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Abstract: In this work, we investigated the emergence of stationary and oscillatory patterns in an
extended version of the Barkley model for corrosive and passivating species, specifically tailored to de-
scribe the initiation stage of localized corrosion at the bottom of fuel tanks. While the proposed model
leaves the corrosive reaction unchanged relative to the original formulation, it modifies the kinetics of
the passivating species by assuming a Leslie-Gower law with a Holling type II functional response. A
rigorous analysis of the dynamical system was first conducted to establish the boundedness of solutions
within a positively invariant region and to identify the emergence of Hopf bifurcations. Subsequently,
through local stability analysis performed on the full spatial model, the conditions for Turing bifur-
cations were determined. These analyses highlighted a wide parameter space where Turing and Hopf
instabilities coexist, thereby demonstrating the model’s capability to trigger stationary and oscillatory
corrosion patterns. Numerical investigations in 1D and 2D domains, utilizing direct integration and
continuation tools, revealed a large variety of pattern morphologies. Specifically, small computational
domains exhibited stripes as well as square and hexagonal holes. In larger domains and across broader
parameter ranges, labyrinthine, target, and non-Turing spiral-like patterns also emerged. Beyond val-
idating theoretical predictions, these analyses revealed that patterned branches emerge supercritically
in 1D and subcritically in 2D domains, providing a qualitative match with experimental observations.
Overall, the proposed framework sheds light on the complex competition between material dissolution
and protective film regeneration, serving as a potential support for predictive strategies in the safety
management of fuel tanks.

Keywords: activator-inhibitor dynamics; turing and Hopf instabilities; Barkley-Leslie-Gower
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1. Introduction

The transition toward green technologies introduces significant challenges, particularly in the field
of biofuel storage. Atmospheric Storage Tanks (ASTs), critical infrastructures for the biofuel industry,
are highly exposed to corrosion, which constitutes one of the most relevant threats to their long-term
structural integrity [1,2]. Failure to manage this degradation can lead to the release of hazardous sub-
stances, causing severe environmental impacts and posing significant risks to human health. Corrosion
refers to the structural or functional degradation of a material resulting from chemical or electrochem-
ical reactions with its surrounding medium [2]. While it may occur uniformly, its most detrimental
forms are localized, exemplified by phenomena such as pitting. These attacks occur at discrete sites
rather than across the entire surface, leading to the formation of pits, crevices, or other localized de-
fects [3]. Pitting, which involves the development of minute perforations [4], remains a significant
issue for tank bottoms. Within the biofuel industry, this vulnerability is heightened by water buildup
(due to product impurities, condensation, or rainwater), the presence of particular contaminants, and
stagnant environments that promote rapid localized attacks [5—7]. Physicochemical analysis shows
that localized corrosion involves a spontaneous breakdown of the passive film that normally protects
the metal surface. The ensuing spatial heterogeneity can result in catastrophic structural failure. Con-
sequently, ensuring AST safety relies on regular monitoring, typically via comprehensive inspections
every decade [8,9]. However, these point-in-time thickness readings often fail to accurately identify
the peak depth of localized pitting. To improve predictive reliability, researchers have been develop-
ing quantitative theoretical models to estimate pitting evolution rates relative to exposure duration and
environmental shifts [10-14]. Conversely, very little literature [15] focuses on the complex drivers of
pitting initiation, a gap that we aim to fill.

In particular, when approaching the study of nonlinear chemical dynamics, reaction-diffusion sys-
tems offer a powerful framework for describing the competition between metal dissolution (the acti-
vator process) and the formation of the oxide film (the inhibitor process). A first attempt to describe
the propagation of corrosion waves in excitable media was presented in [13]. In that framework, the
original Barkley model [16, 17] was employed to describe the interaction between a fast activator vari-
able, the concentration of corrosive species, and a slow recovery variable, the concentration of the
passivating species. However, in its standard form, the model assumed the passivating species to be
diffusionless, so that the conditions for diffusion-driven Turing instability, responsible for the emer-
gence of spatial patterns that could mimic the onset of localized corrosion, were never met [18, 19].
A subsequent approach to trigger Turing instability within the framework of the Barkley model was
addressed in [15]. In [15], the researchers, by exploiting a dichotomy between different states of the
passivating species occurring at a faster time scale, a (nonlinear) cross-diffusion term for this species
was derived. Their results demonstrated that Turing patterns can emerge when the cross-diffusion
coeflicient exceeds a given critical threshold.

In this paper, we prove that by incorporating a more accurate description of the electrochemical
interactions occurring at the bottom of fuel tanks, it is possible to generate a rich variety of corro-
sion patterns in 1D and 2D domains, even when assuming (linear) self-diffusion transport mechanisms
for both species. We propose an extended model where the kinetics of the corrosive species remains
unchanged from the original Barkley model, while that of the passivating species is governed by a
logistic-like Leslie-Gower dynamic with a Holling type II functional response [20,21]. This modi-
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fication captures the limited regenerative capacity of the passive film by introducing a vulnerability
threshold, reflecting the behavior of metals in highly aggressive environments. Our objective is to
analyze how variations in the carrying capacity of the passive film and the survival threshold of the
corrosion density induce a wide range of dynamical regimes, from stationary to oscillatory patterns as
well as from supercritical to subcritical ones, thereby providing deeper insights into the mechanisms
of localized corrosion.

The manuscript is organized as follows:

In Section 2, we develop the generalized Barkley-Leslie-Gower model and discuss the chemical
principles supporting the proposed framework. We determine the system’s equilibria and assess their
local stability against homogeneous perturbations. Furthermore, we establish a positively invariant re-
gion to ensure the global existence and boundedness of solutions of the dynamical system, specifically
for the activator-inhibitor configuration. We then focus on identifying the conditions for Hopf and
Turing instabilities, which are responsible for the emergence of spatially-uniform time-periodic and
time-independent spatially-periodic solutions, respectively.

In Section 3, we are devoted to numerical results. We carry our extensive numerical simulations
and build detailed bifurcation diagrams in 1D and 2D domains to illustrate the model’s rich patterned
dynamics.

