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Abstract: We propose a fractional-order differential equation model to study the gender-specific
transmission dynamics of human papillomavirus (HPV). Due to limited gender-disaggregated HPV
data, oropharyngeal cancer incidence was used as a proxy. The model includes a theoretical analysis
of disease-free and endemic equilibria and computation of the basic reproduction number, with stability
conditions derived for both cases. Structural identifiability was confirmed using differential algebra,
and data fitting indicated that the fractional models (@ = 0.9) better captured U.S. dynamics, while
classical models (@ = 1) suited Turkish data. Practical identifiability, assessed via Monte Carlo
simulations, revealed that most parameters were identifiable, though some (e.g., the male exit rate
U) showed limitations. Numerical simulations demonstrated sensitivity to fractional effects. This
work provides a robust framework for modeling the transmission of HPV and offers insights for future
epidemiological modeling and intervention planning.
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1. Introduction

Human papillomavirus (HPV) is a class of 200 viruses that spread through sexual contact [1].
Human papillomaviruses are divided into two groups: high risk and low risk. High-risk viruses,
particularly HPV 16 and HPV 18, cause most cancers that result from HPV infection. Low-risk
viruses rarely lead to cancer. While most HPV infections are asymptomatic and resolve themselves
within a couple of years [2], it is that connection to cancer that makes HPV important to study. HPV’s
prevalence in Turkey is between 2% and 46% in some regions [3], while in the US, HPV’s prevalence
is estimated at around 40% [4]. In Turkey, about 4.2% of the women in the general population harbor
HPV 16/18 [5, 6], and in the US about 3.9% of all women at any time are infected with genotypes
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HPV 16/18 [7].

Mathematical modeling of HPV is a powerful tool that can help stakeholders to compare different
prevention and mitigation measures for the control of HPV and HPV-related cancers. Mathematical
models of HPV and the resulting cancers are predominantly ordinary differential equation (ODE)
models. Early modeling focused on HPV and cervical cancer as the most prevalent cancer resulting
from HPV infection in women. Lee and Tameru developed a single-gender model that incorporates
HPYV infection and cervical cancer in US African-American women [8]. Sado [9] considered an ODE
model of cervical cancer and HPV transmission and vaccination. Zhang et al. [10] considered a
somewhat more elaborate model of HPV infection with cervical cancer. Dasbach et al. [11]
investigated several types of models that discuss the role of HPV infection on cervical cancer.
Imperfect vaccination leads to backward bifurcation in a model of HPV transmission that leads to
cancer [12]. The impact of vaccination on HPV infections and cervical cancer was recently
investigated in [13]. Liu et al. [14] considered the relation of HPV infection and cervical cancer in
Hungary. The models in these articles are all ODE and single-gender models.

Two-sex models of HPV have also been considered. Elbasha [15] developed one of the first HPV
two-sex models. Other two-sex models of HPV also followed but in many cases, they did not include
cancers. Omame et al. considered a two-sex model with imperfect vaccine and prevention
strategies [16]. Sharomi et al. included HPV and cervical cancer in a two-sex model [17]. In a series
of papers, Gao et al. considered two-sex models of HPV without the inclusion of cancer [18-20].
Saldana et al. [21] considered a female-male model of HPV and its relation to HPV-induced female
and male cancers. All these models were ODE models. Al-arydah and Smith considered an
age-structured partial differential equation (PDE) two-sex model of HPV infection with
vaccination [22].

Fractional differential equations (FDEs) involve time derivatives of fractional order and are used to
model memory in a system. FDEs are becoming increasingly popular as models in biology in general
and epidemiology in particular. The Caputo fractional derivative is used in biological modeling to
represent processes that have a memory or history-dependent behavior, meaning that the system’s
current state depends on its past states, not just its immediate past. Unlike classical integer-order
derivatives, which only consider the instantaneous rate of change, the Caputo fractional derivative is a
“non local” operator that incorporates information from the function’s entire history over a given time
interval [23,24]. Recently, Chen et al. [25] reviewed fractional epidemic models, giving us a glimpse
of the importance and applicability of FDEs in modeling infectious disease transmission. HPV
infection and transmission have been studied with fractional-order differential equation models. Zafar
et al. [26] introduced and studied on FDE model of HPV with the Atangana-Baleanu fractional
derivative. Nwajeri et al. studied a coinfection model of HPV and Chlamydia trachomatis using the
Caputo fractional derivative [27]. EI-Mesady et al. [28] implemented a fractional-order optimal
control problem to investigate the outcomes of HPV infection. Bahi et al. [29] used the Caputo
derivative to model HPV and cervical cancer, giving recommendations to public health officials.
Bajjah [30] et al. developed a finite difference method for a HPV model with the Caputo fractional
derivative. Raza et al. [31] introduced an FDE of HPV transmission with the Atangana-Baleanu
fractional derivative and studied the association of HPV with cervical cancer. In a sequence of
articles, Rajan et al. [32,33] introduced an HPV model with the Caputo fractional derivative and then
used it to study cervical cancer. Hattaf [34] introduced a new fractional derivative definition for some
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applications in computational biology which encompasses many types of fractional derivatives such
as the Caputo fractional derivative and the Atangana-Baleanu fractional derivative. In some
articles [35, 36], the authors used the Hattaf fractional derivative for FDEs arising in models of
pharmacokinetics and virus dynamics.

The Caputo derivative is used in this paper because it provides a relatively more accurate
representation of biological processes compared with standard integer-order models, as it allows for
the incorporation of memory effects and initial conditions, which are crucial in biological systems.
The Caputo derivative is better suited for biological modeling, as it can capture how a system’s past
states influence its present behavior, which is essential for modeling complex phenomena like the
spread of HPV. Biological processes are often characterized by long-term dependencies and complex
interactions, which are, in some cases (as we show), more accurately captured by fractional-order
derivatives like the Caputo derivative [37].

While fractional derivative models have played significant role both in epidemic modeling in general
and in HPV and cervical cancers in particular, there seems to be little work done in connecting these
models to data and in studying the identifiability of these models. Few of the FDE models of HPV
and cancer have been linked to data, and, consequently, the structural and practical identifiability of
these models have not been studied (but see [38]). The work of Kharazmi et al. [38] is pioneering
in the identifiability of fractional-order epidemiological models. However, their results are mainly
simulations and do not address the structural identifiability analytically. Our article contributes in
several ways to the FDE HPV modeling literature. First, we consider a two-sex FDE model with the
Caputo derivative. Second, given data on male and female cancer incidence, we examine the structural
identifiability of the model using the differential algebra approach. Third, we use male and female data
on oropharyngeal cancer in the US and Turkey to fit the model and perform a practical identifiability
analysis of the parameters. The motivation for this study is to understand the spread of HPV in Turkey
and its impact on cancer, and to compare Turkey’s results with those in the US, so that Turkey’s HPV
distribution can be viewed in more global context.

