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Abstract: The most common viral dynamics models for analyzing viral infections assume a well-mixed
spatial distribution between viral particles and uninfected target cells. However, throughout an infection,
the spatial distribution of virus and cells changes. Initially, virus and infected cells are localized so
that a target cell in an area with lower virus presence will be less likely to be infected than a cell
close to a location of viral production. A density-dependent infection rate has the potential to improve
models that treat the cellular infection probability as a constant. Building on previous work that used
epidemiological models, which introduced Saturated Incidence, Beddington-DeAngelis, and Crowley
Martin models to simulate spatial heterogeneity in population-level models, we implemented these
density-dependent models in within-host viral kinetics models to understand how a density dependent
infection rate might impact the predicted severity of an influenza infection. The parameter values
that govern the strength of density dependence were varied to understand the implications of density
dependent infection rate on disease severity and the potential impacts on patient treatment. For low
density dependence, a steeper increase in the virus and a higher viral peak was predicted. We find
that the initial localization of infected cells slows the progression of the infection, thus suggesting that
accounting for density dependence when analyzing influenza infection severity can result in an altered
expectation for viral progression.
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1. Introduction

Influenza is a serious disease that affects many people worldwide every year with substantial illness
and financial burden [1]. Each flu season, approximately 8 percent of the United States population
suffers from the flu [2]. The total yearly economic impact of influenza on the US economy is upwards
of 10 billion dollars [3]. Globally, influenza is estimated to account for 650,000 deaths annually [3].
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Given the severity of medical and economic impacts from influenza, increasing our understanding of
viral progression is essential in order to reduce the extent of symptoms associated with infection and to
improve clinical outcomes.

Mathematical modeling provides a cost-effective approach to analyze, predict, and understand viral
kinetics. Mathematical models have been developed to account for a wide range of viruses [4–8], and
have been used to study antiviral drugs [9–11], the effect of the immune response [12, 13], and age
differentiated outcomes [14, 15]. By employing mathematical models, clinicians and researchers can be
better equipped to understand how untreated disease will progress, as well as provide a foundation to
theoretically test treatment options before exploring more resource intensive actions including animal
and human laboratory testing. Biophysical models contribute to an increased understanding of the
progression of disease and can result in better estimations of predicted infection severity [16–18].

Work done by Baccam et al. laid a foundation for applying mathematical models to H1N1 influenza
progression [4]. They used a system of four differential equations that accounts for changes in popula-
tions of uninfected target cells, cells in a noncontagious phase of intracellular viral replication, infectious
cells, and virus. Through data fitting, accounting for an eclipse phase was found to provide an effective
method to account for the delay between an uninfected cell’s contact with virus and the time of release
of the first virion [19, 20]. However, the model assumes equal spatial contact between all cell types
and virus, which is inconsistent with biophysical understanding of viral progression. Early on in an
infection, the virus is highly localized and does not have equal surface area contact with all uninfected
cells [21–23].

A similar issue arises when modeling the spread of infectious diseases at the population level using
compartmental susceptible-infected-recovered (SIR)-type models. In this case, the epidemic starts
locally, with friends and family of the initially infected person being exposed, while the population at
large is likely unaware that an infectious disease has taken root [24, 25]. Epidemiological models have
dealt with this issue by introducing density-dependent transmission functions [26, 27]. Specifically,
three models are commonly used to model density-dependent transmission: the saturated incidence
model [28], the Crowley-Martin incidence model [29], and the Beddington-DeAngelis incidence model
[30]. Mathematical analyses and simulations of these models shows that the choice of transmission
function and the strength of the density-dependent parameters can determine whether an epidemic is
initiated and how many people become infected [31–34].