Finally, in Section 4, we summarize the major findings of this work and outline potential directions
for future research.

2. Materials and methods

The Barkley model [16, 17] is a prominent framework for studying complex spatio-temporal pat-
terns, with a particular focus on propagating waves, such as rotating spirals and turbulence, in excitable
media [22]. Its applicability ranges from medical sciences [23] to chemistry [13, 15]. In particular,
Batista and coworkers [13] proposed a two-compartment model in the context of the corrosion of metal
surfaces driven by an electrolyte solution, such as the one that forms at the bottom of fuel tanks. That
model described the interaction between the surface concentration of a corrosive species u, playing
the role of a fast activator, and a passivating species v, acting as a slow control variable and assumed
to be diffusionless. This framework was used with success to provide a qualitative understanding on
the electrochemical dynamics occurring at the electrolyte-metal interface. In its original dimensionless
formulation, the Barkley model takes the form:

a—u—Auzéu(l—M)(u—(aV"‘b))
o _
o "V

where A denotes the Laplacian operator in the (x,y) plane, whereas the coefficients a, b, and ¢ are
positive parameters, with condition 6 > 1 mimicking the fast corrosion rate. Corrosion dynamics is
described via an Allee law, where the carrying capacity is normalized to unity and the survival threshold
depends linearly on the concentration of the passivating species, u,, = av + b. Passivating dynamics
appears in an oversimplified form through two linear contributions representing a corrosion-induced
growth and an intrinsic mortality rate.
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Later, the above model was generalized in [15] in a twofold manner to better describe the transport
mechanisms of the passivating species. On the one side, a self-diffusion term was included to mimic
the flow of the passivating species along its gradient, according to classical Fick’s law. On the other
side, starting from the chemical consideration that, at a mesoscopic scale, the passivating species may
exhibit two states (pure passive and passive film breakdown), in line with the Point Defect Model
outlined in [15,24], and that the corrosive species drives fast transitions between them, an additional
cross-diffusion contribution emerged in the resulting limiting governing equation at the macroscale.
The extended model then took the form:

@ - Dy Au=6u(l —u)(u—(av+ b))
5 ot 2.2)
E - A(Dzzv + D21MV) =u-v

where D;; and D,, represent the self-diffusion coefficients of the corrosive and passivating species,
respectively, while D,; denotes the cross-diffusion coeflicient for the passivating one. It is worth notic-
ing that, in model (2.2), the introduction of the cross-diffusive term into the governing equations was
crucial to initiate corrosion patterns [15]. Indeed, the mere presence of self-diffusion contributions did
not guarantee that the conditions for the diffusion-driven Turing instability would be fulfilled.

However, the above model suffers from a too simplistic description of the passivating dynamics. To
address this, we present the following modified version of the Barkley model:

@ — Dy Au=6u(l —u)(u—(av+>b)):= f(u,v)

ot

ov y (23)
E - D22AV =V 1 - m = g(l/l, V)

Here, the reaction term for the corrosive species, f(u,Vv), is left unchanged with respect to the
original Barkley formulation. On the contrary, the passivating species is assumed to follow a Leslie-
Gower dynamics with a Holling type II functional response [20,21,25], represented by the term g(u, v).
Although this approach is typically used in population dynamics, it can significantly enhance the un-
derstanding of pitting formation in this context. This formulation aims to reflect the phenomenological
observation that the repassivation rate and the stability of the passive film are dynamically influenced
by the aggressive environment. To describe these processes in more detail, the reaction term g(u, v)
in (2.3) assumes a logistic growth of the passivating species, where the carrying capacity depends lin-
early on the local concentration of the corrosive species u according to k(u) = k, + d (u — uy,), where
parameters d, k,, and u,, € R*. Parameter k, represents the baseline stability of the film, d scales the
response intensity to the corrosive stimulus, and u,;, defines a critical threshold for the corrosive species
below which the passivating action is inhibited or fundamentally altered. Overall, the carrying capacity
describes the intrinsic limit for the formation of the passivating species, which defines the maximum
thickness of the thermodynamically-stable oxide layer formed on the metal surface. The dependence
of the carrying capacity on u also establishes a competition for the active sites where the passivating
film can grow. In particular, when chloride ions cause the localized breakdown of the metal surface,
the affected site develops an extremely acidic environment (low pH), which prevents the reformation
of the protective oxide layer. Moreover, the introduction of a critical threshold u,;, finds physical and
chemical counterparts in the aforementioned Point Defect Model [24]. From the physical viewpoint,
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it represents the critical concentration of aggressive ions required to induce an accumulation of cation
vacancies at the metal/film interface, a condition that leads to the localized breakdown of the passive
layer and the subsequent initiation of the pit. From the chemical standpoint, it models the transition
from a stable, passive state to an active corrosive regime. In fact, when u exceeds u,,, the interfacial
physicochemical conditions facilitate the competitive growth of the inhibitor in an attempt to suppress
the autocatalytic growth of the pit, a process effectively captured by the d(u — u,,) term. Moreover,
parameter d quantifies the material’s active defensive response, analogous to the anodic growth of ox-
ide films on a metal surface, where the protective layer thickens as the aggressive ion concentration
increases. Practically, d can be estimated by exposing the metal tank bottom to varying corrosive envi-
ronments and measuring the steady-state film thickness via electrochemical impedance spectroscopy,
as in [26]. From such experiments, d can be extracted from the k(u) curve mapping the maximum
oxide thickness against the corrosive concentration u > uy,.

Let us also point out that in (2.3), the passivating species simply diffuses according to the classical
Fick’s law, with a diffusion coefficient D,,. Notably, we will prove the model’s ability to support
stationary and oscillatory patterns even in the absence of cross-diffusion effects.

To preserve the chemical meaning of the quantities involved, the model parameters must meet the
following restrictions:

av+b <1 2.4)

to ensure that the Allee threshold for the corrosive species is lower than the carrying capacity and
k,+d (u—uy) >0 (2.5)

to ensure the positivity of the carrying capacity of the passivating species. Finally, since the carrying
capacity of the corrosive species is set to unity, we impose u,, < 1.

