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Abstract: In this paper, we present a delayed within-host viral dynamics model that integrates
nonlinear immune responses and heterogeneous exposure. The model combines logistic viral
replication, delayed immune-mediated clearance, and time-dependent external forcing. We introduce
a 4 × 4 factorial framework that systematically couples four canonical immune response architectures
(linear, Michaelis–Menten, Hill-type, and switch-like) with four representative exposure profiles
(constant, periodic, event-driven, and adaptive), yielding sixteen distinct dynamical scenarios. A
rigorous theoretical analysis established positivity, boundedness, equilibrium structure, and delay-
induced Hopf bifurcations. Extensive numerical simulations quantified transient amplification, timing,
clearance efficiency, oscillatory behavior, and long-term persistence using a comprehensive set of nine
quantitative metrics. The results reveal robust dynamical hierarchies governed by immune sensitivity
and exposure intermittence rather than maximal clearance capacity. In particular, ultrasensitive
immune responses amplified early overshoots and cumulative burden, whereas impulsive or adaptive
exposure substantially reduced persistence and accelerated post-peak decay. These findings revealed
fundamental trade-offs between early transient control and long-term viral persistence in delayed
immune feedback systems.

Keywords: within-host viral dynamics; immune delay; nonlinear immune response; external forcing;
delay differential equations; Hopf bifurcation

1. Introduction

Within-host viral dynamics arise from the interplay between viral replication, immune-mediated
clearance, and external exposure [1,2]. Immune responses are characterized not only by their functional

https://www.aimspress.com/journal/mbe
https://dx.doi.org/10.3934/mbe.2026066


1800

architecture but also by activation delays reflecting recognition, signaling, and effector deployment.
These delays can substantially alter infection dynamics, leading to transient overshoots, oscillations,
or sustained viral persistence.

Such dynamics have been extensively studied in the context chronic and acute infections,
including HIV and COVID-19 [1–3]. The classical target-cell limited framework, introduced by
Nowak and May and supported by Perelson and collaborators, provides a quantitative basis for
describing viral replication, infected cell lifespan, and clearance kinetics [1, 2]. It has been shown that
viral populations exhibit rapid turnover, indicating the central role of immune-mediated mechanisms
in infection control [3].

Further studies have incorporated immune responses more explicitly. In particular, nonlinear
mechanisms such as saturation and density-dependent killing have been shown to be necessary to
reproduce observed infection dynamics [4, 5]. In addition, biological delays arising from intracellular
viral production and immune activation processes have been modeled using delay differential
equations [2]. These studies suggest that delays can generate oscillations and modify equilibrium
stability, leading to qualitatively different infection dynamics [6, 7].

Moreover, within-host viral dynamics have been revisited from a rigorous mathematical perspective,
with particular emphasis on structural properties such as positivity, boundedness, and global stability
of equilibria [8].

In parallel, researchers have explored more biologically detailed formulations incorporating
heterogeneous transmission and immune response variability [9–11]. Delay differential equation
frameworks have been widely employed to capture immune activation lags and their dynamical
consequences, including oscillatory behavior and stability shifts [12–15]. Empirical and
epidemiological studies further highlight the importance of viral load kinetics and transmission
heterogeneity in shaping infection outcomes [16–18]. However, most approaches treat delayed
immune responses and time-dependent exposure separately, leaving their combined impact
insufficiently understood.

From a modeling perspective, exposure is inherently time-dependent. Contact patterns, social
behavior, and environmental conditions generate repeated, periodic, or sporadic viral intake,
especially for respiratory infections. Moreover, multiscale studies highlight the importance of
time-varying exposure for infection kinetics [19–21]. Specifically, choosing the appropriate
mathematical framework to capture these dynamics is essential for accurate predictions [22], and
understanding immune dysregulation remains a cornerstone of modern within-host modeling [23].
However, most within-host models either neglect such forcing or examine it independently of
immune nonlinearity.

Experimental evidence further indicates that the timing of immune activation is a key determinant
of infection outcomes. In infections, such as influenza and COVID-19, early immune activation is
associated with faster viral clearance, whereas delayed responses are linked to higher viral loads and
prolonged infection [24–26].

In this work, we aim to develop a unified framework that jointly accounts for delayed immune
responses and heterogeneous exposure. We compare four canonical immune response architectures
with four representative exposure profiles, leading to sixteen distinct scenarios. Using analytical tools
for delay differential equations and a comprehensive numerical study, we characterize how immune
architecture and exposure structure jointly determine infection severity, timing, clearance efficiency,
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and oscillatory behavior.
While delay-induced oscillations and Hopf bifurcations are well-characterized in within-host

modeling, their interaction with heterogeneous exposure remains less explored.
We extend classical stability analysis by systematically coupling delayed immune feedback with

time-dependent exposure. We introduce a 4 × 4 factorial framework comprising sixteen dynamical
scenarios to investigate how nonlinearity and exposure structure co-determine transient amplification,
oscillatory regimes, and viral persistence.

These four immune response functions are selected as canonical representations spanning linear,
saturating, cooperative, and threshold-driven activation mechanisms widely reported in
immunological modeling. Similarly, the chosen exposure profiles capture persistent, periodic,
impulsive, and feedback-regulated contact patterns, thereby providing a minimal yet comprehensive
basis for systematically exploring the interaction between immune dynamics and
heterogeneous exposure.

The remainder of this paper is organized as follows. In Section 2, we introduce the mathematical
model, detailing the four immune response functions and the four exposure profiles. In Section 3, we
provide a rigorous theoretical analysis, including proofs for existence, uniqueness, and stability under
different exposure regimes. In Section 4, we describe the numerical methodology and the quantitative
metrics used for comparison. Results and discussion are presented in Sections 5 and 6, while in
Section 7, we conclude the paper with biological implications and future directions.

2. Mathematical model

The within-host viral dynamics are described by the following delay differential equation:

dC(t)
dt
= r C(t)

(
1 −C(t)

)
+ ρCa(t) − γC(t) f (C(t − τ)) , (2.1)

where C(t) denotes the viral load at time t. The model accounts for intrinsic viral replication, external
exposure, and immune-mediated clearance. Viral replication is subject to saturation effects reflecting
finite within-host resources. External exposure is represented by the time-dependent forcing term Ca(t),
which reflects social interactions, contact frequency, and the nature of contacts, thereby capturing
repeated or sustained exposure to infectious sources. Immune clearance depends on past viral load
levels, incorporating the delayed activation of the immune response.

Parameter r denotes the intrinsic replication rate, ρ scales the contribution of external exposure, and
γ quantifies immune efficiency. The delay τ represents the time required for immune activation, while
function f (·) specifies the dependence of immune response on previous viral load.

Assumption 1 (Parameter admissibility). All model parameters are assumed to be non-negative and
biologically meaningful. In particular,

r > 0, γ > 0, ρ ≥ 0, τ ≥ 0,

and all parameters appearing in the immune response functions (e.g., K, n, κ, C∗) are strictly positive.

These assumptions are used throughout the analysis to ensure positivity, boundedness, and well-
posedness of the system. The parameters introduced in Eq (2.1) are selected to be biologically plausible
and consistent with reported ranges in within-host viral dynamics studies.
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2.1. Immune response functions

To investigate how immune activation mechanisms shape within-host viral dynamics, we consider
four canonical immune response functions commonly employed in the literature [1, 2]. These
functions capture different levels of biological complexity, ranging from proportional clearance to
saturating, cooperative, and threshold-driven immune responses. All functions f (C) are assumed to be
monotonically non-decreasing and bounded, ensuring biologically plausible immune-mediated
clearance rates [?].

Table 1. Immune response functions considered in the model and their biological
interpretation.

Response type Functional form f (C) Biological interpretation
Linear C Proportional immune clearance; baseline reference

Michaelis–Menten
C

K +C
Saturating response due to limited effector capacity

Sigmoidal (Hill)
Cn

Kn +Cn Cooperative activation and ultrasensitivity

Switch-like
1

1 + exp[−κ(C −C∗)]
Threshold-dependent, all-or-none immune activation

A graphical illustration of the immune response functions is provided in Figure 1(A).
The linear response represents the simplest formulation of immune-mediated clearance, in which

immune activity increases proportionally with viral load. Owing to its analytical tractability, this form
is frequently adopted as a baseline in within-host viral models and serves as a reference for stability
and persistence analyses [1, 2].

The Michaelis–Menten formulation introduces saturation effects, reflecting biological constraints
such as finite numbers of cytotoxic lymphocytes or limited killing capacity. This functional form has
been widely used to model viral–immune interactions and captures the empirically observed decrease
in marginal immune efficiency at high viral loads [?, 28].

The Hill-type sigmoidal response generalizes the Michaelis–Menten formulation by incorporating
cooperative effects. For Hill coefficients n > 1, immune activation becomes ultrasensitive, enabling
the model to reproduce sharp transitions between weak and strong immune clearance. Such behavior
is consistent with cooperative molecular binding and signaling cascades involved in immune
activation [29].

Finally, the switch-like response explicitly models threshold-dependent immune activation.
Parameter C∗ represents the viral load required to trigger a substantial immune response, while κ
controls the steepness of this transition. This formulation is particularly suitable for immune
processes exhibiting abrupt activation, such as T-cell responses and regulatory feedback mechanisms,
and enables the study of bistability and sudden immune onset in within-host dynamics [30].

Each immune response function listed in Table 1 can be substituted into Eq (2.1), yielding distinct
immune-mediated clearance dynamics. This comparative framework enables us to assess how the
functional architecture of immune activation influences viral persistence, clearance, and transient
behavior. The explicit analytical forms and parameter values used for all immune response functions
are summarized in Appendix (Table A2).
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2.2. Exposure functions

To represent heterogeneous interactions between the host and the viral environment, we introduce
a set of time-dependent exposure functions Ca(t) acting as external forcing terms in Eq (2.1). These
functions encode the temporal structure of environmental exposure resulting from social interactions,
contact frequency, and the nature of contacts. Similar forcing approaches have been widely used in
within-host and multiscale models to couple individual-level viral dynamics with population-level or
behavioral processes [2, 19, 20].

We consider four representative exposure formulations, constant, periodic, event-driven, and
adaptive, which capture a broad spectrum of realistic contact patterns. These formulations are
summarized in Table 2.

