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Abstract: This study investigated a modified Holling-Tanner predator-prey model that incorporates
supplementary food for predators and anti-predator behavior in prey. The model examined how these
ecological mechanisms influence predator-prey dynamics and biological pest control. Local and global
stability analyses were performed to determine the conditions that lead to predator persistence and
pest eradication. Explicit parametric conditions were derived that guarantee global pest extinction,
providing quantitative criteria for effective biological control. Bifurcation analysis revealed the
presence of Hopf and saddle-node bifurcations, which identify critical parameter thresholds where
the system transitions between stable equilibria, oscillatory dynamics, and collapse of coexistence
states. The results showed that anti-predator behavior can stabilize population dynamics and suppress
oscillatory behavior that would otherwise occur in the absence of prey defense mechanisms. A
reaction-diffusion extension of the model was then considered to investigate spatial effects. Turing
instability analysis demonstrated that the interaction between diffusion and anti-predator behavior can
generate persistent spatial patterns, offering a mechanistic explanation for patchy predator distributions
frequently observed in agricultural ecosystems. The analysis further indicated that the effectiveness of
biological control depends on the balance between supplementary food quantity, predation pressure,
and the strength of prey defense. Excessive food supplementation may reduce predator pressure
on pests and weaken pest suppression. Numerical simulations supported the analytical results and
illustrated parameter regimes that lead to system stabilization and successful pest management. The
proposed framework provides theoretical guidance for designing predator-based biological control
strategies that combine resource provisioning with natural behavioral responses.
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1. Introduction

As an ecological management strategy, biological control serves as a sustainable approach to pest
management, offering a sustainable substitute for chemical pesticides. It is particularly valuable
because chemical controls, while widely practiced, are generally environmentally disruptive,
unsustainable, and increasingly susceptible to pest resistance over time [1]. Biological control, on the
other hand, involves introducing a predator species to enhance mortality among target pest
populations [2-6]. However, the method is not without its problems. The predators do not usually
eliminate the pests, and there could be collateral damage when the predators attack non-target
organisms, causing unintended ecological impacts [7].

Because of these challenges, many studies have examined methods to enhance the effectiveness of
natural predators in biological control programs. Experimental research has shown that providing
supplementary food sources such as artificial honeydew or sugar sprays can increase predator
abundance and improve their retention in agricultural habitats [8—11]. Field experiments in alfalfa and
maize demonstrated that artificial honeydew can increase the numerical response of natural enemies
and influence their spatial distribution, particularly for predators such as ladybird beetles [8, 10].
Similar studies reported that sugar applications enhance the activity of natural enemies and contribute
to improved suppression of pests such as the fall armyworm [9]. The broader role of artificial food
supplementation as a conservation biological control strategy has also been reviewed extensively [11].

Other studies have examined ecological and behavioral mechanisms that influence predator-prey
interactions. In particular, predator interference has been shown to affect the establishment and
effectiveness of generalist predators used in biological control programs [12]. In addition,
experimental work demonstrates that prey nutritional quality can significantly influence predator
feeding rates and trophic interactions [13]. Biological control strategies have also been explored in
broader ecological contexts, including approaches used for the management of vertebrate pests [14],
while sugar provisioning has been shown to increase the efficiency of parasitoids by improving their
survival and reproductive performance [15].

Complementary theoretical and modeling studies have investigated ecological processes that
modify predator-prey dynamics relevant to biological control. Mathematical models show that
cannibalism in predator or prey populations can significantly alter system stability and long-term
population dynamics [16, 17]. Other studies incorporate behavioral mechanisms such as
predator-induced fear, demonstrating that fear effects can reduce prey reproduction and influence
population stability [18, 19]. The ecological principles underlying these biological control strategies
are well-established in foundational literature [7], while modern developments also emphasize the
increasing role of environmentally safer pest management tools such as biopesticides [2]. One of
these promising methods is the provision of supplemental or extra food to predators. There have been
many field experiments that have tested this strategy, some of which have reported a significant
reduction in pest populations when predators are given supplemental food. In [20] the authors found
that supplying Macrolophus pygmaeus, a widely used natural enemy in biological control, with eggs
of Ephestia kuehniella and pollen from Typha latifolia significantly increased the population density
of Macrolophus pygmaeus. In [15] the authors found that the provision of sugar helped to augment
the efficacy of parasitoids like Binodoxys communis in controlling soybean aphid populations.

Despite these promising outcomes, the precise factors that determine the success of supplemental
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feeding remain elusive. Some studies, like [12], have highlighted complications such as predator
interference or competition, which can undermine the efficiency of biological control agents. This has
been observed across various predator types, including vertebrates and generalist predators.
Additionally, the duration and frequency of supplemental feeding appear to have inconsistent effects,
with complete pest eradication rarely achieved.

Mathematical models provides critical insights into predator-pest interactions, enabling
identification of eradication parameters. The inclusion of supplementary feeding significantly alters
system dynamics and management outcomes [21].

In previous studies [22-26], supplemental food has been shown to facilitate pest eradication
across various predator-prey models, including Holling-type, Beddington-DeAngelis, and
ratio-dependent models. However, the eradication process is gradual, occurring over an infinite time
horizon rather than instantly. These models also reveal that certain ecological factors, such as pest
refuges, can complicate outcomes. High levels of refuge availability can even lead to predator
extinction despite the provision of supplemental food.