2.1. Equilibria and linear stability analysis under homogeneous perturbations

In our analysis, we will consider a and d as the major control parameters. These two parameters
modulate, respectively, the Allee threshold for the corrosive species and the carrying capacity of the
passivating one.

System (2.3) admits the following spatially-homogeneous steady-states E; = (u;,v}), fori =1, ..., 6,
given by:

E = O, ko= din), E,=(1, k+d(l —up), E= b+a1(k_v addum)’ bd+1k_v addum 06

E; =(0,0), E:=(1,0), E¢ = (b, 0).

Equilibrium Ej exists for d < k,/u,, and the requirement (2.5) is fulfilled under the same restriction,
whereas condition (2.4) is satisfied in the following cases:

ifb<1l — %4gﬁ<d<% (2.7)
ifb>1 — never (2.8)

Regarding E;, it always exists and fulfils condition (2.5), while (2.4) holds for
d<(-b-ak)/la(l-uy].
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As for the coexistence state Ej, it exists and fulfils conditions (2.4) and (2.5) in the following cases:

: : ky  b+tak, 1 l-b-ak| — j
if ad <1 — d<minf{t b 1 Ikl o g (2.9)
. k, b+ak, 1 l-b—ak,| _ 73
if ad>1 — d>max{- e ek 1 1okl o gig) (2.10)

The remaining equilibria Ej ; ¢ exist for any model parameter, fulfilling (2.4) for b < 1 and (2.5) for
k,—duy >0,k,—d( —uy)>0,and k, —d (b — uy) > 0, respectively.
To address the linear stability analysis on these steady states, let us first recast the governing model

(2.3) as:
O(u) (D O Au Su(l —u)(u—(av + b))
8_I(V)_( 0 Dy )(Av)+( V(l_m) J (2.11)
~—_——  —
. o R(E)

and introduce a small perturbation around E* in the form of a simple Fourier mode
E = E* + Eexp (A + ik - X), (2.12)

where A and k = (ki, ko) represent the growth factor and the wavevector of the perturbation, respec-
tively, and x = (x1, x2).

The local stability character of each steady state under homogeneous perturbations is then addressed
by considering the linearized problem in the absence of spatial disturbances (k = 0)

JE)-ADE=0 (2.13)
which leads to the characteristic equation
22— AtrJ(E) + detJ(E*) = 0. (2.14)

In (2.13) and (2.14), 1 is the 2 X 2 identity matrix and J represents the Jacobian matrix:

*

JE") = (f“* f) (2.15)
gu gv

where the subscripts denote the partial derivatives with respect to the indicated variable, and the aster-
isks indicate that the functions are evaluated at E*. As known, an equilibrium is locally stable under
spatially-homogeneous perturbations iff trJ(E*) < 0 and detJ(E*) > 0.

In the model proposed here, the partial derivatives take the form:

fr=o2w b+ D+av Qu -1 -b-3u"|, f=6au @ -1)
i} dv 21" (2.16)

gu=—"—=> & =1

(’/;v+du*)2, ' _%v+du*

where we have set E =k, —duy,.
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By combining (2.16) with (2.6), under the assumption that conditions (2.4) and (2.5) are met,
straightforward calculations yield the following conclusions:

Equilibrium tr(J(E")) det(J(E")) Local stability (k = 0)
E; —5(b+ak,)—-1<0 5(b+ak,) >0 always
E; 5(b-1+alk,+d))-1<0 —6(b-1+alk,+d)>0 always
E; £i (E5) =1 <0 1 (E3) @d - 1)> 0 for d(a) < d < dy(a)
for d(a) < d < dy(a) for d > d(a)
. 1-6b<0
E, for b < 1/6 -0b<0 never
. 1+6(b-1)<0 ob-1)>0
E; forb<1-1/5<1 for b > 1 fevet
- 1+5b(1—b)<0 Sb(1-b)>0 never
6 forb>%(1+1/1+‘6—‘)>1 forb < 1 v
where
o[b k,—duy)l[1-b-ak, +d(1 -
fu* (E;) _ [b+a( um)l [ za( +d( uth))], 2.17)
(1 -ad)
dy(a) = n@) + (ug —b—-ak,) V6 (6 — 4), 2.18)
2aléum (1= uy) —1]
with
na) =ob+ak,+uyu(1-20b+ak,))] -2, (2.19)

under the restriction ¢ > 4.

The above results indicate that only the steady states Ej, EJ, and E; can be locally stable under
homogeneous perturbations. However, the only coexistence state E may exhibit the typical behavior
of an activator-inhibitor system characterized by f; > 0 and g, < 0 [19]. In fact, keeping in mind
that g; (E;) = —1 < 0, the conditions f; (E3) > 0 and det(J(Es")) = £; (E3) (ad - 1) > 0 are fulfilled
for d > d(a), which rules out case (2.9). On the contrary, the other stable states are characterized by
fi (E;,) <0and g} (E; ,) < 0.

For all the above reasons, and considering our interest in detecting the occurrence of meaningful
temporal and/or spatial oscillations about non-null states, going forward, we focus our attention on
equilibrium E7 only.

2.1.1. Positively-invariant region

Let us prove that the dynamical system E, = R(E) admits a positively invariant region € in the
phase plane (u, v) about the state EZ = (u},v3). In particular, it can be demonstrated that there exists a
convex bounded region of trapezoidal shape such that, if the initial datum lies in Q, then the solution
(u(1), v(t)) lies in Q for Y(u,v) € Q and V¢ > 0 [27].
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Theorem 2.1. Let Q) = {(u,v) ca<u<l AO<Lv< 0'u+://}, where

duy, —k, ayB—a+b a—b—aayp
=, =, -, :kv dl— N Zl
T4 a(1-a) a(l-a) pfyrdd=t).
(2.20)
If the model parameters satisfy restriction (2.10) with
S —b - ayB)u(l — ) [u—a(ou+y) b +a(l —a)ocu+w|l - —T"F <o @21
k, +d(u — uy,)

for u € [a, 1], then Q is a positively invariant region for the dynamical system E, = R(E).