At the within-host level, the use of density-dependent infection functions has not been fully examined,
even though within host infections have similar spatial heterogeneity issues as the spread of infectious
diseases at the population level. However, density-dependence has been incorporated into other steps
of the viral replication process. One model modified the death rates of infected cells to account for
changes in spatial distribution between uninfected cells, infected cells, eclipse cells, and virus [35].
Additionally, density-dependence has been used to model virus-mediated cell-cell fusion, with one study
finding that a density-dependent fusion rate is needed to accurately capture fusion when the receptor
density is low [36]. This study found that modifications to the syncytia formation rate were essential to
accurately represent the experimental data. Finally, a within-host model used a Michaelis-Menton-like
infection rate to account for the spatial distribution of semi-infectious particles [37]. The idea of
density-dependent contact rates has been borrowed from epidemiological studies and is starting to be
incorporated in some within host mathematical models [38–41], although the effect of this assumption
has not been explored in isolation.
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Here, we investigate three models of density-dependent infections to assess their impact on the time
course of influenza infection. By varying density dependent constraints, we determined the impact
of spatial heterogeneity on the infection severity and duration. Measurements of the viral titer curve
and basic reproduction number of the system as a function of density dependent parameters show that
increasing the density dependence tends to slow the progression of the infection, thus leading to a lower
upslope, and a delayed and lower peak viral load.

2. Methods

2.1. Density dependent infection functions

The most common viral dynamics models for analyzing viral infections assume an even spatial
distribution between the viral particles and the target cells. However, throughout an infection, the spatial
distribution of the virus and cells changes. The standard influenza viral kinetics model first used by
Baccam et al. [4],

dT
dt
= −βVT

dE
dt
= βVT − kE (2.1)

dI
dt
= kE − δI

dV
dt
= pI − cV,

assumes that a change in the uninfected target cells, T , is proportional to the interaction between
uninfected target cells and viral particles with a constant infection rate β. Uninfected target cells that
become infected enter an eclipse phase, E, where the virus replicates within the cell. Then, the cells
become infectious, I, at a rate k. Once infectious, cells produce virus, V , at a rate p. All infectious cells
are assumed to die after a time of 1

δ
, while the virus is cleared at a rate of c.

In order to account for the density dependence, we examined three density dependent mathematical
functions typically used in epidemiological or ecological models [42–44]. The models we considered
were a Saturated Incidence function, the Beddington De-Angelis function, and the Crowley-Martin
Incidence model. In all three cases, the infection rate, β, is modified by dividing by a function of virus,
target cells, or both. Thus, when the amounts of virus or target cells are high, the infection rate is
reduced. The saturated incidence function assumes that the infection rate is only modulated by the
amount of virus,

dT
dt
=
−βVT
1 + αV

dE
dt
=

βVT
1 + αV

− kE (2.2)

dI
dt
= kE − δI

dV
dt
= pI − cV.
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Here, α determines the strength of the density-dependent effect — a higher value of α results in a larger
reduction of the infection rate as the amount of the virus increases. The Beddington-DeAngelis model
assumes that the infection rate is dependent on both the target cells and the virus in an additive manner,

dT
dt
=

−βVT
1 + γT + αV

dE
dt
=

βVT
1 + γT + αV

− kE (2.3)

dI
dt
= kE − δI

dV
dt
= pI − cV.

In this case, both α and γ determine the strength of this effect, with α determining the influence of virus
and γ giving the influence of target cells. The final model, Crowley-Martin, assumes that the infection
rate is dependent on both the target cells and the virus, but in a multiplicative manner,

dT
dt
=

−βVT
(1 + γT )(1 + αV)

dE
dt
=

βVT
(1 + γT )(1 + αV)

− kE (2.4)

dI
dt
= kE − δI

dV
dt
= pI − cV.

Here, α is associated with the strength of the density-dependent effect of the virus, while γ is associated
with the strength of the density-dependent effect of the target cells.

2.2. Model parameters

The parameter values for the H1N1 flu virus, as determined by [4], were used (Table 1) for the
simulations, and α and γ were varied across a range to see how density-dependent parameter variations
affected several measures of viral severity. Systems of differential equations for each model were solved
using scipy.odeint in Python. To explore the effect of density-dependence, α was varied from 10−4

to 103, while γ was varied from 10−15 to 10−7. The ranges for α and γ were chosen based on the model’s
behavior more than any biological arguments. We were looking for a range where we see changes in
the predicted behavior when the parameter values change. Smaller values of these parameters have
little effect on the infection dynamics since the density dependence is small, while larger values of these
parameters are in the region where infections are abrogated, so further increases have no effect. Note
that the actual values of these parameters are dependent on the units of virus (α) or cells (γ), so it’s
difficult to specify any absolute values for these parameters that would be biologically reasonable. Note
that α and γ are plotted on a logarithmic scale in all figures.
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Table 1. Model parameters, taken from Baccam et al. [4], except α and γ.

