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Abstract: Dengue fever is a vector-borne disease that is transmitted by the aedes aegypti mosquito.
The disease is caused by four different viral serotypes which are DEN-1, DEN-2, DEN-3, and DEN-
4. Of these serotypes, DEN-1 and DEN-2 are the most prevalent, and their co-circulation presents
complex disease dynamics due to the antibody-dependent enhancement (ADE) phenomenon as well as
the cross-immunity interaction of these viral serotypes. In this study, we formulate a novel multi-strain
sequential super-infection model that captures the primary and secondary infection dynamics with
temporary cross immunity, asymptomatic infections, and enhancement in disease transmissibility due
to antibody-dependent enhancement (ADE) upon heterologous reinfection. Our analyses revealed that
significant secondary infections cause a backward bifurcation phenomena due to changes in the biting
rate b, which maintains disease endemicity when the basic reproduction number is below unity. The
implications of this phenomena are that intervention measures would need to target a critical threshold
of R, associated with b., below which we are assured of disease elimination. Numerical analysis
showed that the values of b, are highly influenced by changes in the ADE. Thus effective control of
dengue fever requires intensified and sustained control methods that drive transmission below critical
thresholds. The findings of this study shed light on critical insights in the design and implementation
of eradication measures in dengue fever endemic regions.
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1. Introduction

Dengue fever, also known as breakbone fever, is a parasite-host-vector infectious disease. The
disease is known to be endemic in urban areas in several countries that lie in the tropical and subtropi-
cal regions [1]. Despite efforts to combat the disease, the incidence of the disease has been increasing
in endemic regions, and the disease has now spread to other countries due to climate change, human
migration, and adaptability of the aedes aegypti mosquito [2]. The disease is one of the most prevalent
of all human infections throughout the world. An estimated 390,000,000 individuals are infected with
dengue fever on an annual basis, with 20,000 deaths recorded annually [3]. Several factors influence
disease transmission and these include rainfall patterns, humidity, and temperature. These factors affect
the survival of the aedes aegypti mosquitoes, which are the vector responsible for spreading the dis-
ease [4]. The immunity of human beings is another factor that impacts disease dynamics in areas where
the disease’s prevalence and transmission is moderate or intense. Over years of exposure, adult human
beings in endemic areas develop immunity to a specific serotype of dengue fever once infected [5].
While the development of immunity to a specific strain does not alleviate the risk of contracting a
different strain of dengue fever, it offers partial temporal cross-immunity. This short-term partial cross-
immunity is believed to give rise to complex temporal dynamics in the incidence of dengue fever [6].
In the transmission of dengue fever, the role of sub-clinical infections cannot be understated. Studies
have indicated that an understanding of sub-clinical infections in dengue fever dynamics could greatly
impact the control of the disease [7]. This silent transmission of the disease complicates vaccination
efforts, as vaccination in dengue fever is dependent on the previous state of infection with a different
serotype [8]. Numerous mathematical models have been developed to explore the dynamics of dengue
fever. A minimalistic two-strain model with antibody-dependent enhancement (ADE) and temporary
cross-immunity has been developed, and ADE was established as the primary driver of annual oscil-
lations, bifurcation, and chaotic dynamics [9]. The study, however, did not incorporate explicit vector
dynamics, asymptomatic individuals, and seropositive vaccination. Mathematical models with loss of
immunity from an initial stage have been developed, and the formation of a cusp bifurcation describ-
ing the transition from a disease free state into an endemic equilibrium was established in [10]. The
study did not explicitly include vector dynamics, thus it was not informative on vector dynamics and
the required control strategies. Also, it has been noted that subsequent infection with one strain of the
virus only confers immunity against that particular type of the serotype and can cause a severe form
of the disease known as Dengue hemorrhagic fever (DHF) and dengue shock syndrome (DSS) when
one is then infected with a different strain of the disease [11]. A study by [12] illustrated that during
a secondary dengue fever infection, the period of viremia is shorter and thus an individual will not be
viremic in the critical phase which signals the onset of severe dengue. This is hypothesized to be due to
cross-reactive immunity developed during the initial infection and the existence of antibodies. It was
illustrated that the onset of severe cases of the infection corresponded to the onset of the critical phase
of the disease in which viremia levels were noted to have been significantly decreased. In the control of
dengue fever, vaccination has resulted in complications, as it increase the risk of severe dengue when
seronegative individuals are vaccinated [13]. This complication necessitates the need for screening
efforts during the vaccination process. In querying this assertion, it is imperative to formulate math-
ematical models involving parameters capturing the dynamics of vaccination involving seropositive
individuals to determine their influence on the spread of the disease.
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1.1. Background of the study

Of late, trends in the importance of sub-clinical infections have been suspected to play a critical
role in the transmission of dengue fever. A study by [14] noted the understudy of the burden of
asymptomatic dengue infections. The study concluded that the majority of dengue fever infections are
sub-clinical and are likely to play a critical role in the transmission of the disease. In their paper, [15]
investigated the effect of active case findings on dengue fever control. The developed model consisted
of two classes of susceptible individuals, ( the high risk and low risk classes ), an exposed class, the
asymptomatic and infectious class, a hospitalized class, and the recovered class. The findings of the
study suggested that health authorities should pay more attention to the active finding of asymptomatic
cases. A study by [16] investigated an optimal control problem with asymptomatic cases. Different
combinations of the proposed control methods were analyzed, and the best method was found to be
the use of treatment bed-nets, which drastically reduced infected mosquitoes as compared with the
other control strategies and thus leading to a decrease asymptomatic and symptomatic individuals. The
model, however, did not consider the duration of the immunity, as the cross-immunity in dengue fever
is considered temporary and short-lived.

In this study, we present a mathematical model that mimics the multi-strain spread of dengue fever
within the mosquito (vector) population and the human (host) population. The role of the asymptomatic
individuals in the spread of the disease cannot be overlooked, since it is known that the infectious
but asymptomatic play an important role in the transmission dynamics of dengue fever. Apart from
spreading the disease unaware, these infected asymptomatic individuals are reported to constitute the
majority of the pool of infectious individuals. To curb the spread of dengue fever, it is imperative for
us to understand the multi-strain dynamics of dengue fever, as that will give us an understanding into
how we can tailor interventions to control the disease dynamics. To this end, we further subdivide the
infectious host population into two subcategories, namely the asymptomatic infectious individuals and
the symptomatic infectious individuals. In addition to these subcategories, we introduce vaccination of
seropositive individuals in a bid to understand how secondary infection dynamics influence the spread
of the disease.

1.2. Model formulation

The existing multi-strain models [17] have examined the circulation of two strains of dengue fever
without mention of the vaccination of seropositive individuals. Most of the studies revealed in our work
were deterministic models; we, however, note that not many of them have explored the consequences
of a combination of asymptomatic infections, vaccination of seropositive individuals, ADE, and se-
quential super-infection on the dynamics of dengue fever. Taking the aforementioned shortfalls in
earlier developed models into account, we develop a novel mathematical model to model the epidemi-
ological interactions between the host population and the vector population in the dynamics of dengue
fever. Our model takes two strains of the disease into account, DEN-1 and DEN-2. Considering the
niche partitioning of viruses in multi-strain models, without loss of generality, our model presents the
dominant strain DEN-2 as the primary infection and DEN-1 as the secondary infection.
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The formulation of the dengue fever model is guided by the following.