. T T
1 '(a) - = f(u,v)=0 ! 1 ! 1 1 (c)
: —g(u,v) =0 : ! |
x | 1
0.8 1 2 0.8 0.8
| i :
06 | : 06 ! 06 !
5 1 1 = j j
0.4 1 ! 0.4 i 0.4 i
! ! 1 ]
0.2 : .7 : 0.2 : 0.2 :
E}! E -~ ! N E*l B -7
L. 6_~ - E ! 6_~
0 s 1= - . 5 -
L. / 1 0 \ 0 L
0 0.2 0.4 0.6 0.8 1 0 0 0.2 0.4 0.6 0.8 1

u u

Figure 1. (a) Nullclines of the dynamical system E, = R(E) with equilibria: filled squares
(stable) and empty squares (unstable). (b),(c) Phase portraits showing the existence of a
positively-invariant region (the magenta trapezoid). In panel (c), the existence of a limit
cycle is also pointed out. Common parameters (satisfying restrictions (2.10) and (2.21)):
u, =0.6,b=02,k =02,a=12,6=6,y =1.2. In(b), we use d = 1.4, which falls into

the range d < d < dy, while in (c), d = 1.55 corresponds to d > dy.

Proof. Let us consider the trapezoidal region of the phase plane delimited by the four straight lines
Q = {(u, vVV:ia<u<lAOLv<ou+ w} and characterized by the outer normal unit vectors
nj, with j = 1,..,4, depicted in Figure 1(b). To establish that Q is a positively invariant region for
the dynamical system E, = R(E), with reaction terms R = (f(u,v), g(u,v))" defined in (2.11), let us
prove that (R(; E), 1y <0 Vt e R*, E € 0Q, 7 € Ng, under the assignment (2.20). Here, (, ) denotes
the scalar product, and Ng represents the set of all the outer normal unit vectors to the boundaries of
region Q.

a-b-ayp a(l-a)
] Va—b-ayp+a2(1-ap’ \(a-b-aypp+a*(1-a)?
E=(u,ocu+y)andu € [a, 1]. Thus,
(R(E), 1) = 6(a—b—ayB)u(l —u) [u— a(cu+y) —b|+a(l —a)(ocu+y) [1 - kvzg_lam)] <0,
which is fulfilled for suitable choices of the model parameters.

T
e On the oblique boundary, i1; = ( ) is the outer normal,

e On the right boundary, 7, = (1,0)7 is the outer normal, E = (1,v) and v € [0,0 + ]. Thus,
R(;E), ip) = 0.

e On the lower boundary, 73 = (0,—1)7 is the outer normal, E = (1,0) and u € [, 1]. Thus,
Rt E), i3) = 0.
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e On the left boundary, 7, = (0,1)" is the outer normal, E = (a,v) and v € [0, O’T‘b]. Thus,
(R(t;E), 13y = —=6a(1 — a)[a@ — b — av] < 0 which is fulfilled being @ < 1 and v < ab

a

Therefore, € is a positively invariant region for the dynamical system E, = R(E) under the assigne-
ments (2.20).

2.1.2. Hopf bifurcation

Let us now prove the occurrence of Hopf bifurcations in the proposed dynamical system E, = R(E)
and, in particular, let us inspect the possibility that the steady state E; undergoes a transition toward a
spatially-uniform periodic-in-time solution. To this aim, the characteristic equation (2.14) should admit
a pair of purely imaginary conjugate roots A = +iw, and the transversality condition dgzﬂ i=d, * 0 must
be fulfilled at the critical value of the control parameter d = d,, at which such a bifurcation occurs.

It can be proved that the occurrence of a pair of purely imaginary conjugate roots in the characteristic
equation is equivalent to requiring that tr(J(E3")) = 0, which occurs at d..(a) = dy(a) given in (2.18).
Moreover,

dReA
dd
which is fulfilled under the restrictions u,, # b + ak, and 6 > 4. This result indicates that, with

increasing control parameter d, the steady state E3” loses stability at d = dy through a Hopf bifurcation
and generates a limit cycle with period:

=a(up—b-ak) Vo6 -4)#0 (2.22)

d=dy

dy -1
T =2n 2o (2.23)
8|b+a(k, — dyu)||1 = b - aldu(1 — uy) + k]|
2.2. Linear stability analysis under non-homogeneous perturbations
Let us linearize model (2.11) using (2.12) in the presence of spatial (k # 0) disturbances as:
(A7 -J(E) +D)E=0 (2.24)

with «? as the square modulus of the wavevector. By expanding the characteristic equation (2.24), it
follows that

22— Am(®) + h(x?) = 0, (2.25)

where
m(x*) = tr (J (E})) — K*(Dy; + D), (2.262)
h(k*) = Dy Dy k* — g 1* + det (J (E3)), (2.26b)

with g = Dy f + D1, g;. It can be noticed that, being D, > 0, Dy, > 0 and the condition tr (J (E;)) <0
holds for the local stability against uniform perturbations, it immediately follows that m(x?) < 0 in
(2.26a) is fulfilled for any value of model parameters and wavenumber. Therefore, the stability of
the equilibria under non-homogeneous perturbations is determined only by the sign of function A(x?)
defined in (2.26b). Since it is also required that det (J (E;)) > (0, the characteristic equation (2.25)
admits eigenvalues with negative real part for any wavenumber «, and thus the steady state Ej is locally
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stable with respect to homogeneous and non-homogeneous perturbations if and only if the following
conditions

