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Abstract: Fragmentation and loss of habitat owing to increased human activity are major drivers
of species extinctions and declining global biodiversity. In ecological communities, trait–mediated
indirect effects are frequently observed and can influence population dynamics as strongly, possibly
even more strongly, than direct effects. However, few studies have focused on trait–mediated behavior
such as trait–mediated dispersal, in which the dispersal patterns are altered by the presence of an
interacting species. Moreover, little is known about how trait–mediated dispersal interacts with
habitat fragmentation and loss to affect the coexistence of interacting species. Here, we explore
the consequences of both trait–mediated dispersal and fragmentation/loss on coexistence in a system
consisting of two competing species or a predator and its prey. By assuming that the density–
mediated effects are negligible, we isolate the role of trait–mediated effects. Our results show that
the combined influence of fragmentation and trait–mediated dispersal can substantially reshape the
population dynamics and species coexistence outcomes.
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1. Introduction

Interspecific interactions such as between competitors or predators and their prey crucially affect
populations both in direct ways (e.g., density–mediated effects), and in indirect ways (e.g.,
trait–mediated effects). In the literature, direct effects typically receive more attention. For example,
predator–prey studies are often concerned with rates of prey consumption by a predator and how that
affects prey density (a density–mediated effect), ignoring indirect effects such as the influence of the
predator on the phenotype of the surviving prey (see, e.g., [1–3]). In the review paper [1], several
examples of trait–mediated behavior are given. One example, found in [4], examined the interaction
of spiders and grasshoppers in a field. The authors observed the amount of grasshopper movement,
the patterns of movement, and total activity time in response to the presence or absence of spider
predators. To isolate the trait–mediated effect (e.g., fear), from the density–mediated effect (i.e.,
consumption of prey), the spiders had their chelicerae glued together. It was found that grasshoppers
had reduced activity time and there was a significant diet shift from grass to herbs (which may also
indicate a habitat shift) under the threat of predation. Under such conditions, we refer to this
interaction as a non-consumptive predator–prey or trait–mediated predator–prey effect. The authors
in [1] have made a case that ecological communities are full of indirect trait–mediated effects arising
from mechanisms such as phenotypic plasticity, and these indirect effects are expected to strongly
contribute to phenomena that would traditionally be attributed to density–mediated effects (see,
e.g., [1, 2, 5]).

Population dynamics can be significantly affected by trait–mediated behavioral responses to other
species (see [1, 6]). An example of such a behavioral response is trait–mediated dispersal, where an
organism changes its dispersal patterns due to the presence of another species. This change can, in turn,
modify population dynamics and species interactions (see, e.g., [7]). In the predator–prey context, this
idea has been studied (though only scarcely) where an increased predation risk (i.e., fear) was shown to
increase prey emigration rates. The authors in [8] found evidence of predator–induced emigration in a
spider–planthopper system. They concluded that at high predator density, predator–induced emigration
had a greater impact on the prey’s density than consumption (see also [9–11]).

Loss and fragmentation of habitats are a major driver of species extinctions and declining
biodiversity worldwide and have been greatly exacerbated by human activities over the past few
centuries (see, e.g., [12–15]). Fragmentation creates landscape-level spatial heterogeneity, which has
a tremendous influence on the population dynamics of resident species. Due to the increased
susceptibility of the resident species to edge effects between remnant habitat patches and the lower
quality “matrix” surrounding these focal patches, species abundance often declines [16–18]. Matrix
composition and hostility can also have profound effects on the coexistence of interacting species,
such as the reversal of dominance in competing species (see, e.g., [18–20]).