(i) The human population is partitioned into 10 non-overlapping subpopulations, namely; S ,(7), S (),
A1), A1), 1,(1), I(1), In(1), R,(1), R«(?), and V(z), denoting individuals susceptible to primary
infection, individuals susceptible to secondary infection, asymptomatic primary infectious indi-
viduals, asymptomatic secondary infectious individuals, symptomatic primary infectious individ-
uals, symptomatic secondary infectious individuals, non-infectious individuals hospitalized due
to secondary infection, recovered primary individuals, recovered secondary individuals, and indi-
viduals vaccinated after recovery from the primary infection.

(ii) The vector population is subdivided into two epidemiology states, namely- the susceptible vector
population, S ,(7) and the infectious vector population, 7,(¢).

(iii) The appearance of new mosquito infections is assumed to be given by the standard incidence rate,

b[ﬁvp(lp + nAp) +ﬁvs(1s + nAs)]
A, = ,
Ny
where 7 is the modification parameter for asymptomatic cases signifying the potential for asymp-
tomatic individuals to spread the disease at a higher rate than symptomatic individuals. In this
study, B, is the per capita transmission rate of the primary infection from humans to the vector,
Bys 1s the per capita transmission rate of the secondary infections from humans to the vector, S,
is the per capita transmission rate of the vector to humans, and Sy, is the per capita transmission
of secondary infection from the vector to humans.

(iv) On the other hand, the incidence rates for the host population are given separately for primary and
secondary infections as follows. For the primary infection, the new cases are generated via the
infection of susceptible primary individuals by infected mosquitoes through the force of infection,

given by
_ bﬁhplv
P Nh ’
and that of the secondary infection is given by
b SIV
As = ¢18h >
Nj,

where ¢ is the modification parameter for the ADE and b is the mosquito biting rate.

(v) Human beings and mosquitoes naturally die at a rate u and y,, respectively. Mosquitoes do not
recover but the hosts recover at different rates for asymptomatic and symptomatic primary and
secondary infections.

The movement of the host population and the vector population from one compartment to another
is shown by the compartmental design described in 1.3. The developed model differs from existing
models in the literature in that it is a multi-strain sequential super-infection model, treating the initial
infection in an individual as a primary infection and the subsequent infection as a secondary infection.
Table 1 describes the model variables as incorporated in the compartmental model and in the system
of differential equations.
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1.3. Compartmental diagram
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Figure 1. Compartmental flow diagram.

Table 1. Description of variables in the compartmental model.

Variable Description

S, This is the class of people who are susceptible to a primary infection.

S This is the class of people who are susceptible to a secondary infection.

A, This is the class of people who are asymptomatic with a primary infection.
Ay This is the class of people who are asymptomatic with a secondary infection.
I, This is the class of people who are infectious with a primary infection.

I This is the class of people who are infectious with a secondary infection.

R, This is the class of people who have recovered from a primary infection.

Ry This is the class of people who have recovered from both infections.

Vv This is the class of people who are vaccinated after recovery from a primary infection.
Iy This is the class of people with severe dengue fever and are hospitalized.

S, This is the class of mosquitoes that are susceptible to the disease.

I, This is the class of mosquitoes that are infectious.
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2. Model assumptions

The following assumptions govern our development of the dengue fever model.

. The population is assumed to be homogeneous.

. There is no vertical transmission of the infection in both the human and vector population.

. Sub-clinical infections affect the dynamics of the disease.

. There is increased susceptibility to a secondary infection due to ADE.

. The human hosts’ epidemiology acts on a much slower time scale than the vector due to their
vastly different life-cycles.

6. There is co-infection in the vector population with biased virus transmission, which results in

sequential-super-infection in the host population.

D B~ W N =

Therefore, the model that captures the dynamics of dengue fever incorporating the vaccination of
seropositive individuals is given by the following system of ordinary differential equations:

ds,
—tzﬂ—(/lp+,u)Sp

—L2 =04,8, - (u+y)A,

L =yA,+0l, - (u+ V)R,

8,

f
H,
= Q/IYS s (/-l + ’}/)As

J}l 2.1

?:pﬂsSs—w+a+6)Is
1
L= 5L — (u+ e+ d,

i,
A

— =wvR, - (u+K)V

&,
4

E =4S, -,

= -wyvR, +kV = (A; + w)S g

=vA; + al; + €l — uR;

=B, - (/1\1 + /JV)SV

with the initial conditions given as

$,0)>0,A,00)>0,1,0)>0,R,0)>0,S55(0)>0,A,0) >0, I,(0) > 0, 1,(0) > 0, Ry(0) > 0,
V(0)>0,S5,0) >0, and 1,(0) > 0,

where the forces of infection 4, 4;, and A, are given as

_ bﬁhplv _ bdBusly _ b[BypIp+1nAp)+Bys(Us+1nAs)]
Ap = N Ay = N and A, = . .
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Table 2. Description of parameters in the formulated model.

Parameter

Description

DE DA BRSO DS LI NR QTN
3 s

IBVp
ﬂhs
Bus

Constant recruitment rate for the human population.

Natural death rate in the human population.

Recovery rate for asymptomatic cases.

Recovery rate for symptomatic cases.

Recovery rate for secondary infection.

Rate of recovery from DHF.

Modification parameter for asymptomatic cases.

Proportion of individuals who are vaccinated after recovery from a primary infection.
Rate at which unvaccinated recovered individuals lose cross-immunity.

ADE modification parameter.

Proportion of infections that become asymptomatic.

Proportion of infections that become symptomatic.

Mosquito biting rate.

Proportion of people who die from DHF.

Constant recruitment rate for the mosquito population.

Rate at which vaccinated individuals lose immunity after vaccine waning.
Rate of hospitalization due to severe dengue.

Natural death rate for the mosquito population.

Per capita transmission rate of primary infection from the vector to humans.
Per capita transmission rate of primary infection from humans to the vector.
Per capita transmission rate of secondary infection from the vector to humans.
Per capita transmission rate of secondary infection from humans to the vector.

3. Basic properties of the model

3.1. The invariant region

To determine if the proposed model is biologically feasible, the model variables are analyzed for
positivity and boundedness. Thus, we postulate the following theorem.

Theorem 3.1. The region R!? denoted by the closed set D = D;, U D, € R!? is positively invariant with
respect to the above mentioned system of ordinary differential equations, and a non-negative solution
exists for all t > 0 where

Dy, = {(S (1), Ap(0), 1,(1), R, (1), S s (1), As(1), I(2), In(D), Ry(1)) € R} : Ny, <

} and

s
U

D, = {(Su(0), I.(t) € R} : N, < ).

Proof. The total change in the human population is given by

dNy
dt

_dsﬁ AP
=z ta T

de dRp ds
Yo ta

dA, L dhy
dt+d+d+

s
+ t t

dR
d

. 4 dv
t+dl'

Substituting for the model equations and simplifying yields
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dN,
s = —uN, —dl, < —uN,.

Solving the differential equation above by separating the variables yields
f il < f dt,
7 — uN,

In |7T — ,uNh| < —ut+c.

which simplifies to

Solving for the initial conditions ¢ = 0, N;, = Ny implies that A = & — uN;,, which further implies that

7w — uN, < [n - ,uNo]e_’”,

T T _y
N < —+[Ny——|e™.
Ju Ju

As t approaches oo, we have 0 < N), < O

i
PR

Similarly, for the vector population, we deduce that the bounds on the total change in the popula-
tion are given by 0 < N, < % as t approaches co.