Although conventional theoretical approaches predominantly consider symmetrical predator
responses, contemporary research has increasingly focused on asymmetric frameworks such as the
Holling-Tanner model, which incorporates ratio-dependent predation dynamics. This model captures
the complexities of predator-prey relationships more precisely, when incorporating supplemental
food. Unlike symmetric models, the Holling-Tanner framework acknowledges the variability in
predator responses to prey availability, offering insights into conditions that stabilize or destabilize the
ecosystem. The work of [27] presented a modified Holling-Tanner formulation incorporating
supplementary nutrition, demonstrating that resource augmentation can simultaneously enhance
predator carrying capacity and reproductive rates. Prey species’ evolved anti-predation strategies
present significant challenges in modeling predator-prey interactions. In many cases, prey actively
engage in defensive strategies, such as attacking juvenile predators, to reduce future predation
risk [28-30]. While this behavior helps prey populations survive, it complicates biological control
efforts because it weakens the predator’s ability to reduce prey numbers effectively. In some
situations, this can result in predator population decline and even lead to pest outbreaks [31,32], as
the prey population increases without sufficient predation pressure.

To mitigate these issues, supplemental feeding programs have been investigated as a potential
strategy to enhance predator abundance in ecological systems and enhance their effectiveness in
controlling pests. Supplementary food can help predators maintain their population size, even when
prey numbers are low due to anti-predator behavior. Nevertheless, the efficacy of this approach
critically depends on the nutritional composition, amount, and form of supplementary food. Studies
show that providing the right kind of food can improve predator efficiency, leading to better pest
control outcomes. For instance, some studies [33] has demonstrated that predators supplemented with
high-quality food sources exhibit improved survival, reproduction, and predation rates, which in turn
leads to more effective pest suppression. In [27], we investigated a Holling-Tanner predator-prey
system with supplementary food supplied to the predator, establishing that resource augmentation can
stabilize predator populations and enhance pest suppression. That analysis derived analytical
conditions for equilibrium existence and local stability, including critical thresholds for pest
extinction and predator persistence, and demonstrated that varying the quantity and quality of
additional food can induce bifurcations driving transitions between stable equilibria and oscillatory
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dynamics. While these findings provide quantitative guidance for optimizing predator-based
biological control, the framework did not account for prey behavioral responses—a widespread
ecological phenomenon that fundamentally alters predator-prey interactions.

In this paper, we examine how these two factors—supplementary food and anti-predator behavior—
work together to affect predator-prey dynamics. We modify the classical Holling-Tanner model to
include both, and then explore the conditions that lead to pest extinction, predator persistence, and
system stability. Our analysis combines theory and simulation to support strategies for more reliable
biological control.

This paper is structured as follows: Section 2 presents the mathematical model incorporating
supplementary food and anti-predator behavior, followed by a comprehensive stability analysis of all
biologically relevant equilibrium points. We establish the boundedness of solutions, derive conditions
for local and global stability, and characterize the existence of limit cycles. Section 3 is devoted to
bifurcation analysis, where we identify critical parameter thresholds for Hopf and saddle-node
bifurcations, revealing how the system transitions between dynamical regimes. In Section 4, we
extend the model to a reaction-diffusion framework and investigate Turing instability, deriving
necessary and sufficient conditions for spatial pattern formation. Numerical simulations throughout
validate our analytical findings and illustrate key dynamical behaviors. Finally, Section 5 discusses
the ecological implications of our results for biological control strategies and outlines directions for
future research.

2. Dynamical analysis of an additional food model incorporating anti-predator behavior

Building on the framework of [27], we extend the Holling-Tanner predator-prey framework by
incorporating supplementary food for predators and adopting the standard Holling type-II response.
We further enhance the model by introducing a prey defense mechanism that reduces predation. This
leads to:

ut:u(l—u)—L,
w+aB+u
(2.1)
v, =dv|n+ A . )—quv
af+u aB+u

For readers interested in the full mathematical analysis of our model (Eq (2.10)), we recommend
the detailed work in [27]. Here, we will focus on explaining what the different parameters actually
mean in biological terms—you will find these clearly laid out in Table 1.

2.1. Equilibria and local stability
System (2.1) possesses four biologically meaningful equilibrium points:
e Total extinction £, = (0, 0):
Both predator and prey populations vanish from the ecosystem.

e Prey-only equilibrium £, = (1,0):
Without predation pressure, prey species achieve their maximum equilibrium population size.
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Table 1. Descriptions of variables and parameters present in system (2.1).

Symbol Description
u(t) Density of prey
v(t) Density of predator

q Strength of anti-predator effect
s Rate of prey consumption by predator

() Prey impact on predator intake

a Quality of supplemental food

B Quantity of supplemental food

0 Conversion efficiency of prey into predator growth
n Baseline predator growth rate

e Predator-persistence equilibrium E, = (0, nagB + B):
A critical case where predators maintain themselves through alternative food sources (@ > 0)
despite prey extinction.

e Coexistence equilibrium E* = (u*, v*):
The interior equilibrium where both species coexist, yielded by solving:

SV
Su,v)y=~10-uw) - (m) =0, 2.2)
sy =n+ L Y 9, -, (2.3)

af+u af+u o
From equation Eq (2.2), we have

[(1 = w) (w + B + u)]

. =, 2.4)
and from Eq (2.3), we have:
B q _
(n+ oBru - 5”) (B +u) =v, (2.5
B+ (n - %u) (o +u) =v. (2.6)

Substituting Eq (2.5) in Eq (2.4), we have
[(1 = w) (w + af + u)] (

S

= n+ﬁ—%u)(aﬂ+u),

which gives us

é(l—u)(w+a,8+u)—(n+ B —%u)(afﬁ+u)20,

af+u

0 —gs)u? + (@wd — 6 +nsé + afd — gsaf)u + 6 (s — @ — af + nsaP) = 0.

We use the following representations for the sake of simplicity:
A=(0—-¢gs),B=(wd—0+nsé+afd—gqsaf),and C = 6 (sB8 — @ — af + nsaf). Then we have
three different cases:

Mathematical Biosciences and Engineering Volume 23, Issue 6, 1596-1621.



1601

1) A positive discriminant, B> — 4AC > 0, guarantees two real and unequal roots.

—B+ VBZ—4AC

u; = A , v :ﬁ+(n—5ul)(afﬁ+ul),
u, = 74 , Vi =B+ (n — 5”2) (aB + u5).