Ju (E3) - 1<0,
S (E3)(ad - 1) >0, (2.27)
(fDyy + D)’ — 4adD,, Doy f (E}) < 0,

are fulfilled. These lead to

d<d<dy
s 4 3 > (2.28)
psd” + pad” + p3d” + prd” + p1d + po < 0
where f (E;) d, and dy are defined in (2.17), (2.10), and (2.18), respectively, while
2
po = D1+ Dy 6(1 = b— ak,)(b + ak,)| . (2.29)
p1 = 2a{ = 2D}, = D3,6°(1 = b — ak,)(b + ak,)|ug, + (1 = ug)(b + ak,)|+
— D1 Dpd|(1 = ug)(b + ak,) + ug(1 = b - ak,) + 4(b + ak)(1 - b - ak,)|, (2.30)
P2 = a2{6D%1+
2D11 Dod|un(1 = ) + 411 = ug)(b + ak,) + ug(1 = b - ak,) +5(b + ak,)(1 - b - ak,)] |+
D3, [(b + ak)(X = ug) [(b+ ak)(1 = up) + dun(1 = up)l + (1 = b —ak,)|}, (2.31)
p3 = 2a*| = 2D%) = D3, 6" ug(1 = u)(1 = b — ak,)[uy, + (1 = 2uy)(b + ak,)]+
= D1Dyd[(b+ak,)2(1 —b—ak,) +5(1 = 2uy)) + un(9 — 4uy)] } (2.32)
P4 = a“{Df1 + D3, 8% u, (g — 1)* +2D11D06[2 (1 = 2uy)(b + ak,) + uy, (7 — Suy) ]}, (2.33)
ps = 4a D11D 6 ug(uy, — 1). (2.34)

2.2.1. Turing bifurcation

As known, the presence of diffusion terms in a reaction-diffusion system may lead to the loss of
stability of a spatially-homogeneous steady state and the emergence of spatial patterns [15, 18, 19,28-
30]. To inspect the possibility of triggering Turing-type diffusion-driven instabilities about E3, it is
required that Re{A(x)} > O for some « # 0. By inspecting (2.25) and (2.26b), the only possibility for
this to occur is that the function h(k*) < 0 requires g > 0 violating (2.27);. Moreover, as known, it is
also required that, as the control parameter is varied, the transition of the real part of the most unstable
eigenvalue from negative to positive should occur via a maximum [19]. By denoting as dr and «r,
respectively, the critical values of the control parameter and wavenumber at which such a transition
occurs, we end up with

[fiDy + gD 1> — 4D Dn(fig: - figh) =0,
Dzzfu* + D“g?; (235)

K2 =
T — s
2D 1Dy gy,
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under the restriction g > 0. In (2.35), the first equation represents the Turing bifurcation locus, which
defines implicitly the critical value d7. Since we are interested in evaluating the possibility of generat-
ing corrosion patterns around the steady-states E;, the Turing locus specializes as follows:

psd® + pad* + p3d® + prd® + prd + py = 0 (2.36)

where p; (i = 1, ...,5), defined in (2.29)—(2.34), whereas the critical wavenumber takes the form:

o Jé[b +a(k,—drug) |[1=b-alk +dr(1-u) ]| o1

(ad = 1)D 1Dy,

The nonlinear and nontrivial dependences of the Turing locus on the control parameters prevent any
other analytical investigation. Therefore, additional information are extracted by numerical investiga-
tion. In Figure 2, we summarize the theoretical predictions on the existence and the stability of the
coexistence state E3 against homogeneous and non-homogeneous perturbations. Here, the solid red
line depicts the locus d = d(a), given in (2.10), below which the steady state E5 does not exist and
does not fulfil conditions (2.4) and (2.5) (region I). The dashed green line denotes the Turing locus
d = dr(a), given in (2.36), so that region II (d < d < dr) represents the region where Ej is locally
stable with respect to spatially-homogeneous and non-homogeneous perturbations. The dash-dotted
magenta line is the Hopf locus d = d(a) given in (2.18), and region III (d; < d < dy) thus identifies
the Turing pattern forming region, namely the portion of the parameter plane where Ej is locally stable
with respect to spatially-homogeneous perturbations but is destabilized by non-homogeneous ones. Fi-
nally, in region IV (d > dp), the equilibrium loses stability via Hopf bifurcation and Turing and Hopf
instabilities coexist.

a

Figure 2. Existence and local stability of equilibrium Ej in the (a,d) parameter plane.
Solid red, dashed green, and dash-dotted magenta lines are representative of: d = d(a) (exis-
tence locus), d = dr(a) (Turing locus), and d = dy(a) (Hopf locus), respectively. Parameters:
up, =06,b=02,6=6, k, =0.2, D;; =0.1, and Dy, = 0.6. The dotted vertical linea = 1.2
is used as a guide to the eye to denote the continuation analyses depicted in Figures 3 and 6.
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3. Numerical results

In this Section, we will address numerical investigations with a twofold goal. On the one hand,
we build the bifurcation diagram to validate the existence of Turing and Hopf bifurcations as well
as to explore their stability. On the other hand, we integrate the governing system numerically to
observe whether the formation and the spatio-temporal evolution of the resulting patterned solutions is
consistent with our analytical predictions. Analyses will be performed in 1D and 2D domains.

3.1. Analyses in 1D domains

Figure 3 displays the 1D bifurcation diagram computed by means of the continuation tool pdeZ2path
[31-33], where stable (unstable) branches are denoted by thick (thin) lines. To build this diagram and
enable the possibility to observe all the above instabilities, d is taken as the main control parameter,
and the coefficient is set to a = 1.2 (see the dotted line in Figure 2), while all the other parameters
are kept fixed at the values reported in the caption of Figure 2. The computational domain is set to
x € [-10,10], and Neumann boundary conditions have been considered. Moreover, we verify that
condition (2.21) holds for all numerical examples reported in this paper. The diagram reports the
conductive branch in black, representing the zero-amplitude patterned mode, which becomes unstable
at d = dr = 1.33, in line with the theoretical prediction given in Eq (2.36). At this critical value of the
control parameter, the uniform steady state Ej loses its stability, and a primary, supercritical, branch of
stable patterned state originates (see the thick blue curve in Figure 3). Then, other secondary patterned
branches emerge from the conductive state for larger values of the control parameter. It can be checked
that these branches exhibit re-stabilizing bifurcations, typical of the phenomenon of Eckhaus instability
of stationary patterns [34—36].