3.2. Positivity of solutions

A fundamental need for a biological model is that the solutions of the model must both be
non-negative and bounded. It is therefore essential to show that the model variables remain positive
whenever the time- 7 is greater than zero. Following this assertion, we arrive at the following theorem.

Theorem 3.2. The solutions S ,(t), Ap(t), 1,(1), R,(1), Ss(1), As(D), I,(2), I; (1), R(1), V(2), S,(¢), and I1,(1)
of the given model with non-negative initial conditions remain non-negative for all t > 0 in D.

Proof. Consider the first equation in Model 2.1. We have

%:”_/llsp_ﬂsp

as,

gzﬂ—/llSp—pSpZ—(/ll+,u)Sp
p

2>~ + S,

Separating variables and integrating yields S , > S ,(0)e~ 1+ > 0.

Therefore, the positivity of S ,(¢) is guaranteed. Similarly, for the remaining model variables in
Model 2.1, we can conclude that the solution set of the given system is guaranteed to be non-negative
for all # > 0 in the domain of feasibility D. O
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4. Model equilibria

4.1. Disease-free equilibrium

The disease-free equilibrium point is defined as the point at which there is no disease in the
population under study.

Thus, at the disease-free equilibrium point, the following condition holds at the steady state:
A1) = 1(1) = R(1) = S (1) = AY(0) = [;(0) = I;(1) = R(1) = V*(1) = [;() = 0. while

S, >0,87(r) > 0.

Consequently, setting Model 2.1 to zero and solving yields the disease-free equilibrium point

§Y75? vy

0 — 0 A0 JO RO QO A0 70 jO PO /0 QO JON_(7 By
E° = (89, A9, 19, R), 59, A%, I, 19, R, V°, 59, I)=(Z,0,0.0,0.0,0.0,0,0,0, &, 0).

4.2. The basic reproduction number

In a bid to establish the stability of the equilibrium, we will compute the basic reproduction
number by adopting a technique known as the next-generation matrix method developed by [18].

Definition. The basic reproduction number is the number of secondary infections that result
from a single infectious individual or mosquito when they are introduced into a wholly susceptible
population [19].

Using Model 2.1, we divide the classes into diseased classes and non-diseased classes from which
we get the matrix of new infections and the matrix of transitions represented by F' and V, respectively,
and evaluate their Jacobian at the disease-free equilibrium. Thus we have the following:

04,5 ,
pA,S
04S¢
PAS s
0
A8,

Finding partial derivatives and evaluating the matrix F at the disease-free equilibrium, we obtain

0bB1pS
0 0 0 0 0 If,—h
O o0 0 0 0o %S
Np
F = 0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
bnﬁvpsg bﬁ\'1759 bnﬁxvs?r b,B.wSS O 0

Nh Nh Nh Nh
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The following illustrates the derivations of the matrix of transitions

71'1AI7
7T21p
7T3AS
7T4Is
7T51h - 615
7T6Iv

V=V -V"=

Again, finding partial derivatives and evaluating the Jacobian of V at disease-free equilibrium
yields

m 0 0 0 0 0
0 m 0 0 0 0
yo|0 0w 0 00
00 0 m 0 Of
00 0 =675 0
00 0 0 0 =

where
T =U+Y, H=U+0, M3=U+Y, Ty =d+a+0,Ts=u+€e+d, mg=L,.

hus the matrix FV~! is given as shown below:

b6B,S°

0 0 0 0 0 Nhﬂv"

0 0 0 0 0o X%

Nppy

Fyio| O 0 0 0 0 0
0 0 0 0
0 0 0 0 0 0
bnﬂl’vs? bﬂ]”’sf/) bnﬁvsse bﬁmse 0 0

Nu(u+y)  Np(u+o)  Np(uty)  Np(u+a+d)

Computing the eigenvalues for the above matrix we get

b \/ﬁpvﬁhpS 9S%(p(u +y) +nb(u + )] b \/ﬁpvﬁhpSSSg[p(u +9) + n0(u + 0')]}

0,0,0,0, —— —
{ N, My +y)p+ o)

(L + YY)+ o) "N,

The basic reproduction number is then obtained from the spectral radius of p(F V') of the matrix
FV~!, defined as the largest absolute value of the eigenvalues of the matrix FV~' when we study the
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dynamics of the disease in the absence of control measures and is given as

_ i ﬁpvﬁhps 9Sg[p(:u + 7) + 779(/-1 + 0-)]
N, o +y)(u+ o)

Ry

In the absence of the disease, the values of S g and S are known at disease-free equilibrium. Thus in
parameter terms the basic reproduction number, Ry is given by

R = bz#ﬁhpﬁvav[P(/l + ')’) + 7]9([1 + O')]
T T+ )+ o) |

4.3. Local stability analysis of the disease-free equilibrium point

Theorem 4.1. The dengue fever-free equilibrium point of the system is locally asymptotically stable if
Ry < 1: otherwise, it is unstable.

Proof. The disease-free equilibrium point E° is locally asymptotically stable if all the eigenvalues of
the Jacobian matrix below evaluated at J(E®) are all negative or have negative real parts according to
the Routh-Hurwitz criterion. Evaluating at J(E?) yields

- 0 0 0 0 o 0 0 0 0 0 B

0 —(u+y) 0 0 0 o 0 0 0 0 0 D

0 0 —(uto) 0O 0 0 0 0 0 0 0 F

0 v ot 0 0 0 0 0 0 0 0

0 0 0 0 -u O 0 0 0 0 0 0
J(E®) = 0 0 0 0 0 —(u+o) O 0 0 0 0 0
=lo o 0 0 0 0 —(u+tatd) O 0 0 0 0
0 0 0 0 0 0 y  —(utetd) 0 0 0 0O

0 0 0 0 0 a e -4 0O 0 0

0 0 0 w 0 0 0 0 0 —(u+) 0 O

0 M* N 0o 0 wr P 0 0 0 - O

0o o K 0o 0 s T 0 0 0 0 -u

To assess the nature of the eigenvalues, we deduce the characteristic polynomial of the Jacobian matrix
evaluated at E° using the equation |J(E?) — Al| = 0 with asterisked unknowns defined in Supplementary
Material.

