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Abstract: A dynamic model of interconnected Lotka—Volterra systems has been developed both with
static and delayed interconnections. We have shown that the X-transformed model of interconnected
Lotka—Volterra systems naturally admits a quasi-polynomial (QP) representation, facilitating system-
atic analysis and control design. In order to analyze local asymptotic stability around a positive equi-
librium, we have shown that the X-factorable transformation preserves local diagonal stability. We
propose a decentralized setpoint-tracking controller design based on the transformed model that guar-
antees population persistence in the subsystems of the network. The proposed controller design is
computationally simple and ensures that the controlled system is locally diagonally stable around the
prescribed setpoint. Moreover, larger controller gains improve disturbance attenuation, mitigating the
effect of the disturbance offset term on control performance.
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1. Introduction

Positive polynomial systems can model a wide range of physical, chemical, and biological pro-
cesses, while they form a special class of smooth nonlinear systems. A special subclass of posi-
tive polynomial systems, the so-called Lotka-Volterra systems (LV systems), is a popular and well-
investigated model class to describe the dynamic behavior of interactive species [1,2]. These and their
generalizations are common model classes of ecological processes.
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1.1. Higher order LV models

Although classical Lotka—Volterra (LV) models are capable of describing a broad range of dynam-
ical behaviors, their expressive power is limited when interactions extend beyond pairwise species
coupling. This limitation has motivated the development of more sophisticated ecological models that
explicitly incorporate higher-order interactions. Such dynamics can be captured by so-called higher-
order Lotka—Volterra systems (see, e.g., [3—7]), which generalize the classical framework by allowing
interactions among three or more species.

The family of quasi-polynomial (QP) systems is regarded as a further generalization of the Lotka-
Volterra form [8]. The QP system class splits into classes of equivalence, where a dynamically similar
Lotka-Volterra model can be constructed from the invariants of the equivalence classes [9]. It has also
been shown that a number of non-polynomial positive system models can also be embedded into a QP
model form [10].

1.2. Networked LV systems

To describe and analyze spatially distributed ecological systems, the notion of multi-patch LV sys-
tems has been introduced, where a single population is considered as being made up of a collection of
smaller sub-populations living in spatially homogeneous domains, called patches, and the individuals
may migrate between the patches; see e.g. [11-13].

Multi-patch ecological systems often exhibit spatially distributed transfer mechanisms, such as pop-
ulation and/or food migration between patches in a convective or diffusive way. Their dynamic behav-
ior can be described using delayed models with either constant or distributed delays [14—16]. A two-
patch predator-prey system with diffusion and distributed delay was studied in [17]. The modeling of
compartmental systems, which are another class of smooth positive nonlinear systems, with distributed
delays was discussed, e.g., in [18].

1.3. Stability and controller design

The stability of ecological systems is a fundamental concept in ecology, which offers valuable in-
sights into species coexistence, biodiversity, and community persistence; see [19] for a recent review.
Because of the nonlinear and sometimes delayed nature of the system models, advanced special ap-
proaches are needed for both their dynamic analyses and controller design.

The stability of QP models can be analyzed using Lyapunov-based methods [20]. Stability analysis
of QP models is reported in [21] with applications to biological network models. The embedding of
QP models into LV system models is a basis of several recent advanced dynamic analysis and control
results in the field, see e.g. [22-24]. Passivity analysis of LV and QP systems has been presented
in [25], and it was applied to controller design.

The dynamics and stability of multi-patch LV systems have been investigated by a number of au-
thors (e.g. [12,26]), and it has been found that the stability depends on both the stability of the patches
and that of the network properties.

A substantial body of work has addressed the control of large-scale interconnected nonlinear sys-
tems through distributed and decentralized frameworks. Early contributions, such as [27], proposed
sequential and iterative architectures for distributed model predictive control (MPC), enabling coordi-
nated decision-making while preserving subsystem autonomy. This line of research was further syn-
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thesized in the tutorial review by Panagiotis D. Christofides and co-authors in [28], which highlights
the theoretical foundations and practical challenges of distributed MPC, including stability, communi-
cation constraints, and scalability. More recently, learning-based approaches have been incorporated
into decentralized predictive control, as demonstrated in [29], where machine learning techniques are
leveraged to approximate nonlinear dynamics and improve control performance.

Several studies have examined control strategies for interconnected or multi-patch Lotka—Volterra
systems, focusing on how external interventions can enforce coexistence and stability in popula-
tion dynamics. For instance, impulsive control methods have been developed for high-dimensional
Lotka—Volterra models, where species densities are adjusted via discrete impulses applied simultane-
ously to multiple populations to stabilize a desired positive state and prevent extinction [30]. In another
line of work, metapopulation modeling approaches have been proposed to control Lotka—Volterra dy-
namics across spatially discrete habitat patches: By introducing structured inter-patch migration, the
trajectories of each patch’s species can be driven to a prescribed coexistence equilibrium [31]. Ad-
ditionally, feedback control has been incorporated into ratio-dependent predator—prey Lotka—Volterra
systems with delay to ensure permanence and global attractivity of positive solutions [32]. The global
stability of delayed nonlinear LV systems with feedback control and patch structure is analyzed, e.g.,
in [33]. A recent paper [34] considers three identical chaotic generalized LV biological systems and
proposes a biological adaptive control law for achieving global asymptotic stability of state variables
of this system with unknown parameters. These contributions collectively demonstrate the importance
of control mechanisms in shaping the long-term behavior of multi-patch and interconnected positive
systems.