This paper is structured as follows. In the next section, we introduce the FDE HPV model. In
Section 3, we compute the reproduction number and perform an analysis of the model. In Section 4,
we examine the structural identifiability of the model relative to male and female cancer data. In
Section 5, we fit the model to the data, and test its practical identifiability. In Section 6, we perform
some simulations with varying parameters. Section 7 summarizes our results.

2. Model formulation

This section introduces a deterministic two-sex fractional-order model designed to analyze the
spread of HPV in a sexually active population. The model classifies individuals into four
compartments which consist of two compartments, namely susceptible and infected for each gender.
The recruitment rate for new susceptible individuals who become sexually active and enter the
susceptible compartment S is denoted by Ay, where k = f,m. Individuals leave a compartment at a
rate u;. Susceptible individuals are infected by HPV with a force of infection A;. Those infected move
to the infected compartment /. Infected individuals can clear the infection at a rate J;. While natural
recovery can offer protection against future infection for many other viral infections, several studies
show that reinfection can occur after recovery from HPV [39-41].
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2.1. The fractional-order model

The model assumes a population divided into two gender groups, where individuals transition
between susceptible and infected states. The rate of infection depends on contact patterns between the
genders and the probability of transmission. In the model, we modify the system constructed in [20]
by replacing the standard time derivative with the Caputo fractional derivative [42], denoted by D¢,
where « is the fractional order 0 < @ < 1 of the derivative. In mathematical biology, the analysis
revolves around equilibria or time-independent solutions. This requires the derivative of a constant to
be zero, which is a property of the Caputo derivative. Moreover, the Caputo derivative handles well
with initial value problems and it is close to ODEs’ integer orders, which are the main reasons for the
choice of the Caputo derivative for the memory effect of the system. In some studies [43, 44], the
authors showed that fractional-order derivatives with the Caputo derivative fit better to biological
models. However, the fractional-order derivative adjustment causes the dimensions of the two sides of
the equation to become unequal. To address this, we introduce an auxiliary parameter representing the
fractional time components in the system [45], where y is a parameter that encompasses the fractional
dimension of the memory effect in the Caputo derivative, which has the unit of 1/time (see the
Appendix), in order to scale the fractional operator and ensure that the dimensions are consistent on
both sides. As explained, the fractional model for the transmission of the human papilloma virus for
t>0and @ € (0, 1) is represented by

}/a_lD?Sf(t) = Af—/lfo+5fIf—/lfo, 2.1
YD) = A4S =40 — usly, (2.2)
7‘1_1D?Sm(t) = Am - /lmSm + 6mlm - ,umSm’ (23)
Y DL = A4S — Ol — il (2.4)
,Bmflm Bfm[f

with the infection force A, = 7 and 4,, = N where S and I, represent the susceptible and
infected populations, respectively, for gender k, and Ny = Sy + I;. Summation of (2.1)—(2.4) results
in DYN (1) = ¥'7 (Ax — ). DIN(2) = 0, so we have y'™% (A — uN;) = 0. Since y # 0, we have
Ay — N = 0 and then Ny = Ay/uy. Therefore, the equilibria of Ny and N,, are Ay/uy and A,/ o,
respectively. We also have a total population size N = Ny + N,,. Domain D of the system (2.1)—(2.4) is

defined as
D ={(Ss. 5. S dw) € RE: Sp+ I < Ak = fom). (2.5)

The flowchart of the system (2.1)—(2.4) is presented in Figure 1.
A description of the variables, parameters, and subscripts given in the systems (2.1)—(2.4) are
provided in Tables 1, 2, and 3.

Table 1. Description of the subscripts of the parameters.

Symbol Description
Subscripts

f Female

m Male

k Gender (k = f,m)
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transmission

Figure 1. Flow diagram of the models (2.1)—(2.4).

Table 2. Description of the variables.

Symbol Description

Variables

S«(®) Susceptible population of gender k

I (?) Infected population of gender &

Ni(t) Total size of the population of gender k
N(1) Total size of the population

Ay Force of infection for gender k

Table 3. Description of the parameters.

Symbol Description Unit
Parameters

Brm Transmission rate (females to males) 1/year

By Transmission rate (males to females) 1/year

Of Recovery rate (female) 1/year

Om Recovery rate (male) 1/year

Ay Recruitment into sexually active females person/year
A Recruitment into sexually active males person/year
Hr Exit rate from sexually active females 1/year

i Exit rate from sexually active males 1/year

0% Auxilary parameter 1/year

In order to show the well-posedness of the models (2.1)—(2.4) both mathematically and
epidemiologically, it is possible to verify, by using similar method as in [18], that the domain D is
positively invariant for the systems (2.1)-(2.4).
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3. Mathematical analysis of the model

3.1. Disease-free equilibrium and basic reproduction number

The reproduction number Ry signifies the total count of infections spread by a single infected person
across an entirely vulnerable population over the duration of their infectious phase. It is derived using
the next-generation approach [46], providing insights into disease persistence as follows:

Ry = \RomsRo, fm> (3.1)

where:
ﬁmf
0,mf = —, (3.2)
T
ﬁfm
Rospy = ——. 3.3
om = (3.3)

The term Ry, s indicates the total count of secondary infections in females caused by a single infected
male throughout his entire period of infection, assuming that all females in the population are
susceptible. Similarly, the term Ry, s, conveys a comparable concept. The disease-free equilibrium of
the systems (2.1)—(2.4) is E® = (Ay/pz, 0, A/ thm, 0).

3.2. Stability analysis of equilibria

The system is analyzed for local and global stability under different conditions. Using the
linearization technique, the stability of both disease-free and endemic equilibria is determined.
Theorem 2 presents the stability conditions of the disease-free equilibrium E°. First, we present the
following result introduced in [47,48] to prove the stability of the system.

Theorem 1. The autonomous fractional-order system
Dx(r) = Ax(1),x(0) = X, (3.4)

where x € R", the matrix A € R" X R", and 0 < a < 1 indicates the fractional orders defined as the
Caputo fractional derivative, is asymptotically stable if and only if | arg(spec(A))| > <

Theorem 2. When Ry < 1, the disease-free equilibrium E° is locally asymptotically stable. When
Ry > 1, it becomes unstable.