The characteristic equation for the matrix above is given by

(A=’ (=y=A=-p(=y =6 = A= p)(=d — € = A= )=k = A = )(=A = = V)(=A = )11 = 0

The eigenvalues of the matrix J are given as follows:
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Ay =—u

A =—p

A3 =—p

Ay = —p,

As = —=(y + ) 4.1)
A =—(1+K)

A7 =—-(+v)

Bz=—-(y+d+p

Ag=—(d+ €+ p),

where

B3 BB BipBupotp) \/ B2BpBup Bulp(uy)+nouro)] 1\ _
M= -2-Xy+o+2utp V)+/l( \/ﬂﬂv[(7+H)(ll+0')+#\r(7+0+2/1)1 1)+( Tipty (Y ) (o) 1)=0

Rewriting the characteristic polynomial II in terms of the basic reproduction number, we have
M=PA)=-2-VPy+o+2u+uw)+ AR -1)+(R:-1) =0,

where R? and R} are given as

_ 2B, BBy (B+p) _ \/bwh,}ﬂv,,m[p(p+y)+new+an
R. = \/ ooz and o Ro= Ty (o)

4.4. Relationship between Ry and R.
2

We compute the ratio — as follows:
R;

Ry \Iu+y)u+0)+uly +o+2wllpw +y) + nbu + o)l

The relationship above shows that R, is a scaled multiple of the basic reproduction number R, with a
scaling factor

R. _ \/ w(no + p)(u + y)(u + o) 4.2)

r = (8 + p)(u + y)(u+ o) 4.3)
[(u+ Y+ 0) +pu(y + o+ 2)][p + ) + nb(u + o)1’ '

To investigate the magnitude of the scaling factor k, we subtract the numerator from the denomi-
nator as follows:

[+ P+ o0)+umy+o+2w]le+7y) +nou+ o)l —uwmi+p)u+y)u+o)>0, (4.4)

and we get the following expression:
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[(y + ) + Op(y + p) + 70 + )] + wlply + p)* +nb(u + 0)*] > 0, (4.5)

which shows that the denominator is always greater than the numerator, and thus the scaling factor
is always k < 1, and this suggests that R, < R, given that for Model 2.1, the parameters are always
positive. The assertion above is numerically verified for Model 2.1 as evidenced by Figure 2 using the

parameter values from Table 4.
For simplicity, we multiply the characteristic polynomial by —1 and analyze the resulting polyno-

mial using the Routh-Hurwitz criterion;
(4.6)

= P(A) = apd® + a,* + A(1 = Rek) + (1 - RY) = 0,

where ap = 1,a1 = (y + o+ 2u + ), a» = (1 — Rtk) and a3 = (1 — R})

Thus, by the Routh-Hurwitz criterion outlined in Matcheva [20], for a third-degree polynomial, it
suffices to say that all roots of the characteristic polynomial are located in the open left half-plane for

Ry < 1 given that aa; > as.

Thus considering that all the other eigenvalues for the system are negative, it implies that the DFE
point is locally asymptotically stable. O

Rc/R0O = 0.5877 | Red dashed line shows threshold value of 1

0.75

0.5090

Value
=
e
=

0.25

Re

RO
Reproduction Number Type

Figure 2. Comparison of R, and R,,.
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5. Existence of the endemic equilibrium point

5.1. Case 1: Primary infection dynamics

Considering the reduced model governing the primary infection dynamics, the existence of an
endemic equilibrium point (EEP) is established and rigorously demonstrated. The formal proof of
existence is provided in the Supplementary Material, and the principal findings are summarized in the
following theorem.

Theorem 5.1. Considering the primary infection dynamics, the model will admit the following
equilibria:

1. The DFE exists whenever Ry < 1.
2. The EEP exists and is unique if and only if Ry > 1.

This clearly shows that for primary infection dynamics with no disease-induced death, the system will
only exhibit forward bifurcation.

Transcritical Bifurcation (Primary Infection Dynamics)

x10° ¢ =0.00
4.5 Ro <1 : Ro>1
4} I
3-5_Stable Endemic (Upper) !
g —Stable DFE !
+ °|—Unstable DFE :
g5 Re=1 |
S 77| e b~ 04234, Ry ~ 1.000 !
T 2 |
s l
E15F :
1 I
0.5
0 | L | | l |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Biting rate, b

Figure 3. Transcritical bifurcation diagram for primary infection dynamics.

In the limiting case where ADE is absent (i.e. ¢ = 0), numerical simulations demonstrate that dis-
ease transmission is entirely driven by primary infection pathways, as secondary infection mechanisms
and waning immunity exert no influence whatsoever on the overall transmission dynamics. Notably,
when the mosquito biting rate b is taken as the bifurcation parameter, the model undergoes a transcrit-
ical bifurcation at Ry = 1 at the threshold b, ~ 0.4234. For values of b > b., the system transitions
to a stable endemic equilibrium point (EEP), accompanied by a marked increase in the infection bur-
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den within the host population. This result underscores the pivotal role of the mosquito biting rate in
sustaining the infection’s endemicity and amplifying disease prevalence. Consequently, these findings
highlight the necessity of targeted public health interventions directed at reducing mosquito-to-host
transmission, including sustained vaccination campaigns, personal protective measures, rigorous long-
term disease surveillance programmes, and integrated vector control strategies.

5.2. Case 2: Assuming negligible deaths in overall disease dynamics

We now examine the infection dynamics of the complete model and establish the existence of
an EEP through the derivation of a characteristic polynomial. See Supplementary Material for full
derivation. The polynomial has the coefficients Ay, A;, and A,, analogous to

(A7 + AL, + Ag) = 0. (5.1)

It is known that 4, = 0 is a trivial solution corresponding to the disease-free equilibrium, so thus at the
endemic equilibrium point we have two non-trivial solutions that are solutions of the polynomial

Ap 7 + A, + Ay =0, (5.2)
that are given by
—-A| = 1'A? - 4AQA2
Aoy = 24, . (5.3)

For Equation 5.2 to have at least one unique positive root, we will use Descartes’ rule of signs [21] to
assess the existence of real roots and we summarize the results in Table 3.

Table 3. Possible count of positive roots.

Case Ag A Ay Ry Number of roots
1 + + + <1 0

2 + - + <1 0,2

3 + - - > 1 1

4 + + - > 1 1

These results indicate the possibility of a backward bifurcation, as seen by the presence of two
equilibria when Ry < 1. We therefore summarize the observed conclusions in the following theorem.

Theorem 5.2. The system will admit the following equilibria:

1. There is no positive root when Case 1 holds implying only the DFE will exist.
2. The system will exhibit backward bifurcation when Case 2 holds.
3. The system will exhibit a unique EEP regardless of the sign of A} when Cases 3 and 4 hold.

The theorem above necessitates a bifurcation analysis as described in the bifurcation analysis
section; however, we first need to establish the disease’s persistence within the population.

Mathematical Biosciences and Engineering Volume 23, Issue 6, 1534—-1571.



1549

6. Global stability analysis of the endemic equilibrium point

The endemic equilibrium point (EEP) of the proposed model is demonstrated to be globally
asymptotically stable, with a detailed proof presented in the Supplementary Material.

7. Bifurcation analysis

For the given dynamical system, a bifurcation analysis is rigorously carried out, with a detailed
proof provided in the Supplementary Material, and the principal result is stated in the following theo-
rem.

Theorem 7.1. Following the bifurcation analysis,

1. When a > 0, meaning that when

[TIGNhS vvlz(v(1—w)W4+W1OK)ﬂhxﬁvxﬂv(f)(aJrM/l)+P(0'+/1))] > [b9(7+#+77(5+u))5 2 Ov2tpv3)wioB; Bis + bS pS \Wiaw12B; Bupk (P(y+1)+170(+0)

Ha++p)(o+u) (y+p)(6+p) Hy+)(o+1)

the system will undergo backward bifurcation when Ry = 1 and f3;,, = By,

2. When a < 0, meaning that when

(y+)(6+1) Hy+)(o+1)

[UGNthVIZ(V(l_w)W4+W1OK)ﬁhsﬁvxllv(9((1/+5+,u)+p(0'+/1))] < [b9(7+u+n(6+;1))5 2 Ov2tpv3)wioB; Bis + bS pS Wiaw12; Bupkt (P(y+10)+10(T+0)

Ha+6+w)(o+u)

the system will undergo forward bifurcation when Ry = 1 and B, = By

Backward Bifurcation Full Model Dynamics Backward Bifurcation Full Model Dynamics
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+
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(a) Bifurcation due to b at ¢ = 0.10 (b) Bifurcation due to b as ¢ increases

Figure 4. Backward bifurcation due to b.