The corresponding exposure profiles are illustrated in Figure 1(B), highlighting differences in
persistence, periodicity, and impulsive forcing.
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Figure 1. (A) Immune response functions f (C): Linear, Michaelis–Menten, Hill-type,
and switch-like, with distinct levels of saturation, cooperativity, and threshold effects. (B)
Exposure profiles Ca(t): Constant, periodic, event-driven, and adaptive, with different
temporal patterns of environmental viral input. These functions and profiles define the
dynamical configurations of the model (Eq (2.1)). Unless otherwise specified, parameters
are set to the baseline values in Table 3.
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Table 2. Exposure functions considered in the model and their interpretation.

Exposure type Mathematical form Ca(t) Interpretation
Constant Ca = C0 Persistent background exposure

Periodic C0

(
1 +

1
2

sin(ωt)
)

Regular or seasonal contact patterns

Event-driven
∑
te∈T

A exp
(
−

(t − te)2

2σ2

)
Discrete exposure events or gatherings

Adaptive
C0

1 + αC(t)
Behavioral response to infection level

The constant exposure function represents sustained background contact with the viral environment,
corresponding to continuous low-level exposure through routine social interactions. This formulation
is commonly adopted as a baseline forcing term in within-host and hybrid models [1, 2].

The periodic exposure function captures regular fluctuations in contact intensity, such as daily,
weekly, or seasonal variations in social behavior. Periodic forcing has been extensively used in
epidemiological and multiscale models to represent structured contact patterns and has been shown to
generate nontrivial dynamical behaviors, including resonance and oscillations [31, 32].

The event-driven formulation models discrete exposure episodes, such as mass gatherings,
high-risk encounters, or sporadic environmental contamination. Gaussian pulses provide a smooth
representation of temporally localized exposure events and have been employed in within-host and
population-level models to represent impulsive or clustered transmission events [21, 33].

Finally, the adaptive exposure function introduces feedback between the viral load and contact
behavior. Parameter α quantifies the strength of behavioral adaptation, such as self-isolation or reduced
social activity in response to increasing infection burden. Similar adaptive formulations have been
proposed in behavioral epidemiology and multiscale frameworks to account for risk-aware contact
modulation and feedback-driven dynamics [19, 34]. The normalized mathematical expressions of all
exposure profiles used in numerical simulations are provided in Appendix (Table A1).

3. Theoretical analysis and analytical foundations

3.1. Mathematical preliminaries

In this section, we introduce the functional framework and analytical tools used throughout the
paper. Only results that are directly applied in the subsequent analysis are presented.

3.1.1. Phase space and well-posedness

Let τ > 0 and define the phase space

X := C([−τ, 0],R), ∥ϕ∥∞ := sup
θ∈[−τ,0]

|ϕ(θ)|.

Here, X = C([−τ, 0],R) denotes the Banach space of continuous functions defined on [−τ, 0],
equipped with the supremum norm.
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For a solution C(t), the associated history segment is defined by

Ct(θ) := C(t + θ), θ ∈ [−τ, 0].

Theorem 3.1 (Existence and uniqueness). See [35, Chapter 2, Section 2.2] and [36, Chapter 2,
Section 2.2]. Consider

dC(t)
dt
= r C(t)(1 −C(t)) − γC(t) f

(
C(t − τ)

)
+ ρCa(t).

If f is locally Lipschitz and Ca(t) is continuous, then for any initial function ϕ ∈ X, there exists a
unique classical solution C(t) defined on a maximal interval [0,Tmax).

Proposition 3.2 (Semiflow well-definedness [36, Chapter 3, Sections 3.1–3.2]). Under the
assumptions of Theorem 3.1, the solution map

T (t)ϕ := Ct(·), t ≥ 0,

defines a continuous semiflow on X:

T (0) = I, T (t + s) = T (t) ◦ T (s), T (t)ϕ depends continuously on (ϕ, t).

Lemma 3.3 (Forward invariance [35, Chapter 2, Section 2.3]; [36, Chapter 4, Section 4.2]). For any
initial history function ϕ ∈ C([−τ, 0], [0, 1]), the corresponding solution C(t) of the system remains in
[0, 1] for all t ≥ 0.

Proof. The result follows from standard comparison arguments and the positive invariance of [0, 1],
since the vector field points inward at the boundaries C = 0 and C = 1.

Theorem 3.4 (Razumikhin stability theorem [36, Chapter 5, Section 5.4]; [35, Chapter 2, Section 2.6]).
Let V : R→ R+ be a continuously differentiable function. Assume that there exist constants c1, c2, c3 >

0 and q > 1 such that
c1|x|2 ≤ V(x) ≤ c2|x|2,

and whenever the condition

V(x(t + θ)) ≤ qV(x(t)), ∀θ ∈ [−τ, 0]

is satisfied, we have
V̇(x(t)) ≤ −c3|x(t)|2.

Then the equilibrium x = 0 is globally asymptotically stable.

3.1.2. Classical analytical tools

The following results are standard and will be applied in later proofs. We state them
for completeness.

Theorem 3.5 (Arzelà–Ascoli). [37, Chapter 3]. A uniformly bounded and equicontinuous family
F ⊂ C([a, b]) is relatively compact.
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Theorem 3.6 (Schauder fixed-point theorem [37, Chapter 3]). Let K be a nonempty, convex, compact
subset of a Banach space, and T : K → K be continuous. Then T has at least one fixed point.

Theorem 3.7 (Hopf bifurcation for delay differential equations). [36, Chapter 11, Section 11.1] and
[38, Chapter 4]. Let the characteristic equation of a DDE admit simple roots λ = ±iω at τ = τ0.
If the transversality condition ℜ

(
dλ
dτ

) ∣∣∣
τ=τ0
, 0 holds, then a Hopf bifurcation occurs at τ0, producing

periodic solutions.

The results are classical and can be found in standard references on functional and delay
differential equations.

3.2. Theoretical analysis under null, constant, and periodic exposure regimes

In this section, we provide the full analytical foundation for the delayed viral–immune system. We
begin with the null exposure case, establishing equilibrium existence, local stability, and
delay–induced Hopf bifurcation. Thereafter, we analyze constant exposure, proving uniqueness of the
endemic equilibrium, sensitivity with respect to the exposure level, and characterizing the
corresponding Hopf bifurcation thresholds. Finally, we consider periodic exposure and prove the
existence of T–periodic solutions via a Poincaré operator and Schauder’s fixed–point theorem,
followed by a Lyapunov–Krasovskii stability criterion.

Throughout this section, we denote the equilibrium concentration as C∗. When analyzing the
constant exposure case, we explicitly write C∗(C0) to emphasize its dependence on the exposure level
C0. The general continuous exposure function is denoted Ca(t).

Notation.
τk denotes the delay values at which purely imaginary roots occur, and Ca(t) denotes the external
exposure profile (constant, null, or periodic). We write C∗(C0) when emphasizing dependence on the
constant exposure level.

Linearization notation.
Throughout the paper, the linearized coefficients are defined by

a = r(1 − 2C∗) − γ f (C∗), b = −γC∗ f ′(C∗),

unless otherwise specified.

3.2.1. Functional setting and invariance

The functional framework ensuring well-posedness and biological relevance of system (3.1) is
established below.

The delayed viral–immune system is analyzed:

dC(t)
dt
= r C(t)

(
1 −C(t)

)
− γC(t) f (C(t − τ)) + ρCa(t), (3.1)

under three exposure regimes: (i) null exposure Ca = 0, (ii) constant exposure Ca = C0 > 0, and
(iii) periodic exposure Ca(t + T ) = Ca(t). Our assumptions are consistent with classical within–host
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viral dynamics and immune interaction models [?, 1, 2], as well as standard delay differential equation
frameworks [35, 36, 38].

The following assumptions specify the structural properties of the immune response and the
interaction terms, ensuring well-posedness, positivity, and biological consistency of the model.

Let X = C([−τ, 0],R) and define

X+ = {ϕ ∈ X : 0 ≤ ϕ(θ) ≤ 1}.

Assumption 2 (Immune response function). The function

f : R≥0 → R≥0

satisfies the following properties:

(1) f is continuous and locally Lipschitz continuous.
(2) f is non-decreasing and bounded, with

0 ≤ f (C) ≤ fmax, ∀C ≥ 0.

(3) f (0) = 0, and f is continuously differentiable on the interval (0, 1).

Assumption 3 (Balance between exposure and immune response). The model parameters satisfy

γ f (1) ≥ sup
t≥0
ρCa(t).

Assumption 4 (Monotonicity condition). The function

h(C) = γC f (C) − rC(1 −C)

is strictly increasing in a neighborhood of the equilibrium C∗.

Remark 3.8. A sufficient condition for Assumption 4 is

γ
(
f (C) +C f ′(C)

)
> r(1 − 2C), ∀C ∈ (0, 1).

Proposition 3.9 (Positivity and invariance [35]). Under Assumptions 2–3, the set X+ is positively
invariant under the semiflow associated with (3.1).

Proof. [Sketch of proof] To establish the positive invariance of X+, we examine the behavior of the
vector field on the boundaries of the interval [0, 1]. At C = 0, system (3.1) reduces to Ċ(t) = ρCa(t) ≥ 0,
which guarantees non-negativity of solutions. At the upper boundary C = 1, the derivative satisfies:

Ċ(t) = ρCa(t) − γ f (C(t − τ)).

Since f is non-decreasing and C(t − τ) ≤ 1 for t near the boundary, we have f (C(t − τ)) ≤ f (1). It
follows from Assumption 3 that

Ċ(t) ≤ ρCa(t) − γ f (1) ≤ 0.

Because the vector field points inward (or is tangent) at C = 0 and C = 1, any solution C(t) with initial
history ϕ ∈ X+ is confined to [0, 1] for all t ≥ 0.
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Remark 3.10 (Order preservation and monotonicity). Consider scalar delay differential equations of
the form

Ċ(t) = F(C(t),C(t − τ)).

The semiflow generated by such equations is order-preserving provided that ∂F
∂C(t−τ) ≤ 0. In

system (3.1), the delayed term −γC f (C(t − τ)) satisfies this requirement since f is non-decreasing. As
a result, if two initial histories satisfy ϕ1(θ) ≤ ϕ2(θ) for all θ ∈ [−τ, 0], then their corresponding
solutions obey

C(t, ϕ1) ≤ C(t, ϕ2), ∀ t ≥ 0.

3.2.2. Case I: Null exposure (Ca = 0)

Under null exposure, system (3.1) reduces to

dC
dt
= rC(1 −C) − γC f (C(t − τ)), (3.2)

where C(t) is the concentration of an immune effector.