2) Provided that B> = 4AC and z/f > 0, the analysis reveals that two equilibrium positions (u], v})

and (i}, v;) meet at a single point, referred to as the instantaneous equilibrium E(i, 7), defined as

follows:
_ —(@6—06+nsd+ afd — qgsaf) - ( q_) _
= , =B+|n-= + 1) .
7} 26— g5 v=F+|n 6u (aB + i)
3) When A = 0 (i.e., 6 = gs), B # 0, and § > 0, there exists a single interior equilibrium point
E@,v) given by:

- @l + affd — spo(na + 1)

—~ qA)
= , =B+|n—= +7u).
" —0 + @wd + nsé + afd — gsaf v=p (n 6u (o + 1)

Let E(u*,v*) be the interior equilibrium of system (2.1). To compute the Jacobian matrix at this
equilibrium, substitute #* and v* into the Jacobian matrix J.

J = ( 1+ (w+aﬁ+u )2) + f(bl v ) _w+fluﬁ+u ]

Sv* ( (aﬁ;ﬁ)z - g) =0 4 Se(ut, V")

aﬁ+u
We calculate the trace and determinant of J at each equilibrium and apply common linear

stability conditions.

Theorem 2.1 (Stability analysis of equilibrium points). The system has the following stability
properties at its equilibrium points:

1) The origin Ey = (0,0) is always unstable.
2) The axial equilibrium point E = (1,0) is stable if 6 (n +
3) The axial equilibrium point E, = (0, naf + B) is

ﬁH) < q and saddle if5(n+ aﬁﬁn) > q.

e [ocally asymptotically stable if w < s(af + ) — af and C > 0,
e a saddle if C < 0, in which case at least one interior equilibrium exists.

4) The interior equilibrium point (u*, v*) is stable when both of the following conditions are satisfied:

. (u* LV )((w +af + u*)z)’ (2.7)
aB + u* uv*
*\2 *
S(@ + aff + u')’(aff + u") (2.8)

Ou*) ’
where Q(u*) is the polynomial

qu™ + (3gaf + qo)u? + B(3qa’B + 6 + 2qwa)u’ + B(ga’ B + gwa’B + 6af + wd) — wV'.
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Proof. The system described by Eq (2.1) admits several steady states, which are outlined below:

1) Consider the trivial equilibrium point £y = (0, 0). To analyze its local behavior, we compute the
Jacobian matrix evaluated at E, denoted by Jg,, which is given by:

1 0
JE():
0 6(n+é)

Since both eigenvalues at E, are positive, the origin behaves as an unstable node. This indicates
that any small disturbance around E, will cause the system to move away from this point
over time.

2) Consider the axial equilibrium point E; = (1,0). To examine its local behavior, we compute the
Jacobian matrix evaluated at this point, denoted by Jg,.

-1 s

w+af+1
Jg, = )
0 ¢ (n + L2 g)

af+1 0

which has two positive eigenvalues so E; is said to be stable if ¢ (n + L ) < ¢ and saddle if

af+1
5(n+27)>q
3) Predator-persistence equilibrium E, = (0, naf + 5): The Jacobian is
| - s(naf + 18,8) 0
‘]Ez = w ¢ .
o(na+1)
n q
o(naf + ) (@ - 5) Y
The eigenvalues are:
) 1
11:_M<0, 42:1_w_
a w + af

Thus, E; is:

e stableif 1, <0 = @w < s(af +B) —aB and C > 0,
e asaddle if 4, > 0 or C < 0, indicating at least one interior equilibrium exists.

4) To examine the stability of the interior equilibrium (u*,v*), we compute the Jacobian matrix of
system (2.1) evaluated at this non-trivial point. The matrix is given by:

- sviu* su*
(w + aff + u*)? @ + af + u*
JE* =
 vi-B q ov*
ov | —F -1 S
(@B +u)> & (aB + u*)

To find the conditions under which Tr(J) < 0 and det(J) > 0, we will substitute the expressions
for Tr(J) and det(J) into the inequalities and solve for u* and v*.
Given the expressions we derived earlier for Tr(J):
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sV v*
Tr(J)=ul-1+ -0 .
rJ) u( (m+a,8+u)2) af + u*
TrJ<0if
* * 2
s <[+ 2 _|(@raBru)y) 2.9)
(aB + u*) u*v*
det J > 0, if
. sov*u* v - sou* (v)? gsoviu* (af + u”)
ouv' + > ,
w+af+u)(@B+u) (w+aB+u) S(@+af+u)

(@ + af + u*)* (u* + aff)

q(u)? + Bap + @) qu*)? + 3qa?B + 6 + 2qwa) Bu* + (qa’B* + qwa’B + daf + w6) B — wov* =S
(2.10)

O

Adding anti-predator behavior to the model helps turn an unstable system into a stable one by
balancing predation dynamics. This shows that the effect of the anti-predator response rate within the
model system can shift the dynamics from chaotic cycles to a more stable equilibrium, see Figure 1.

:: Not Stable without _ o:; stabity ::‘:(ym?
; 24T | I W | { ::
5:3 At | 1.

Figure 1. A comparison of system dynamics 2.1 with and without anti-predator behavior.
In the absence of anti-predator effects (left panel), the system displays instability. However,
when a moderate level of anti-predator response is introduced (right panel), the dynamics
become stable. The specific parameter values used in these simulations are listed in Table 2.
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2.2. Cyclical dynamics

This section analysis focuses on identifying the conditions that generate cyclic population
dynamics in the predator-prey system (Eq (2.1)). As a foundation for this investigation, we first
demonstrate that all solutions remain bounded over time—a crucial requirement for biological
plausibility. Establishing these bounds not only validates the model’s predictions but also provides
essential context for understanding how anti-predator behavior influences the system’s dynamics.