Variable Meaning Value
β Infection rate 3.2 × 10−5 (TCID50/mL · d)−1

p Viral production rate 4.6 × 10−2 TCID50/mL · d
k Transition time to infectious cell 4.0 /d
δ Infected cell life span 5.2 /d
c Viral clearance rate 5.2 /d
α Viral density-dependence 10−4–103 TCID50/mL
γ Cell density-dependence 10−15–10−7 cells
V0 Initial viral titer 7.5 × 10−2 TCID50/mL
T0 Target cells 4× 108 cells

2.3. Calculations for measures of the curve

Several measures of the viral titer curve were calculated to characterize how the infection changes
with changes in the density dependence (Figure 1). The viral peak was determined by locating the
maximum value of the curve, which also gives us the time of peak. The slope of the viral titer curve
was found using a linear least squares fit over the primary time points of ascent (upslope) or descent
(downslope) of the viral titer curve. The duration of infection for each model was found by subtracting
the final time point at which the virus was above a threshold of 10 TCID50/ml from the time that the
viral titer initially rose to the threshold value. The area under the curve (AUC) was found using 300
trapezoidal approximations and verified with Simpson’s rule,

AUC =
b − a

2n
(V0 + V f + 2

∑
(V1:n−1)),

where n is the number of steps used to simulate time - 1, b and a are the final and initial time values,
respectively, and V represents the virus.

Some other characteristics were calculated from the modified systems of equations. The basic
reproduction number, R0, describes how many target cells one infected cell will infect. R0 was calculated
using the Next Generation Matrix method where each system of equations was split into two matrices
that represent new infections and transitions [45]. The basic reproduction number is used to define a
boundary between growth and decay of the viral load, where R0 > 1 leads to an infection that will grow
and R0 < 1 leads to an infection that decays from its initial viral load. If an antiviral is applied to the
system, the minimum antiviral efficacy needed to suppress the infection is given by ε = 1 − 1

R0
[46].

We calculate the minimum drug efficacy for all three models to examine the effect a density dependent
infection rate might have on antiviral treatment. Additionally, whttps://www.cdc.gov/flu/season/2022-
2023.htmle calculated the infecting time, tinf , which is the time it takes for the virus to leave an infected
cell and infect another cell. The infecting time is calculated following the procedure outlined in [47].
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Figure 1. Measured aspects of the viral titer curve as related to changes in density dependence.

3. Results

Systems of differential equations that assume well-mixed spatial distributions were modified by
varying parameters that constrain viral growth to understand how changes in spatial contact affect viral
progression. Three different density dependent ordinary differential equation systems were used. Key
aspects of the viral titer curve were measured to understand the possible outcomes of viral kinetics when
density dependence is accounted for in models. The peak viral load, timing of the peak viral load, viral
upslope, viral downslope, AUC, and infection duration were measured for ranges of α and γ.

3.1. Viral titer measurements

3.1.1. Saturated incidence model

Changes in the viral titer characteristics for the saturated incidence model are shown in Figure 2.
As α increases, the viral maximum decreases, but the time to maximum increases before reaching a
point where the density dependence is so high that the infection does not occur. The viral upslope
generally decreases with a greater density dependence. At a higher density dependence, the downslope
becomes rapidly less steep before leveling off towards zero. Initially, the infection duration increases
quite rapidly. While our graph shows a plateau at 1000 days, this is due to the duration of our simulation
— the infection duration will, in fact, continue to increase beyond 1000 days before it rapidly drops to
zero for higher density dependent values. The AUC was lower for greater density dependence. The
results suggest that the predicted measures of infection severity for a higher density dependence in the
saturated incidence model result in a less severe infection with a lower maximum viral load and a slower
viral growth compared to the model in [4].
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Figure 2. Measurements of the (top left) maximum viral load (log scaled), (top right) time of
maximum, (center left) viral upslope, (center right) viral downslope, (bottom left) infection
duration, and (bottom right) AUC (log scaled) of the Saturated Incidence Model when varying
the parameter α. Note that α is plotted on a logarithmic scale.