Equilibria

Equilibria C∗ satisfy
rC∗(1 −C∗) = γC∗ f (C∗), (3.3)

which can be rewritten as g(C∗) = 0 with

g(C) = rC(1 −C) − γC f (C).

Theorem 3.11 (Existence of equilibria). Under Assumption 2, system (3.2) admits:

(1) trivial equilibrium C∗ = 0.
(2) least one positive equilibrium C∗ ∈ (0, 1).

Proof. [Sketch of proof] The equilibria of (3.2) are the solutions to C[r(1 − C) − γ f (C)] = 0, which
immediately yields the trivial equilibrium C∗ = 0. For C ∈ (0, 1), we define the continuous
auxiliary function:

g(C) = r(1 −C) − γ f (C).

Given the assumptions f (0) = 0 and f (1) > 0, we observe that g(0) = r > 0 and g(1) = −γ f (1) < 0. By
the Intermediate Value Theorem, there exists at least one C∗ ∈ (0, 1) such that g(C∗) = 0, confirming
the existence of a positive equilibrium.

Remark 3.12 (Biological plausibility of f (1) > 0). The assumption f (1) > 0 implies that at maximum
normalized viral carrying capacity (C = 1), the immune system mounts a non-zero response. An
entirely absent immune response at peak infection ( f (1) = 0) is biologically unrealistic for an
immunocompetent host.
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Local stability of equilibria
Let x(t) = C(t) −C∗. Linearizing around C∗ yields

ẋ(t) = ax(t) + bx(t − τ),

with
a = r(1 − 2C∗) − γ f (C∗), b = −γC∗ f ′(C∗).

The characteristic equation associated with the linear system is

λ − a − be−λτ = 0.

Theorem 3.13 (Local stability and Hopf bifurcation). Under Assumption 2:

(1) If τ = 0, then the equilibrium C∗ is asymptotically stable if and only if a + b < 0.
(2) If τ > 0, then a Hopf bifurcation occurs at parameters where b2 > a2.

Proof. [Sketch of proof] The characteristic equation for the linearized system is

λ − a − be−λτ = 0. (3.4)

For τ = 0, the unique eigenvalue is λ = a + b, implying the equilibrium is asymptotically stable if
and only if a + b < 0.

For τ > 0, instability arises if roots cross the imaginary axis. Substituting λ = iω (ω > 0) into (3.4)
and separating the real and imaginary parts yields:

a + b cos(ωτ) = 0,
ω − b sin(ωτ) = 0.

Squaring and summing these equations gives ω2 = b2 − a2. Hence, a real, positive root ω =
√

b2 − a2

exists if and only if b2 > a2. The corresponding critical delays are:

τk =
1
ω

[
arccos

(
−

a
b

)
+ 2kπ

]
, k ∈ N0.

To confirm the Hopf bifurcation, we verify the transversality condition. Implicit differentiation
of (3.4) with respect to τ evaluated at λ = iω gives:

ℜ

(
dλ
dτ

∣∣∣∣∣
τ=τk

)
=

bω sin(ωτk)
|1 + bτke−iωτk |2

.

Since sin(ωτk) = ω/b , 0 and ω > 0, it follows thatℜ
(

dλ
dτ

)
, 0. This non-zero real part guarantees a

transversal crossing of the imaginary axis, establishing the Hopf bifurcation at each critical delay τk.

Biologically, the emergence of a Hopf bifurcation indicates that delayed immune activation may
destabilize steady viral control and induce sustained oscillations in viral load. This suggests that
sufficiently long immune delays may lead to recurrent viral rebounds, a phenomenon consistent with
observed fluctuations in infections where immune response timing is impaired.
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Global stability via the Lyapunov–Razumikhin method

We establish global asymptotic stability of the positive equilibrium C∗ in the absence of external
exposure (Ca ≡ 0).

Theorem 3.14 (Global asymptotic stability). Suppose Assumption 2 holds, then let C∗ ∈ (0, 1) be the
equilibrium of (3.2). Assume that there exists α > 0 such that

(C −C∗)
[
g(C) − g(C∗)

]
≤ −α(C −C∗)2

for all C in a neighborhood of C∗, and that f is Lipschitz continuous on [0, 1] with Lipschitz constant
L. If there exists a constant q > 1 such that

α > γL
(
1 +
√

q
)
, (3.5)

then the equilibrium C∗ of (3.2) is globally asymptotically stable for all τ ≥ 0.

Proof. Let C∗ ∈ (0, 1) be the positive equilibrium. Define the quadratic Lyapunov function:

V(C(t)) =
1
2

(C(t) −C∗)2.

Function V satisfies the bounding condition c1|C −C∗|2 ≤ V(C) ≤ c2|C −C∗|2 with c1 = c2 =
1
2 .

Differentiating V along the solutions of (3.2) yields:

V̇(t) = (C(t) −C∗)
[
rC(t)(1 −C(t)) − γC(t) f (C(t − τ))

]
= (C(t) −C∗)

[
g(C(t)) + γC(t) f (C(t)) − γC(t) f (C(t − τ))

]
,

where g(C) = rC(1 −C) − γC f (C). Since g(C∗) = 0, we can rewrite the derivative as:

V̇(t) = (C(t) −C∗)[g(C(t)) − g(C∗)] + γC(t)(C(t) −C∗)[ f (C(t)) − f (C(t − τ))]. (3.6)

By the assumed local dissipativity condition at C∗, the instantaneous term satisfies:

(C(t) −C∗)[g(C(t)) − g(C∗)] ≤ −α(C(t) −C∗)2.

To bound the delayed term, we impose the Razumikhin condition. Assume there exists q > 1 such
that V(C(t + θ)) ≤ qV(C(t)) for all θ ∈ [−τ, 0]. This implies:

1
2

(C(t − τ) −C∗)2 ≤ q
1
2

(C(t) −C∗)2 =⇒ |C(t − τ) −C∗| ≤
√

q|C(t) −C∗|.

Using the triangle inequality, the difference in the state variables is bounded by:

|C(t) −C(t − τ)| ≤ |C(t) −C∗| + |C∗ −C(t − τ)| ≤ (1 +
√

q)|C(t) −C∗|.

Applying the Lipschitz continuity of f and the invariant bound C(t) ≤ 1 (Lemma 3.3), the cross
term in (3.6) satisfies:
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γC(t)|C(t) −C∗|| f (C(t)) − f (C(t − τ))| ≤ γ · 1 · |C(t) −C∗| · L|C(t) −C(t − τ)|
≤ γL(1 +

√
q)(C(t) −C∗)2.

Substituting these bounds into (3.6) yields:

V̇(t) ≤ −
[
α − γL(1 +

√
q)

]
(C(t) −C∗)2.

Under condition (3.5), we define c3 = α − γL(1 +
√

q) > 0, ensuring V̇(t) ≤ −c3(C(t) − C∗)2. By
Theorem 3.4, the positive equilibrium C∗ is globally asymptotically stable.

From a biological perspective, this result indicates that when the immediate immune response
dominates delayed effects, the system maintains stable viral control regardless of the activation delay.

In the absence of external exposure (Ca = 0), the system dynamics are governed by the interplay
between intrinsic replication and delayed immune feedback. The model admits a biologically
meaningful positive equilibrium C∗. The above result shows that if the instantaneous stabilizing effect
dominates the delayed immune response, then the equilibrium remains globally stable independently
of the delay.

3.2.3. Case II: Constant exposure (Ca = C0 > 0)

In the presence of a constant external viral source, the within-host viral dynamics are governed by

dC
dt
= rC(1 −C) − γC f (C(t − τ)) + ρC0, (3.7)

where ρC0 represents a constant influx of virus.

Equilibria and uniqueness
The steady states C∗ of (3.7) satisfy

Φ(C) := γC f (C) − rC(1 −C) − ρC0 = 0. (3.8)

Theorem 3.15 (Existence and uniqueness). Under Assumptions 2 and 4, if the constant
exposure satisfies

ρC0 < γ f (1), (3.9)

then Eq (3.8) admits a unique solution C∗(C0) ∈ (0, 1), which defines the unique positive equilibrium
of (3.7).

Proof. Consider the mapping Φ : [0, 1] → R defined in (3.8). Since f ∈ C1([0, 1]), it follows that
Φ ∈ C1([0, 1]), hence Φ is continuous on [0, 1].

Evaluating the mapping at the endpoints:

Φ(0) = −ρC0 < 0, Φ(1) = γ f (1) − ρC0 > 0,
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where the last inequality follows from the hypothesis ρC0 < γ f (1). By the Intermediate Value
Theorem, there exists at least one C∗ ∈ (0, 1) such that Φ(C∗) = 0.

Differentiating Φ yields
Φ′(C) = γ

(
f (C) +C f ′(C)

)
− r(1 − 2C).

By Assumption 4, we have Φ′(C) > 0 for all C ∈ (0, 1). Hence, Φ is strictly increasing on (0, 1) and
continuous on [0, 1]. Therefore, Φ admits at most one zero in (0, 1). Combined with the existence
result, this proves that equilibrium C∗ is unique.

Remark 3.16 (Biological feasibility and limiting behavior). Condition ρC0 < γ f (1) ensures that the
constant viral influx does not exceed the maximal immune clearance capacity at C = 1. We note that
in the limiting case ρC0 → 0, the equation reduces to the equilibrium condition of the null-exposure
case, recovering the structure analyzed in Section 3.1.

Remark 3.17 (Prevention of bistability). Assumption 4 is a standard criterion in population dynamics
and immunology to avoid multiple positive equilibria or subcritical transitions.

Remark 3.18 (Connection to stability analysis). While Theorem 3.15 guarantees the unique positive
equilibrium, the stability of this equilibrium under time delay τ > 0 can be analyzed using a
Razumikhin-type argument similar to Section 3.1. Under suitable conditions ensuring that the
instantaneous feedback dominates the delayed immune response (analogous to condition (3.5)), one
obtains global asymptotic stability for sufficiently small delays τ.

Dependence on exposure level
We analyze the sensitivity of the positive equilibrium C∗(C0) with respect to the constant exposure
level C0 > 0. Let C∗(C0) ∈ (0, 1) denote the unique equilibrium given by Theorem 3.15. Define the
mapping F : (0, 1) × R+ → R by

F(C,C0) := rC(1 −C) − γC f (C) + ρC0. (3.10)

The equilibrium is characterized implicitly by

F(C∗(C0),C0) = 0.