A decentralized control method is proposed in our recent paper [35], which assures that the states
of each Lotka-Volterra system in the networked LV system can be driven into a prescribed setpoint
regardless of migration. The results have been generalized to quasi-polynomial systems and networks
of Lotka-Volterra systems having interconnections with distributed delay.

1.4. Aim and contributions

Motivated by the results discussed above, the aim of this work is to propose a theoretically grounded
yet practically feasible approach for designing controllers that achieve desired dynamical properties in
interconnected (networked) Lotka—Volterra systems. In particular, we focus on ensuring persistence,
1.e., the avoidance of extinction, across the patches of Lotka—Volterra networks. Our approach lever-
ages the X-factorable transformation framework [36] for both analysis and control design. We also
discuss the stability-preserving properties of this model mapping in detail.

The main contributions of this study are summarized as follows:

e We show that the X-factorable transformation preserves local diagonal stability.

e We demonstrate that the X-transformed model of interconnected Lotka—Volterra systems natu-
rally admits a quasi-polynomial (QP) representation, facilitating systematic analysis and control
design.

e We propose a decentralized setpoint-tracking controller design based on the transformed model
that guarantees population persistence in the subsystems of the network.
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1.5. Notations

Let R denote the set of real numbers, and R, = [0, c0) and R,y = (0, o0).
X = (x;) € R" is a column vector with n entries such that x; € R, Vi.
x = (x;) € R}, C R" such that x; € Ry, Vi.
X = (x;) € R, C R" such that x; € R.q, Yi.
0 € R” is the zero vector.
A = (a;;) € R™" is a real-valued matrix with m X n entries.
AT is the transpose of A.
D = diag(x) € R™" is a diagonal matrix such that d; = x;, x € R".
I € R™" is the identity matrix.
O € R™" is the zero matrix.
X1 oXp = (x1;Xp;) 1s the Hadamard (entry-wise) vector product of two vectors with the same dimensions.
X < 0 — entry-wise negative vector.
A < O is a negative definite matrix.
Ln(x) = (In(x;)) — entry-wise logarithm of a vector.

2. Quasi-polynomial systems and Lotka-Volterra networks

2.1. Quasi-polynomial systems

Consider the following dynamical system:
x=x0(Aq+s), x(0) =xy € RY, (2.1

where x € R™ is the state vector, Xq is the constant vector of the initial state, A € RP*" is the matrix
of interaction coefficients, and s € R™ is the vector of rate coeflicients. q(-) : R” — R” is a vector
function, the so-called monomial function, in which each entry has the form:

m

gi=|]x"* . i=1..p (2.2)

where the exponent matrix is 8 € R”™. Note that p > m in these models.
These systems are nonnegative, in the sense that xo € R7) implies that x(7) € RZ,, ¥z > 0.
Such systems are called quasi-polynomial (QP) systems [9].

2.2. Lotka-Volterra systems

The Lotka-Volterra (LV) models are a special type of quasi-polynomial systems, originally intro-
duced to model the population dynamics of coexisting biological species [1]. They are described by
the following ODE (ordinary differential equation):

X=xo(Mx+r), x(0) =x, €RY,. (2.3)

The matrix M € R™ contains the interaction coefficients and r € R™ is a rate coefficient vector.
The entries of the state vector are typically interpreted as the expected population sizes of the re-
spective species.
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It is important to note that LV models in Eq. (2.3) are special forms of QP models in Egs. (2.1) and
(2.2) such that
A=M, B=1, q=x, s=r , m=p. 2.4)

The trivial equilibrium point of the system (2.3) is x* = 0. The non-trivial equilibrium points, when
they exist, are the solution of the following linear system:

Mx* = —r. (2.5)

The (global) asymptotic stability of a nontrivial equilibrium state X* can be analyzed by considering
the Lyapunov function candidate:

L= Z A (xi -x; - x}‘ln(%)) , A4;>0. (2.6)

See, e.g., [21].
A matrix M is called diagonally stable if

AM +M'A < O. 2.7)

where A = diag (41;) > O.

By direct computation, it follows that system (2.3) is asymptotically stable, i.e. L < 0 Vx # 0 if M
is diagonally stable.

Persistency: The Lotka-Volterra system is called persistent if x;o(¢#) > 0, which implies x;(¥) > € >
0,Vt>0,i=1,...,m.

If all the non-trivial equilibrium states are asymptotically stable, the system is also persistent. Oth-
erwise, if 4 x7 < 0, the asymptotic stability does not imply persistency.

Higher order Lotka Volterra systems are a class of QP systems in which the exponents (B;) are
non-negative integer values. In such Lotka-Volterra type systems, higher-order polynomial or quasi-
polynomial interactions are also considered. The second-order Lotka-Volterra model reads as:

J

Xi = X ri+Zanj+ijkxjxk . Ljpk=1...m. (2.8)
Jk

Such systems have important applications in theoretical ecology, where higher-order interactions play
a critical role in shaping community structure and stability [3,4]. They are used to model complex
ecological processes such as multi-species competition, facilitation, and nonlinear trophic effects that
cannot be captured by classical Lotka—Volterra formulations.

2.3. QP embedding into LV systems

It is known that each positive quasi-polynomial system can be embedded into a Lotka-Volterra
system (2.3) of sufficiently high order [37].