In this paper, we explore effects of trait–mediated dispersal on the coexistence of two species in a
competitive context and a predator–prey context. In an analog of the empirical study [4] where the
authors isolated the trait–mediated effect by removing the consumptive effects of the predator (gluing
the spider’s mouthparts together), we consider a theoretical system that can either model competition
or predator–prey dynamics but where consumptive effects are assumed to be negligible. In this way,
we will be able to isolate the dynamic effects of the indirect trait–mediated effects from those of the
direct effects and draw more general conclusions regarding the trait–mediated dispersal mechanism.
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We assume that both organisms inhabit the same patch located in a landscape and are surrounded
by a hostile matrix. Both organisms grow according to logistic growth, and their movement is
assumed to follow an unbiased random walk both in the patch and in the matrix. At the patch–matrix
interface, a biased random walk is assumed, where the probability of an organism remaining inside
the patch is dependent on the other organism’s density, i.e., density-dependent emigration (DDE)
(see [21] for a review of empirical DDE studies). In the competitive context, both organisms are
assumed to exhibit positive DDE (+DDE), where their emigration is an increasing function of their
competitor’s density. In the predator–prey context, the prey’s emigration is assumed to follow a
+DDE relationship with respect to predator density, modeling fear of the presence of the predator,
whereas the predator’s emigration is assumed to follow a negative DDE (-DDE) relationship with
respect to the prey’s density modeling an attraction of the predator to prey. The effects of habitat
fragmentation are integrated into the modeling framework by certain parameters that measure patch
size and effective matrix hostility towards a particular organism. The overall modeling approach is
based on a system of reaction diffusion equations and is only a caricature designed to explore the
effects of trait–mediated dispersal and habitat fragmentation on the coexistence of the organisms. The
model is not intended to be a detailed description of any particular animal system. A similar system
was used by the authors in [22] for a system of two mutualists where both organisms exhibited -DDE
with respect to the other organism’s density, and in [23] for a predator–prey system where the prey
responded by increasing its emigration in the presence of the predator but where the predator
emigrated independent of the prey’s density.

We provide the modeling framework in Section 1.1 and our main results in Section 2. In Section 3,
we present some important mathematical preliminaries that will be used in proving our main results,
which are given in Section 4. Finally, in Section 5, we give some overall implications of our findings.

1.1. Modeling framework

In this model, (u(t, x), v(t, x)) represents the normalized density (i.e., the carrying capacity is equal
to one) of two different populations inhabiting the patch Ω0 = {ℓx : x ∈ Ω} with a patch size ℓ > 0,
Ω = (0, 1), or Ω ⊂ Rn having a unit measure (e.g., if n = 2, then the area of Ω is one) and a smooth
boundary with n = 2, 3. The patch is surrounded by a hostile matrix, denoted ΩM = R

n\Ω0. We also
denote the boundary of Ω0 by ∂Ω0. Here, the variable t represents time and x represents the spatial
location within the patch. Following the derivation given in [24], the model is then

ut = D1∆u + r1u(1 − u); t > 0, x ∈ Ω0

vt = D2∆v + r2v(1 − v); t > 0, x ∈ Ω0

u(0, x) = u0(x); x ∈ Ω0

v(0, x) = v0(x); x ∈ Ω0

D1α1(v)∂u
∂η
+ S ∗1[1 − α1(v)]u = 0; t > 0, x ∈ ∂Ω0

D2α2(u) ∂v
∂η
+ S ∗2[1 − α2(u)]v = 0; t > 0, x ∈ ∂Ω0,

(1.1)

where Di > 0 represents the patch diffusion rate, ri > 0 is the patch intrinsic growth rate, u0(x) and v0(x)
the initial population density distributions in the patch, and αi : [0,∞) → [0, 1] are smooth functions
representing the probability of an individual remaining in the patch upon reaching the boundary (i = 1
for u and i = 2 for v). Notice that α1(v) and α2(u) encode u and v’s response to the other species,
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respectively. In the case that αi is an increasing function of the other species’ density, this would
encode attraction behavior (e.g., one competitor using the density of its competitor as a measure of
habitat quality), whereas if αi is a decreasing function, that would encode repulsion behavior (e.g., the
prey attempting to avoid a predator or a species avoiding its predator due to overcrowding). The term ∂

∂η

denotes the outward normal derivative operator. Here, the parameter S ∗i ≥ 0 is a measure of the hostility
of the matrix towards the organism, has the units length

time , and can assume different forms depending upon
the patch–matrix interface assumptions (see [24]). The emigration rate then is modeled as 1 − αi and
can be encoded to model a given relationship between density and the emigration rate by selecting
appropriate values of αi (see, [22, 23, 25–30]).