Proposition 3.19 (Sensitivity of the equilibrium). Assume that f is continuously differentiable on
(0, 1). If

∂F
∂C

(C∗,C0) , 0,

then the mapping C0 7→ C∗(C0) is continuously differentiable in a neighborhood of C0, and its
derivative is given by

dC∗

dC0
=

ρ

γ
(
f (C∗) +C∗ f ′(C∗)

)
− r(1 − 2C∗)

. (3.11)

Proof. Since f is C1 on (0, 1), the function F defined in (3.10) is continuously differentiable on (0, 1)×
R+. Its partial derivatives are

∂F
∂C
= r(1 − 2C) − γ

(
f (C) +C f ′(C)

)
, (3.12)
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∂F
∂C0
= ρ. (3.13)

Since F(C,C0) is C1 on (0, 1) × R≥0 and ∂F
∂C (C∗,C0) , 0 by Assumption 4, the Implicit Function

Theorem ensures the existence of an open interval I containing C0 and a unique C1 function C∗(·) :
I → (0, 1) such that

F
(
C∗(C0),C0

)
= 0, ∀C0 ∈ I.

Moreover, C∗ is differentiable with respect to C0, and its derivative satisfies

dC∗

dC0
= −

∂F
∂C0

∂F
∂C

.

Substituting (3.12)–(3.13) yields
dC∗

dC0
= −

ρ

r(1 − 2C∗) − γ
(
f (C∗) +C∗ f ′(C∗)

) ,
which is equivalent to (3.11).

Corollary 3.20 (Monotonicity with respect to exposure). Under Assumption 4, the unique positive
equilibrium satisfies

dC∗

dC0
> 0. (3.14)

Thus, the equilibrium viral concentration is a strictly increasing function of the exposure level C0.

Proof. From (3.11), we have
dC∗

dC0
=

ρ

γ
(
f (C∗) +C∗ f ′(C∗)

)
− r(1 − 2C∗)

.

Since ρ > 0, the sign of dC∗
dC0

is determined by the denominator. Under Assumption 4, the denominator
is strictly positive at C = C∗, and therefore dC∗

dC0
> 0.

Remark 3.21 (Stability and Critical Transitions). The denominator in (3.11) coincides with Φ′(C∗),
where Φ is defined in (3.8). Therefore, the sensitivity of the equilibrium is directly linked to its local
stability properties. In particular:

• As Φ′(C∗) → 0, the derivative dC∗
dC0

becomes unbounded. This reflects a loss of normal
hyperbolicity and signals the onset of a critical transition, typically associated with a
saddle-node bifurcation in the parameter C0.
• In the limiting case ρC0 → 0, Eq (3.11) reduces to the sensitivity structure of the null-exposure

regime, consistently recovering the framework of Section 3.1.

Remark 3.22 (Biological Interpretation). Condition dC∗
dC0
> 0 confirms that sustained external exposure

increases the steady-state viral load. The magnitude of this sensitivity is modulated by the
immune response:

• Strong Immune Feedback: Large values of f ′(C∗) or a high clearance rate γ increase the
denominator in (3.11), thereby reducing dC∗

dC0
and buffering the effect of exposure.

• Immune Saturation: If the immune response saturates (i.e., f ′(C∗) → 0), the denominator
decreases, leading to high sensitivity. In this regime, even small increases in exposure can
significantly elevate the equilibrium viral load.
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Hopf bifurcation with constant exposure
We analyze the emergence of oscillatory dynamics in system (3.7) under constant exposure Ca = C0 >

0. Let C∗ = C∗(C0) ∈ (0, 1) denote the unique positive equilibrium established in Theorem 3.15.
Linearizing system (3.7) around C∗ yields the delay differential equation

ẋ(t) = ax(t) + bx(t − τ), (3.15)

where the coefficients are defined as

a = r(1 − 2C∗) − γ f (C∗), b = −γC∗ f ′(C∗).

The associated characteristic equation is given by

λ − a − be−λτ = 0. (3.16)

The following analysis characterizes the destabilization of C∗ through delay-induced oscillations [36,
38].

Theorem 3.23 (Hopf bifurcation under constant exposure). Assume that b2 > a2. Then there exists a
sequence of critical delays {τk}k∈N such that the characteristic equation (3.16) admits a pair of simple
purely imaginary roots λ = ±iω at τ = τk, where

ω =
√

b2 − a2. (3.17)

The critical delays are defined by

τk =
1
ω

(
arccos

(
−

a
b

)
+ 2kπ

)
, k ∈ N. (3.18)

Moreover, the transversality condition holds, and the system undergoes a Hopf bifurcation at each τk,
giving rise to periodic solutions bifurcating from equilibrium C∗.

Proof. We seek purely imaginary roots λ = iω (ω > 0) of (3.16). Substituting λ = iω into the
characteristic equation and applying Euler’s formula yields

iω − a − b(cos(ωτ) − i sin(ωτ)) = 0.

Separating the real and imaginary parts, we obtain the system:

a + b cos(ωτ) = 0, (3.19)
ω − b sin(ωτ) = 0. (3.20)

Squaring and summing (3.19) and (3.20) lead to a2 + ω2 = b2. This yields ω =
√

b2 − a2. Hence,
purely imaginary roots exist if and only if b2 > a2, in which case ω > 0 is well defined. Moreover, the
condition | ab | < 1 ensures that Eq (3.19) admits solutions for τ, yielding the sequence of critical delays
τk in (3.18).

We now verify the simplicity of the roots and the transversality condition. The roots λ = ±iω are
simple because

∂

∂λ
(λ − a − be−λτ) = 1 + bτe−λτ , 0 at λ = iω,
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which holds since b2 > a2 ensures ω , 0.
Differentiating the characteristic equation (3.16) implicitly with respect to τ gives

dλ
dτ
= −

bλe−λτ

1 + bτe−λτ
.

Evaluating at λ = iω and τ = τk, we find

ℜ

(
dλ
dτ

)
= −

bω sin(ωτk)
|1 + bτke−iωτk |2

, 0,

because ω > 0, b , 0, and sin(ωτk) , 0 (equivalently,
√

b2 − a2 , 0).
Hence, the transversality condition holds, and the eigenvalues cross the imaginary axis with nonzero

speed. By the Hopf bifurcation theorem for delay differential equations [36, 38], a family of periodic
solutions bifurcates from C∗ at each τk.

Remark 3.24 (Biological interpretation of the bifurcation condition). Condition b2 > a2 is equivalent to

γC∗ f ′(C∗) > |r(1 − 2C∗) − γ f (C∗)| .

Biologically, this represents a regime where immune sensitivity is high relative to the net viral growth
at equilibrium. In such scenarios, the immune system reacts strongly to viral fluctuations, but the
feedback delay τ causes the response to be out of phase with the current viral load, leading to sustained
clinical flare-ups.

Remark 3.25. As the delay τ increases, the system may undergo successive Hopf bifurcations at τk,
leading to increasingly complex oscillatory dynamics or the coexistence of periodic orbits.

3.2.4. Case III: Periodic exposure (Ca(t + T ) = Ca(t))

In this section, we investigate the dynamics of the system under a non-constant, periodic
environmental stimulus. We consider the periodically forced delay differential equation (DDE):

dC(t)
dt
= rC(t)

(
1 −C(t)

)
− γC(t) f

(
C(t − τ)

)
+ ρCa(t), (3.21)

where the external exposure Ca : R+ → R+ is a continuous, T -periodic function. A biologically
relevant example, representing daily or cyclic variations, is the sinusoidal variation:

Ca(t) = C0

(
1 + η sin(ωt)

)
, T =

2π
ω
, (3.22)

with 0 ≤ η < 1 ensuring the non-negativity of the viral intake.

Existence of a periodic solution

Theorem 3.26 (Existence of T–periodic solution). Under Assumptions 2 and 3, system (3.21) admits
at least one T–periodic solution C∗(t) such that 0 < C∗(t) ≤ 1 for all t ∈ [0,T ].
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Proof. [Sketch of proof of Theorem 3.26] Let X = C([−τ, 0],R) be the Banach space of continuous
functions with the supremum norm. Define the convex, closed set

K = {ϕ ∈ X : 0 ≤ ϕ(θ) ≤ 1, ∀θ ∈ [−τ, 0]}. (3.23)

Let C(t; ϕ) denote the unique solution of (3.21) with initial history ϕ ∈ K.

By Proposition 3.9, K is forward-invariant. Specifically:

• At the upper boundary C = 1: Assumption 3 ensures

Ċ = rC(1 −C) − γC f (C(t − τ)) + ρCa(t) ≤ 0.

• At the lower boundary C = 0: Ċ = ρCa(t) ≥ 0, and since Ca(t) . 0, positivity is maintained for
t > 0.

Define the Poincaré operator P : K → K by

(Pϕ)(θ) = C(T + θ; ϕ), θ ∈ [−τ, 0].

Continuous dependence on initial data ensures P is continuous.

Since f and Ca are continuous on bounded sets, the derivative Ċ(t; ϕ) is uniformly bounded for all
ϕ ∈ K. Hence, the family {C(·; ϕ) : ϕ ∈ K} is equicontinuous and uniformly bounded on [0,T ]. By the
Arzelà–Ascoli theorem, P(K) is relatively compact in X.

Moreover, since the solution map T (t) : X → X is continuous and compact on K, it follows that the
Poincaré operator

P : ϕ 7→ T (T )ϕ

is completely continuous on K.

P is completely continuous and maps the non-empty, closed, convex set K into itself. By Schauder’s
fixed-point theorem [39], there exists ϕ∗ ∈ K such that

P(ϕ∗) = ϕ∗.

The corresponding solution C∗(t) with initial history ϕ∗ satisfies C∗(t + T ) = C∗(t) and is therefore
T -periodic.

Remark 3.27 (Biological synchronization). Theorem 3.26 confirms that the viral load C(t) can entrain
to the frequency of environmental exposure.