3.1.2. Beddington DeAngelis model

Figure 3 shows predicted trends in the viral titer curve measurements based on variations in α and γ.
For the Beddington DeAngelis model, the viral peak values are higher for a lower density dependence
(low α and/or γ). The time of peak shows minimal variation related to the density dependence until
a threshold α or γ value occurs that results in no infection. As a maximum γ value that allows for
infection to occur is approached, a delay in the viral peak is observed. As α gets larger, there is not
a similar delay in the time of viral peak. The predicted viral upslope is steeper for a lower density
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dependence and decreases as both α and γ decrease, with a more gradual decrease as a function of α.
The duration of infection becomes longer as α increases before falling to zero for higher α and γ values
in an abrupt manner. The AUC is lower for greater density dependence values of α, with no infection
occurring beyond a maximum value of γ. The Beddington DeAngelis model demonstrates that increases
in the density dependence slow viral progression and decrease the maximum total amount of virus by
limiting the ability of infection to spread.
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Figure 3. Heatmaps of the (top left) maximum viral load (log scaled), (top right) time at
maximum, (center left) viral upslope, (center right) viral downslope, (bottom left) infection
duration, and (bottom right) AUC (log scaled) of the Beddington DeAngelis model for varying
density dependent parameters (α and γ). Note that α and γ are plotted on a logarithmic scale.
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3.1.3. Crowley-Martin incidence function results
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Figure 4. Heatmaps of the (top left) maximum viral load (log scaled), (top right) time at
maximum, (center left) viral upslope, (center right) viral downslope, (bottom left) infection
duration, and (bottom right) AUC (log scaled) of the Crowley Martin Incidence Model for
varying density dependent parameters (α and γ). Note that α and γ are plotted on a logarithmic
scale.

The Crowley-Martin Incidence function demonstrates similar predicted trends to the Beddington
DeAngelis Model, as shown in Figure 4. For a lower density dependence, the viral peak is greater.
The timing of the peak remains consistent despite varied density dependence values until reaching a
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threshold value of α or γ where the infection no longer occurs. As this value is approached for γ, a
delayed time to viral peak is briefly seen for higher γ values; however, this tendency is not observed
as α values approach the boundary. For a lower density dependence, the viral upslope is greater, thus
indicating a faster progression of infection. Very high levels of density dependence for γ lead to an
increase in the downslope; however, the same is not observed for α. At high α and γ values, the predicted
values for infection duration experience an abrupt drop to zero. This indicates that the infection duration
remains fairly constant despite density variation until a point is reached where the virus cannot spread
to produce an infection. The AUC is lower for greater density dependence values for α. For γ variation,
changes in AUC were not observed until the γ values reached a threshold value That inhibited infection
occurrence. These trends predict a less severe overall infection for a greater density dependence.

3.2. Basic reproduction number

The basic reproduction number, R0, of the infection was calculated using the next generation matrix
method and indicates the number of cells a single infectious cell will infect [48]. For R0 values greater
than one, the viral load will continue to increase and the infection will become more severe. For R0

values below one, the viral load will decrease and the infection will regress. As a result, R0 is crucial to
understand how the infection will continue to develop and to develop effective treatment options.

The next generation matrix method splits each differential equation system into F and V matrices
that represent new infections and transitions between or away from infected states. F and V matrices
used in R0 calculations are given in the supplementary material. R0 is the largest eigenvalue of the next
generation matrix. The basic reproduction numbers for the three models are as follows:

• Saturated Incidence:

R0 =
βpT0

(1 + αV0)2δc
.

• Beddington De-Angelis model:

R0 =
βpT0(1 + γT0)

(1 + γT0 + αV0)2δc
.

• Crowley Martin model:

R0 =
βpT0

(1 + γT0)(1 + αV0)2δc
.

R0 values are substantially lower for simulations with a greater density dependence (Figure 5). Lower
R0 values indicate a less extensive spread of virus within the body [49], which supports the idea of less
contact between target cells and virions. As a result, spatially localized mixtures predict a less rapid
progression of influenza than well-mixed particle distributions.