We now state our boundedness result for system (2.1).

Proposition 2.2. The region ® = {(u(t),v(¢)) : 0 < u(t) < 1,0 < v(r) < (n + é) (af + 1)} is positively
invariant and attracts all trajectories starting in the interior of the positive quadrant.

Proof. Suppose u(t) and v(¢) represent positive solutions to system (2.1). Under these conditions, it
follows straightforwardly that, from the prey equation u,

fl,—b; < =-u®)u@).

From [34], we have that

lim supu(?) < 1. (2.11)
t—+00

Therefore, given any € > 0, we can find a time 7'; > 0O such that for all # > T, the following holds:

ut)y<l+e fort>T (2.12)

Now from the predator equation, we have

dv (1) B 5
T Hn ’ @) B (aﬁ + u(t)

Substituting (2.12) into the last equation gives:

dv(t) 1 0
i < [6(n+a)_((yﬁ+—l+e)‘}(t)]‘}(t)

Based on proposition [34], we get

)v(t)] v(t).

1
lim sup v(f) < (n + —) (aB+1+e€).
—+00 (04

As € approaches zero, the system simplifies to the following form:

tli1+n sup v(?) < (n + é) (af+1).

For every € > 0, there is a corresponding time 7’ after which the condition is satisfied to within €.
1
v(t) < (n + —)(aﬁ +1)+¢€ fort>T,. (2.13)
a
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As € approaches zero, the system simplifies to the following form:

v(t) < (n + é) (af+1), fort>T,. (2.14)

O

The system ensures biologically realistic dynamics where neither the prey nor predator populations
become negative or grow without bound. Under certain parametric conditions, it can be demonstrated
that model (2.1) admits a closed loop. This result is formalized in the following:

Proposition 2.3. Consider the predator-prey system (2.1), which admits a positive interior equilibrium
E* = (u*,v*). The behavior of the system near this equilibrium depends on the growth rate parameter
s. Specifically, when s meets the following condition:

ov* (@ + af + u*)?
af + u* )( uv* )’
the system guarantees the existence of at least one non-trivial periodic orbit located strictly inside the
positive quadrant R2.

(2.15)

s>(u*+

Proof. Under condition (2.15), linear stability analysis shows Tr(J(E™)) > 0 is positive at E*, while
the determinant remains positive indicating E* is an unstable focus. Since Proposition 2.2 establishes
that all solutions are bounded in Ri, Poincaré-Bendixson theorem [35], implies that the system must
exhibit a limit cycle surrounding this equilibrium. O

The results indicate that a stable periodic solution arises in the system model. When the anti-
predator rate is weak and the supplementary food level is moderate, predators and prey can settle
into repeated population swings rather than equilibrium. This dynamic is often observed in natural
predator-prey interactions and aligns with known ecological patterns.

We will explore these effects further through bifurcation analysis in the next section.

2.3. Global stability

The primary purpose of incorporating the anti-predator mechanism is to enhance predator
efficiency, enabling predators to drive pest populations to die out. Without this mechanism, prey
extinction inevitably leads to predator extinction, and the origin (0, 0) remains unstable. Yet, with the
addition of anti-predator behavior alongside additional food resources, we observe the appearance of
the equilibrium point £; = (0,v*). This prompts further investigation into its long-term behavior.
Specifically, it is important to examine whether this equilibrium is globally stable or acts as an
attractor for nearby trajectories in the system, as illustrated in Figure 2. We formalize this result in the
following theorem:

Theorem 2.4 (Pest eradication condition). Consider the predator—pest model described by
system (2.1). Suppose the parameters s,w,n, along with the supplementary food quality é and
quantity B, satisfy the inequality on > q.

If the following condition holds:

W+ af + u(t) < (w+ap+ 1)
(1) (6n — q)ap
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then the pest-free equilibrium (0,v*) is globally asymptotically stable. In other words, under these
parameter restrictions, the pest population will eventually be eliminated regardless of the initial state.

Proof. To ensure the pest population declines to zero, we examine the pest equation. A guarantee for
pest population elimination is that its per capita growth rate remains negative over time.

su()v ()

ut) < w+af+u(t)

(2.16)

or equivalently

w+af+ul(t)
v (1)
By examining the predator equation and applying a standard comparison argument, we can derive
the following result. This comparison allows us to estimate the predator’s behavior by relating it to a
simpler or known differential inequality.

(2.17)

dv B v (1)

7 >ov(t) (n+ Brul) - e u(t)) —qu(t)v(t), (2.18)
d 0
v (6n-a-2v0). (2.19)

Thus one has,

(on—q)a

lim inf v(¢) > , (2.20)
t—+o00 5
and using this in Eq (2.17) yields
w+af+u(t) (wW+aB+u)d (wW+aB+1)0 2.21)
v (1) On—-qga On-qg a '
Thus if @, S satisfy
1
(w+aB+1)06 < (2.22)
(on—q)a
then one has
t 1
w+aﬂ+u()<(w+aﬁ+ )6<s, (2.23)
v (1) On-qa
which implies
lim u(t) — 0, lim v(f) - V", (2.24)
—+00 t—+00
for any initial condition u, vy. |

We now show that it is always possible to choose parameters that guarantee pest eradication. If
s > ﬁ, then for any fixed food quality @, we can select 8 and ¢ to satisfy the inequality above. In
other words, by adjusting the level of supplementary food and the strength of prey defense, one can

enforce pest extinction regardless of the starting conditions.
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Proposition 2.5. If s satisfies s > ﬁ, then for any given additional food quality é 18 and an

anti-predator rate q such that pest eradication is ensured for any initial condition.