Figure 4(a), (b) further illustrates the existence of a backward bifurcation structure and its epi-
demiological implications. Notably, the same qualitative backward bifurcation is observed across all
selected values of the ADE ¢, confirming that backward bifurcation is a robust feature of the model.
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As ADE ¢ increases, the critical biting rate b, at which backward bifurcation occurs decreases, imply-
ing that higher ADE values ¢ expand the basin of attraction of the endemic equilibrium. The critical
value of b at b, marks the saddle-node bifurcation point where the two endemic branches meet, such
that for b < b, the disease-free equilibrium is the only attractor. From an epidemiological standpoint,
the bistable region b € [b,, 0.42) represents the most critical zone, where the disease-free equilibrium
(DFE) and the endemic equilibrium point (EEP) coexist for values of R, < 1 and the disease persists,
confirming that intervention strategies must reduce the biting rate sufficiently below a critical threshold
b. to guarantee disease eradication.

8. Robustness of bistability

When a system with backward bifurcation is bistable, it has a basin of attraction. One of the
fundamental characteristics of backward bifurcation is the concept of robustness, which is a long-
recognized hallmark in biological systems [22,23]. For the backward bifurcation observed, we can
define robustness as the ability of the system to maintain backward bifurcation under perturbations and
uncertainty. Thus, on the basis of the backward bifurcation analysis and the definition of robustness of
the bifurcation, we arrive at the following theorem.

Theorem 8.1. If the robustness integral R is R > 0, then the developed Model 2.1 will exhibit a
backward bifurcation.

Robustness Integral = 10002.4640

Robustness Integral = 1238399.3387

x10° $=0.10 x10” ¢=1.00
[ JRobustness Integral [JRobustness Integral
—Stable Endemic Branch —Stable Endemic Branch
6 |- - Unstable Endemic Branch - - Unstable Endemic Branch
—Stable DFE (I; = 0) 4 |—Stable DFE (I = 0)
--Ro=1 . --Ro=1
;\:5 ® b.~0.4136 ! [ ® b.~0.3343
=
24 X £ Ro <1 Ro>1
£ : >
g° Ro<1 Ro>1 £2
— 2 —
4 1
1 IR
i
0 y 0 R .
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Biting rate, b Biting rate, b

(a) Robustness of backward bifurcation at ¢ = 0.10. (b) Robustness of backward bifurcation as ¢ increases to ¢ = 1.0.

Figure 5. Robustness diagrams.

The robustness integral /(¢) measures how strongly the endemic equilibrium persists within the
bistability window [b., b*] where R, < 1. In the integral, ¢ denotes the Antibody-Dependent Enhance-
ment (ADE), which paradoxically amplifies secondary infections rather than conferring immunity. As
¢ increases, so does I(¢), showing that high ADE values increase the region of endemic persistence
below the epidemic threshold. When ADE is strong and I(¢) is large, reducing R, below unity is
necessary but insufficient for disease elimination. ADE-amplified secondary infections sustain trans-
mission independently of the reproductive threshold, maintaining the system at the stable endemic
equilibrium point across a wide bistability window. Thus, prior exposure to the infection becomes a
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driver of secondary infections rather than protection, and any relaxation of the control measures risks
a sharp rebound in infections. Critically, vaccinating seronegative individuals becomes detrimental, as
partial immunity may raise the effective ¢, worsening disease outcomes in seronegative populations.
Disease elimination requires driving the biting rate below the saddle-node threshold b, through sus-
tained vector control measures, seropositive vaccination, and the use of protective measures such as
insecticide-treated bed nets. When ADE is weak and I(¢) is small, the significance of the endemic
equilibrium point within the bistability window is epidemiologically negligible, prior immunity maybe
protective, and reducing R, below 1 is sufficient for practical disease elimination with a lower risk of
disease rebound.

9. Global stability analysis of the disease-free equilibrium point

Lemma 1. The existence of a transcritical bifurcation in our model for a < 0 gives rise to a unique
DFE which collides with a unique EEP giving rise to an exchange in stability when R transcends 1.

The lemma above leads us to the following theorem.
Theorem 9.1. The disease-free equilibrium point E° is globally asymptotically stable if Ry < 1; oth-
erwise, it is unstable.

Proof. To prove the global stability of the disease-free equilibrium point we use the concept of a quasi
positive matrix also known as the Metzler matrix. We divide the given system of differential equations
describing our model into transmitting and non transmitting components.

Let Y, be the vector for non-transmitting compartments and Y, be the vector for the transmitting
compartments, and let £, be the vector denoting the disease-free equilibrium point.

dY

d_tl = A (Y, = Yi(Ep) + ALY,
dy,

Ay

o 1Y,

where Y, = (S ,,R,, S, In, R, V,S,)and Y, = (A, 1,,, Ay, I, 1,).

To prove the global stability of the disease-free equilibrium, we need to establish that the matrix
A has real eigenvalues that are negative and that the matrix A; is a Metzler matrix with non-negative
off-diagonal elements.
Rewriting the presented dengue fever model, we get the following:

n—A,S,—-uS, Sp—4
YA, +0ol,—(u+V)R, 0 A,
(I —w)VR, + KV — (As + u)S 0 I,
ol, — (u+ e+ adl, =A 0 + Ay | A
vAs + aly + €l — uR; 0 I,
wVR, — (u+ k)V 0 I,
Bv_(/lv+,uv)Sv Sv_ﬁ
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and

NS, — (1 + YA, )
S, — (u+ o), 1,
0/1353 - (/'t + ’Y)AS = A3 A
pASs— U+ a+9) I
/lev - (llv + l//v)lv Iv

©

Now, using the transmitting and non-transmitting classes of the model, we get the following
matrices A;, A,, and Ajs:

-Ap — 0 0 0 0 0 0
0 —(u+v) 0 0 0 0 0
0 (l1-w) -A;,—pu 0 0 K 0
Al = 0 0 0 —-(u+e+d) O 0 0
0 0 0 € —u 0 0
0 w 0 0 0 —(u+x) 0
0 0 0 0 0 0 =, = iy
0 0 0 (.
0% o 0 0 0
0 0 0 0
A, = 0 0 0 0 0
0 0 0% a 0
0 0 0 0 0
bBynSy  hBuSy  bBuS.  bBuS,
Ny, Ny, Nj, Njy
and
—(u+7y) 0 0 0 0
0 —(u+7vy) 0 0 0
A; = 0 0 —(u +9) 0 0
0 0 0 —-(u+a+9) 0
bBupnS bBupSy bBusSy BBusSy
Ny, N Np "N, ~Hy

Taking into consideration the matrix A;, we observe, via computation, that the matrix has real and
negative eigenvalues which proves that the dengue fever system in the form

dY
d—; = A (Y, - Yi(Ep) + AyY,,
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is globally and asymptotically stable at the disease-free equilibrium point; that is, when R, < 1.
Considering the matrix As, it is evident that the off-diagonal elements of the matrix are all non-negative
which implies that the matrix is Metzler stable. This establishes that the disease-free equilibrium point
is globally asymptotically stable when R, < 1; otherwise, it is unstable. O

10. Main results

10.1. Sensitivity analysis

1.0
0.5 —
3
o
-0.5
-1.0
O E ét n:lb B o = = — @ - o)
Parameters

Figure 6. Tornado plot for the sensitivity analysis.