0.9

0.75 -

1.3dr 1.4 15d0 1.6 1.7 1.8 1.9

d

Figure 3. Bifurcation diagram for the 1D model computed with the continuation tool
pde2path on the domain x € [-10, 10], with d as the control parameter and a = 1.2. All
the other parameters are the same as in Figure 2. Here, stable (unstable) branches are de-
noted by thick (thin) lines.
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At d = dy = 1.54, a supercritical Hopf bifurcation is detected (orange thick line), agreeing with
the prediction reported in Section 2.1.2 (see also Eq (2.18) for the explicit expression of the Hopf
threshold). Interestingly, the inspection of the bifurcation diagram also reveals a range of the control
parameter (1.54 < d < 1.74) where stable Turing and Hopf branches coexist. Therefore, it is expected
that the proposed model could also admit oscillating-in-time spatially-periodic solutions.

u(x,t) v(z,t)

09 400 0.57
0.8 0.56
0.6 0.55
0.84 0.54
0.82 0.53

+ 08 + 0.52
0.78 0.51
0.76 0.5
0.74 0.49
072 0.48
07 .

5 — 5
u(:c t) U(;L‘ t)
09 400 0.57
0.88
350 0.5
0.86 0.55
300
0.84 0.54
0.82 250 0.53
b 08 + 200 0.52
078
56 0.51
0.76 05
100
074 0.40
072 50 0.48
07 o0 0.47
u(:r: t) v(.r t)

0.9 400 0.57
0.88 350 0.56
0.86 0.55
300
0.84 0.54
0.82 250 0.53
0.8 + 200 0.52
0.78 150 0.51
0.78 0.5
100
0.74 0.49
50
0.72 0.48
0.7 0 0.47

Figure 4. Spatlo—temporal evolution of corrosive and passwatlng species obtained for differ-
ent values of the control parameter d: (a),(b) d = 1.41; (¢),(d) d = 1.50, and (e),(f) d = 1.53.
They correspond to the stationary patterned branches represented in blue, green, and ma-
genta, respectively, in Figure 3. The parameter set is the same as in Figure 2.
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Figure 5. Oscillatory patterned dynamics in a 1D domain resulting from the superposition
of Turing and Hopf branches. (a),(b) Spatio-temporal evolution of corrosive and passivating
species obtained for d = 1.69 > dy. This corresponds to an oscillatory patterned solution
given by the superposition of the Turing and Hopf branches depicted in magenta and orange,
respectively, in Figure 3. The parameter set is the same as in Figure 2. (c) Phase portrait
depicting the resulting system’s trajectory in the (u, v) plane evaluated at the middle point of
the computational domain x = x. = 0. (d) The corresponding Poincare map.

Finally, note that other bifurcating branches have been intentionally omitted from the plot as they
are inherently unstable and do not add relevant contribution to our analysis.

To validate the above predictions, we integrate the proposed model Eq (2.11) numerically in the 1D
case in a MATLAB [15] environment. Neumann boundary conditions are applied to simulate zero-
flux conditions at the edges of the domain x = +10. The initial condition is in the form of a small
spatially-periodic perturbation of the steady state, where the wavelength is typically extracted from the
continuation analysis. We develop an implicit finite-difference scheme, in which the reaction terms
and the transport terms are treated implicitly. For details on the numerical method used, see [15].

First, in Figure 4 we report the spatio-temporal evolution of the corrosive u(x, t) and the passivating
v(x, t) densities obtained when the control parameter is in the range dy < d < dy. As an illustrative
example, to mimic the stable branches depicted in blue, green, and magenta, respectively, in Figure 3,
we choose d = 1.41 (panels (a),(b)), d = 1.50 (panels (c),(d)), and d = 1.53 (panels (e),(f)). As it can
be noticed, results agree satisfactorily well with our predictions and with results of continuation anal-
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ysis. In fact, once the steady-state Ej is destabilized by a non-homogeneous perturbation, it converges
toward stable spatially-periodic stationary patterned states. With the increase in the control parame-
ter, the solutions are characterized by progressively decreasing wavelengths and amplitudes, in line
with Figure 3. This spontaneous spatial symmetry breaking reflects, from the chemical viewpoint, the
formation of alternating cathodic (areas protected by the passive film) and anodic zones (high concen-
tration of corrosive species), the last of which act as a classic precursor to the localized corrosion or
pitting observed, for instance, in the bottom of fuel tanks [5, 10, 12, 13, 15]. In particular, the increase
in the number of corrosion bands is accompanied by a decrease in their thickness, demonstrating that
the morphology of the corrosion patterns can be strongly modulated by the carrying capacity of the
passivating species. Indeed, increasing values of d enables us to mimic a reduction of the corrosion
strength, so that the emerging patterns are more spatially confined.

When the control parameter overcomes the Hopf threshold dy, the system is expected to enter a
different regime. As proven in Figure 5, which is obtained for d = 1.69 > dp, a stable spatially-
periodic oscillatory-in-time solution emerges (see panels (a),(b)), an indication of the superposition
of Turing and Hopf instabilities. For this value of the control parameter, stable Turing (magenta line
in Figure 3) and Hopf (orange line in Figure 3) branches coexist. The analysis of phase portraits
(panel (c)) and the Poincaré map (panel (d)) confirms the existence of a stable limit cycle, indicating
that the system’s trajectory, evaluated at a given location of the computational domain (the middle
point x = x. = 0 in the figure), evolves along a closed periodic trajectory in the phase space [37].
From the chemical viewpoint, the system undergoes a shift into a cyclic “breakdown-repassivation”
process: The local accumulation of corrosive species u triggers the periodic rupture of the protective
film v, which subsequently regenerates according to the Leslie-Gower-type recovery dynamics. Such
oscillatory behavior is typically encountered in metals exposed to highly aggressive electrochemical
environments, where the system constantly fluctuates between active and passive states. Experimental
evidence of these oscillatory patterns have also been reported in several electrochemical studies in the
literature [38].

3.2. Analyses in 2D domains

Extending the analysis to the 2D model, let us consider a square computational domain
(x,y) € R? : x € [-5,5],y € [-5, 5] and build the corresponding bifurcation diagram, as shown in Fig-
ure 6. All the other parameters are the same as those used in Figures 2 and 3. For simplicity, we do not
report the Hopf bifurcation branch (as no changes are expected with respect to the 1D analysis), so the
analysis is restricted to the the spatial structures of patterned branches.