Proof. Note that

(w+a/,8+1)6_( ) )(cu+aﬁ+1)' (2.25)

on-q a a on—gq a

0
on—q

satisfied throughout the analysis. It must be that s = ﬁ + G, depending on the value of G, whether it
is relatively small or considerably large

At this stage, we proceed by selecting parameters 9, n and the anti-predator rate g large or small as
required, such that

Given that the inequality s > holds, we proceed under the assumption that this condition is

( 0 )(“’+“ﬁ+1)< 0 iG=s (2.26)
on—gq a on—gq

This conclusion follows directly from the conditions established in Theorem 2.4, which completes
the argument. O

This result confirms that combining supplemental feeding with anti-predator behavior can eliminate
the pest population entirely, provided key parameters are chosen appropriately. The critical factor is
maintaining a high enough predation rate s while ensuring that predator growth outpaces the negative
effects of prey defense.

This global attractivity will be validated in simulations and provides a theoretical baseline for
effective pest control strategies.

Remark 2.6. By adjusting the anti-predator rate q, it is always possible to drive the pest population
to extinction, regardless of the initial state of the system, as long as the condition

0
on—q

s >

is satisfied.

3. Bifurcation analysis

This section focuses on the local bifurcation analysis of the model. We derive the necessary
conditions under which bifurcations occur, highlighting how the system’s qualitative behavior
changes in response to parameter variations. Conditions are derived for Hopf bifurcations and
saddle-node bifurcations. = These forms help determine the nature of equilibria at critical
parameter values.

3.1. Hopf-bifurcation analysis

A Hopf bifurcation arises when a previously stable equilibrium loses its stability, leading to the
emergence of a periodic orbit (also known as a limit cycle). In this analysis, we consider the predation
rate s as the bifurcation parameter, while all other parameters remain fixed.
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Figure 2. This figure provides a numerical confirmation of Theorem 2.4. It demonstrates
that the system defined by (2.1) can exhibit a globally attracting equilibrium where the pest
population goes extinct, represented by the point (0, v*). For the specific parameter values
applied in this simulation, refer to Table 2.

Let E* = (u*,v*) denote the interior equilibrium point. Evaluating the Jacobian matrix at this point,
we observe that both its trace and determinant depend on the parameter s.

Theorem 3.1. [36] The necessary and sufficient conditions for the occurrence of a Hopf bifurcation
from the equilibrium E* exists, s = ., such that

1) TrJ(s.) =0,

2 [ =5 2o

Proof. The characteristic equation of the Jacobian matrix can be simplified to: m|

22+ b(s)A + c(s) = 0.

At the bifurcation point, the trace of the Jacobian matrix becomes zero. At this point, the
characteristic equation of the linearized system has purely imaginary roots at

( i ov* )((w+aﬁ+u*)2)
se = |u + .
(aB + u*) uv*

g+ = 0, which means b(s.) = 0. Therefore, the characteristic equation becomes:

Tr(J)

22+ c(s.) =0,

Mathematical Biosciences and Engineering Volume 23, Issue 6, 1596-1621.
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In this case, both eigenvalues become purely imaginary when the determinant of the Jacobian matrix
evaluated at £ is positive, i.e., det(J) > 0.

As a result, applying the implicit function theorem shows that a Hopf bifurcation takes place. This
leads to the emergence of a periodic orbit, coinciding with a change in the stability of the equilibrium
point E*.

It can be demonstrated that, under specific parameter conditions, the interior equilibrium E*
undergoes a supercritical Hopf bifurcation, leading to the emergence of a stable limit cycle. For a
fixed set of parameters a,f,0d,w,n,q, and s, there exists a critical value s. such that the Jacobian
matrix satisfies J(s.) = 0 and the transversality condition

i Re(A(s)) # 0,
ds s=5,
where A(s) denotes the eigenvalues of the linearized system. This situation is illustrated in Figure 3.
By applying the implicit function theorem, it follows that a Hopf bifurcation takes place at s = s,.
As a result, the equilibrium E* loses stability and a periodic orbit arises in its vicinity, marking the
birth of sustained oscillations in the system.

02 Hopf Bifurcation.
Hopf Bifurcation

0.195 -

0.185 -

Predator

0.1

Populations

0.08

0175

0 500 1000 1500 2000 2500 3000 3500 4000 4500

017 L L L L L L L L L |
0.026 0.028 0.03 0.032 0.034 0.036 0.038 0.04 0.042 0.044 0.046 T
ime

Prey

Figure 3. This figure illustrates system (2.1) exhibiting a Hopf bifurcation. Parameter values
used in the simulation are listed in Table 2.

3.2. Saddle-node bifurcation

For system (2.1), the number of interior equilibrium points depends on the chosen parameter values.
Specifically, it is possible to have two distinct interior equilibria, denoted by

Ej=(u,vy) and  E; = (u3,v3).

As parameters vary, these two equilibrium points may approach each other and eventually merge
into a single, unique interior equilibrium
E = (7).
This merging occurs when the conditions

-B
B B> = 4A d —
> 0, C, an A >0
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are satisfied, characterizing a saddle—node bifurcation.

At the point E, the Jacobian matrix has a non-hyperbolic eigenvalue, which means linear stability
analysis is inconclusive. This signals the possibility of a bifurcation near this equilibrium. Fixing all
other parameters, the two interior equilibria E7 and E collide via a saddle-node bifurcation, leading to
qualitative changes in the system’s dynamics.

Such bifurcations are important as they often mark the transition between different stability regimes,
indicating the onset or disappearance of equilibrium points depending on parameter values.

The value n!*" satisfies the inequality

bl afgs +o(—af —w+ 1)
os ’

provided that 6 — gs > 0. The critical values of n'*"! are given by

O (aBd — aBgs — 6w + ) £2 \/—63(6 —gs)(afw — Bs + @)

[sn] _
}’l =
s

At these critical values, the system undergoes a saddle—node bifurcation, where two equilibrium
points collide and annihilate each other.
The parametric surface

-B
I'= {(a,ﬁ,& g, @,n,s) R : 51> 0and B* = 4AC}

defines the saddle—-node bifurcation manifold in the parameter space.