The embedding can be performed by first forming the so-called logarithmic form of QP models.
The model in Eqgs (2.1)-(2.2) can also be written as

dLn(x) __
= =Aq+s,

Ln(q) = BLn(x). (2.9)
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Multiplying the first equation above by the constant matrix $ and substituting the second algebraic
equation into it, we arrive at the following LV model:

dLn(q)
dt

= BAq+ Bs = Mq +r, (2.10)

where M = BA and r = Bs.

It is important to note that in the case of p > m (i.e. more quasi-monomials than state variables), the
parameter matrix M of the above LV form is rank deficient even in the case when rank(8) = m (i.e. B
is of full rank).

More discussion on the properties of an LV model that resulted from the embedding can be found
in [38].

2.4. Interconnected Lotka-Volterra systems

Let us consider a number of n patches in which the interactions of the species population are de-
scribed by Lotka-Volterra models as follows:

X0 = x o (MOXD +19), x7(0) = x" € RZ, 2.11)

Here, x € R, is the state vector in which each entry represents a species population size in the jth
patch.

The interconnections among the Lotka-Volterra subsystems are modeled similarly as in [35], al-
lowing a slightly more general interconnection structure. The interconnections among the patches are
considered to be described by a directed graph G in which the nodes represent the patches, while the
edges represent the directed interconnections between them. If there is a directed edge from node i to
node j, a directed population flow is allowed from node i to node j. Bidirectional population flows are
also allowed between patches. Such cases are represented by a pair of directed edges with opposite
directionality between the two corresponding patches.

Let us introduce the following notations:

° Nl(j) - input neighbor set of the node j: i € Nl(j) if there is a directed flow from the ith patch to the

Jth patch. _
o Ng) - output neighbor set of the node j: i € N(Oj) if there is a directed flow from the jth patch to
the ith patch.
The population dynamics in the jth patch is modeled as:
< = xD o ( MK 4 r(f>) +v v x00) = xY, (2.12)

where vf,j) € RZ, is the input flow rate and V(Oj) € RZ, is the output flow rate of the jth patch.

It is considered that the population outflow rate from each patch is proportional to the population
size in each patch, ie. v = b o x?, where b = (8Y) € R, is the vector of output migration
coeflicients. )

The population outflow reaches the patches from the set N, (()j) . Assign a weighted adjacency matrix
@ = (a;;) € RLY" to the interconnection graph G in the form

(2.13)

o = [ @@ ifie N orjeNg,
Yo 0, otherwise.
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The parameters «;; are called fraction coefficients, and they satisfy the relation

Z ;= 1. (2.14)

jeNg)

Using the fraction coefficients, the outflow rate has the following form:

(J) Z a; b(]) ox = p@ o xU (2.15)
lGN(])
The inflow rates read as
)] (
v = > el = > agh? ox?® (2.16)
ieN;j) zeN(’>

By applying the proposed interconnection approach, the population dynamics in the jth patch model
reads as:

< = xU (M(j) 0 4 r(j)) b o x4+ Z a; b(t) ox® (2.17)

zeN(’)
() _ DD D (O)INE)) (D (i), (D)
iLe. x; ZM X, X g X = Blx; +Zaij,8[x[
ieND

It is important to note that the population dynamics model (2.17) in the jth path is not a Lotka-
Volterra model anymore due to the last inflow term.

The global model. Taken for every patch, the dynamic behavior of the interconnected Lotka-Volterra
system can be formulated as

X =xo(Mx+r) + Lx, (2.18)
where
x = T . x™NHT
r @OT .y
M = diag(M® ... M)
L = L;,-Lo. (2.19)
Here,
0 @, diag (b(z)) ... aydiag (b("))
L, - | andiag (b) 0 ... ajdiag(b™) ’ 2.20)
a,diag (b(”) a,,diag (b(z)) 0

Lo = diag (b7 ... b™7).

In the interconnection matrix L, the column sums are 0; see Eq. (2.14). This implies that the outflow
from the jth patch must reach the patches in N(OJ).

Mathematical Biosciences and Engineering Volume 23, Issue x, 1774-1798.



1781

Positive equilibrium states (x'* € R”). By (2.17), the equilibrium states of the subsystems should
satisfy:
(MOx" + 19 =bP) o xP + 3" ayb® ox® =0, i=1...n. 2.21)
i

The system (2.21) is quadratic. Methods for the calculation of non-zero roots of higher order Lotka-
Volterra systems (i.e. quadratic QP systems) are discussed, e.g., in [3].

From Eq (2.17), it can be seen that when all Lotka-Volterra subsystems are identical and the network
is balanced, i.e. b¥ = 3 _ N i b, the equilibrium state will be the same as in the connected case.

When a subsystem does not have inflow (Nl(j) = (), the subsystem model reduces to a harvested
Lotka-Volterra model, and for large entries in b"”, non-positive steady-state values may emerge.

Generally, it can be affirmed that, when the population outflow is greater than the population inflow
in a subsystem, non-positive or near-zero equilibrium states may appear with higher probability. This
is illustrated by the example below.

Example 1. Consider two 2-dimensional Lotka-Volterra systems that are interconnected by a bidirec-
tional migration channel, as presented in Eq. (2.17). In the model, bV = (8, )7, and b® = (8, 5,)".
The models of these interconnected systems read as:

-(1) (1) [ (D @ 7 (1) 0] 2
X _[* oll M My r =P + @2 X (2.22)
X(l) x(l) m(l) m(l) (1) r(l) -8 212 X(Z) ’ :
2 2 L 21 22 | 2 1 2
2 2 e 2) 1 2 2 1
( ) ( ) m(ll) m(z) ( ) r; ) -y .\ x(l ) 2.23)
(2) (2) m(Z) m(2) (2) r(2) -8 @12 x(l) : :
L 21 22 | 2 2 2
Note that ay; = a1, = 1.
Let’s consider the parameters: m(l) m(zlz) = m(lzl) = m(222) 0, m(l) m(lzz) = -1, (211) = m(zzl) =1,

(1) = rﬁz) 0.3, and r(l) = réz) 0.3. With this choice of parameters, each subsystem corresponds to
a class;c Lotka- Volterra predator-prey model.