Effective mitigation of disease transmission necessitates the systematic identification of the pa-
rameters that exert the greatest influence on the epidemic’s dynamics. To rigorously quantify the
relative contribution of each model parameter to the transmission of dengue fever, a global sensitivity
analysis was conducted with the basic reproduction number, Ry, as the response function. The basic
reproduction number constitutes a fundamental epidemiological threshold metric governing the dy-
namics of infectious disease transmission. Given the inherent constraints on the resources available
for dengue fever control interventions, this analysis facilitates the identification of parameters with a
disproportionate influence on disease propagation, thereby enabling the strategic allocation of targeted
control measures toward those parameters of greatest epidemiological significance.

In this section, the Latin hypercube sampling (LHS) scheme is used to perform the global sensi-
tivity analysis. This method requires the specification of a baseline value and a corresponding range
for each parameter under consideration. All parameters incorporated into the response function are as-
sumed to conform to a uniform probability distribution. The relative impact of each parameter on the
response function is assessed through the sign and magnitude of the partial rank correlation coefficient
(PRCC). Parameters yielding negative PRCC values are associated with a reduction in disease trans-
missibility, whereas those exhibiting positive PRCC values are indicative of enhanced propagation of
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the epidemic.

10.2. Numerical simulations

Numerical simulations of the developed mathematical model were implemented in MATLAB and
R-Studio, with the parameter values used in the simulations presented in Table 4. Figure 7 illustrates
the long-term temporal dynamics of both primary and secondary infections under the baseline condi-
tions. The subsequent figures demonstrate the disease dynamics under reduced values of the per capita
transmission rate of primary infection from vector to host, ,,, and the mosquito biting rate, b, to lev-
els sufficient to render the basic reproduction number R, below the critical threshold of unity. Within
the framework of epidemiological modeling, the condition R, < 1 corresponds to disease-free equi-
librium, a state in which the number of secondary infections generated by an initial primary infection
diminishes monotonically over time, ultimately culminating in disease eradication.

Through the sensitivity analysis of the basic reproduction number Ry, the parameters B, By,
and B, (with PRCC values marginally below 0.5) and 7 (with a PRCC value marginally exceeding
—0.5) are identified as statistically significant determinants of disease dynamics. The epidemiological
implications of these findings are evidenced by the tornado plot generated from the global sensitivity
analysis of Ry, wherein an incremental increase in parameters exerting a positive influence on R pre-
cipitates enhanced disease propagation and promotes the persistence of infection within the population.
Conversely, a reduction in each of these parameter values produces a corresponding decrease in Ry.
Provided that R, < 1, this condition constitutes a necessary criterion for the elimination of the disease
from the population.

In the preceding model analysis, numerical evidence suggested the potential existence of back-
ward bifurcation, which was analytically demonstrated to be contingent upon the sign of the bifurcation
coefficient a. It was established that values of a < 0 give rise to forward bifurcation in the system. The
epidemiological consequence of a < 0 is that the disease-free equilibrium represents the unique equi-
librium state when Ry, < 1, as formally established in Theorem 5.2, Case 1. Under this condition,
Ro < 1 constitutes not merely a necessary but also a sufficient condition for disease eradication. Fur-
thermore, as corroborated by Theorem 5.2, Cases 3 and 4, for R, > 1, a unique EEP is guaranteed to
exist irrespective of the sign of the coefficient A;. See Supplementary Material.

For values of a > 0, the system is demonstrated to exhibit backward bifurcation, a phenomenon
substantiated by Theorem 5.2, Case 2, in which the coexistence of two stable equilibria is rigorously
established for Ry < 1. The epidemiological implications of this phenomenon are of considerable
significance: In the presence of backward bifurcation, the condition Ry < 1 is reduced to a neces-
sary but insufficient condition for disease eradication. Specifically, the successful elimination of the
disease requires that the implemented control measures suppress R, below a more stringent critical
threshold, R, associated with b., beyond which disease eradication can be guaranteed. This implies
that conventional control strategies targeting Ry, < 1 may prove inadequate in the presence of backward
bifurcation, necessitating more aggressive and sustained intervention efforts to drive the system below
the subcritical threshold R. required for definitive disease elimination.
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Table 4. Model parameter values.

Parameter Value Source
bg 45 Assumed
u 0.00004566 [24]
y 0.146 [25]
Jol (0.0-1.0) Varies
o4 0.04761 [26,27]
loa 0.07146 [26,27]
€ 0.062 Assumed
n (1.0-3.0) Varies
w (0.0-1.0) Varies
% 0.0177 [28]
¢ [0.0-1.0] Varies
0 (0.0-1.0) [28]
b 0.50 [29]
d 0.01 [30]
B, 500000 Assumed
K 0.000578 [31]
0 0.0714 Assumed
Uy 0.09523 [32]
Bup 0.19 [32]
Bup 0.20 [32]
Bhs 0.85 [33]
Bus 0.85 [33]
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(a) Primary infection dynamics (b) Secondary infection dynamics

Figure 7. Numerical simulations of the long-term dynamics of dengue fever.
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Figure 8. Effects of 5, and the biting rate b on the susceptible primary human population.

Figure 7(a) illustrates the temporal dynamics of primary dengue fever infections at the onset of
the epidemic and the corresponding long-term evolution of the associated population compartments.
The initial decline observed in the susceptible primary human population is associated with a progres-
sive increase in the asymptomatic and symptomatic infection compartments, as well as the recovered
primary population, reflecting the initial invasion and subsequent propagation of the disease through
the susceptible host population.

Figure 7(b) depicts the temporal dynamics of secondary dengue fever infections as the epidemic
progresses. As individuals recover from the primary infection, a notable temporal delay is observed in
the emergence of secondary infection dynamics, attributable to the transient cross-immunity conferred
upon recovery from the primary infection. This delay is further corroborated by the asynchronous
attainment of peak values in the primary and secondary infection compartments, which occur at dis-
tinctly different time intervals, underscoring the sequential and immunologically mediated nature of
the transition between primary and secondary infection dynamics.

Figure 8(a), (b) illustrates the dynamics of the susceptible primary population due to changes in
the per capita transmission rate and the mosquito biting rate, respectively. Figure 8(a) demonstrates
that a progressive reduction in the per capita transmission rate corresponds to a decline in the basic
reproduction number Ry, thereby reducing the rate of disease propagation within the host population.
Figure 8(b) reveals analogous dynamics, wherein a systematic reduction in the mosquito biting rate is
sufficient to suppress Ry below the critical threshold of unity, resulting in a substantial deceleration of
disease transmission and progression toward epidemic control.
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Figure 9. Effects of b, 6, ¢, and 1 on the human population.

Figure 9(a) illustrates the temporal evolution of the asymptomatic primary human population com-
partment as a function of varying mosquito biting rates, demonstrating the sensitivity of asymptomatic
primary infection dynamics to perturbations in this key entomological parameter.