Proof. The matrix A in the system (3.4) is the same as that for the ODE and FDE systems. Therefore,
the spectrum is the same. The study of the ODE system [20] has negative real parts for the eigenvalues.
Two of these eigenvalues are —uy and —u,,, which holds for our matrix A for the systems (2.1)—(2.4),
| ~(a+b)x \/(a+b)2 4(ab ﬂmfﬁf,,,)

ie., —y* 'y and —y*'y,,. The other two eigenvalues are 1 = y*~ where
a = 6+ us,b =0, +pm, If Ry < 1, then the corresponding ODE system of (2 1)-(2.4) has only
eigenvalues with negative real parts. Therefore, the FDE systems (2.1)—(2.4) is stable by Theorem 1. If
Ry > 1, then there is always a real positive eigenvalue for the corresponding ODE system. This implies
that FDE system is also unstable. O
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Theorem 3. The disease-free equilibrium E° is globally asymptotically stable, when Ry < 1.

Proof. The dynamiscs of the given model are equivalent to the dynamics of the limiting model, where

Ns(t) — Ar = Nj and N,,(t) —> A” = N;,. We then rewrite the parameters A, = b L In and 2, = & f\’,”l’

Let us con51der the Lyapunov functlon

— 0 Sy 0 S
V= Sf—S S lIlS +If +R0me —S S lnS—0+Im,
f

where S ? = N and §9 = N. One can see that V is radially unbounded and positive definite in the
entire space. Applying the Caputo fractional derivative on both sides and applying Lemma 3.1 in [49],

we have
SO
DIV < (1 - S—f)Dfsf + D¢

f

SO
+ RO,mf [(1 - S_m)D?Sm + D?Im:| .

m

From the systems (2.1)—(2.4) we get

0
Y
Sy

A - -
+R0,mf [(1 - S_m) (Am - /lmSm + 5mlm - /JmSm) + (/lmSm - (6m _,um)lm)] 71

D;YV < (Aj - /_1fo + 5f]f —,Ufo) + (/_lfo — (6f —/.lf)lj')]’y

0
Using the equilibrium conditions A, = ,ufS?c, Ay = S0, N; = S?, N: =89, S—f 1, and % > 1 and
adding the terms we get

50 '
S—‘5f + Nf) I|y'™

e

SY -
D?VS [(1 - —f)ﬂf(s(j)r_Sf)+S(}/1f—(
f‘

%]

0 S ]
+R0,mf[(1—5—’”)ym(s,91 S, +S°2, —(S—’"(s +,um)lm yl-e

m

/l ] -
) [_S_J;(S,?f =S+ Bugln = S5 + 1)y |y

:Ug; 0 03 521 _ 1-a
+R0,mf S ,um(Sm_Sm)"'Sm/lm_ S 6m,um Im Y
Myf 0 HMm 0 _ 2
=[-ZL(S2= 5, = Rops=2(S° = S,,
[ Sf( 789" = Ro 15 Sm=Sm)

+ (ﬁmf - RO,mf(ém + ,um)) Im + (RO,mfﬁfm - (6]‘ + ,uf)) If]yl_w
u _
= [—S—f(S?c—Sf) Rome (SO =8, + (65 + up) (RS — I)If]71
f
Since Ry < 1, we have DV < 0 and D?V = 0 if and only if S ;(7) = S(}, I;(t) = I?, S =89,
and 7,,(¢) = 1,91. Therefore, by LaSalle’s invariance principle [50,51], the disease-free equilibrium E° is

globally asymptotically stable when Ry < 1.
m]
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The endemic equilibrium was derived in [20]. We present the results here for completeness.
Theorem 4 provides the endemic equilibrium E*, which is same as the ODE case. Then, Theorem 5
shows the local stability conditions of the endemic equilibrium E*.

Theorem 4. When Ry > 1, a unique endemic equilibrium E* = (S7,13,S,, I;) exists and is given by

o
N, O + ton) + NiB pm R} -1
St = - A= i (3.5)
’ prm(dm +,le) Py
. NG Hu) + NoBy  RE-1 56
m pmN;(éf +qu) s dm Do . .
and
R? " R? -
Pt = 37
Ny N;y (S + pn) Ny Nyy +pp)
Ny = Ag/pip Ny = A/t (3.8)

Theorem 5. When Ry > 1, the endemic equilibrium E* is locally asymptotically stable.

Proof. The Jacobian matrix of the systems (2.1)—(2.4) at the endemic equilibrium E* = ($ ;2, I}‘;, S 1)
is evaluated as follows:
Juu Jiz jiz 0
JEY) = J:21 J:22 0 J24
Js1 J2 o jiz 0
Ju Jr 0 ju

where
BunsLS BusS
. a—1 m= f . a—1 f
Ju=-y (—*2 + O +up) |, j2=v" ——, (3.9)
Nf Nf
: a-1 IBmfm m= f . a—1PfmO m
Jiz3 =% ( . ) 2 =Y (3.10)
Nf Nf N,
Bml:S, Bimls  BrnliS
. a—1 f m . a—1 f f m
== + 6m + MUm) ] = - , 3.11
Jon =Y ( N2 (Om + )) Ja =Y ( N N2 ) (3.11)
. Buns LS . BunsS
jar=y"" [ ") L. rl-J32 = —7’“_1—*](, (3.12)
N N
f f
. wet [Burly BrluST . a1 BimS 1
== - - s = - s 313
JB ==Y ( N; NJ*,Z ,Uf) Jar ==Yy N7 (3.13)
I.S* Bl  Brnl:S
. a—1 JmT o m . a—1 fmt g fmt 9 m
=yl G| das = - - ).
o=y N;? )= N;? )
(3.14)
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we then have

Ju—4  Jjn Ji3 0
« Jar Jn-—A4 0 Joa
JEH = A = . . .
(ED | J31 J  Jn-—A4 0
Ja1 Ja2 0  Jjau-—-2

After addition of first row to the third and second to the last, we obtain

Ju—A4 Ji2 J13 0
. Joi Jo—A4 0 Joa
[J(E™) = Al| = o o
~y* -2 0 ~y* -2 0
0 _)/a_l/lm - /1 0 —YQ_I,Um - /1