IfB1 = B = 0, then xXV* = x?* = (0.3 0.3)7, and the disconnected subsystems have positive
equilibrium.

Now consider the case B = 0.01, B, = 0.5. Then, an equilibrium solution is xV* =
(0.3036 0.3145)7, x@* = (0.0149 - 0.0040)". The equilibrium points were computed using a
numerical solver — “fsolve” MATLAB function — with 1E — 12 absolute precision. For the iterative
numerical solver; the initial values were chosen as xV[0] = x?[0] = (0.5 0.5)".

Hence, due to the asymmetric migration flows, population extinction in the second patch is expected.

Now, let’s assume that all subsystems (2.21) admit positive solutions. Then, 3 t;; € R, with strictly
positive entries such that
x* = t;; 0x%, Vi, j. (2.24)

In this case, the equilibrium state of the jth subsystem is the solution of:

( MO 4 p) _ b(f)) o xV* 4 Z ;b o t;; 0 x* = 0. (2.25)
ieNy
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Generally, the vectors t;; are unknown. However, this model representation becomes particularly useful
when prescribing equilibrium states through control is desired.

The interconnected Lotka—Volterra network model in (2.17) does not exhibit a quasi-polynomial
structure due to the presence of population inflow terms. Nevertheless, as shown in the following
section, an appropriate transformation can be introduced that restores a QP representation, thereby
enabling the systematic application of QP-based analysis and control design techniques to this class of
networks.

3. X-factorable transformation and diagonal stability

Let a dynamic system
x = f(x), x(0) =xo (3.1)

admit an equilibrium state x* € R”, i.e. f(x*) = 0. We assume that the mapping f(-) is continuously
differentiable in a neighborhood of x*.
The X-factorable transformation of (3.1) is a similarity transformation in the form:

:x=fx) - Xr:x=xof(x-0), 3.2)

where ¢ = (¢;)RZ, is a vector of constant state shift. The above transformation includes a shifting and
a multiplying step.

Dynamic equivalence. In the paper [36], the authors affirm that if the strictly positive fixed point of
the transformed system satisfies x* + ¢* >> 0, then the transformed system is dynamically equivalent
to the original system, i.e. the local stability of the original system around the equilibrium point yields
to the local stability of the transformed system around the shifted equilibrium point and vice versa.

However, this statement is generally not true.

First, it is straightforward to construct simple examples showing that the stability of the original
system does not necessarily coincide with that of its transformed counterpart.

Example: Let the linear system and its transformed form be as follows:

2:X=AXx —> Zr: X=Xx0A(X-0) 3.3)
such that
~0.65999503 0.19769598 1.13861382
| =1.54726399 0.18568017) 19.54937552)

The eigenvalues of the matrix A are

A(A) = —0.23715743 + 0.35650558 i.
The Jacobian of the transformed system X7 is:

D fr = diag (A(x — ¢)) + diag (x) A. (3.4)
The eigenvalues of the transformed system’s Jacobian in the equilibrium point x = ¢ are

A(diag(c)A) =~ 0.51082513 + 1.31625281 i.
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Hence, the transformed system Z; does not preserve the stability of the original system X.

Moreover, such a counterexample is presented in [39], which shows that the dynamical equivalence
cannot be guaranteed, even for arbitrarily large state shifts c.

Motivated by these facts, we seek to identify additional conditions under which stability is preserved
by the X-factorable transformation.

Definition 1. (Local diagonal stability) The continuously differentiable mapping £(-) in (3.1) is locally
diagonally stable in x* if 3 A = diag (A;), A; > 0 such that
ADfx") +Df(x")'A <0, (3.5)

where Df is the Jacobian of £(-).
Note that the above definition is a generalization of the diagonal stability condition in Eq. (2.7).

Lemma 1. The mapping f£(x) is locally diagonally stable in x* where £(x*) = 0 if and only if the
mapping fr(x) = x o f(x — ¢) is locally diagonally stable in X** = X* + ¢ where X" + ¢ > 0.

Proof If Df is the Jacobian of f(x), then the Jacobian of f7(x) is:
D fr(x) = diag (f(x — ¢)) + diag (x) Df(x — ¢). (3.6)
It yields
Dfr(x* + ¢) = diag (x" + ¢) Df(x"). (3.7

Now, we recall the general fact that if a square matrix M is diagonally stable, i.e. it satisfies (2.7),
then diag(c) M is also diagonally stable for arbitrary ¢ > 0.

Since x* + ¢ > 0, if Df(x") is diagonally stable, then D f(x* + ¢) is diagonally stable and vice versa.
m]

The lemma above can be seen as a generalization of the Lyapunov-type stability condition of the
LV system, see e.g. [20]. The Lotka-Volterra system x = xo M(x—c¢) is locally asymptotically stable in
its equilibrium point if its coefficient matrix M is diagonally stable. This implies that the “underlying”
linear system X = MXx is also asymptotically stable. It should be noted that the affirmation of the lemma
is valid only locally, in the neighborhood of the equilibrium points.