Figure 9(b) demonstrates that the presence of asymptomatic infections exerts a significant influ-
ence on the overall transmission dynamics of dengue fever, wherein both elevated and diminished lev-
els of asymptomatic infections’ prevalence contribute to the establishment and maintenance of disease
endemicity within the host population.

Figure 9(c) reveals that progressive increments in the ADE parameter ¢ precipitate substantial
changes in the susceptible secondary human population compartment, S ;, attributable to the modula-
tory effect of ¢ on the secondary force of infection A;. This observation underscores the mechanistic
role of ADE in amplifying secondary infections’ dynamics by augmenting the susceptibility of previ-
ously infected individuals to subsequent heterologous serotype infections.

Figure 9(d) illustrates the effect of variations in the asymptomatic modification parameter n on the
susceptible primary human population compartment, S ,. The results demonstrate that elevated values
of 1 exert a pronounced destabilizing effect on the susceptible primary population, thereby promot-
ing conditions conducive to disease endemicity. This highlights the epidemiological significance of
asymptomatic transmission as a critical in sustaining dengue fever’s persistence within the population.
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Figure 10. Effects of the biting rate b, and 6 on the human population.

Figure 10(a) demonstrates that a systematic reduction in the mosquito biting rate produces a conse-
quent decline in both the asymptomatic and symptomatic secondary human population compartments,
provided that the magnitude of the reduction is sufficient to suppress R, below the critical threshold of
unity. This observation corroborates the epidemiological significance of vector control interventions
targeting the biting rate as a viable strategy for curtailing secondary infection dynamics.

Figure 10(d) illustrates that the prevalence of asymptomatic infections within the host popula-
tion exerts a discernible influence on the overall transmission dynamics of dengue fever, wherein an
incremental increase in the proportion of asymptomatic cases corresponds to a marginal but measur-
able elevation in the basic reproduction number R,. Notably, variations in the parameter 6 do not
precipitate substantial changes in Ry, a finding attributable to the compensatory relationship between
asymptomatic and symptomatic infections’ prevalence.

The demonstrated influence of  on disease dynamics indicates that elevated transmission rates
from asymptomatic individuals constitute a significant driver of an epidemic’s propagation within the
host population. As a consequence, interventions aimed at early identification and clinical management
of asymptomatic cases are an essential dengue fever control strategy, particularly in endemic settings
where asymptomatic transmission may silently perpetuate the disease’s persistence and impede eradi-
cation efforts.
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Figure 11. Effects of the biting rate b and 6 on the human population.

Figure 11(a) illustrates the effect of variations in the asymptomatic modification parameter  on
the recovered secondary human population compartment. Elevated values of n are associated with a
progressive increase in the number of recovered individuals, a finding that underscores the epidemio-
logical significance of silent transmission as a hidden yet consequential driver of dengue fever’s dy-
namics.

Figure 11(b) illustrates the influence of the ADE phenomenon on the temporal dynamics of the
recovered individual compartment. The results indicate that at the initial stages of the epidemic, ADE
does not exert a discernible influence on the disease’s dynamics. However, over an extended temporal
horizon, the cumulative effect of ADE becomes increasingly apparent in shaping disease progression
as secondary susceptible individuals accumulate.

Figure 11(c) demonstrates the effect of progressive reductions in the mosquito biting rate on the
hospitalized secondary human population compartment, revealing that vector control interventions tar-
geting the biting rate are effective in reducing the burden of severe dengue fever cases requiring hos-
pitalization. Figure 11(d) illustrates that elevated values of the asymptomatic proportion parameter ¢
correspond to a reduction in the symptomatic secondary human population, with an associated decrease
in the number of hospitalized individuals. This observation is consistent with the model assumption
that asymptomatic individuals do not progress to severe dengue fever and therefore do not contribute
to the hospitalized population compartment.
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Figure 12. Effects of the biting rate » and 6 on the dynamics of the vector population.

Figure 12(a), (c) illustrates the temporal dynamics of the vector population in relation to values
of b, the mosquito biting rate, that yield values of R, below the critical threshold of unity. Elevated
magnitudes of the biting rate, corresponding to Ry > 1, are associated with accelerated disease trans-
mission within the vector population, as evidenced by a precipitous decline in the susceptible vector
compartment and a sharp rise in the infectious vector population. Conversely, progressive reductions
in the biting rate to values sufficient to suppress Ry below unity are associated with decreased disease
progression, a diminished proportion of infected vectors, and a correspondingly gradual depletion of
the susceptible vector population.

Figure 12(b), (d) depicts the dynamics of the susceptible and infectious vector population com-
partments in relation to variations in the asymptomatic proportion parameter 6. The results reveal that
substantial changes in 8 produce only marginal changes in the dynamics of both vector population com-
partments. This observation, while seemingly paradoxical, is nonetheless consistent with the findings
of the global sensitivity analysis of R, conducted using the Latin hypercube sampling technique, which
confirmed that 8 exerts a statistically discernible, albeit relatively modest, influence on R,. The limited
impact of 6 on the vector’s population dynamics suggests that while the proportion of asymptomatic
infections modulates disease transmission at the host level, its direct effect on the vector’s infection
dynamics is comparatively decreased, underscoring the differential sensitivity of the host and vector
compartments to changes in this epidemiological parameter.
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10.3. Surface and contour plots
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Figure 13. Three-dimensional plots and contour plots for R, parameters.
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Figure 14. Three-dimensional plots and contour plots for R, parameters.
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10.4. Surface and contour plots
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Figure 15. Three-dimensional plots and contour plots for R, parameters.

The contour plots present the variation of R, with respect to the key model parameters. Fig-
ure 13(a), (b) shows that a combination of a low 7 and a biting rate b below 0.5 is sufficient to reduce
Ro below unity, while higher values of 7 necessitate more substantial reductions in b to achieve the
same effect.

Figure 14(a), (b) demonstrates that elevated mosquito mortality rates u, effectively suppress Ry
below unity even at relatively high biting rates. Figure 14(c), (d) shows that while reductions in 6
produce a corresponding decrease in Ry, the complementary relationship between 6 and p limits the
overall impact of this reduction on disease control. Notably, a biting rate b < 0.25 maintains Ry < 1
regardless of the value of 6.

Figure 15(c), (d) illustrates that maintaining b < 0.25 suppresses R, below unity irrespective of
B.p; independently, values of 8, < 0.11 are also sufficient to achieve R, < 1. A linear increase in either
parameter elevates R, above unity, with changes in b exerting a disproportionately greater influence on
overall transmission dynamics.
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10.5. Scatter plots
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Figure 16. Scatter plots for influential basic reproduction number parameters.
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10.6. Model sensitivity analysis
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Figure 17. Model PRCC.