The characteristic equation is (4 + ¥* ')A + ¥ w,)(A* + bA + ¢), where

ﬁfmf Bsl,
b=y"16 S + I s, 3.15
0% (f+#f+ +u N + N* )> ( )
a—1 ’8 I ﬁmf m
c=vy Of +up) (O + ) + (05 + 1) N +(6 + ) —— N > 0. (3.16)
f

One can see that all eigenvalues of J(E™) have negative real parts. Therefore, the FDE systems (2.1)—
(2.4) is stable by Theorem 1. O

4. Numerical simulations, data fitting, and identifiability analysis

4.1. Data source

HPV is widely recognized as a primary etiological factor for oropharyngeal cancer (OPC). Several
studies have demonstrated a strong link between HPV infection, and the development of
OPC [52-56]. Despite this strong connection, there are no yearly data on HPV’s prevalence or
incidence available for both genders. With this limitation, we use the OPC incidence data as a proxy
for HPV-induced cancer data. This decision was informed by the fact that a significant proportion of
OPCs in the United States and Turkey are attributable to HPV infection. According to a study by
Damgacioglu et al. [57], OPC incidence has been rising, aligning with the increasing prevalence of
HPV-related cases in the US. This rise in incidence directly reflects the upward trend in HPV-driven
OPCs, making the available data on OPC a reasonable substitute. Therefore, we employed the OPC
incidence data from [58]. While the data do not explicitly provide HPV-related cases, the strong
connection between HPV and OPC incidence means that trends in OPC incidence are likely to reflect
trends in HPV infection. Throughout the subsequent analysis, our systems (2.1)—(2.4) is modified by
using the per capita cancer rate parameters 17, and 7, to substitute the cancer data as a proxy for HPV
data such as ¢y = n¢ly and ¢, = Nl

As a result, due to the unavailability of direct, yearly HPV data for both genders (i.e., female and
male) we used OPC incidence data as an alternative source. The established link between HPV and
OPC, provides a reliable and scientifically valid basis for our study.
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4.2. Structural identifiability

Understanding the relationship between the model’s parameters and observable data is essential
for accurate predictions. For this reason, structural identifiability is a useful tool to ensure whether a
model’s parameters can be uniquely determined from the available data. For structural identifiability
purposes in an epidemiological model, input refers to the mode parameters such as transmission rates
and output refers the measurable data, such as the number of infected individuals, and recruitment and
mortality rates. In the models (2.1)—(2.4), the given outputs are the observed yearly cancer data rI¢
and 7,,1,,, the fractional-order derivative @, the auxiliary parameter y, and the exit rate from sexually
active individuals uf and u,,. To analyze structural identifiability there are some software and packages
such as GenSSI [59], SIAN [60], and DAISY [61]. However, to the best of our knowledge, the software
developed for structural identifiability only works with ODE systems but not FDE systems. In order to
analyze structural identifiability, we employ the differential algebra approach. This technique involves
analyzing the relationships between the output equations and the model’s parameters through algebraic
manipulations and derivatives. Considering the fractional-order equation systems (2.1)—(2.4), we have

YIDIS /(1) = Ap—AS s+ 87 — sS4, 4.1
YD (1) = S =61y — psly, (4.2)
Y IDES (1) = A = S + Ol = S s 4.3)
VD7) = A4S = Ol = il 4.4)
i =nyly
Y2 = Nl

All parameters are considered to be divided by y*~'. Male and female data on cancer «,y, fi7, i, are
given as well as § ((0) and §,,(0). We assume that the given outputs are

i =nely
ylznmlm-
Bury2Ss 65
DUS, = A, - 220 O s 4.5
S f o N, nf)’l HrS g 4.5)

= ' — (07 + 4.6
Y N (65 + pp)yi (4.6)
Using § ; from (4.6). First, we rewrite (4.6) as
a n ﬁm yZS
Dy, = L2l - d = (65 + ppyr-
T Sf + Eyl
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Solving for § , we have
« 1 n 1
Dy, (Sf + —Y1) = —fﬁmfyzsf —(0f + ppy (Sf + —)’1)
Ny M nr

o Ny R
(Dt)ﬁ — —Bmsyr + (05 +/1f)y1)5f = -D%—y; — — (65 + up)yT
M ne ny

=Dfyiyyn = 56 + oy

DYy = LBnya + (87 + o)y

Sy

Substituting in (4.5), we have

=Dfyisiyn = 56 + vy

1 5
DiSy=Ar——(Diyi + G +ppyr) + —y1 — py -
t ny ( t ) ny DYy = i Bgya + (Of + o)y

Taking a common denominator, we have
@ y @ @ ny
Dy - U—,Bmfh + (0 +upy | DS = A Dy — n_ﬁmfyZ + (05 + pp)y1

1 (04 ¢4 n
0 (Dfy1 + (65 + ) (Dtyl - n—fﬁmfyz + (07 + pp)yi
f m

6f a nr a 1 1 2
+=y1D{y1 = ==Bupyr + 5 + pp)yr | + g |Diyi—y1 + — (05 + pp)yy
Rewriting (4.7) as
a nf a a nf
Dy, - n_ﬁmfyZ + (O +pupy |DfS s = Ay Dy — n_ﬁmfyz +(0f + U

1, w7
0 (Dfys + 87 + 1) (Dz yi— n—fﬁmfyz +(0y + ﬂf)yl)

Of +
ng

+

o Of
\J (Dtyl + (6 +ﬂf)Y1) - n—ﬁmfylyz

o n o @ n
(D; yi— n_fﬂmfyZ + (6 + ﬂf)yl) DSy =A; (D, V- T’_fﬁmfyZ + (0 + /Jf)YI)

1, o n
_n_f (Dt V1 + (5f +/lf)y1) (D[ yi— n_fﬁmfyZ)

+ Uy

1, Ji w9y
_U—Dz)’1(5f +up)yr + Dy - n—ﬂmfylyz
f m

From (4.9), we have the following results:

e The coefficient in front of D{'y, is Ay, which implies that A is identifiable.

4.7)

4.8)

4.9)
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e The coefficient in front of y, is A Z—iﬁmf. This implies that Z—;,Bm ¢ 1s identifiable.

e The coefficient in front of y; is A¢(6; + us), which implies that (6 + 1) identifiable and then ¢,
is identifiable.

e The coefficient in front of (D¢ yl) is —=, which implies that 7, is identifiable.

e The coefficient in front of y;D{y; is ——(6f + py), which is identifiable.

Since Z ,b’,n ¢ 1s identifiable and 7, is identifiable, Bnl is identifiable.