We note that if αi ≡ 0, then the boundary is absorbing; i.e., all individuals that reach the boundary
will emigrate, whereas if αi ≡ 1, then the boundary is reflecting, i.e., the emigration rate is zero.
Notice that in this derivation, organisms may exit the patch, spend some time in the matrix, and then
later return to the patch. As noted in [24], the model (1.1) will exactly capture the dynamics of the
study system in the case of a spatially one-dimensional patch in the sense that steady states of (1.1)
and their stability properties will be exactly the same as those of the study system, while providing a
reasonable approximation of the study system in the case of a simply connected, convex patch in two
or three dimensions.

We now introduce a standard scaling, x̃ = x
ℓ

& t̃ = r1t. After applying this scaling and dropping
the tilde, (1.1) becomes 

ut =
1
λ
∆u + u(1 − u); t > 0, x ∈ Ω

vt =
D0
λ
∆v + r0v(1 − v); t > 0, x ∈ Ω

u(0, x) = u0(x); x ∈ Ω

v(0, x) = v0(x); x ∈ Ω
∂u
∂η
+
√
λg(v)u = 0; t > 0, x ∈ ∂Ω

∂v
∂η
+
√
λh(u)v = 0; t > 0, x ∈ ∂Ω,

(1.2)

with the corresponding steady–state equations
−∆u = λu(1 − u); Ω
−∆v = λrv(1 − v); Ω
∂u
∂η
+
√
λg(v)u = 0; ∂Ω

∂v
∂η
+
√
λh(u)v = 0; ∂Ω

(1.3)

where λ = r1ℓ
2

D1
, r0 =

r2
r1

, D0 =
D2
D1

, r = r0
D0

, g(v) = S ∗1√
r1D1

1−α1(v)
α1(v) , and h(u) = S ∗2√

r1D1D0

1−α2(u)
α2(u) are all unitless.

Thus, for a fixed r1, r2,D1,D2, the composite parameter λ is proportional to the square of the patch
size, g(0) represents the effective matrix hostility towards u, and h(0) represents the effective matrix

hostility towards v. Moreover, r can be written as r =
r2
D2
r1
D1

and interpreted as a means to compare the

two species by the growth-to-diffusion ratio, defined as the ratio of the patch intrinsic growth to the
patch diffusion rate. Thus, (1) if r = 1, then both growth-to-diffusion ratios are the same; (2) if r > 1,
then v’s growth-to-diffusion ratio is greater than u’s growth-to-diffusion ratio; and (3) if r < 1, then u’s
ratio is greater than v’s.
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2. Main results

We first present some results regarding certain eigenvalue problems that are necessary for the
statement of our main results. The proceeding subsections then explore our main results in the case of
trait–mediated competition and non–consumptive predator–prey. In all bifurcation diagram legends,
we use u-independent (blue curve) and v-independent (red curve) to indicate the scenario where each
species exists independently in the patch, whereas u in presence of v (green curve) and v in presence
of u (purple curve) indicate the scenario where each species is in the presence of the other. We also
include the corresponding emigration probability curves for both species, where the orange curve is
for u and the cyan curve is for v.

2.1. Eigenvalue problems

We first recall the following eigenvalue problem studied in [31] whose principal eigenvalue is related
to the minimum patch size for a species: −∆ϕ = REϕ; Ω

∂ϕ

∂η
+ γ
√

Eϕ = 0; ∂Ω,
(2.1)

where R and γ are positive parameters. There, it was shown that for a fixed R and γ, (2.1) has a
positive principal eigenvalue E1(R, γ) with the corresponding normalized eigenfunction ϕ(x) > 0; Ω.
Moreover, when R is fixed, E1 is increasing in γ, and when γ is fixed, E1 is decreasing in R. These
properties will aid us in establishing when u or v has a smaller minimum patch size requirement with
the other species absent from the patch.

Now, we consider (1.3) in the cases when one population is present and the other is absent. First,
for u being present and v being absent, (1.3) becomes−∆w1 = λw1(1 − w1); Ω

∂w1
∂η
+
√
λg(0)w1 = 0; ∂Ω

(2.2)

whereas, when v is present and u is absent, (1.3) becomes−∆w2 = λrw2(1 − w2); Ω
∂w2
∂η
+
√
λh(0)w2 = 0; ∂Ω.