Diagonal stability of a matrix implies Hurwitz stability, since the existence of a positive definite di-
agonal Lyapunov function ensures that all eigenvalues have negative real parts. However, the converse
is not generally true: A Hurwitz stable matrix need not be diagonally stable [40].

4. Quasi-polynomial model of transformed Lotka-Volterra networks

4.1. X-factorable transformation of Lotka-Volterra networks

To facilitate the control design, the interconnected patch model (2.17) will be transformed into a
quasi-polynomial form by applying the X-factorable transformation.

Mathematical Biosciences and Engineering Volume 23, Issue x, 1774-1798.
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First, consider the shifted form of the Lotka-Volterra subsystems:
0 = (x¥ — ¢y o ( MO (Xm - c(j)) +r — b(f)) i Z ;b? o (Xo’) - c(j)).
ieN

The vector ¢ = (c(j)T)T is a fixed point of the global model of the shifted interconnected system.
In view of (3.2), the final form of the transformed subsystem yields in a QP form

%9 = xD o | P (X(j) _ C(j)) o (X(j) _ C(j)) + (ru) _ b(f)) o (X(j) _ c(i)) + Z a;b? o (X(i) - c(i)) L(4.1)
ieNY
Note that the resulting model belongs to the class of second-order Lotka—Volterra systems, as de-

fined in (2.8), and therefore it is a QP system of special form.

Example 2. The X-transformed version of the state equations from Example 1 reads as:
M _

o) o) [ Ie)) (! =Py ) M _ M @_ @
. 1 1
oI O B S M L VO S A | RV RPN I I  ArcL P  NC IPO B B
m = 0 Ae)) I BPAC ) A M _ M 2 @_o |
2

) xgl) My MMy, M (D2 >, — B X
(-xz _C2 )

3

4.2)

@) @ @ 0 (@ =7y @ @ _ @ MW _
S P B Y | TR E @ _ @y, _ @y || B ol e | e e
@ || @ 0 m? a2 || GG e @ o_ o |TAl o_ ||
My My, (2 — Py - X 6
2 2
4.3)
In order to obtain an approximate decoupled model of the interconnected system, the transformation
(2.24), originally defined for relating the equilibrium states, will be applied to the time-varying states
as follows:
x® — ¢ = t;o (X(J) _ c(j)) + dij- (4.4)

Here d;; € R™ is the time-dependent additive approximation error.
The approximate decoupled model is

£ = x0 0| MO (x9 — ¢?) o (x — ) + |1 ~ b0 + Z a;b” ot o (x — ) + 69|, (4.5)

Ny

ol

where the cumulative approximation error in the jth patch model is

(5(]) = Z Ckijb(i) o 6,’j. (46)
ieNI(j)

Example 3. The approximate form of the first decoupled subsystem from Example 2 reads as:
x(ll) ~ x(ll)
xgl) = x;l) ©
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4.2. QP embedding of the subsystems

As shown in subsection 2.3, a quasi-polynomial model admits an embedding into a Lotka—Volterra
model when its state variables are expressed as monomials . Here, we build on this result by
examining the transformed QP model (4.1), focusing on the case where ¢ = 0.

We identify the vector of quasi-monomials q(j) in Eq. (4.5) that consists of two blocks: (i) a block
q(zj) of the 2nd order terms X(J))C;(]),l k =1,...,m, and (ii) a block q(’) of the real state variables x(])

1,...,m.
0 = [@))" ¢ ere, (4.8)

where the number of quasi-monomials is p = 2m + M

Then, the interaction and exponent matrices of the QP model are

[ 2 0 O 0 0
1 1 O 0 0
0 2 O 0 0
0O 0 2 0 0
0 1 1 0 O
AV = M diag(p?) + L7 |eR™? , B9 = Lo b 000 o (4.9)

—
)
S O
(e)
(e)

—) . . . . ; . .
where M " is computed from the interaction matrix M following the order of the 2nd order terms in

—(J)
4.8); L ’ depends on the interconnection structure.

With the above QP model matrices, one can easily compute the LV form of the subsystem models
using (2.10). The LV model parameters are

N _ Qi j D — gW)LU
MY = 8D AWD ) QJP = BV, (4.10)

Example 4. Without applying the approximation, the transformed quasi-monomial vector for the pre-
vious Example 2 is

q(X) — [()C 1)) x(ll)x2) (X(l)) (x(z))Z x(12)x2) ()C(z)) x(l) (1) x(12) (22)]T. (411)

The interaction matrix of the QP model is

m) m) o o o o AV-p 0 B 0
0wy my 0 0 0 0 A'-p 0 B
- 4.12
A o 0 0 md m2 o g o -5 0o I (+12)
o 0 0 0 mdmd o Bi R
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and its exponent matrix is

(2 0 0 0]
1100
0200
0020
0011
B = 000 2 (4.13)
1 000
0100
0010
[0 0 0 1 |

When ¢V # 0, the exponent matrix retains the same structure, while the interaction matrix requires
additional terms that depend on the entries of ¢/,

4.3. Extended model with dynamic interconnections
4.3.1. Dynamic connecting pseudo-patches

Single species case. Let us consider two patches indexed by j and i that are connected by a dynamic
population size-driven migration channel where the £th species xg) can migrate from the ith patch to the
Jjth. Let us divide the interconnection channel into p uniform sub-patches, within which the migration
is also population size-driven with the uniform flow rate vifj).