From the male compartments, we can see that if nm is identifiable, then B, is identifiable.

From the male compartments, we can see that 6,,, 85, and A,, are identifiable.

We assume that c¢(0) and c,,(0) are given with the data. Since 1 and 7,, are identifiable, this
implies that /4(0) and /,,(0) are identifiable.

Thus, all parameters are identifiable.

4.3. Data fitting

In our analysis, we utilized the lip, oral cavity, and pharynx cancer incidence data from [58], which
covers the years 1998 to 2017. During the data fitting procedure of our FDE systems (2.1)-(2.4), we
modify the model by using the per capita cancer rate parameters 1, and 7,, to substitute for the cancer
data as a proxy for HPV data.

The initial points during parameter estimation are based on HPV’s prevalence in Turkey (about
4.39% of women in the general population [5, 62]) and in the US (about 3.9% [7] in the studied
population) in the available data [58].

Table 4. Fitted values of parameters for the ODE case with ranges and units.

Parameter Fitted value Range Unit Source
symbols TR uUsS TR uUsS

Brm 0.7299 0.7299 [0.5896,0.7299] [0.5896,0.7299] 1/year [20]

By 2.6594 2.6594 [2.6594,4.5373] [2.6594,4.5373] 1/year [20]

Of 0.988235 1.00778 [12/13.3,12/7.7] [12/13.3,12/7.7] 1/year [20]

Om 1.55844 1.55844 [12/7.7,12/6.2]  [12/7.7,12/6.2]  1/year [20]

Ay 53064 131644 [8525,53064] [69665,131644] person/year Calibrated
A, 24888 130112 [18843,84123]  [54161,130112] person/year Calibrated
Hf 0.02 0.02 [1/50,1/18] [1/50,1/18] 1/year Calibrated
Mo 0.0166667 0.0166667 [1/60,1/18] [1/60, 1/18] 1/year Calibrated
Ny 0.000324394 0.000805618 [0,1] [0,1] 1/year Calibrated
N 0.00143185 0.00323644  [0,1] [0,1] 1/year Calibrated
vy Fixed Fixed [0.5,1.5] [0.5,1.5] 1/year Calibrated

During data fitting, the fractional derivative order « is considered to be 0.5,0.7,0.9, and 1 in order
to understand the behavior of the system, while the order of the derivative starting from the middle of
the interval (@ = 0.5) and converging to the ODE case (o = 1). In Tables 5 and 6, the fitted values of
parameters for the fractional-order derivatives @ = 0.5,0.7,0.9, and 1 (ODE case) are presented for the
data of Turkey and the USA, respectively.

During the data fitting process, the ranges of the parameters except ¢, and J,, are calibrated by the
authors. ¢, and 6,, lower bounds and upper bounds are depend on the clearance of the virus from the
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body, which is 7.7-13.3 months for females and 6.2—7.7 months for males. So the range of the recovery
rate parameter is considered to be [12/13.3,12/7.7] for females and [12/7.7,12/6.3] for males [20]. Ay
and A,, are calculated by the yearly difference of the time series for the newly susceptible population.
The ranges of u; and u, are determined by the sexually active ages of females (18 to 50 years) and
males (18 to 60 years). In Table 4, fitted values, ranges and units of the estimated parameters for the
ODE case of the models (2.1)—(2.4) are presented. The same ranges are taken into account for the
fractional order cases.

Table 5. Parameter estimation for the model with the data from Turkey with various
fractional orders @ with y = 1.

Parameter a=0.5 a=0.7 a=09 a = 1(ODE case)
Brm 0.7299 0.7299 0.7299 0.7299

Bong 2.96266 2.6594 2.6594 2.6594

Of 0.902256 0.915851 0.969585 0.988235

Om 1.55844 1.55844 1.55844 1.55844

Ay 53064 53064 53064 53064

A, 84123 84123 33472 24888

My 0.02 0.02 0.02 0.02

i 0.0166667 0.0166667 0.0166667 0.0166667
ns 0.000324394 0.000389178 0.000397595 0.000805618
N 0.0012195 0.00136604 0.00141622 0.00143185

Squared error  7.4176748 x 10°  6.9240679 x 10°  6.8350600 x 10° 6.8303498 x 10°

Table 6. Parameter estimation for the model with the data from the USA with various
fractional orders a withy = 1.

Parameter a=05 a=0.7 a=09 a = 1(ODE case)
Btm 0.7299 0.7299 0.7299 0.7299

Bns 2.76303 2.6594 2.6594 2.6594

Of 0.902256 0.944859 0.992505 1.00778

Om 1.55844 1.55844 1.55844 1.55844

Ay 131644 131644 131644 131644

A, 130112 130112 130112 130112

My 0.02 0.02 0.02 0.02

7 0.0166667 0.0166667 0.0166667 0.0166667
Ny 0.000732271 0.000785911 0.000801525 0.000805618
M 0.0030047 0.00313745 0.0032165 0.00323644

Squared error  6.7102802 x 10° 5.8192133 x 10°  5.7122526 x 10°  5.8945856 x 10°

According to Table 5, the error values show that the data for Turkey fits well to our models (2.1)—
(2.4). Moreover, the data fit better as the order of the derivative increases. The best fit is obtained when
a = 1, which is the ODE case. However, the data for the USA fits relatively worse to our model. It can
be seen in Table 6 that, surprisingly, the fractional-order derivative model has better fit than the ODE
model for this case. There would be an optimal fractional-order derivative which might fit best to our
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model for parameter estimation with the US data.

Graphs of the data and the fitted values for incidences during the parameter estimation process of
the models (2.1)—(2.4) for the fractional-order derivatives @ = 0.5,0.7,0.9, and 1 (the ODE case) are
presented in Figure 2(a),(b) for the data of Turkey and in Figure 2(c),(d) for the data of the USA.
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1998-2017 1998-2017
100 T 250 T
)
QF ° °
o . ° 200 |
80 < ° 1
70k 150 F
ode15s
cok == alpha=0.9 == alpha=0.9
° alpha=0.7 alpha=0.7
alpha=0.5 100 alpha=0.5
50F e © ® data 7 ® data
[ ]
40 1 L L 50 N N N
0 5 10 15 20 0 5 10 15 20
(a) (b)
Lip, Oral Cavity and Pharynx Cancer Incidence (Female) Lip, Oral Cavity and Pharynx Cancer Incidence (Male)
1998-2017 1998-2017
1000 T 2500 T
ode15s o ® °
I alpha=0.9 [
900 alpha=0.7 ° 2000
alpha=0.5 °
800 F ® data
ode15s
1500 alpha=0.9
700 F alpha=0.7
alpha=0.5
1000 ® data
600 |
500 : : : 500 : L :
0 5 10 15 20 0 5 10 15 20
(¢) (d)

Figure 2. Lip, oral cavity and pharyngeal cancer incidence and the estimated values for
various fractional orders a: (a) Females (Turkey), (b) males (Turkey), (c) females (USA),
and (d) males (USA).