Mathematical Biosciences and Engineering Volume 23, Issue 6, 1687–1707.
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Figure 5. R0 for different density-dependent models. (top) R0 for the saturated incidence
model, (middle) R0 for the Bedington De-Angelis model, and (bottom) R0 for the Crowley
Martin model. R0 = 1 is labeled in red and R0 calculated from the model not accounting for
density dependence is in green [4]. Note that α and γ are plotted on a logarithmic scale.
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3.3. Drug efficacy measures
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Figure 6. Minimal Drug efficacy required to send infection into decline for different models
as a function of varied density dependent parameters. Minimal efficacy for varied density
dependence Saturated Incidence (top), Beddington De-Angelis (middle), and Crowley-Martin
(bottom). Note that α and γ are plotted on a logarithmic scale.
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Based on the R0, the minimal drug efficacy needed to cure an infection can be found. We define the
efficacy of a drug, ε, as the fractional reduction in a particular viral replication process. When modeling
the effect of a drug, we multiply the affected parameter, typically β or p, by (1 − ε), where ε is a number
between 0 and 1. This results in the R0 value also being reduced by (1 − ε). Recall that when R0 is
below 1, the infection’s growth experiences a decline [50]. As a result, the minimal efficacy of a drug
is the effectiveness required to reduce the infection’s R0 below one and can be found by the following
relationship,

ε = 1 −
1
R0
.

The minimal drug efficacies needed to cure are shown as functions of density dependence in Figure 6.
For the saturated incidence model, as values of α increase, the minimal effective dose of a drug to send
the infection into remission declines, but only at high values of α. This indicates that a lower dose of
a drug may be effective when a density dependent infection rate is considered. For the Beddington
DeAngelis model, the minimal effective dose remains constant and high, regardless of the density
dependence, until the threshold values of α and γ are reached, at which point the minimal effectiveness
substantially decreases. This indicates that density dependence does not noticeably affect minimal
efficacy until a threshold parameter value is reached where the necessary effectiveness rapidly decreases.
For the Crowley-Martin model, a similar effect of reaching a threshold value that results in subsequent
decline in minimal effective dose required to eliminate infection is observed for high density dependent
values of γ and α.

3.4. Infecting time

Values of infecting time were also calculated in order to determine the time required for a virus
that has been produced to leave a cell and infect another cell. This provides insight into the system by
increasing our understanding of the effect of speed of viral spread. The steps for the calculations were
followed from González-Parra et al. [47].

The virus is produced at a rate p and cells going from the uninfected state to the eclipse state as a
result of newly produced virus is described by dE

dt = βTV . To find the infecting time (tinf), the time
between virus production and infection of an uninfected cell is determined, so the rate at which cells
leave the eclipse phase for the infected phase is not considered. We assume that the viral clearance
during this time is negligible, therefore,

dV
dt
= p

and
dE
dt
=
βVT0

1 + αV
for the saturated incidence model. By integrating both equations, we find

V(t) = pt∫ 1

0
dE =

∫ tinf

0

βT0 pt
1 + αpt

dt

1 = βT0 p
∫ tinf

0

(
1
αp
−

1
αp(αpt + 1)

)
dt
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1 = βT0

(
tinf

αp
−

1
α2 p

∫ tinf

0

1
αpt + 1

dt
)

1 =
βT0(αptinf − ln |αptinf + 1|)

α2 p
. (3.1)

Following the same logic as above, the infecting time relationship for the Beddington DeAngelis
model can be integrated from,

dV
dt
= p

and
dE
dt
=

βT0V
1 + αV + γT0

.

Integrating gives the following

∫ 1

0
dE =

∫ tinf

0

βT0 pt
1 + αpt + γT0

dt

1 = βT0 p
∫ tinf

0

(
1
αp
+

−γT0 − 1
αp(αpt + γT0 + 1)

)
dt.

