertainty bands, and scenario contrasts that preserve the influence of randomness while
remaining interpretable [55]. The proposed reinterpretation is intentionally generic and transferable,
enabling similar frameworks to be applied to other ecological disturbances, including pest outbreaks,
disease emergence, or climate-driven resource shocks. In doing so, we position stochastic control not
as an optimization doctrine, but as a translation mechanism between ecological uncertainty and
decision-relevant insight. This shift in perspective enables stochastic models to better serve their
intended role in complex ecological systems; supporting timely, transparent, and adaptive decision-
making efforts under extreme uncertainty.

5. Conclusions

This study demonstrates how stochastic optimal control models, traditionally interpreted as
normative optimization tools, can be re-purposed as diagnostic instruments for decision-making under
extreme ecological uncertainty. By reinterpreting key control parameters as emergent indicators of
decision urgency rather than fixed economic or biological constants, we bridge a critical gap between
mathematical elegance and operational relevance. Applied to desert locust—driven vegetation biomass
depletion in Sudan, the framework integrates biologically grounded nonlinear consumption, remotely
sensed environmental variability, and operational disruption within a unified stochastic process
representation. Inverting the closed-form solution of the stochastic control problem enables urgency
to be inferred directly from target constraints, producing interpretable temporal and spatial patterns
without relying on realized loss trajectories or equilibrium assumptions. More broadly, the proposed
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reinterpretation expands the role of stochastic control theory beyond optimal exploitation problems. It
provides a scalable and transferable approach for translating ecological variability and uncertainty into
decision-relevant indicators of response timing and prioritization. This perspective opens new avenues
for applying stochastic process models to ecological crises, disease outbreaks, and other systems in
which urgency, rather than long-term optimality, is the main concern.
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