Error graphs of the parameter estimations of the models (2.1)-(2.4) for the fractional-order
derivatives @ = 0.5,0.7,0.9, and 1 (ODE case) are presented in Figure 3(a),(b) for the data of Turkey
and in Figure 3(c),(d) for the data from the USA. We see that the residuals for Turkey are relatively
random with signifies a good fit. The residuals for the USA have more pattern to them, which
signifies that the models (2.1)—(2.4) is not a good model to fit for the US data.
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4.4. Practical identifiability

In mathematical modeling, determining whether the estimated parameters are practically
identifiable is essential for the generation of reliable conclusions. Unlike structural identifiability,
which is a theoretical property of the model’s equations, practical identifiability reflects the ability to
recover the parameter values from noisy or limited real-world data.
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Figure 3. Residual error plots for parameter estimation: (a) Females (Turkey), (b) males
(Turkey), (c) females (USA), and (d) males (USA).

One of the most widely used techniques to evaluate practical identifiability is the Monte Carlo
simulation approach. In this method, synthetic data are generated using known parameter values, often
perturbed with various noise levels to simulate experimental variability. Subsequently, these datasets
are used to re-estimate the model’s parameters under identical conditions to those applied in real data
fitting. Here, by repeating this process 1000 times, one can assess how consistently and accurately
the parameters can be recovered. Monte Carlo simulations also allow the exploration of identifiability
under diverse scenarios, including varying noise levels, which provides insights into how the noise
influences the parameters’ recoverability.
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A key metric derived from the simulations is the average relative error (ARE), defined as the average
of the relative differences between the true (estimated) and predicted (simulated) parameter values
across all runs. The ARE formula [63] is expressed as follows

nos8() _ )
1 B -y
n 4 5;(1‘)

i=1

ARE(HY) = 100%

’

where 7 is the number of observations, y is the j” parameter in the parameter set y, $* is the j*
parameter in the true parameter set §, and yf.j ) is the j™ parameter in the estimated parameter set y;. Low
ARE values indicate that the model can reliably estimate the parameter despite data noise, suggesting
strong practical identifiability. Conversely, high ARE values suggest that the parameter estimates are
unstable or unreliable under realistic conditions, even if the model is structurally identifiable.

By incorporating Monte Carlo simulation and ARE analysis into the model evaluation, one can
make relatively more informed judgments about the reliability of parameter estimation and the
limitations of the model’s predictions. We refer the interested reader to the articles in [63-65] for
more details and applications on practical identifiability and Monte Carlo simulations.

In Tables 7-10 and in Tables 11-14, the ARE values of the estimated parameters based on the
data of Turkey and the United States are presented, respectively, for various noise levels. Regarding
Tables 7-10, the ARE values as a result of Monte Carlo simulations for estimated parameters of the
model for Turkey are increasing while the noise level is increasing. The parameters As, Ay, Bfm, O,
Oms My, 17, and 1,, are found to be practically identifiable but y,, is unidentifiable. When the estimated
parameters for @ = 0.9 are considered, we get one additional unidentifiable parameter. Regarding the
values of Table 9, all parameters are practically identifiable except A,, and p,,.

Table 7. ARE scores of the estimated parameters with the data from Turkey for various noise
levels obtained by Monte Carlo simulations with @ = 0.5 and y = 1.

Parameter Noise level Practical
symbols 0% 5% 10% 30% identifiablity
Ay 0.0000 5.3708 8.6546 15.4611 Identifiable
A, 0.0008 6.4325 9.9017 13.7766 Identifiable
Brm 0.0001 1.8865 4.4215 15.0651 Identifiable
By 0.0000 0.1725 0.4531 1.5630 Identifiable
Oy 0.0000 0.4083 1.2525 5.9809 Identifiable

Om 0.0001 0.3007 0.7627 2.3537 Identifiable
Hr 0.0004 5.7315 11.8067 30.2894 Unidentifiable
Mo 0.0002 20.9468 36.0220 53.1178 Unidentifiable
n¢ 0.0001 2.2890 4.9356 14.3058 Identifiable
M 0.0001 1.5051 3.0660 8.4115 Identifiable

According to Tables 11-14, the ARE values as a result of Monte Carlo simulations for the estimated
parameters of the model for the United States are increasing while noise level is increasing similar to
the estimated parameters of the model for Turkey. The parameters As, A, Brm, Of, Om, Uy, Ny, and
N, are found to be practically identifiable but y,, is unidentifiable. When the estimated parameters for
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Table 8. ARE scores of the estimated parameters with the data from Turkey for various noise
levels obtained by Monte Carlo simulations with @ = 0.7 and y = 1.

Parameter Noise level Practical
symbols 0% 5% 10% 30% identifiablity
Ay 0.0000 2.0214 4.5223 11.0498 Identifiable
A, 0.0002 3.9232 6.5889 12.2428 Identifiable
Brm 0.0000 1.5518 3.4489 11.5782 Identifiable
Bns 0.0000 0.3961 0.8178 1.6896 Identifiable
Of 0.0001 0.7001 1.3658 4.5249 Identifiable
Om 0.0001 0.6656 1.1201 2.6014 Identifiable
My 0.0000 3.6285 7.1266 22.3766 Identifiable
Mo 0.0000 28.3245 40.1846 52.5601 Unidentifiable
Ny 0.0001 1.4992 3.3575 10.8419 Identifiable
M 0.0000 1.2232 2.3726 6.9880 Identifiable

Table 9. ARE scores of the estimated parameters with the data from Turkey for various noise
levels obtained by Monte Carlo simulations with @ = 0.9 and y = 1.