The sensitivity analysis presented in this section aimed to assess the robustness of the model to
variations in the parameter values, thereby identifying the parameters of greatest significance to the
overall model dynamics. The Latin hypercube sampling method, widely applied in both continuous
and discrete epidemiological modeling frameworks, was used for this purpose. A sample size of 1000
values was generated under a uniform distribution for each model parameter, with statistical signifi-
cance determined by a p-value threshold of less than 1%. Parameters were deemed epidemiologically
influential if their corresponding PRCC values satisfied |PRCC| > 0.4, with associated p-values of
p < 0.01. The results of the analysis are presented as a PRCC plot in Figure 17, with detailed PRCC
and p-values tabulated in Table 5, Table 6, and Table 7 in the Supplementary Material, where the PRCC
values are highlighted in blue and p-values in red. Parameters satisfying |[PRCC| > 0.4 with p < 0.01
are identified as the primary sources of uncertainty in the corresponding model variables. The analy-
sis identified the following parameters as the most influential determinants of model dynamics: The
mosquito biting rate b, the human recruitment rate 7, the recovery rate for symptomatic cases o, the
natural vector mortality rate u,, the proportion of asymptomatic cases 6, the recovery rate for hospital-
ized severe dengue cases €, and the per capita transmission rate of primary infections from the host to
vector f3,,.
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11. Global sensitivity analysis

The sensitivity analysis was done through the implementation of the FME package in R [34], and
the results are presented in the following figures. The 12 different graphs illustrate the uncertainty in
the model that we developed. For each of the presented graphs, the variability in the model output is
shown using confidence intervals. Wide confidence intervals, as observed in other compartments, show
increased model variability in the model output when the parameters in Table 4 are used. The variability
in the parameters was obtained through the use of data that was generated under a uniform distribution
with a standard deviation of 20% around the mean value or true model output. These changes in the
model output are expected, as our model is dependent on each of the parameters, thus changes in these
parameters are expected to lead to changes in the model. Though these changes are expected, it is
important to note that minor changes in one parameter can be counterpoised by congruous changes in
the other model parameters, given a linearly dependent sensitivity function, as explained in [35].

11.1. The model’s global sensitivity
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Figure 18. Global sensitivity analysis graphs.
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11.2. Visualizations of the coefficient of variation
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Figure 20. Coefficient of variation.

In the present analysis, a temporal horizon of 500 days was adopted for the numerical simula-
tions. The susceptible compartments S, and §, exhibited relatively low variability, as quantified by
the average coeflicient of variation (CV), a statistical measure of relative dispersion defined as the ra-
tio of the standard deviation to the mean. In contrast, the secondary susceptible human compartment
S, the recovered secondary compartment R, and the secondary active infectious compartments A,
and /; demonstrated the highest sensitivity, indicating that these epidemiological classes constitute the
primary sources of model uncertainty. The epidemiological implications of these observations are con-
siderable. Elevated CV values associated with the aforementioned compartments indicate that the dy-
namics of secondary infections are subject to substantial temporal fluctuations, rendering the long-term
prediction of secondary infection trajectories inherently challenging. This heightened unpredictability
poses a significant challenge to public health authorities, as the erratic nature of secondary infections’
dynamics precludes precise forecasting of epidemic peaks, thereby complicating the timely mobiliza-
tion of healthcare resources, including hospital capacity expansion and the strategic deployment of
other intervention measures. Not-withstanding the observed unpredictability of secondary infections’
dynamics, the results simultaneously identify the specific epidemiological compartments that warrant
prioritization in the formulation of targeted disease control strategies. Furthermore, in the context
of the established backward bifurcation exhibited by the model, the elevated CV values observed in
the infectious compartments carry particularly significant epidemiological consequences. Specifically,
even when R, approaches unity, the inherent variability within the infectious classes suggests that the
epidemic’s trajectory is more likely to culminate in a large-scale disease outbreak than to undergo
natural elimination, despite the theoretical possibility of the disease dying out under such conditions.
This observation further reinforces the inadequacy of solely targeting Ry < 1 as a control criterion in
the presence of backward bifurcation, and underscores the necessity of more stringent and sustained
intervention strategies for effective dengue fever management.

Conclusions

The primary objective of this study was to systematically investigate the influence of ADE and
asymptomatic infections on the transmission dynamics of dengue fever within a novel sequential super-
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infection mathematical modelling framework. The proposed model explicitly incorporated the mech-
anistic effects of ADE and asymptomatic infection on dengue fever’s transmission dynamics. In the
model analysis, the local asymptotic stability of the disease-free equilibrium was rigorously estab-
lished through the application of the Hartman-Grobman theorem. Subsequently, a global sensitivity
analysis was conducted by using the Latin hypercube sampling scheme, with the basic reproduction
number R, designated as the response variable. The analysis identified two parameters as the principal
determinants of disease dynamics, as perturbations in these parameters exerted a direct and significant
impact on the magnitude of R,. Specifically, the mosquito biting rate, b, and the mosquito mortality
rate, u,, were identified as the most epidemiologically influential parameters governing the disease’s
transmission dynamics. The model analysis of primary infections’ dynamics revealed that the system
exhibits transcritical bifurcation at the threshold b ~ 0.42 at which R, = 1. A particularly note-
worthy observation from the numerical simulations was the pronounced influence of the modification
parameter 17 on the disease dynamics. The model demonstrated that an enhanced transmission poten-
tial of asymptomatic individuals, estimated at two- to threefold relative to symptomatic individuals,
is sufficient to drive the system toward disease endemicity, underscoring the critical epidemiologi-
cal role of asymptomatic transmission in sustaining dengue fever’s persistence. Analysis of the full
sequential-super-infection model yielded complex and epidemiologically significant dynamics. Un-
der the assumption that disease-induced mortality is negligible relative to the total infected population
size, analytical investigations demonstrated that the full system undergoes backward bifurcation under
specific parameter conditions. To verify the existence and characterize the extent of this bifurcation
phenomenon, a robustness analysis was conducted, which confirmed that the backward bifurcation was
strong, with the strength of robustness varying for different values of the biting rate b, for specific ¢
values within the range ¢ € [0.1, 1.0], as evidenced by a progressively expanding basin of attraction.
The presented study demonstrated that suppressing R, below the critical threshold of unity through a
systematic reduction in the mosquito biting rate b is insufficient for disease elimination. While such
a reduction satisfies the necessary condition Ry < 1, the analysis revealed that an ADE value within
the range ¢ € [0.1, 1.0] is sufficient to increase backward bifurcation due to the mosquito biting rate
b, with the corresponding critical bifurcation threshold b, varying in the bistable region b € [b., 0.42)
when Ry < 1. This implies that the disease-free equilibrium and an endemic equilibrium coexist in the
bistable region b € [b.,0.42), rendering the condition R, < 1 insufficient to guarantee the asymptotic
stability of the disease-free equilibrium and, consequently, disease eradication. The epidemiological
consequence of this finding is profound: In the presence of backward bifurcation induced by the biting
rate b, the elimination of dengue fever demands that control interventions are aimed at achieving a
value of b, corresponding to R, as this is the eradication threshold. The findings of this study suggest
that beyond the well-established role of disease-induced mortality in precipitating backward bifur-
cation in host-vector models, sequential-super-infection within a multi-strain dengue fever modeling
framework constitutes an independent mechanism capable of generating backward bifurcation given
sufficient secondary infections, with potentially significant implications for the disease’s persistence in
a seronegative population. Our study also highlights the urgent need for public health authorities and
policymakers to implement strategies aimed at reducing 1 to values approaching unity, so as to curtail
the silent epidemic attributable to asymptomatic dengue transmission. This objective may be pursued
through sustained media campaigns promoting mass public awareness and encouraging the widespread
adoption of personal protective measures, including the use of insecticide-treated bed nets. Prospective
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extensions of this work include the development of seasonality-incorporated models, stochastic mod-
eling frameworks, and optimal control formulations to facilitate more efficient resource allocation in
the control and management of dengue fever.
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