Perturbative approximation for small forcing When the forcing amplitude is small (C0 ≪ 1), the
system can be analyzed as a perturbation around the constant-exposure equilibrium C∗0. Define

C(t) = C∗0 + η(t), |η(t)| ≪ C∗0, (3.24)

and assume f is C1 at C∗0. Linearizing (3.21) gives the non-homogeneous linear delay
differential equation

η̇(t) = aη(t) + bη(t − τ) + ρδCa(t), (3.25)

with
a = r(1 − 2C∗0) − γ f (C∗0), b = −γC∗0 f ′(C∗0), δCa(t) =

1
2

C0 sin(ωt).
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Proposition 3.28 (Steady-state response to small periodic forcing). Let η(t) satisfy (3.25). Then the
steady-state amplitude of oscillation is approximated by

ηmax ≈
ρC0/2√

(a + b cos(ωτ))2 + (ω − b sin(ωτ))2
. (3.26)

Proof. [Sketch of proof] Equation (3.25) is linear and driven by a sinusoidal input. The characteristic
operator is

D(s) = s − a − be−sτ.

Assuming a solution of the form η(t) = η0eiωt, substitution yields

iωη0 = aη0 + bη0e−iωτ + ρC0/2 =⇒ η0 =
ρC0/2

iω − a − be−iωτ .

Taking the modulus gives the amplitude estimate (3.26). The approximation neglects higher-order
nonlinear terms O(η2) and is valid for sufficiently small C0.

Remark 3.29 (Biological interpretation). Small-amplitude forcing induces harmonic oscillations
around C∗0, representing the immune system tracking environmental cycles. Resonance occurs when
the forcing frequency ω approaches the system’s intrinsic frequency (Hopf bifurcation), leading to
amplified viral load oscillations. For larger C0, nonlinear effects may lead to multi-stability or
complex dynamics.

Floquet and Lyapunov–Krasovskii stability The stability of the T -periodic solution C∗(t) of (3.21)
is analyzed via the linear variational equation

ξ̇(t) = A(t)ξ(t) + B(t)ξ(t − τ), (3.27)

where the T -periodic coefficients are

A(t) = r
(
1 − 2C∗(t)

)
− γ f (C∗(t − τ)), B(t) = −γC∗(t) f ′(C∗(t − τ)).

Let Φ(t) denote the evolution operator associated with the variational equation (3.27) on the state
space X = C([−τ, 0],R). The monodromy operator is defined by

M := Φ(T ) : X → X,

whose spectrum consists of the Floquet multipliers {µk}. Local exponential stability of the periodic
solution is equivalent to

max
k
|µk| < 1.

Proposition 3.30 (Local stability of the periodic orbit). Let C∗(t) be a T-periodic solution of (3.21).
Then C∗(t) is locally asymptotically stable if either of the following conditions holds:

(1) Floquet condition: All Floquet multipliers µ of the monodromy operatorM satisfy

|µ| < 1.
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(2) Lyapunov–Krasovskii condition: There exists a T-periodic weighting function ϕ(t) such that

ϕ(t) ≥ ϵ > 0, ∀t ∈ [0,T ],

and

ϕ(t) =
1
2
|B(t + τ)| + ϵ,

such that

A(t) +
1
2
|B(t)| +

1
2
|B(t + τ)| < 0, ∀t ∈ [0,T ]. (3.28)

Proof. [Sketch of proof] Equation (3.27) defines a continuous evolution operator on the Banach space
X = C([−τ, 0],R). Over one period T , the monodromy operator Φ(T ) maps the initial history segment
to the solution after time T . If all Floquet multipliers satisfy |µ| < 1, then Φ(T )n → 0 as n → ∞,
implying exponential decay of perturbations and hence local asymptotic stability.

Consider the functional

V(ξt) =
1
2
ξ2(t) +

∫ t

t−τ
ϕ(s)ξ2(s)ds.

Differentiating along solutions of (3.27) gives

d
dt

V(ξt) = A(t)ξ2(t) + B(t)ξ(t)ξ(t − τ) + ϕ(t)ξ2(t) − ϕ(t − τ)ξ2(t − τ).

Using the inequality |ξ(t)ξ(t − τ)| ≤ 1
2 (ξ2(t) + ξ2(t − τ)) and the choice of ϕ(t) in (3.28) yields

d
dt

V(ξt) ≤
(
A(t) +

1
2
|B(t)| +

1
2
|B(t + τ)|

)
ξ2(t) < 0, ∀t,

which guarantees asymptotic decay of perturbations. This establishes local stability under the
Lyapunov–Krasovskii criterion.

Remark 3.31 (Small-delay approximation). For sufficiently small τ, the delay term is a perturbation,
and stability can be approximated by the averaged scalar condition∫ T

0
A(s) ds < 0.

3.3. Analytical interpretation of numerical regimes

The analytical results obtained under null, constant, and periodic exposure provide a structural
foundation for interpreting the numerical regimes identified in Section 5. Although not all exposure
profiles investigated numerically admit a closed-form analytical treatment, the qualitative behavior
observed across the sixteen simulated scenarios is governed by the same delayed feedback mechanisms
characterized in the theoretical analysis.

In particular, linearization of the delayed system around a steady state leads to the
characteristic equation

λ − a − b e−λτ = 0, (3.29)
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where the coefficients
a = r(1 − 2C∗) − γ f (C∗), b = −γC∗ f ′(C∗)

encode the balance between intrinsic viral growth and immune feedback. The analytical condition
b2 > a2, which signals the onset of Hopf bifurcation, corresponds numerically to regimes displaying
sustained oscillations, nonzero asymptotic amplitude, and local maxima. These features are observed
under periodic exposure for highly nonlinear immune responses, as quantified by the asymptotic
amplitude and the number of peaks (Figures 7 and 8).

Conversely, the delay-independent stability criterion |b| < −a explains the numerically observed
exponential convergence toward steady states. In such regimes, the post-peak decay rate λdecay is strictly
positive and well fitted by an exponential model, a signature of stable dynamics. This behavior is
consistently observed for linear and Michaelis–Menten immune responses under constant and adaptive
exposure, confirming the predictive power of the analytical stability conditions.

While event-driven and adaptive exposure profiles are not treated explicitly in the theoretical
framework, they can be interpreted as non-autonomous perturbations of the constant and periodic
regimes, respectively. Their qualitative behavior remains governed by the same feedback coefficients
a and b, which explains the robustness of the numerical ordering across metrics such as peak viral
load, cumulative burden, terminal viral load, and relative clearance time. In particular, impulsive
exposure excites transient dynamics whose decay rate is controlled by the same delayed immune
feedback identified analytically, leading either to rapid clearance or to prolonged
oscillatory relaxation.

Overall, the theoretical analysis provides a coherent explanation for the numerically observed
transitions between stable equilibria, entrained oscillations, and non-convergent transient dynamics.

4. Numerical methodology and metrics

In this section, we describe the numerical framework used to explore the delayed viral–immune
system introduced in Section 3.2, together with the quantitative metrics employed to compare
dynamical behaviors across immune response architectures and exposure profiles.

4.1. Numerical integration of the delayed system

The delayed differential equation (2.1) is solved numerically using a method-of-steps approach with
explicit time integration. The delayed term C(t − τ) is evaluated by linear interpolation of previously
computed solution values when required.

Time discretization and numerical scheme. The equation is discretized on a uniform time grid

tn = n∆t, n = 0, 1, . . . ,N.

An explicit forward Euler scheme is used:

Cn+1 = Cn + ∆t
[
rCn(1 −Cn) − γCn f (Cn−ℓ) + ρCa(tn)

]
,

where the delay index is defined by

ℓ =
⌊
τ

∆t

⌋
.
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Index ℓ represents the number of time steps corresponding to the delay τ, thereby enabling evaluation
of the delayed term within the discrete scheme.

The scheme is first-order accurate in time and requires sufficiently small ∆t to ensure
numerical stability.

When τ is not an integer multiple of ∆t, the delayed term is approximated by linear interpolation:

C(tn − τ) ≈ (1 − θ)Cn−ℓ−1 + θCn−ℓ, θ =
τ − ℓ∆t
∆t

.

All simulations are initialized with a constant history function

C(t) ≡ C0 for t ∈ [−τ, 0],

with C0 > 0 sufficiently small to represent an initial infection. The time step is fixed to ∆t = 0.01,
and the simulation horizon Tsim is chosen large enough to eliminate transient dynamics and capture
long-term behavior, including convergence or persistent oscillations.

For reproducibility, the explicit normalized expressions of the exposure and immune response
functions used in simulations are provided in Appendix (Tables A1 and A2).

4.2. Baseline parameter values

Unless otherwise specified, all simulations are conducted using the baseline parameter set reported
in Table 3. These values are chosen to reproduce the characteristic kinetics of acute respiratory viral
infections, including influenza A and SARS-CoV-2.

The intrinsic viral replication rate r and immune clearance rate γ are calibrated to reflect rapid
within-host viral turnover and an effective immune response, consistent with empirical estimates
indicating fast clearance of free viral particles (e.g., a half-life on the order of hours for
influenza) [5, 24]. The external forcing intensity ρ represents a biologically plausible continuous
exposure or background inoculum, as considered in transmission-coupled within-host
frameworks [40].

The immune activation delay is fixed at τ = 2.0 days, agreeing with reported intracellular delays and
CD8+ T-cell expansion times (typically 1.8–2.6 days) [41]. From a dynamical systems perspective, this
choice places the system in proximity to a Hopf bifurcation threshold, thereby enabling a systematic
investigation of delay-induced oscillatory regimes and limit-cycle behavior.

Although acute infections typically resolve within 7–14 days [24], the simulation horizon is
extended to Tsim = 100 days.

To isolate the effect of immune response architecture from parameter scaling, all nonlinear
immune functions are evaluated under a common set of reference parameters across scenarios. The
Michaelis–Menten and Hill-type responses share a half-saturation constant K = 0.5, while the Hill
function uses a cooperativity coefficient n = 4. The switch-like response is characterized by a
steepness parameter κ = 10 and an activation threshold C∗ = 0.5. These values place the activation
regions on comparable scales and yield similar mid-range sensitivity across the formulations.
Parameter magnitudes of this order are widely used in within-host models to capture ultrasensitive
and threshold-like immune activation [28, 29].

All variables and parameters are expressed in consistent units. Time is measured in days, and viral
load is normalized with respect to a reference carrying capacity, rendering C(t) dimensionless.
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Consequently, rate parameters are expressed in day−1, while parameters associated with immune
response functions are dimensionless.

Table 3. Baseline model parameters and numerical settings. The parameter values are
selected to be consistent with biologically realistic ranges reported in the literature and to
explore representative dynamical regimes.