(2.3)

As shown in [31] and [24], the solution structure of (2.2) and (2.3) can be completely determined
by consideration of the eigenvalue problems, respectively

 − ∆ϕ = (λ + σ)ϕ; Ω
∂ϕ

∂η
+
√
λg(0)ϕ = 0; ∂Ω,

(2.4)

and −∆ϕ = (λr + σ)ϕ; Ω
∂ϕ

∂η
+
√
λh(0)ϕ = 0; ∂Ω.

(2.5)
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We note that together, (2.4) and (2.5) comprise the linearization of (1.3) around (0, 0). Let σ1 =

σ1(Ω, λ, g(0)) and σ2 = σ2(Ω, λ, r, h(0)) be the principal eigenvalues, and let ϕ1 and ϕ2 > 0; Ω be the
corresponding normalized eigenfunctions of (2.4) and (2.5), respectively. Notice that σ1 < 0 (which
will occur whenever λ > E1(1, g(0))) is required for the u species to invade and colonize an empty patch
in the absence of the v species. In that case, there is a unique positive solution w̃1 of (2.2). Similarly,
σ2 < 0 (which will occur whenever λ > E1(r, h(0))) is required for v, guaranteeing the existence of a
unique positive solution w̃2 of (2.3).

Next, we define two sets of principal eigenvalues that will be crucial to our main results. First,
given a non-negative smooth function a(x) defined on the patch Ω and define the principal eigenvalue
σ3(a) = σ3(Ω, λ, r, a(x)) with corresponding normalized eigenfunction ϕ3 > 0; Ω of the following
eigenvalue problem:  − ∆ϕ − λrϕ = σϕ; Ω

∂ϕ

∂η
+
√
λh(a(x))ϕ = σϕ; ∂Ω.

(2.6)

Denote σ3(a) = σ3(Ω, λ, r, a(x)) and the corresponding normalized eigenfunction ϕ3 > 0; Ω of the
eigenvalue problem that is the same as (2.6) but without the σϕ term on the boundary. For a fixed
λ > E1(1, g(0)), it is easy to see that when σ3 (w̃1) > 0, v will fail to invade the patch with u being
established and near its steady–state, whereas σ3 (w̃1) < 0 will imply that v is able to invade the patch
with u being already established (see [31]).

Second, given a non-negative smooth function a(x), we define the principal eigenvalue σ4(a) =
σ4(Ω, λ, a(x)) with the corresponding normalized eigenfunction ϕ4 > 0; Ω of the following eigenvalue
problem:  − ∆ϕ − λϕ = σϕ; Ω

∂ϕ

∂η
+
√
λg(a(x))ϕ = σϕ; ∂Ω.

(2.7)

Denote σ4(a) = σ4(Ω, λ, a(x)) and the corresponding normalized eigenfunction ϕ4 > 0; Ω of the
eigenvalue problem that is the same as (2.7) but without the σϕ term on the boundary. For a fixed
λ > E1(r, h(0)), it is easy to see that when σ4 (w̃2) > 0, u will fail to invade the patch with v being
established and near its steady–state, whereas σ4 (w̃2) < 0 will imply that u is able to invade the patch
with v being already established. We note that Lemma 5 on page 15 of [31] establishes sgn(σi) =
sgn(σi), i = 3, 4.

The following lemma will aid us in determining the sign of these σi principal eigenvalues.

Lemma 2.1 ([31, 32]). Let µ1 = µ1(β) denote the principal eigencurve associated with the following
linear boundary value problem:  − ∆ϕ = µϕ; Ω

∂ϕ

∂η
+ β(x)ϕ = 0; ∂Ω,

(2.8)

where β is a non-negative continuous function on ∂Ω. Then µ1 increases in β (see [32]). For a fixed
γ > 0, when β =

√
λγ, by Lemmas 2 and 3 in [31], the principal eigencurve µ1(

√
λγ) is strictly
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increasing and concave in λ. Moreover, µ1(0) = 0 and µ1(
√
λγ) → ED

1 as λ → ∞, where ED
1 is the

principal eigenvalue of −∆ϕ = Eϕ; Ω
ϕ = 0; ∂Ω,

with the corresponding eigenfunction ϕ(x) > 0; Ω, which is a special case of (2.1).