This surface marks the boundary between different dynamic behaviors of the system, where a
qualitative change in the number of equilibrium points occurs.

This critical value corresponds to the point where the two equilibrium points collide, resulting in a
saddle-node bifurcation.

Theorem 3.2. System (2.1) experiences a saddle—node bifurcation around E at n*™, where n'*" =

o(aBo— —0w+8)+2 \[-63(6— - +0(—aB— . _
(ad—afqs—Sw+d)+ (S\Z/S (0—gqs)(afw—PLs+w) and l’l[‘m] < (>)a,6’qs+6(6;zﬁ w+1), lf5 —gs > (<) 0 such that 2_5 > 0’

B? = 4AC, and trJ; < 0.

These provide the values of n under the given conditions.

Proof. As stated in Sotomayor’s theorem [37,38], a saddle-node bifurcation occurs when one of the
eigenvalues of the Jacobian matrix Jz, evaluated at the equilibrium point £, becomes zero if and only if
detJz = 0, which corresponds to n = nl*"! . This signals a change in the stability structure of the system
and typically marks the merging or disappearance of two equilibrium points. The other eigenvalue,
represented by tr J; and evaluated at n = n'*", must have a negative real part for the occurrence of a
saddle-node bifurcation (Sotomayor, 1973). Therefore, the condition tr Jz < 0 must hold.

LetV = (‘;1) and W = (xl) be the eigenvectors corresponding to the eigenvalue O of the Jacobian

2 2

matrix Jz and its transpose, respectively. These eigenvectors satisfy the relations:

_ j12V2_ J22V2 _ jzlwz_ J2aw2
1= = = Wi =-— I

jl] J21 J11 J12

)
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where v,, w, € R\ {0}
Let the system be described by:

s

F, ov (n + % - %u)
u
and let U = o)
The partial derivative of F" with respect to n is:

('9_F_0
on  |ov|

The transversality condition is satisfied if:

0
ov

oF

wr.
on

:WT[ ]:w1-0+wz-6v=6wzv¢0.

Additionally, the second derivative of F satisfies:
W [D2F(U.n) - (v, V)| # 0.

According to Sotomayor’s theorem, a saddle-node bifurcation occurs in the system when the
parameter n reaches the critical value n = n!*". At this point, two positive interior equilibria merge
and disappear at the point £, marking a qualitative change in the system’s dynamics. O

This type of bifurcation signals a critical threshold. If parameters fall beyond this point, the system
can lose all interior steady states, leading to extinction or uncontrolled growth. For biological control,
this means that predator-prey balance becomes impossible if conditions like the predator growth rate
or food quality fall below a safe limit.

Remark 3.3. In this study, the bifurcation analysis has been restricted to Hopf and saddle-node
bifurcations, as they determine the onset of oscillatory dynamics and the coexistence of multiple
equilibria in the system.

We note that transcritical bifurcations may arise in connection with the equilibrium E,, where
an exchange of stability between equilibria can occur. A detailed analytical investigation of such
bifurcations is not included in the present work and is left for future research.

4. Turing instability

Turing instability, also referred to as diffusion-driven instability, occurs when a spatially
homogeneous equilibrium that is stable in the corresponding ordinary differential equation (ODE)
system becomes unstable once diffusion terms are introduced in the partial differential equation
(PDE) formulation. In this scenario, diffusion—rather than stabilizing the system—triggers pattern
formation by destabilizing the previously stable interior equilibrium. A detailed discussion of this
mechanism can be found in [39].
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Figure 4. These plots illustrate a saddle-node bifurcation. As the parameter n increases from
panel (a) to panel (b), the system undergoes a qualitative change. In panel (a), two distinct
interior equilibrium points are visible. As n increases, these equilibria approach each other,
eventually merging into a single point. This coalescence results in the disappearance of the
two distinct equilibria and the emergence of a single, degenerate equilibrium, as shown in
panel (b). The values of all parameters used in this simulation are listed in Table 2.

To extend the previously introduced ODE models into a spatially explicit framework, we incorporate
the movement of both predator and prey across space. In real ecosystems, individuals often move
in search of food, more favorable environmental conditions, or social interactions such as locating
mates [39]. These behaviors result in spatial redistribution, which must be captured to more accurately
reflect the system’s dynamics. Random movement is a common approach to represent such dispersal
patterns in mathematical models.

To account for spatial movement, the model incorporates diffusion under the assumption that
individuals disperse uniformly in all directions. This assumption leads to the addition of standard
diffusion terms, resulting in the following extended system:

SUv
uy=Du,+u(l—uy-— —,
w+af+u
“4.1)
B %
=Dy +0 + - -
V; v vin wBru aptu quv

The domain for the model is Q < R!, which is assumed to be bounded. Neumann boundary
conditions, u, = v, = 0 for x € 9Q with Q = [0,n], are imposed alongside appropriate initial
conditions. These boundary conditions are selected to emphasize the self-organization of patterns in
the system, as zero-flux conditions ensure no external input or influence affects the dynamics.

In this model, u(x,t) represents the prey population density at time t. The growth of the prey
is assumed to follow logistic dynamics, meaning it increases when the population is small and slows
down as it approaches the environmental carrying capacity. v(x, t) denotes the population density of the
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predator at position x and time ¢ preying on the prey population. This framework enables the analysis of
diffusion-driven dynamics and the emergence of spatial patterns arising from the interactions between
the two species.

Our goal is to examine the specific conditions that lead to the formation of Turing patterns in the
system described by equation (4.1). To do this, we analyze how diffusion-driven instabilities influence
the spatial dynamics of the model. Specifically, we focus on identifying the conditions under which
the introduction of an anti-predator alone can lead to the formation of Turing patterns.

To achieve this, we begin by linearizing the model system around its homogeneous steady state
(u*,v*), where (u*,v*) represents the equilibrium with an anti-predator. This is done by introducing
spatially and temporally dependent fluctuations to the steady state.