A first relevant result is the possibility to trigger patterns with different morphologies, such as
stripes and holes, arranged in square or hexagonal matrices, as depicted in the insets of Figure 6.
The emergence of holes is extremely relevant in the context of corrosion affecting the bottoms of
metallic tanks storing crude oil, gasoline, biofuel, or other fuels. These sites represent areas where
aggressive species (e.g., chloride ions or organic acids) disrupt the passive film, stabilized by species
such as hydroxide ions, oxygen, or chemical inhibitors like nitrites and phosphates, thereby triggering
localized anodic dissolution and the subsequent formation of pitting, as shown in Figure 7. In this
picture, panels (a) and (b) depict extended areas (on the scale of meters) affected by numerous circular
corrosion pits. The other pictures provide magnified views (tens of centimeters), revealing the presence
of either almost-regularly distributed circular pits (panel (c)) or, irregular, non-circular ones (panel (d)).
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0.95

0.85

1.8

Figure 6. Bifurcation diagram for the 2D model computed with the continuation tool
pde2path on a square domain [-5, 5] X [-5, 5], with d as the control parameter and a = 1.2.
All the other parameters are the same as in Figure 2. Insets show the spatial structures for
each patterned branch provided by the pde2path tool.

Moreover, comparing the 1D and 2D bifurcation diagrams highlights two noteworthy distinctions
in the primary branches: A transition in their nature, from supercritical to subcritical, and a morpho-
logical change from stripes to holes. The occurrence of a subcritical instability reveals the existence
of a range of the control parameter, between the turning point (drp) and the Turing threshold (d7),
where the uniform steady state and various patterned states coexist and are stable. This multistability
implies that the patterned states undergo hysteresis, meaning the selected state depends on the system’s
history. The shift from supercritical to subcritical may be driven by several factors, including the im-
pact of dimensionality on nonlinear feedback mechanisms near the onset of instability, the projection
of nonlinearities onto domain-specific eigenfunctions, and the potential for resonance phenomena in
2D geometries. While a rigorous characterization of this transition typically requires a multiple-scale
weakly-nonlinear stability analysis to derive the governing amplitude equations (see, e.g., [39]), such
an investigation lies beyond the scope of this work.

To qualitatively mimic the aforementioned experimental data and to validate the results contained
in the bifurcation diagram, we now perform additional investigations by integrating the full 2D gov-
erning system (2.11) numerically. We set zero-flux boundary conditions and consider initial conditions
consisting of small perturbations of the steady state E}, periodic along the x and y axes.
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Figure 7. Experimental pictures of real corroded bottoms of fuel tanks.

The first investigation concerns the subcritical nature of the major patterned branches. The analysis
is carried out by setting d = 1.38 initially, which represents a control parameter larger than the Turing
threshold dy. This setup originates the patterned solution reported in Figure 8(a), in the form of a
square matrix of holes, that closely resembles the one obtained via pde2path (see the blue branch in
Figure 6). Subsequently, this state serves as the initial condition for a new simulation in which the
control parameter is decreased to d = 1.3 < dr. The results shown in panel (b) reveal that the patterned
configuration survives for below-threshold values, keeps the original morphology, and exhibits just a
change in the amplitude. If the control parameter is further reduced to d = 1.25, i.e., below the turning
point drp = 1.27, the system undergoes an abrupt transition toward the stable spatially-homogeneous
steady-state (see panel (c)), confirming its subcritical nature.

Another investigation involves the possibility to initiate patterns with different morphologies, whose
emergence strictly depends on the model parameters and initial configuration. Apart from regular
holes distributed along a square matrix depicted in Figure 8, the system may trigger hexagons (see
Figure 9(a),(b)) [39] or stripes (see Figure 9(c),(d)), agreeing with the results reported in the bifurcation
diagram (Figure 6). Numerical evidence of stability is provided by the fact that these configurations
persist unchanged over extended computational windows.

Furthermore, we analyze whether oscillatory behaviors can also be detected in 2D domains. To this
aim, we integrate again the 2D model where we set an initial condition in the form of a stripe pattern
mirroring the magenta branch in Figure 6 and increase the control parameter to d = 1.66 > dy. We
observe that the spatial positions of the stripes change over time within the computational domain, as
illustrated in Figure 10 (panels (a)—(c)). To analyze this phenomenon more precisely, we examine the
spatio-temporal evolution along the cross-section y = 0 (panel (d)). The resulting dynamics display an
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oscillatory Turing pattern, highly analogous to the 1D case (see Figure 5(a)). To formally confirm the
periodicity of this phenomenon, we track the system’s trajectory in the (&, v) plane at (x, y) = (0, 0). The
emergence of a limit cycle is visible (panel (e)), and a distinct point results in the Poincaré map (panel
(f)). These findings conclusively demonstrate that the interplay between Turing and Hopf instabilities
can also manifest in 2D domains.

s 0 5
T

Figure 8. Results of numerical integration of the 2D model (2.11) obtained for: (a) d = 1.38,
(b) d = 1.3, and (c) d = 1.25. The other parameters are as in Figure 2. The initial condi-
tion for (a) is a small spatially-periodic perturbation of the steady-state E;, which closely
resembles the patterned configuration corresponding to the blue branch depicted in Figure
6. The steady configurations given in panels (a) and (b) are used as initial conditions for the
simulations in (b) and (c), respectively.
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Figure 9. (a),(b) Hexagons and (c),(d) stripes obtained by integrating the 2D model (2.11)
for d = 1.50 and d = 1.62, respectively. The initial conditions mirror the red and magenta
branches in Figure 6. The other parameters are as in Figure 2.
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Figure 10. Oscillatory patterned dynamics in a 2D domain resulting from the superposition
of Turing and Hopf branches. (a—c) Numerical integration of the 2D model over the domain
[-5,5] X [-5,5], for d = 1.66 > dy at three time instants. The initial condition mirrors the
magenta branch in Figure 6. (d) Spatio-temporal evolution in the (x, ) plane evaluated at a
fixed location y = y. = 0. (e) Phase portrait depicting the resulting system’s trajectory in the
(u,v) plane evaluated at x = x. = 0. (f) The corresponding Poincaré map.