Following long division and integration, the infecting time relationship becomes

1 =
βT0

α2 p

(
αptinf + (γT0 + 1) ln

∣∣∣∣∣ 1 + γT0

αptinf + γT0 + 1

∣∣∣∣∣) . (3.2)

For the Crowley Martin model,

V = pt∫ 1

0
dE =

∫ tinf

0

βT0 pt
(1 + αpt)(γT0 + 1)

dt

1 =
βT0 p
γT0 + 1

∫ tinf

0

(
1
αp
−

1
αp(αpt + 1)

)
dt

1 =
βT0

γT0 + 1

(
tinf

α
−

1
α2 p

∫ tinf

0

1
αpt + 1

dt
)

1 =
βT0

α2 p(1 + γT0)

(
αptinf − ln

∣∣∣∣∣ 1 + γT0

(αptinf + 1)(1 + γT0)

∣∣∣∣∣) . (3.3)

All three models result in transcendental equations that we numerically solve for further insight. For
all three models, a greater density dependence was associated with longer infecting times (Figure 7),
thus indicating that increased heterogeneity impedes the virus’s predicted ability to infect other cells.
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Figure 7. Infecting times for for varied density dependence. Saturated Incidence (top),
Beddington De-Angelis (middle), and Crowley-Martin (bottom).
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4. Discussion

We found that the incorporation of a density dependent infection rate alters the predicted progression
of virus when compared to the basic viral kinetics model. The general trend for viral progression,
as predicted by all three incidence functions, suggests a decrease in the infection severity as a result
of density considerations. Specifically, increasing the density dependence of the infection rate leads
to a lower viral upslope, alongside an earlier and lower viral titer peak. This slowing of infection
progression is reflected in a lower basic reproduction number and a longer infecting time. The slowed
initial progression of virus with a higher density dependence supports the notion that increased spatial
heterogeneity in the initial stages of infection slows the infection as compared to a well-mixed system.
Since the virus progresses by contact between uninfected target cells and viral particles, when virus
particles have access to more uninfected target cells, the rate of infection progression is materially greater.

This finding has practical implications when using mathematical models for prediction. When
using the basic infection model, we could be overestimating the growth rate of an infection and might
even predict the growth of an infection when early spatial heterogeneity would actually drive the basic
reproduction number below one, thus preventing growth of the infection. While we found that the density
dependent infection rate has little effect on the minimum drug efficacy needed to cure an infection,
density dependent infection could still alter the predicted viral decay rate when an antiviral treatment is
implemented [51].

Experimental evidence supports spatial heterogeneity throughout influenza progression [52,53]. A
full account of spatial heterogeneity of viral spread can be done through the use of agent-based models
(ABMs) [21,53–58], which track each individual cell as it transitions from uninfected to infected to dead.
However, these models are computationally expensive, which makes it difficult to model large numbers
of cells in a reasonable time frame. Thus, the use of ordinary differential equations (ODEs), while less
realistic than ABMs, is sometimes necessary to make predictions in a timely manner. Modifying ODEs
in order to account for spatial heterogeneity allows us to take advantage of the computational speed of
ODE models while potentially increasing the accuracy of the model predictions.

To date, a density dependent infection rate model has not been fit to experimental data. The basic
model has been sufficient to capture the viral dynamics of all tested experimental data. This could be
partly because of the limited number of data points collected in typical patient data, which often only
has two points on the upslope [4], where the density dependent infection rate has the largest effect.
Additionally, the fairly large measurement error of viral titer measurements [59] might make it difficult
to detect subtle time course changes caused by a density dependent infection rate. However, in the work
of Pinilla et al. [60], who simultaneously fitted a viral kinetics model to multiple cycle and single cycle
assays, a roughly 12 h time shift was needed to fit the same model to both assays. It is interesting to note
that the single cycle assay is spatially homogeneous since all cells are infected at the same time, while
the multiple cycle assay, initiated with a low multiplicity of infection (MOI), is initially very spatially
heterogeneous. A model that includes a density-dependent infection rate might be able to account for this
difference. Additionally, the validity of the density dependent infection rate could be verified by fitting
to viral time courses from ABMs. This would allow the direct determination of whether these functions
can account for spatial heterogeneity, and can help to determine reasonable parameter ranges for α and γ.

Simulated viruses offer a window into how our biophysical understanding aligns with the predicted
alteration in viral progression. Future work should include combining the density dependent infection
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rate with models of other biological processes such as the adaptive and innate immune responses,
coinfection, and drug resistance to improve fidelity of the models. All of these processes have the
potential to be altered by the slower growing, milder infection predicted by density dependent infection
rate models.
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