To clearly identify when Turing instability arises, we adopt the standard analytical approach
introduced by [39]. This method provides a structured path for deriving the necessary mathematical
conditions. The outcome of this process is summarized in the theorem below, which presents the key
results used in our analysis.

Theorem 4.1 (Turing instability criterion). Let (u*, v*) be a spatially uniform equilibrium of the system.
Consider the Jacobian matrix of the reaction terms evaluated at this point:

Ju Ji
J= .
[le Jzz]

Suppose the diffusion coefficients are D, and D,. The following conditions must hold:

J11 + J22 < 0,
Jidyn = JaJia >0,
DVJ“ + Dujzz > O,
(DyJ11 + D)’ = 4D,Dy(J11J22 = Jo1J12) > 0.
When these inequalities are satisfied, the equilibrium (u*,v") is stable if diffusion is ignored but

becomes unstable once diffusion is included. This phenomenon, where diffusion destabilizes a
previously stable state, is known as Turing instability.

Building on the earlier findings, we derive a simple but important condition that further restricts the
parameters under which Turing instability can arise.

Proposition 4.2 (Necessary condition for Turing instability). Consider the spatially homogeneous
equilibrium point (u*,v*) of the system. Suppose this equilibrium is stable when diffusion effects are
ignored but becomes unstable once diffusion is introduced. Under these circumstances, the Jacobian
matrix of the reaction terms,
Ju Ji
ol 2]

-]21 J22

must satisfy at least one of the following conditions:

1) The diagonal entry Jy, is negative while the off-diagonal entry Jy; is positive.
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2) The diagonal entry Jy, is positive and J; is negative.

These conditions are necessary for the system to exhibit Turing-type instability, where diffusion
destabilizes an otherwise stable uniform state.

Since Turing patterns emerge from destabilization of the homogeneous state, we first investigate
the linear stability. By evaluating the Jacobian matrix at the homogeneous equilibrium point, we can
analyze the system’s local stability and determine how small perturbations around this
equilibrium evolve.

For the solution (u*, v*) of (4.1) the Jacobian matrix is given by

. suv* su*
(w + af + u*)? w + af + u*
JE* =
V-8B q ov*
o [—L -9 L
(@B +u)> & (@B + u*)

System (4.1) plays a crucial role in shaping the Turing dynamics, provided it meets the necessary
criteria to induce spatial patterning and instabilities, and it is essential that J;; > 0. Clearly, if J;; < 0,
Turing instability cannot occur. Although J;; > 0 is a required condition for Turing instability, it alone
does not ensure that instability will occur. This criterion signals only the possibility of Turing patterns
emerging, but additional conditions must be satisfied for instability to actually develop. We summarize
our findings in the following theorem.

Theorem 4.3. Consider the point (u*,v*), which represents a spatially homogeneous equilibrium
solution of system (4.1). Suppose the parameters {a, @, 3,6, s, n, q} are all strictly positive and satisfy
the following set of inequalities.

At the equilibrium (u*,v*), let the Jacobian matrix be

Ju Ji
J = ,
[121 Jzz]

and denote the diffusion coefficients by D, and D,. These quantities satisfy the conditions:

(@ + af + u*)?

*

P

. su*v* ov*
D,\-v"+ ———— | > D, ,
(w + af + u*)? af + u*

<s5s< mil’l{Kl,Kz},

and

2

D(—*+ Su*v* )—D( ov* )
T\ (w + aff + u*)? “NaB +u

AD.D (*_ svu’* ) ov* N Vv - _c_]( Ssuv*
v\ (@ + af + u)? )\ ap + u* @B+u)? )\w+aB+u]|
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Here, the constants K| and K, are given by the expressions:

ov* )((w +aB + u*)Z)

aff + u* u*v*

K, :(I/t*-i-

K = (@ + af + u*)*(u* + af)
27 qu)? + qBBaB + @)(u)? + B(3galB + 6 + 2qma)u” + Bl + qwaB + Saf + @) — wov*

Under these assumptions, the equilibrium (u*,v*) is linearly stable if diffusion is absent, but
becomes linearly unstable once diffusion effects are included.

Proof. Let (u*,v*) denote the spatially homogeneous equilibrium of system (4.1). We first analyze the
stability of this equilibrium for the corresponding kinetic system obtained by neglecting the
diffusion terms.

The Jacobian matrix evaluated at (u*, v*) is

Juu Ji2
J = .
[121 Jzz]

According to Theorem 4.1, the equilibrium of the reaction system is locally asymptotically stable
provided that

TI'(J):J11+J22<O, det(J):Jngz—leJz] > 0.

Using expressions (2.7)—(2.8) from Theorem 2.1, the trace condition Tr(J) < 0 is satisfied whenever

ov* )((w+ af + u*)z) _ K.

aff + u* uv*

s < (u +
Similarly, the determinant condition det(J) > 0 holds provided that

(@ + aff + u")>(u* + aff) B

s < =K.
q(u*)? + gBaB + @w)(u*)? + B3qga’B + 6 + 2qwa)u* + B(ga’p? + qwa’B + daf + wd) — wov*

In addition, Proposition 4.2 shows that a necessary requirement for diffusion-driven instability is
J11 > 0. From the explicit expression of J;;, this condition is satisfied whenever

(@ + af + u*)?

V*

< s.
Consequently, if

(@ + af + u*)?
—
then the equilibrium (u*, v*) is locally asymptotically stable for the reaction system in the absence
of diffusion.
We now consider the full reaction-diffusion system. Following the classical Turing instability
criterion, diffusion destabilizes the equilibrium if

<s§s< IIliI’l{K],Kz},
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DVJII + DuJZZ >0

and

(D, J11 + DyJn)* > 4D,D,(J11J2 — J12J1).