Category Parameter Symbol Value Units Biological rationale / indicative references

Growth Viral replication rate r 2.8 day−1 Acute viral kinetics [24, 42]
Immune Clearance rate γ 0.25 day−1 Effective immune-mediated clearance [24]
Immune Half-saturation constant K 0.5 – Comparable activation range [28]
Immune Hill coefficient n 4 – Ultrasensitive immune activation [29]
Immune Switch steepness κ 10 – Sharp threshold response [29]
Immune Activation threshold C∗ 0.5 – Mid-range immune triggering [28]
Exposure Forcing intensity ρ 0.35 day−1 Continuous exposure / inoculum [40]
Delay Immune activation delay τ 2.0 day CD8+ latency; near Hopf threshold [41]

Initial Initial viral load C(0) 0.01 – Low-dose infection regime
Time Final simulation time Tsim 100 day Asymptotic regime capture

Time step ∆t 0.01 day Numerical stability and accuracy

4.3. Factorial design of scenarios

A full factorial design is implemented by combining:

• four immune response functions f (C) (linear, Michaelis–Menten, Hill-type, and switch-like), and
• four exposure profiles Ca(t) (constant, periodic, event-driven, and adaptive).

This yields a total of sixteen scenarios, each defined by a unique pair ( f ,Ca). All scenarios are
simulated using identical baseline parameter values for r, γ, τ, and ρ, ensuring that observed differences
arise solely from immune architecture and exposure structure.

4.4. Quantitative metrics

To quantify the interplay between exposure structure and immune response architecture, we
systematically simulate all combinations of the four exposure functions and the four immune response
functions introduced in Sections 2.1 and 2.2. This full factorial design yields sixteen distinct
scenarios, summarized in Table 4, and enables a comprehensive comparison of how immune
mechanisms and contact patterns jointly shape within-host viral dynamics.

For each simulated trajectory Ci(t) associated with scenario i, we extract a set of quantitative
indicators that capture the intensity and temporal features of infection. These metrics are standard in
within-host modeling and serve as interpretable proxies for infection severity, immune control
efficiency, and dynamical regime classification. Below we define the core metrics used in the
comparative analysis.
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Peak viral load. The maximal infection intensity is measured as:

C(i)
max = max

t∈[0,Tsim]
Ci(t). (4.1)

This peak viral load is indicative of disease severity and transmission potential.

Time to peak. The time required to reach the peak viral load is defined by:

t(i)
max = arg max

t∈[0,Tsim]
Ci(t), (4.2)

and reflects the speed of early viral proliferation and immune activation latency.

Response lag. To quantify the temporal delay between exposure and viral response, we define the
response lag as the time shift that maximizes the cross-correlation between the exposure function Ca(t)
and the viral load trajectory Ci(t):

L(i) = arg max
ℓ∈R

∫ Tsim

0
Ca(t) Ci(t + ℓ) dt. (4.3)

This metric captures the effective temporal memory induced by delayed immune feedback.

Time to clearance. The viral clearance time is the earliest time at which the viral load remains
permanently below a small detection threshold ε:

T (i)
clear = inf {t ≥ 0 : Ci(s) < ε ∀s ≥ t} . (4.4)

It quantifies the duration of active infection and efficiency of long-term immune control.

Relative time to clearance. To quantify the rate at which the viral load decreases after the peak, we
define the relative time to clearance at fraction ρ ∈ (0, 1) of the peak level as

Trel(ρ) = inf{ t ≥ tmax : C(t) ≤ ρCmax }.

If the threshold ρCmax is not reached within the simulation window, we report the censored value

T̃rel(ρ) = arg min
t∈[tmax,T ]

C(t),

which corresponds to the time of the minimal post-peak viral load.

Cumulative viral burden. The total infection experienced over the simulation horizon is given by
the area under the curve:

AUC(i) =

∫ Tsim

0
Ci(t) dt, (4.5)

a widely used integrated measure combining intensity and duration of infection.
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Asymptotic amplitude. To assess the presence of sustained oscillations caused by delayed immune
feedback, we compute the peak-to-trough amplitude in the final portion of the trajectory:

Amp(i) = max
t∈[T1,Tsim]

Ci(t) − min
t∈[T1,Tsim]

Ci(t), (4.6)

where T1 < Tsim is chosen sufficiently large to exclude transients. A nonzero amplitude indicates
delay-induced oscillations.

Final viral load. The terminal infection level at the end of the simulation is recorded as:

C(i)
final = Ci(Tsim), (4.7)

and provides a proxy for the long-term equilibrium (or persistent load) attained under each scenario.

Number of local maxima. To further characterize dynamic complexity, we count the number of
local peaks in each trajectory:

N(i)
peaks = card

({
tk ∈ (0,Tsim)

∣∣∣ C′i (tk) = 0, C′′i (tk) < 0
})

(4.8)

distinguishing single-peak scenarios (monotonic control) from multipeak or oscillatory regimes.

Post-peak decay rate. A central metric used to characterize long-term dynamics is the post-peak
decay rate λdecay, defined as the exponential rate at which the viral load converges toward its
asymptotic state.

Let tpeak denote the time at which C(t) attains its global maximum. We define the asymptotic
reference state C∗ as follows:

• for convergent trajectories, C∗ is taken as the mean value of C(t) over the final 20% of the
simulation horizon;
• for oscillatory trajectories, C∗ is defined as the average of the upper and lower envelopes,

estimated from successive local maxima and minima in the asymptotic regime.

The post-peak decay rate is estimated from the exponential relaxation of the deviation from this
asymptotic state,

|C(t) −C∗| ≈ |C(tpeak) −C∗| exp
(
−λdecay(t − tpeak)

)
, t > tpeak. (4.9)

The parameter λdecay is obtained from a linear regression of log |C(t) −C∗| over a post-peak interval
where the deviation exhibits an approximately exponential decay. A positive value of λdecay indicates
convergence toward C∗ (stable dynamics), while λdecay ≈ 0 signals persistent oscillations or
non-convergent behavior.

Table 4. Combinations of immune response functions f (C) and exposure profiles Ca(t)
defining the sixteen simulated scenarios.

Immune response f (C) Constant Periodic Event-driven Adaptive
Linear ( f (C) = C) (L, Const) (L, Per) (L, Event) (L, Adapt)
Michaelis–Menten ( f (C) = C

K+C ) (MM, Const) (MM, Per) (MM, Event) (MM, Adapt)
Sigmoidal (Hill) ( f (C) = Cn

Kn+Cn ) (H, Const) (H, Per) (H, Event) (H, Adapt)
Switch-like ( f (C) = 1

1+exp[−κ(C−C∗)] ) (S, Const) (S, Per) (S, Event) (S, Adapt)
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4.5. Regime classification

The post-peak decay rate λdecay, together with the goodness of fit of the exponential approximation,
is used to classify the long-term dynamical regime as stable, non-convergent, or oscillatory. This
classification is directly linked to the analytical conditions derived in Section 3.2 and provides a
consistent bridge between theory and numerical outcomes.

5. Numerical results

In this section, we present the numerical results obtained from the systematic simulation of the
sixteen scenarios defined by the combination of four immune response architectures and four exposure
profiles. All metrics are computed as described in Section 4, using identical baseline parameters and
immune delay τ = 2.0.

0 10 20 30 40 50
t

0.0

0.2

0.4

0.6

0.8

1.0

1.2

C(
t)

A)

0 10 20 30 40 50
t

0.0

0.2

0.4

0.6

0.8

1.0

1.2

C(
t)

B)

0 10 20 30 40 50
t

0.0

0.2

0.4

0.6

0.8

1.0

1.2

C(
t)

C)

0 10 20 30 40 50
t

0.0

0.2

0.4

0.6

0.8

1.0

1.2

C(
t)

D)

Figure 2. Representative viral load trajectories under different immune response and
exposure configurations in the 4 × 4 factorial framework. (A) Linear immune response
with constant exposure, with monotonic convergence toward a steady state. (B) Michaelis–
Menten response with periodic exposure, with sustained oscillations driven by delayed
immune feedback and external forcing. (C) Hill-type response with event-driven exposure,
with pronounced transient peaks following discrete exposure events. (D) Switch-like
response with adaptive exposure, with stabilized dynamics under feedback-regulated contact
reduction. Simulations are performed using the baseline parameter set reported in Table 3,
with identical initial conditions across all panels.
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The results are organized to highlight how immune nonlinearity and exposure structure jointly shape
(i) early transient amplification, (ii) oscillatory behavior induced by delayed feedback, and (iii) long-
term viral persistence and clearance efficiency.

Figure 2 illustrates representative viral load trajectories across immune architectures and exposure
profiles. The results indicate distinct dynamical regimes, including monotonic convergence, oscillatory
behavior, and transient responses.

Specifically, constant exposure leads to smooth convergence toward equilibrium, whereas periodic
forcing induces sustained oscillations consistent with delay-induced Hopf bifurcation. Event-driven
exposure generates isolated transient peaks, while adaptive exposure stabilizes the dynamics through
feedback mechanisms. These trajectories are consistent with infection patterns reported in within-host
viral dynamics studies.

5.1. Peak viral load and early transients

Figure 3 displays the peak viral load Cmax across all sixteen scenarios. Across all immune
architectures, a robust hierarchy of exposure effects is observed:

Constant > Periodic > Adaptive > Event-driven.

Ultrasensitive immune responses (Hill and switch-like) consistently generate higher peaks than
linear or Michaelis–Menten responses. This effect is most pronounced under constant and periodic
exposure, where delayed immune activation enables substantial early viral amplification. In contrast,
event-driven exposure leads to markedly reduced peaks, even for highly nonlinear immune responses,
reflecting the transient nature of the forcing.
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Figure 3. Peak viral load Cmax across immune response architectures and exposure profiles.
Each bar corresponds to a scenario in the 4 × 4 factorial design ( f ,Ca). Exposure structure
influences peak values, with constant exposure associated with higher viral loads and event-
driven exposure with lower values, while nonlinear immune responses (Hill-type and switch-
like) produce higher peaks than linear and Michaelis–Menten responses.
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5.2. Timing metrics: Time to peak and response lag

The temporal characteristics of infection are summarized by the time to peak tmax and the response
lag L (Figures 4 and 5). Under constant, periodic, and adaptive exposure, the time to peak remains
consistently around t ≈ 4 across all immune architectures.

In contrast, event-driven exposure induces substantially delayed peaks, with tmax exceeding 30 for
Michaelis–Menten and switch-like responses. This reflects the dominance of exposure timing over
intrinsic viral growth in these scenarios.