Parameter Noise level Practical
symbols 0% 5% 10% 30% identifiablity
A 0.0019 3.7664 3.9149 2.7051 Identifiable
A, 0.0059 66.3397 90.0768 95.8879 Unidentifiable
Brm 0.0000 1.8125 2.7798 6.8307 Identifiable
B 0.0000 0.8002 1.0839 1.9960 Identifiable

Of 0.0002 0.9535 1.5373 3.6222 Identifiable

Om 0.0001 0.6211 1.6082 3.2469 Identifiable

My 0.0003 3.8325 4.8639 7.5374 Identifiable
o 0.0005 14.6455 28.3930 44.3606 Unidentifiable
Ny 0.0001 1.5645 2.3651 6.5894 Identifiable

M 0.0000 1.2586 2.3259 4.8459 Identifiable
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Table 10. ARE scores of the estimated parameters with the data from Turkey for various
noise levels obtained by Monte Carlo simulations with the ODE case and y = 1.

Parameter Noise level Practical
symbols 0% 5% 10% 30% identifiablity
Ay 0.0001 4.4030 7.5031 14.7573 Identifiable
A, 0.0003 123.7630 140.0282 144.7305 Unidentifiable
Brm 0.0000 2.8570 54321 12.8927 Identifiable
Bus 0.0000 0.8807 1.7129 2.7853 Identifiable
Of 0.0001 2.3763 4.3149 8.4200 Identifiable

Om 0.0001 1.2266 2.3685 42238 Identifiable
M 0.0000 7.5466 11.5528 29.3930 Unidentifiable
. 0.0002 48.3851 63.3200 74.9234 Unidentifiable
n¢ 0.0001 2.9137 5.7884 15.7299 Identifiable
M 0.0000 2.7643 5.2089 14.2253 Identifiable

a = 0.5 is considered, we get one additional unidentifiable parameter. Regarding the values of the
Table 11, all parameters are practically identifiable except ;s and p,,.

Table 11. ARE scores of the estimated parameters with the data from the USA for various
noise levels obtained by Monte Carlo simulations with @ = 0.5 and y = 1.

Parameter Noise level Practical
symbols 0% 5% 10% 30% identifiablity
Ay 0.0020 6.2176 7.2575 9.7850 Identifiable
A, 0.0032 7.4773 9.2046 11.4839 Identifiable
Brm 0.0001 2.5826 6.6122 20.5448 Identifiable
Bns 0.0000 0.2499 0.7317 2.0175 Identifiable

Oy 0.0000 0.7083 2.5353 10.5501 Identifiable
Om 0.0001 0.4551 1.2982 3.3665 Identifiable
My 0.0001 11.8281 23.3776 40.8648 Unidentifiable
Mo 0.0001 35.1421 49.3047 68.0446 Unidentifiable
nr 0.0001 2.6903 6.1233 16.3601 Identifiable

M 0.0001 1.5181 3.0204 7.8575 Identifiable

4.5. Numerical simulations

In this section, we perform numerical simulations with the models (2.1)—(2.4). For numerical
solutions of the studied system, we employ the Adams-Bashforth-Moulton method as the
predictor—corrector technique described in [66, 67]. All computations for both fractional-order and
integer-order derivatives were performed with MATLAB R2024a software. The ODE results are
obtained by using the built-in function odelS5s. The parameters of the models (2.1)—(2.4) are
estimated for each a separately with respect to the various values of v to demonstrate the effect of the
fractional-order derivative « and the auxiliary parameter y. Parameter estimation procedure is applied
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Table 12. ARE scores of the estimated parameters with the data from the USA for various
noise levels obtained by Monte Carlo simulations with @ = 0.7 and y = 1.

Parameter Noise level Practical
symbols 0% 5% 10% 30% identifiablity
Ay 0.0000 2.4397 4.2028 11.0498 Identifiable
A, 0.0009 4.5237 7.2618 12.2428 Identifiable
Btm 0.0000 1.6637 3.6781 11.5782 Identifiable
B 0.0000 0.5377 1.0444 1.6896 Identifiable
Of 0.0001 0.9875 1.9557 4.5249 Identifiable
Om 0.0001 0.8345 1.5805 2.6014 Identifiable
Hr 0.0000 4.1102 10.7829 22.3766 Identifiable
Mo 0.0002 32.7623 49.3506 52.5601 Unidentifiable
Ny 0.0001 1.4490 3.1657 10.8419 Identifiable
M 0.0000 1.2267 2.3581 6.9880 Identifiable

Table 13. ARE scores of the estimated parameters with the data from the USA for various
noise levels obtained by Monte Carlo simulations with @ = 0.9 and y = 1.

Parameter Noise level Practical
Symbols 0% 5% 10% 30% identifiablity
A 0.0000 1.1933 2.2831 5.4781 Identifiable
A, 0.0000 2.7699 4.0831 8.8883 Identifiable
Brm 0.0000 1.1538 2.3411 6.7446 Identifiable
B 0.0000 0.5044 1.0096 2.0685 Identifiable
Of 0.0001 0.7499 1.6157 4.6879 Identifiable
Om 0.0001 0.6934 1.3097 3.0564 Identifiable
My 0.0000 1.6987 3.5629 14.0842 Identifiable
o 0.0000 14.3608 27.3303 53.4523 Unidentifiable
Ny 0.0001 1.1518 2.2940 6.7112 Identifiable
M 0.0000 1.0123 2.0169 5.5726 Identifiable
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Table 14. ARE scores of the estimated parameters with the data from the USA for various
noise levels obtained by Monte Carlo simulations with the ODE case and y = 1.

Parameter Noise level Practical
symbols 0% 5% 10% 30% identifiablity
Ay 0.0000 2.9881 4.7638 9.1660 Identifiable
A, 0.0002 5.5895 8.6188 11.7082 Identifiable
Brm 0.0000 2.3580 4.6391 13.3258 Identifiable
Bus 0.0000 0.9587 1.7883 3.0354 Identifiable