Substituting the entries of the Jacobian matrix yields

kL k 5 *
Dl s — S\ p (O
(w + aB + u*)? af + u*
and

2
> 4D,D,(J11J»n — Ji12J21).

T W
(w + af + u*)? af + u*

Moreover,

Jidn = Jindo = |u" = i 4 + Ll _1 L .
(w+ aB +u)?)\aB + u* (aB+u*)? 6)\w+aB+u

Therefore, the equilibrium (u*,v*) remains stable for the reaction system but loses stability once
diffusion is introduced. Hence diffusion induces instability of the homogeneous state, and the system
admits diffusion-driven (Turing) instability. O

If these conditions are met, the steady state (#*, v*) transitions from being stable without diffusion to
unstable when diffusion is introduced, leading to diffusion-driven (Turing) instability. This instability
is key to the emergence of spatial patterns in the system, see Figure 5.

The model shows that anti-predator actions and food supplementation together can drive or suppress
these patterns, depending on parameter values. This insight can inform field-based pest management
by highlighting the importance of spatial structure in ecological interventions.

5. Discussion and conclusions

This study investigated a modified Holling-Tanner predator-prey model that incorporates
supplementary food for predators and anti-predator behavior in prey. The analysis shows how these
two ecological mechanisms influence system stability, oscillations, and spatial pattern formation. To
strengthen the biological relevance of these findings, we now discuss their implications in real
predator-pest systems.

Without anti-predator behavior, the system demonstrates unstable dynamics where predator and
prey populations oscillate unpredictably, as illustrated in (Figure 1(a)), this describes repeated pest
outbreaks driven by overexploitation followed by predator decline. However, the inclusion of
anti-predator behavior stabilizes the system, leading to a steady state equilibrium, as shown in
Figure 1(b). This indicates that the equilibrium becomes locally asymptotically stable. In ecological
terms, prey reduce their exposure to predation, which lowers the effective interaction strength and
suppresses outbreak cycles, leading to a regulated and predictable system.
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Figure 5. Turing patterns emerging in the predator and pest populations are illustrated
for model (4.1). The spatial domain is set as Q = [0,n]. To initiate pattern formation,
the spatially uniform steady state is slightly disturbed using a perturbation of the form
€ cos?(10x), where ¢, < 1. The diffusion coefficients are chosen as D, = 107 and
D, = 0.019. For a full list of parameters used in these simulations, refer to Table 2.

The results, via Theorem 2.4 and Proposition 2.3, show that we have established that anti-predator
behavior, combined with supplementary food, ensures pest eradication under appropriate parameter
conditions. This result is numerically validated in Figure 2, where the system converges to a globally
stable pest extinction state. The sufficient condition w+af+1 < s, such that the (0, v*) state is globally
attracting, ensures that that predators can persist on supplementary food while maintaining sufficient
pressure on the pest population. This scenario corresponds to successful biological control, where
pests are eradicated without causing predator collapse.

Furthermore, we find anti-predator behavior also contributes to the emergence of limit cycles
under certain conditions, as formalized in Proposition 2.3 and demonstrated in Figure 3. Here, the
system transitions between stable and cyclical behaviors depending on the strength of anti-predator
effects and predation parameters. The Hopf bifurcation analysis via Theorem 3.1 confirms that
anti-predator behavior plays a critical role in determining whether stable equilibria or oscillatory
dynamics emerge, which corresponds to sustained predator—prey cycles, where pest densities rise and
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fall in a regular pattern. Such dynamics are commonly observed when prey exhibit partial avoidance
behavior that weakens but does not eliminate predator impact. Even a saddle-node bifurcation is
possible via Theorem 3.2, as the model suggests that combining moderate supplementary food with
realistic anti-predator effects can stabilize dynamics and drive pests to extinction. This reflects
integrated pest management strategies, where supplementation helps sustain predators even when
prey temporarily decline, but requires careful calibration to avoid reducing predation.

This outcome also reflects threshold phenomena. If predator density is initially too low, pests escape
control and establish at high levels. If predator density exceeds a critical threshold, the system shifts
to effective control. This highlights the importance of initial releases in biological control programs.

In the spatially explicit model (PDE system), anti-predator behavior influences the emergence of
Turing patterns, as demonstrated in Figure 5. The conditions derived in Theorem 4.3 indicate that
anti-predator effects, coupled with diffusion, can drive spatial heterogeneity, resulting in pattern
formation. This suggests that anti-predator behavior enhances system resilience by promoting
predator-prey coexistence in heterogeneous environments. The diffusion extension predicts the
emergence of Turing patterns, where prey and predator form spatial clusters. Similar patchy
distributions are often observed in greenhouse crops when predators forage unevenly. This spatial
heterogeneity is frequently observed in agricultural systems and has direct implications for pest
management, as uniform interventions may fail to address localized outbreaks.

These findings suggest that effective pest management requires careful parameter balancing.
Moderate supplementary food supports predator persistence, while excessive supplementation may
weaken predation pressure. Anti-predator behavior stabilizes dynamics but may also reduce control
efficiency if too strong. Spatial effects further indicate that localized strategies may outperform
uniform approaches. Future studies should focus on empirical validation and explore additional
ecological complexities, such as stochastic effects and environmental variability.

Table 2. Parameters used in the simulations in all figures.

Figure a n B (o s ) q
1(a) 0.5 1.2 0.1 0.08 0.7 0.15 0.0
1(b) 0.5 1.2 0.1 0.08 0.7 0.15 0.17
2 0.5 4 0.24 0.07 0.4 0.35 1.1
3 0.6 2 0.05425789 0.084 0.8 0.07 0.2
4(a) 0.6 1.77668325 0.0542 0.084 0.66 0.1 0.20
4(b) 0.6 1.77668325 0.0542 0.084 0.65 0.1 0.20
5 0.6 2 0.4 0.4 0.7 0.17 0.4
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