We model the migration by spatially discretizing the partial differential equation describing the
convective transport. Let us denote the population size vector of the ¢th specie, in the interconnecting
patch from i to j by z(;j) . The population dynamics in the interconnecting patch is given by the LTI
(linear time-invariant) model, similar to that in [41]:

2 = AV ¢ B |y = 4, (4.14)
2 = [ D Z;Z)]T eRP, u =y yi = z}lz), (4.15)
where -
20 0 .. 0 0 0
W20 0 000
. (0F) NN (V)
Ai,”): 0 v, v,” .. 0 0 0 , (4.16)
() ()
0 0 0 .. v/ _‘(}f})} O(ij)
0 0 0 .. 0 v, ]
v;ij)
i ii 0
¢’=[o0oo0 .. 1], B”= it (4.17)
0

Note that this pseudo-patch has a population size-driven (one-directional) connection with its two
neighbors, patches i and j, but describes only the ¢th species.
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Multiple species case. We can generalize the above single species case for multiple species ¢ =
1, ...,m by constructing the following composite state, input, and output vectors:

70D = [z(lij)T z(;j)T zﬁ,ij)T]T e R"P, 4.18)
ul@ =x® e Rm | yub = [z(llé) z(ll;) zﬁ,’fp)]T e R™, '
with the following coefficient matrices:
(A o0 . o0 o0
o AY .. 0o o0
AD = L L | eRmY (4.19)
o o .. AY o
O 0 .. 0 AY
(i) (i)
c\ 0 . O BV 0 .. 0
i tj
cin=| O G O A pmom pip_| O BT o O dgaman 400
0 0 . c¥ 0 0 .. BY

With the above vectors and matrices, the following LTI model is obtained for the dynamic connect-
ing pseudo-patches:
20D = AUDgD 4 BNy g = DD, 4.21)
Note that the y'/> output vector serves to connect the dynamic connecting pseudo-patch to the destina-
tion LV patch.
With dynamic connecting elements at its inputs, the subsystem models (2.17) can be extended as:

% = x0 o ( MOxD 4+ r(j)) —bD o xP + Z CliDgiD, (4.22)
ieNy”

200 = A7 4 BiDa,b® ox®, i =1...dimN).

4.3.2. Embedding the dynamic connecting pseudo-patches

As it was presented in subsection 4.3.1, the dynamic (i.e., delayed) interconnections can be (ap-
proximately) realized by positive linear compartmental subsystems that have an LTI model of the form
(4.21). So, we may use the QP-embedding of such subsystems to form a homogeneous QP-model of
the networked LV model with delayed interconnections.

For this purpose, we use the X-factorable transformation (3.2) to extend the transformed model
(4.1) with dynamic connections:

O = x o | @ (x(f) _ c(j)) o (x(j) _ c(f’) + (r(j) _ b(f)) o (x(f') _ c(f)) 4 Z 200 (4.23)
ieNV
29 =49 o (A2 + By b o (xV — ), i =1...dim(N;") (4.24)
It was applied that the steady state gain of system (4.14) is 1.

Therefore, a networked LV system with delays will have dynamic LV and LTI nodes and linear
connections, which can also be embedded into a QP-form.
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Example 5. Let us consider the same system described in Example 2 but extended with dynamic migra-
tion channels (see in subsection 4.3.1). This is a network of two 2-dimensional Lotka-Volterra systems
that are interconnected by a bidirectional migration channel, described in Egs (2.22)-(2.23), that is
now extended by two dynamic pseudo-patches described in Egs. (4.21) with 3 sub-patches (i.e. p = 3,
€ = 1,2). For the sake of simplicity we assume uniform flow rates vi,ij) =vi,j=12,¢=1,2

The block diagram of the interconnected system is presented in Figure 1.

Then, the X-factorable transformed versions of the state equations for the four patches (two LV
patches and two delayed pseudo-patches) without approximation are as follows:

(1) (1)\2
o N O R (X7 =¢) A0 _g (D = D @1)
T I s 11 12 @ _ Dy M _ (D 1 1 1 1 213
= o (x c; )(x c,) |+ o +5 ,
O D 0 mV W 1 oan —6 A _p (D — Dy 22D
2 2 21 2 (x(ll) _ C(zl))z 2 2 2 23
(4.25)
() (2)\2
; (7 =¢)
@ L@ m® @ 0 N I g, (® = ¢y 12
1 _| * 11 12 @ _ @y, _ @ 1 1 1 13
- o o = e = e |+ o +By ,
@ e 0 m? n@ 1 1 2 2 A _ B ( NONS C(Z)) 12
2 2 21 2 (x;2) _ 6(22))2 2 2 2 23
(4.26)
-(12) (12) [ ] (12) (1) (1)
21 3 -v 0 0 0 0 0 21 X749
-(12) (12) (12)
21y 735 v —-v 0 0 0 0 1 0
.(12) (12) (12)
215 _| @3 . O v —-v 0 0 O 23 B 0 427)
.(12) (12) 0 0 v —» 0 0 (12) o :
21 2 2 2 2
.(12) (12) (12)
259 25 0 o0 v —v 0 %5, 0
.(12) (12) (12)
2y, 23 0 0 0 0 v —v ]| zy 0
.(21) 1) r (21) (2) ()
2y 7 - 0 0 0 0 O ol X7 —c
-(21) 21 21)
Z 7y, v —-v 0 0 0 O 7y 0
.21) Q21 Q1)
Gy || @ |, 0O v -v 0 0 O a3 |, B 0 4.28)
1) @n 0 0 v —v 0 0 @n 2l @_ @ :
21 3 21 2 2
-(21) 21 21
2y 2 O 0 0 v —-v 0 25 0
oo Foo 0 0 0 0 v —v | 0

5. Setpoint control based on the transformed model

As discussed in section 2, population persistence can be guaranteed if the subsystem possesses an
asymptotically stable and strictly positive equilibrium state. To achieve this, a feedback control strat-
egy is proposed in this section to shift the potentially nonpositive equilibria toward a strictly positive
setpoint and to maintain the attractiveness of these equilibria despite modeling uncertainties.