Of 0.0001 2.3826 4.4529 9.6597 Identifiable
Om 0.0001 1.4871 2.4571 3.6584 Identifiable
Hr 0.0001 4.6076 11.4209 32.8894 Unidentifiable
Mo 0.0001 32.3906 50.4136 68.8536 Unidentifiable
nr 0.0001 2.7737 5.5017 16.2387 Identifiable
M 0.0000 2.7379 5.2146 14.4387 Identifiable

for the datasets of both countries, namely Turkey and the USA. In Figure 4, we present numerical
solutions of the systems (2.1)—(2.4) with a fixed y = 1 for various fractional-order derivatives with
respect to the estimated parameters for the dataset of Turkey. Numerical simulations of the models
(2.1)—(2.4) for various values of y represented in Figures 5-7 for @ = 0.5, « = 0.7, and @ = 0.9,
respectively. Similarly, numerical simulations are presented in Figures 8—11 with the estimated
parameters regarding the dataset of the USA for various fractional orders as well. When we consider
the behavior of the model with parameters obtained for the data from Turkey, we obtain interesting
results. First, if we focus on Figure 4(c) and Figure 7(c), one can see that the behavior of the
fractional-order models (2.1)—(2.4) with @ = 0.9 and vy = 0.5 approaches that of the ODE model. A
similar situation exists in Figure 7(a),(b),(d) for the corresponding model solutions of the ODE model.
Moreover, when a converges to @ = 1, in all cases, the distinction between the model’s solutions
regarding the value of y decreases and y loses its effect, as expected. Similar behavior can be seen in
Figures 9-11, which demonstrate the behavior of the model with the estimated parameters for the data
from the USA. It can be concluded from Figures 9—11 that when a converges to @ = 1, the model’s
solutions get closer with respect to the value of y. So the auxiliary parameter y loses its effect
dramatically. While the models (2.1)—(2.4) adjusted to the data of Turkey converges to ODE model
with @ = 0.9 and y = 0.5, the fractional-order model with parameters obtained from the data from the
USA converges to the ODE model with the same order @ = 0.9 but a different y = 1.5. In general, it
can be seen that the fractional-order models (2.1)—(2.4) fits better with the data of the USA than with
the data of Turkey. Finally, irregularities in the graph of Figure 4(c) may be caused by the value of the
parameter u,, which was found to be unidentifiable during the practical identifiability analysis
presented in Table 8.

S. Discussion and conclusions
In this study, we proposed a fractional-order differential equation model to investigate the
gender-specific dynamics of HPV transmission. Due to the unavailability of consistent, yearly HPV

incidence data disaggregated by gender, we utilized OPC incidence data as a proxy, justified by the
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Figure 5. Numerical solutions for the systems (2.1)—(2.4) with the estimated parameters
regarding the data from Turkey for various values of y and a = 0.5: (a) S £(?), (b) I£(?), (c)

Sm(0), (d) L(D).

Mathematical Biosciences and Engineering

Volume 23, Issue 6, 1708—1742.



1730

2 x10°

SX0)

%108

(a)

S,

(o)

5 x10°

1,®)

x10°

50 100 150 200 250 300 350 400 450 500

(b)

1 (®

(d)
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strong epidemiological association between HPV infection and OPC, particularly in the United States.
While indirect, this approach enabled us to calibrate and validate the model with meaningful
real-world data.

The model formulation included a comprehensive theoretical analysis. We derived the disease-free
equilibrium (DFE) and endemic equilibrium (EE) points and computed the basic reproduction number
Ry, a key threshold parameter characterizing the transmission potential of the virus. Stability conditions
for the equilibrium points were also established, showing that the DFE is locally asymptotically stable
when Ry < 1 and globally asymptotically stable when R, < 1, and the EE is stable when R, > 1. These
results provide critical insight into the long-term behavior of the system under different epidemiological
scenarios and intervention thresholds.

We conducted a structural identifiability analysis using the differential algebra approach,
confirming that the key transmission parameters—including the cross-gender transmission rates Sy,
and ,,,—are identifiable. This theoretical finding supports the validity of the model’s structure for
parameter estimation from the given data.

In modeling the spread of infectious diseases, fractional-order models can capture the long-range
memory effects related to disease progression. The fractional order can be interpreted as a measure
of how significant these memory effects are [68]. Data fitting to OPC incidence from Turkey and the
US revealed that the model fits better to the data for Turkey when the derivative order « equaled 1
(classical ODE), while for the US, the best fit occurred for fractional-order models (e.g., @ = 0.9).
This suggests that fractional-order dynamics, which capture memory and hereditary effects, may better
reflect disease progression and reporting patterns in some populations. Moreover, Turkish data have a
higher level of noise, which might have made the memory effect disappear in the noise.

We also examined practical identifiability through Monte Carlo simulations under various noise
levels. Most parameters—including recruitment, transmission, and progression rates—showed good
identifiability, as indicated by the low ARE values. However, certain parameters such as the male exit
rate u,, were poorly identifiable, especially at higher noise levels or specific fractional orders, limiting
predictive confidence for some outputs.

Numerical simulations further illustrated the model’s dynamic behavior across varying values of
the fractional derivative order « and the auxiliary parameter y. As « approached 1, the influence of y
diminished, and the system’s behavior converged toward the ODE case. Interestingly, for the US data,
the model with @ = 0.9 and y = 1.5 closely approximated the classical model, while for Turkey, a
similar convergence was observed for y = 0.5. These results confirm the sensitivity of the model to
fractional effects and highlight its flexibility in capturing diverse epidemic trajectories.

Finally, the irregularities observed in certain simulation outputs, particularly for Turkey, were
attributed to parameters identified as practically unidentifiable—such as u,,—demonstrating the
importance of identifiability analysis in interpreting the model’s reliability.

In conclusion, this work presents a robust mathematical framework for modeling gender-specific
HPV transmission dynamics using fractional-order derivatives. The theoretical results, including
equilibrium analysis and reproduction number computation, combined with structural and practical
identifiability studies, provide strong support for the model’s validity. Despite limitations due to
proxy data use and some unidentifiable parameters, the model offers valuable insights into HPV
transmission patterns. Future work may focus on integrating vaccination strategies, refining data
sources, and exploring optimal control policies, thereby enhancing the model’s utility for public
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health decision-making. To strengthen our outcomes, we may compare through simulations not only
with ODEs but also with systems based on different fractional derivative definitions.
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Appendix

If f has the dimension of a number of people (as our state variables in the systems (2.1)—(2.4)), then
when we consider the dimensions of each term of the left-hand side of the systems (2.1)—(2.4) with

A AOI
@ Jo =

YDy F(@) =

_ _ ber of peopl
the dimensions of 7 are ===>P=b=

fot (tf_(ss))p, ds — —“”m';e;;f peopleime = —numbfirnf:f cople = number of people [ﬁ]a -
number of people(time) . The right-hand side of the systems (2.1)-(2.4) has the dimension
W To make the dimensions of the right-hand side and left-hand side of (2.1)—-(2.4)
consistent, we multiply it by y*~! since the dimension of [y] is time and [y*7'] is [time]*"!, the
dimension of the left-hand side [y*~'D?f(¢)] is (time)*~'number of people(time)™® = W

Hence, the dimensions of both sides now match.

. =5 15 ger» and ds is time. Then

, I'(@) is dimensionless -
1me

a—1
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