The response lag L further highlights this effect: Event-driven exposure produces the largest lags
across all immune functions, consistent with the delayed immune response tracking intermittent
external shocks.
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Figure 4. Time to peak viral load tmax. Each bar corresponds to a scenario in the 4 × 4
factorial design ( f ,Ca). Time to peak remains relatively consistent across most exposure
types, whereas event-driven exposure leads to delayed peaks, reflecting the dominant role of
exposure timing over intrinsic viral growth.
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Figure 5. Response lag L between exposure and viral load. Each bar corresponds to a
scenario in the 4× 4 factorial design ( f ,Ca). Event-driven exposure produces the largest lags
across all immune responses, consistent with delayed system response to intermittent external
forcing, whereas constant and periodic exposure yield shorter and more stable delays.

5.3. Cumulative viral burden

Co
nst
an
t

Per
iod
ic

Ev
en
t_d
riv
en

Ad
ap
tiv
e

Exposure Function Ca(t)

Lin
ea
r

M
ich

ae
lis
-M
en

te
n

Hi
ll_
n4

Sw
itc
h-
lik
eIm

m
un

e 
Re

sp
on

se
 F
un

ct
io
n 
f(C

)

37.6 33.7 18.4 33.8

48.4 43.0 23.3 42.1

48.7 45.3 32.4 44.5

48.5 44.9 30.9 44.3

20

25

30

35

40

45

Cu
m
ul
at
iv
e 
vi
ra
l b
ur
de

n 
(A
UC

)

Figure 6. Cumulative viral burden (AUC) across scenarios. Each bar corresponds to a
scenario in the 4 × 4 factorial design ( f ,Ca). Sustained exposure (constant and periodic)
produces higher cumulative burden, whereas event-driven exposure yields lower AUC across
all immune responses. Adaptive exposure results in intermediate values, consistent with
feedback-regulated contact reducing long-term viral burden despite moderate peak levels.
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The cumulative viral burden, measured by the area under the curve (AUC), is shown in Figure 6.
Sustained exposure (constant or periodic) yields the largest cumulative burden, particularly for
nonlinear immune responses.

Event-driven exposure consistently minimizes AUC across all immune architectures, reducing
cumulative burden by up to 50% relative to constant exposure. Adaptive exposure produces
intermediate behavior, indicating that feedback-driven reduction of exposure is effective in limiting
long-term viral burden, even when peak control is not optimal.

5.4. Oscillatory behavior and dynamical complexity

Figures 7 and 8 quantify oscillatory behavior using the asymptotic amplitude and the number of
local maxima. Periodic exposure induces persistent oscillations for all immune responses, with the
largest amplitudes observed for Hill and switch-like responses.

Constant and adaptive exposure primarily lead to damped dynamics, while event-driven exposure
produces transient oscillations whose number of peaks depends strongly on immune nonlinearity.
Highly cooperative responses generate multiple rebounds even in the absence of sustained forcing,
highlighting the role of delayed, threshold-like feedback.
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Figure 7. Asymptotic oscillation amplitude. Each bar corresponds to a scenario in the
4 × 4 factorial design ( f ,Ca). Periodic exposure produces sustained oscillations across all
immune responses, with the largest amplitudes for nonlinear architectures (Hill-type and
switch-like), whereas constant and adaptive exposure lead to damped dynamics with near-
zero asymptotic amplitude.
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Figure 8. Number of local maxima Npeaks. Each bar corresponds to a scenario in the 4 ×
4 factorial design ( f ,Ca). Periodic exposure and highly nonlinear immune responses are
associated with multiple peaks, reflecting sustained or rebound dynamics, whereas constant
and adaptive exposure lead to single-peak or weakly oscillatory trajectories.

5.5. Long-term persistence and clearance efficiency
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Figure 9. Terminal viral load Cfinal. Each bar corresponds to a scenario in the 4 × 4 factorial
design ( f ,Ca). Constant exposure is associated with higher terminal viral loads, consistent
with persistent infection dynamics, whereas event-driven and adaptive exposure reduce long-
term viral levels. Nonlinear immune responses further modulate persistence, with stronger
feedback generally associated with lower terminal values.

Terminal viral load and post-peak decay rate provide complementary indicators of long-term
control (Figures 9 and 10). Linear and Michaelis–Menten responses under constant exposure
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converge exponentially to stable equilibria, as indicated by large positive values of λdecay and high
goodness-of-fit. In contrast, periodic and event-driven exposure often produce non-convergent
dynamics, reflected by poor exponential fits and near-zero decay rates. Adaptive exposure restores
stability for nonlinear immune responses, yielding positive decay rates and reduced terminal
viral load.
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Figure 10. Post-peak decay rate λdecay. Each bar corresponds to a scenario in the 4 × 4
factorial design ( f ,Ca). Positive decay rates correspond to stable convergence toward
equilibrium, whereas near-zero values are consistent with persistent oscillations or non-
convergent dynamics. Linear and Michaelis–Menten responses under constant and adaptive
exposure exhibit higher decay rates, while periodic and event-driven exposure reduce
convergence and promote sustained dynamics.

5.6. Global regime classification

Figure 11 summarizes the dynamical regimes inferred from the post-peak decay rate and
goodness-of-fit criteria. Constant exposure yields stable dynamics across all immune responses.
Periodic exposure predominantly leads to non-convergent, oscillatory regimes, while adaptive
exposure restores stability for all nonlinear immune functions.

This classification is fully consistent with the analytical Hopf bifurcation conditions derived in
Section 3.2.
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Figure 11. Dynamical regime classification based on λdecay and goodness-of-fit. Each bar
corresponds to a scenario in the 4×4 factorial design ( f ,Ca). Constant exposure is associated
with stable dynamics across all immune responses, whereas periodic exposure is associated
with non-convergent, oscillatory regimes. Adaptive exposure restores stability for nonlinear
immune responses, while event-driven exposure produces intermediate behaviors depending
on immune architecture.

5.7. Numerical validation of Hopf bifurcation thresholds

To numerically validate the Hopf bifurcation conditions derived in Section 3, we systematically
vary the immune activation delay τ and measure the asymptotic oscillation amplitude of the delayed
system. For each immune response architecture, simulations are initialized close to the equilibrium
concentration and integrated until transients are eliminated.

Figure 12 shows the resulting bifurcation diagrams. In all cases, oscillations emerge when τ exceeds
a critical value, indicating a supercritical Hopf bifurcation. The numerically detected thresholds closely
match the theoretical predictions.
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Figure 12. Numerical validation of Hopf bifurcation thresholds across four immune
architectures. Solid lines represent the asymptotic oscillation amplitude as a function of
the immune delay τ, while vertical dashed lines indicate the theoretical critical thresholds
τc obtained from linear stability analysis. Ultrasensitive immune responses (Hill-type and
switch-like) become unstable at smaller delays (τc ≈ 0.7) than linear and Michaelis–Menten
responses (τc > 2), consistent with analytical predictions that increased immune sensitivity
lowers the threshold for oscillatory dynamics. Simulations use r = 1.5, γ = 3.5, and
ρ = 0.005.

5.8. Parameter sensitivity and robustness of immune hierarchy

To assess the robustness of the numerical conclusions, we conduct a parameter sensitivity analysis
by independently varying key model parameters (the immune delay τ, immune clearance rate γ, and
exposure intensity ρ) by ± 30% around their baseline values. For each parameter combination and
immune architecture, we recompute the post-peak decay rate λdecay, peak viral load, cumulative burden,
and the presence of sustained oscillations.

Figure 13 summarizes the distribution of λdecay across all parameter combinations. Despite
quantitative variability in decay rates, the qualitative hierarchy among immune architectures is
preserved across the parameter range: Michaelis–Menten responses consistently exhibit the fastest
decay, followed by Hill-type and switch-like responses, while linear immunity remains the least
efficient in post-peak control. Implementation details are provided in the Appendix section “Details of
the sensitivity analysis”.
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Figure 13. Distribution of the post-peak decay rate λdecay under ± 30% variations of the
immune delay τ, clearance rate γ, and exposure magnitude ρ. Each box represents aggregated
results across all parameter combinations for a given immune architecture. Although
parameter variations introduce quantitative variability, the relative hierarchy of immune
responses remains consistent, with Michaelis–Menten responses exhibiting higher decay
rates (faster convergence), followed by Hill-type and switch-like responses, while linear
immunity is associated with slower decay.

5.9. Clinical consistency of post-peak decay dynamics

To evaluate the biological plausibility of the post-peak decay metric λdecay, we compare model-based
decay dynamics with longitudinal viral load data from published clinical cohorts for two pathogens
with distinct kinetic profiles: SARS-CoV-2 [43] and Ebola virus (EBOV) [44].

The clinical data used for regression analysis, representing the immune-dominated clearance phase,
are detailed in Table 5. For SARS-CoV-2, we utilize Patient 2 data from [43] (days 10–13 post-
symptom onset), and for Ebola, we utilize survivor cohort data from [44] (days 9–15). Details of the
regression procedure, normalization convention, and data selection used to estimate empirical decay
rates are provided in the Appendix section “Details of empirical decay rate estimation”.
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Table 5. Clinical viral load data points used for empirical decay rate estimation. Viral loads
(C) are normalized to the peak value within the observed window [43, 44].

SARS-CoV-2 (Patient 2) Ebola virus (Survivor)

Day (t) Viral load (C) Day (t) Viral load (C)

10 1.585 9 0.16500
11 0.100 11 0.04000
12 0.016 13 0.00340
13 0.001 15 0.00017

Linear regression of log C(t) yields excellent goodness-of-fit for both pathogens (R2 > 0.97),
confirming that the post-peak phase is dominated by exponential clearance. The resulting empirical
decay rates λemp and half-lives are summarized in Table 6.

Table 6. Estimated empirical post-peak viral clearance rates and regression statistics.

Pathogen Regression equation λemp (day−1) Half-life (h) R2

SARS-CoV-2 log C = 24.31 − 2.39t 2.39 6.9 0.994
Ebola virus log C = 9.01 − 1.16t 1.16 14.4 0.977
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Figure 14. Comparison of empirically derived viral clearance metrics. (A) Estimated post-
peak exponential decay rates (λ) in day−1. (B) Corresponding viral clearance half-lives (t1/2)
in hours. SARS-CoV-2 exhibits a faster clearance rate than Ebola virus, with an approximate
twofold increase in λ and a correspondingly shorter half-life, consistent with pathogen-
specific differences in post-peak immune control.