Consider the original system (2.12) extended with a control input u" as

0 = xD o ( MO 4 r(j)) — v 4y 4 B0, (5.1)
where ng) is a control input matrix such that Bﬁj) Bf;j Ly
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e
Z]

21
ZZ

(2
2

(12)
z2

Figure 1. Two Lotka-Volterra systems with dynamic interconnections.

This control input can be viewed as the population settling- or relocation rate. When its sign is
positive, population settling has to be implemented with a given rate. Otherwise, population relocation
has to be performed. It should be noted that population settling can be implemented physically by
adding species to a patch from an external source, while population relocation can be performed by
harvesting and removing species from a patch, if possible.

Control problem. Let X(]) € RZ, be the setpoint (prescribed state vector) for the jth subsystem.
Design the feedback control u") = u(f)(x(f)) such that lim,_. ||X(]) x| < e(5), where () > 0 is
an uncertainty magnitude-dependent precision.

To design the control input, the transformed system model (4.5) is applied. In this case, instead of

an arbitrary state shift, let ¢ = X(S’)P The transformed model with control reads as

< = xU (M(j)( W _ X(Sj;’) o (X(j) (J)) + p ( W _ ng;) + 6V + ng)u) . (5.2)

The setpoint x(’) is an equilibrium state of the system when the modeling uncertainties and the
control are omltted. The feedback control has to be designed such that

e it introduces additional stabilizer terms into the model when the dynamics of the system around
the equilibrium X(J ) is not attractive, and
e it mitigates the effect of the approximation error §’ on tracking performance.

)]

The linearized system model around X, has the form:

e = U ( ) op(J) + 69 + B(J)u(J)) (5.3)

where e = x) — xgj;. Note that the second-order terms cancel out due to linearization.
Let the control law be
u? = B(cj)+ (k(j) oel) — (J) p(J)) (5.4)

where k¥ > 0 is the control gain vector.
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Around the equilibrium point, the linearized dynamics of the controlled system resemble a
Lotka—Volterra type system:
o) = ) o (diag (k(f)) el 4 6@). (5.5)

It is important to note that the above proposed numerically simple controller has the following
advantageous properties:

e In view of the stability properties presented in section 2, the controlled system is locally diago-
nally stable around the setpoint xgj;,.

e Moreover, as noted in [25], larger controller gains improve disturbance attenuation, mitigating
the effect of the disturbance offset term on control performance.

e Building on the lemma in section 3, the controller defined in (5.4) guarantees local stability of the
original controlled nonlinear system around the prescribed setpoint.

e Furthermore, the proposed control strategy can be implemented in a decentralized manner: The
control input for the jth subsystem depends exclusively on the states of that subsystem.

Controller implementation and computational complexity. The implementation of the controller
(5.4) does not require communication among subsystems, relying solely on local measurements. Given
B kYD), p, and ng;,, the control action is a static linear transformation of the measured state vector
x. Hence, the controller has a low computational cost.

Moreover, as the controllers are decentralized and their computational complexity is polynomial,
the computational cost remains polynomial in the number of Lotka-Volterra subsystems, too. This
fact enables the application of the method effectively for ecological systems with a large number of

subsystems.
6. Case study

The numerical simulations were carried out to demonstrate and validate the proposed theoretical
modeling and control framework.

All experiments were performed in the MATLAB/Simulink environment. The system dynamics
were integrated using the ode45 solver with a maximum integration step of 0.001 and an absolute
tolerance of 10~ in both the controlled and uncontrolled scenarios. The simulations were carried
out in continuous time using a Level-2 MATLAB S-function implementation of the nonlinear plant,
ensuring direct numerical integration of the system dynamics.

The benchmark system consists of two interconnected two-dimensional Lotka—Volterra subsystems
introduced in Example 1, resulting in a four-state nonlinear model of the form [x(ll), x(zl), x(lz), xgz)]T. The
intra-species interaction matrices were defined as

0 -1
M1:M2:[1 0],

while the intrinsic growth rate vectors were set to r; = r, = [0.3, —0.3]". The interconnection strengths
were chosen as 8; = 0.01 and 5, = 0.5, introducing an asymmetric coupling between the subsystems.
The initial conditions for all states were uniformly selected as xgj)(O) = 0.5, ensuring operation in the
positive orthant.
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The control inputs (5.4) were implemented as additive two-dimensional signals acting on each sub-
system. A decentralized diagonal feedback structure was employed with uniform controller gains for
all input channels.

Three simulation scenarios were investigated.

6.1. Uncontrolled interconnected dynamics

The first simulation analyzed the natural behavior of the interconnected system described by (2.22).
The resulting state trajectories are depicted in Figure 2. Consistent with the steady-state analysis
presented in Example 1, subsystem 2 experiences population extinction. This behavior arises from
the asymmetry in the interconnection terms: The emigration rate from subsystem 2 to subsystem 1
is significantly greater than the reverse flow. After the initial transient response, the dynamics of
subsystem 1 resemble those of a classical predator—prey system.