Finally, we explore pattern dynamics admitted by the proposed model over larger computational
domains ([-50, 50] x [-50, 50]) and larger values of the control parameter (d > 1.5). For the first sim-
ulation, we employ a small random perturbation of the steady state as initial condition. The resulting
steady configurations are used as initial conditions for the subsequent ones. Starting from d = 1.5,
we find small holes forming the so-called cold-spot patterns [40], as depicted in Figure 11 (see panel
(a)). With the increase in the control parameter, at d = 1.7, these cold spots start coalescing and lead
to mixed stripe-labyrinthine patterns (panel (b)) [40]. At d = 2, the structure of the pattern changes
substantially and gives rise to target-like patterns [41] (panel (c)). Increasing further the control param-
eter, the system exhibits non-Turing patterns in the form of spiral-like patterns [41] (see panel (d) for
d = 2.5 and (e) for d = 3.5). Keeping the largest value of d unchanged, doubling the side of the com-
putational boundaries, and considering a random disturbance of the steady state as initial condition,
the behavior becomes more irregular (see panel (f)).

From the perspective of corrosion phenomena, the emergence of square or hexagonal matrices of
circular holes (such as those depicted in Figures 8(a),(b), 9(a),(b)), disordered cold spots (Figure 11(a)),
and isolated target patterns (Figure 11(c)), qualitatively resembles the experimental circular corrosion
pits shown in Figure 7(b),(c). It is evident that, while standard Turing patterns are perfectly periodic,
real observations are often highly disordered. However, these configurations can be interpreted as lo-
calized structures that, initially arranged in an arbitrary non-periodic spatial pattern, destabilize and
propagate their state across the background once triggered by a parameter change (e.g., a change in
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the conditions of the fuel tank). Furthermore, the panels in the last row in Figure 11 could also mimic
the scenario where the physical and chemical heterogeneity of an environment (such as the bottom of
a fuel tank) triggers localized, irregular breakdowns in the passive film, leading to the formation of
corrosion structures similar to the experimental ones depicted in Figure 7(d). This behavior finds also
a mathematical counterpart in the fact that control parameter d modulates the intensity of the system’s
response to the corrosive species. As this coupling parameter increases, the nonlinear feedback be-
tween metal dissolution and repassivation is amplified. This strong interaction drives the system into
a regime of catastrophic and unpredictable surface degradation, dominated by nonlinear fluctuations.
This instability leads to a highly disordered corrosion morphology, characteristic of metals exposed to
aggressive electrolytic solutions or subjected to strong anodic polarization.
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Figure 11. (a) Cold-spot, (b) mixed stripe-labyrinthine, (c) target, and (d),(e) non-Turing
spiral-like patterns obtained in a computational domain [-50, 50] x [-50, 50] for d = 1.5,
1.7,2.0, 2.5, and 3.5, respectively. (f) Non-Turing spiral-like patterns obtained for d = 3.5 in
the larger computational domain [-100, 100] x [-100, 100].

4. Conclusions

In this work, we address a critical challenge introduced by the transition toward green technolo-
gies: The risks associated with the release of hazardous materials due to potential failures in managing
the localized corrosion at the bottom of fuel tanks. Specifically, the proposed model is designed to
characterize the critical onset of corrosion, the so-called pitting initiation phase, rather than the subse-
quent stages of pit growth and evolution. By focusing on this early stage, the framework captures the
fundamental mechanisms that precede structural damage. Our approach relies on a two-compartment
reaction-diffusion model, based on a generalized version of the Barkley model for excitable systems,
to describe the concentrations of corrosive and passivating species. While preserving the original Allee
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kinetics for the corrosive species, the model introduces a logistic-like law for the passivating species
featuring a corrosive-dependent carrying capacity. This formulation can be classified as Leslie-Gower
dynamics with a Holling type II functional response. This modified kinetics addresses the oversim-
plifications of the original Barkley model by accounting for the phenomenological observation that
the repassivation rate and the stability of the passive film are dynamically influenced by the corrosive
environment.

Through rigorous analytical and numerical investigations, several key features of the model are
highlighted.

Analytically, the boundedness of solutions and the emergence of Hopf bifurcations in the associated
dynamical system are first established. Subsequently, a linear stability analysis of the full spatial
model identifies the conditions for Turing instability. The plot of the instability regions reveals a broad
parameter space where stationary and oscillatory corrosion patterns may emerge. Notably, compared
to previous corrosion models [15], this framework yields the advantage of initiating corrosion patterns
without requiring cross-diffusion effects.

Numerically, integrating the governing system and applying continuation techniques across 1D and
2D domains provides deep insights into the system’s behavior. These simulations reveal a remarkable
morphological variety of patterns, including stripes, holes, labyrinths, targets, and non-Turing spiral-
like structures. The emergence of target, holes, and spiral-like patterns is particularly relevant, as
it qualitatively captures the pitting phenomenon experimentally observed at the bottom of real fuel
tanks. The system also exhibits a sensitivity to spatial dimensionality, shifting from a supercritical
regime in 1D to a subcritical behavior in 2D domains. This subcritical regime implies the presence of
hysteresis, indicating that corrosion damage can persist even when the control parameter drops below
the critical threshold. Furthermore, numerical investigations corroborate the theoretical predictions,
demonstrating that stationary and oscillatory Turing patterns can emerge in 1D and 2D domains, with
the oscillatory behaviors driven by the coexistence of Turing and Hopf instabilities.

Future developments of this work may proceed along three major directions. First, inspired by the
literature [15], the inclusion of an additive cross-diffusion term could be investigated. Chemically,
this transport mechanism would model the active migration of passivating species toward zones of
high corrosive concentration, thereby simulating a dynamic material protection mechanism. Second,
following [13], the model could benefit from a third differential equation describing the spatio-temporal
growth of corrosion pits across the metal surface. Third, in line with [42-44], the model parameters
could explicitly account for the intrinsic and spatial heterogeneity of the environment. This would
naturally break the symmetry of the system, leading to imperfect, patchy patterns that would capture,
more accurately, the disordered states shown in the observations. Such extensions would contribute
to develop a more robust framework for analyzing pitting initiation and evolution, aiding the safety
management of fuel tanks.
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