As shown in Figure 14, SARS-CoV-2 clears significantly faster than Ebola virus, with calculated
half-lives of 6.9 h and 14.4 h, respectively. This empirical ordering mirrors the qualitative hierarchy
observed in our DDE simulations: Immune architectures characterized by saturating
Michaelis–Menten kinetics (high-efficiency regimes) produce faster decay slopes than ultrasensitive,
switch-like architectures (delayed-clearance regimes).
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While absolute magnitudes differ due to model normalization, the preservation of this relative
ordering across viral species validates λdecay as a biologically grounded proxy for evaluating
host-pathogen interaction efficiency.

6. Discussion

In this study, we develop a unified analytical–numerical framework to investigate within-host viral
dynamics under delayed immune feedback and heterogeneous exposure, revealing a set of dynamical
regimes that extend classical results on delay-induced instability.

Our findings are consistent with the established theory on delayed viral–immune systems, where
immune activation delays can destabilize equilibrium states and generate oscillatory dynamics through
Hopf bifurcation, as described in [38] and related foundational works [35, 36]. However, our results
indicate that these canonical mechanisms persist, and are substantially reshaped, when more realistic,
time-dependent exposure patterns are introduced.

A key finding is that external forcing substantially alters the dynamical structure of the system.
While constant exposure leads to convergence toward non-zero equilibria and delayed feedback
induces oscillations in line with classical theory [1, 2], periodic exposure generates sustained or
weakly damped oscillatory dynamics even in parameter regimes that would otherwise be
asymptotically stable. This behavior is consistent with forcing-induced transitions and entrainment
phenomena observed in epidemiological systems [31, 32]. Importantly, these results indicate that
external temporal structure can dominate intrinsic stability properties, effectively overriding
equilibrium predictions derived from autonomous models.

The role of immune nonlinearity further amplifies this complexity. Nonlinear response functions,
particularly Hill-type and switch-like architectures, introduce ultrasensitivity and threshold effects
that significantly enhance transient amplification and promote oscillatory behavior under delayed
feedback. This mechanism is consistent with nonlinear immune modeling frameworks [?] and
theoretical descriptions of ultrasensitivity and bistability [29]. Crucially, our results suggest that
immune nonlinearity acts synergistically with exposure structure: Its destabilizing effects are strongly
modulated by the temporal organization of exposure. In particular, even highly nonlinear immune
responses remain effectively controlled under intermittent or adaptive exposure, indicating that
external forcing can mitigate intrinsic nonlinear amplification.

Taken together, these results suggest that exposure timing, rather than cumulative exposure alone,
plays a dominant role in shaping within-host viral burden and persistence. Event-driven exposure
consistently reduces cumulative viral burden and peak amplification, despite inducing delayed
responses and complex transient dynamics. Similarly, adaptive exposure, representing behavioral
feedback such as risk avoidance or self-regulation, emerges as a stabilizing mechanism that
suppresses oscillations and limits viral persistence. These results align with behavioral epidemiology
models [19, 34] and provide a mechanistic interpretation at the within-host level.

Taken together, these mechanisms highlight the coupled role of immune dynamics and exposure
timing in shaping infection outcomes.

A central methodological contribution of this work is the introduction of the post-peak decay rate
λdecay as a unified quantitative proxy for asymptotic dynamics. Unlike classical stability analysis
based on linearization and eigenvalues, which is limited to autonomous systems near equilibrium, the
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proposed metric applies to non-autonomous, nonlinear, and oscillatory regimes. By estimating the
exponential rate of convergence of the deviation |C(t) − C∗|, where C∗ denotes the asymptotic state,
this approach provides a consistent measure of stability across dynamical behaviors. In particular, it
enables discrimination between convergence to equilibrium, damped oscillations, and persistent
non-decaying regimes, thereby bridging analytical stability theory with data-driven numerical
diagnostics. Similar decay-based measures have been used in within-host modeling and experimental
studies [5, 45], supporting the biological relevance of this framework.

Taken together, these results reveal a systematic trade-off between transient amplification and
long-term control in delayed immune systems. Highly sensitive immune responses can enhance
late-stage regulation but may enable substantial early viral expansion when activation is delayed.
Conversely, temporally structured exposure, particularly intermittent or adaptive patterns, can
compensate for intrinsic immune limitations, reducing overall viral burden even in the presence of
delayed feedback. From a modeling perspective, these findings emphasize that immune architecture,
delay, and exposure cannot be analyzed independently without risking qualitatively misleading
conclusions. In particular, neglecting exposure structure may obscure key mechanisms underlying
oscillatory behavior, persistence, and stabilization.

A limitation of this framework is its deterministic nature, which does not capture stochastic
extinction at low viral loads or variability due to heterogeneous immune responses. The immune
delay is modeled as a discrete lag, which may oversimplify its distributed biological nature. In
addition, exposure functions are imposed exogenously, without mechanistic coupling to behavioral or
transmission processes. Extending the model to incorporate stochasticity, distributed delays, and
multiscale host–environment interactions represents an important direction for future research.

From a biological and clinical perspective, the dynamical regimes identified in this study are
consistent with reported within-host viral kinetics across infections. Longitudinal analyses of
SARS-CoV-2 and influenza indicate that viral load rises rapidly to a peak prior to the onset of
effective adaptive immunity, followed by a slower, approximately exponential decay phase [46–48].
This temporal structure supports the assumption of delayed immune activation and provides a
mechanistic interpretation of the post-peak decay rate λdecay as a proxy for immune-mediated
clearance efficiency, consistent with that in Section 5.9.

Clinical and modeling studies also show that the timing and strength of immune responses
determine infection outcomes. Delayed or weaker immune activation is associated with higher peak
viral loads, prolonged infection, and increased variability, whereas earlier or stronger responses lead
to reduced peaks and faster clearance [49–51]. These observations align with our results, where
ultrasensitive immune architectures amplify transient viral peaks without necessarily improving
long-term clearance. In addition, heterogeneous exposure and repeated viral intake modulate
within-host dynamics, including synchronization effects, peak amplification, and viral persistence,
depending on exposure timing [52]. This is consistent with our finding that exposure structure, rather
than total exposure magnitude, plays a key role in shaping infection dynamics.

Overall, variability in patient-level viral trajectories, including viral rebound, prolonged shedding,
and oscillatory behavior, can be explained by the combined effects of delayed immune feedback and
time-dependent exposure. Such mechanisms have been reported in SARS-CoV-2 and other viral
infections, where multiple peaks, delayed clearance, and heterogeneous outcomes arise from
differences in immune timing and host–pathogen interactions [53, 54].
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In summary, we extend the classical delayed viral–immune theory by incorporating heterogeneous
exposure, identify robust dynamical regimes across immune architectures, and introduce a
generalizable decay-based framework for regime classification. These results provide a unified
framework for understanding how immune delay and exposure structure jointly shape within-host
viral dynamics.

7. Conclusions

In this study, we developed a delayed within-host viral dynamics model incorporating nonlinear
immune responses and heterogeneous exposure. The analysis revealed how immune sensitivity and
exposure structure jointly shape viral persistence, transient amplification, and oscillatory behavior.
In particular, the proposed 4 × 4 factorial framework enabled a systematic comparison of sixteen
dynamical scenarios, supported by theoretical results on stability and delay-induced Hopf bifurcations.

From a biological perspective, the results indicate that delayed immune activation may destabilize
viral control, while intermittent or adaptive exposure can reduce long-term persistence. These findings
highlight the importance of timing and feedback mechanisms in infection dynamics.

Researchers may extend this framework to stochastic formulations, multi-scale coupling with
population dynamics, or patient-specific parameter estimation.
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Appendix

All exposure functions reported below correspond to the normalized forms used in numerical
simulations, with parameters chosen to be consistent with the baseline values defined in Table 3. In
particular, exposure amplitudes are scaled relative to the reference level C0, such that Ca(t) = 1
corresponds to Ca(t) = C0 in the main model. Similarly, immune response parameters (K, n, κ,C∗)
take the fixed values reported in Table 3.
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Table A1. Mathematical forms of the exposure functions Ca(t) used in the 16 simulated
scenarios. All functions are shown in normalized form, with parameter values corresponding
to C0 = 1, η = 0.5, ω = 2π/10, pulse centers te = {10, 30}, and pulse variance σ2 = 1.

Label Analytical form of Ca(t) Interpretation

Constant Ca(t) = 1 Persistent background exposure

Periodic Ca(t) = 1
2

(
1.5 + 0.5 sin

(
2πt
10

))
Seasonal or rhythmic contact patterns

Event-driven Ca(t) = exp
(
−

(t−10)2

2

)
+

exp
(
−

(t−30)2

2

) Discrete exposure events (e.g.,
gatherings)

Adaptive Ca(t) = 1
1+0.5 C(t) Behavioral response reducing

exposure based on current viral
load

Table A2. Mathematical forms of the immune response functions f (C) used in the model.
Parameter values are fixed across all simulations: K = 0.5, n = 4, κ = 10, and C∗ = 0.5.

Label Analytical form of f (C) Biological interpretation

Linear f (C) = C Proportional clearance; baseline immune
response

Michaelis–Menten f (C) =
C

K +C
Saturating immune response due to limited
effector capacity

Hill-type (sigmoidal) f (C) =
Cn

Kn +Cn Cooperative activation; ultrasensitivity (Hill
coefficient n = 4)

Switch-like f (C) =
1

1 + exp[−κ(C −C∗)]
Threshold-driven activation; all-or-none
immune switch

Details of empirical decay rate estimation

Empirical post-peak decay rates were estimated using linear regression of the log-transformed viral
load during the clearance phase, assuming an exponential decay of the form

C(t) = C0 exp(−λt).

Taking the natural logarithm yields

log C(t) = log C0 − λt,

from which the decay rate λ is obtained as the negative slope of the least-squares linear fit.
Only data points corresponding to the monotonic post-peak decline are used, as specified in Table 5.

Viral loads are normalized to the maximum observed value within each patient window to remove scale
dependence and ensure comparability across datasets.
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Details of the sensitivity analysis

The sensitivity analysis explored all combinations of τ, γ, and ρ varied by ± 30% around baseline
values. For each configuration, metrics were computed from numerical trajectories using identical
procedures to the baseline simulations. A total of 108 simulations per immune architecture
were performed.
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