Time
1.2
@
1F X4
@
—X
0.8 2 14
S 06 :
0.4 il
0.2 .
0 I I I I
0 10 20 30 40 50 60 70 80 90 100
Time

Figure 2. Trajectories of interconnected Lotka-Volterra systems.

6.2. Influence of distributed delay

In the second simulation scenario, the effect of interconnection delays on the system dynamics
was examined. The coupling terms were augmented with the delay pseudo-patches introduced in
Example 5. The parameters were set to p = 3 and v = 0.1. As illustrated in Figure 3, the introduction
of delay modifies the transient behavior, yet the extinction of subsystem 2 persists, indicating that the
qualitative outcomes of the interaction remain unchanged.

Further simulation experiments were conducted to investigate the effect of a time-varying delay.
In this case, the coeflicients associated with the distributed delay terms were modeled as periodic
functions rather than constants, according to veg(f) = v(1 + A, sin(2rf,t)), where A, = 0.9 and f, =
0.05 Hz.
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Figure 3. Trajectories of interconnected Lotka-Volterra systems with delay.

In comparison with the constant-delay scenario, it can be observed in Figure 4, that the time-varying
nature of the delay significantly influences the transient dynamics. Both the amplitude and the period
of the resulting nonlinear oscillatory evolution are modified. However, the qualitative behavior of the
system remains unchanged.

Time

0 | L | | L | L |
0 10 20 30 40 50 60 70 80 90 100
Time

Figure 4. Trajectories of interconnected Lotka-Volterra systems with time-varying delay.
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6.3. Controlled interconnected dynamics

The third simulation investigated the closed-loop behavior under the control strategy proposed in
section 5. The desired setpoints were selected as
1O _ @O _ 2 _ @ _
Xepy =3, Xgp = 2.5, xgp =1, xgp, =0.75.
The control law (5.4) was implemented using identical gains in all channels, kl(.j) = kfori,j=1,2.
The input matrix was chosen as the identity matrix. As shown in Figure 5, with k = 100, the trajec-
tories converge toward the prescribed setpoints, though small steady-state tracking errors remain due

to unmodeled dynamics. Increasing the control gain to k = 1000 significantly reduces these errors,
confirming the capacity of the proposed controller to deal with modeling uncertainties.

8 [ ...................................................................
o5 [ ...............................................................
L - - R i
2 T, SP1)
S sp()
= 1.5 o 2 -
——x{" (k= 1000)
1. ——x{ (k= 1000) |
o5l x{" (k= 100)
) (k = 100)
0 | | | | | | | I I
0 10 20 30 40 50 60 70 80 90 100
Time
3r sp@ .
sp@
25+ 2 |
——x® (k=1000)
2r ——x® (k=1000) | 7
§>< 1.5 < @ k=100) | |
x@ (k= 100)
1
[
o5 fer .
0 | | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100
Time

Figure 5. Trajectories of interconnected Lotka-Volterra systems with control.

The control signals are presented in Figure 6. As shown, increasing the control gain results in
higher-magnitude control inputs during the transient phase. However, once the system approaches
steady state, the required control effort significantly decreases, and only low-magnitude inputs are
needed to maintain accurate setpoint tracking.

To evaluate the robustness of the system in the presence of uncertainty, stochastic simulations were
also conducted. In this case, the ith state of the jth subsystem in (5.1) was modeled as:

dx? = X7 (M), + 1) dt = vg) dt +v{) dt + (BIuY), dt + x"ot? awP (). (6.1)
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Figure 6. Control signals.
()]

The coeflicients o, determine the intensity of stochastic fluctuations acting on the state components.
During the simulations, it was considered that al@ = 100, i,j = 1,2. The processes dWUY(t) are
increments of independent standard Wiener processes, satisfying dW(¢) ~ N(0, df).

The simulation results in Figure 7 show that the controlled interconnected system preserves accurate

setpoint tracking performance despite the presence of stochastic disturbances.

0 10 20 30 40 50 60 70 80 90 100
Time
3L T
P
25+ sp(zz)
ol %) (k = 1000)
_ & (k = 1000)
S5k
17 ~t vy e S e y: o o
0.5 r
0 | | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100
Time
Figure 7. Trajectories of interconnected Lotka-Volterra systems with control and stochastic
disturbances.
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7. Conclusions

A dynamic model of interconnected Lotka—Volterra systems has been developed both with static
and delayed interconnections. It has been shown that the overall model of the networked LV system
is a quadratic, i.e. a higher-order LV system. We have shown that the X-transformed model of in-
terconnected Lotka—Volterra systems naturally admits a quasi-polynomial representation, facilitating
systematic analysis and control design.

In order to analyze local asymptotic stability around a positive equilibrium, we have shown that
the X-factorable transformation preserves local diagonal stability. This implies the local asymptotic
stability of the positive equilibrium points of both the original and the transformed system model.

We propose a decentralized setpoint-tracking controller design based on the transformed model that
guarantees population persistence in the subsystems of the network. The proposed controller design is
computationally simple and ensures that the controlled system is locally diagonally stable around the
prescribed setpoint. Moreover, larger controller gains improve disturbance attenuation, mitigating the
effect of the disturbance term on control performance.

A simple simulation case study is used to demonstrate and validate the proposed theoretical model-
ing and control framework.
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