Comparing (2.4)–(2.7) with (2.8) in Lemma 2.1, we obtain explicit expressions for
σ1, σ2, σ3, and σ4 so that we can determine their sign for ranges of λ as follows:

σ1 = µ1(
√
λg(0)) − λ, (2.9)

σ2 = µ1(
√
λh(0)) − λr, (2.10)

σ3(a) = µ1(
√
λh(a)) − λr, (2.11)

σ4(a) = µ1(
√
λg(a)) − λ. (2.12)

2.2. Case 1: Trait–mediated competition (g ↑, h ↑)

Here, we extend the results of [22] by examining trait–mediated competition between two species.
In (1.3), this assumption is integrated by assuming that g, h are increasing functions of competitor
density. Ecologically, this means density-dependent emigration for u increases when the density of v
increases and vice versa. In the literature, this is referred to as +DDE. As we established in Section
2.1, the minimum patch size (MPS) for the species u (v) to colonize an empty patch is related to
E1(1, g(0)) (E1(r, h(0))). Thus, for any fixed g(0), h(0) > 0, by continuity and monotonicity in the first
argument of E1, an r∗ > 0 (see Lemma 2.1 in [22]) exists such that E1(1, g(0)) = E1(r∗, h(0)). Then,
depending on the assumed order of g(0) and h(0) and that of r with respect to r∗, the order of E1(1, g(0))
relative to E1(r, h(0)) is determined. This is important in establishing the signs of related eigenvalues
(variations of the problems associated with ϕ3, ϕ4 above) for ranges of λ, for which our nonexistence
and coexistence results depend (see the eigencurve analysis as shown in [22]).

Table 1. Relationship between the critical ratio r∗ and the principal eigenvalues.

Assumption Result
g(0) < h(0) r∗ > 1
g(0) > h(0) r∗ < 1
g(0) = h(0) r∗ = 1

Assumption Eigenvalues ordering Meaning
r < r∗ E1(1, g(0)) < E1(r, h(0)) u has smaller MPS
r > r∗ E1(1, g(0)) > E1(r, h(0)) v has smaller MPS
r = r∗ E1(1, g(0)) = E1(r, h(0)) u and v have same MPS

Defining

λ1,1 = max{E1(1, g(1)), E1(r, h(1))}
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λ0,0 = max{E1(1, g(0)), E1(r, h(0))},

we state our main results in Theorems 2.1–2.3.

Theorem 2.1. Given r > 0, we have the following:

(a) For λ ≤ λ0,0, (1.3) has no positive solution.

(b) For λ > λ1,1, (1.3) has a positive solution (u, v).

(c) If (1.3) has a positive solution (u, v) for λ > λ0,0, then we must have

0 < u < w̃1; Ω
0 < v < w̃2; Ω (2.13)

where w̃1(x) and w̃2(x) are the unique positive solutions of (2.2) and (2.3), respectively.

Theorem 2.2. Let r ∈ (0, r∗), implying that E1(1, g(0)) < E1(r, h(0)) (u has a smaller MPS requirement
when alone). Then a ξ1 > 0 exists such that (1.3) has no positive solution for λ < E1(r, h(0)) + ξ1.

Theorem 2.3. Let r > r∗, implying that E1(r, h(0)) < E1(1, g(0)) (v has a smaller MPS requirement
when alone). Then a ξ2 > 0 exists such that (1.3) has no positive solution for λ < E1(1, g(0)) + ξ2.

0 0.2 0.4 0.6 0.8 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Figure 1. Emigration form for u, given as 1 − α1(v) = −3+4 exp(v)
1+4 exp(v) (in orange), and for v, given

as 1 − α2(u) = exp(u)
1+exp(u) (in cyan).

Theorem 2.1 illustrates three ideas: (1) Coexistence is not possible for patches that are too small,
i.e., for patches with λ ∈

(
0, λ0,0

]
, (2) coexistence is guaranteed for patches that are significantly large,

i.e., patches with λ ∈ (λ1,1,∞), and (3) whenever coexistence occurs, the coexistence state will always
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be smaller than the density of the organisms in the patch without their competitor. Theorems 2.2 and
2.3 show that even though both competitors are able to invade and colonize an empty patch for patch
sizes with λ > λ0,0, trait–mediated competitive exclusion prohibits their coexistence for patch sizes
with λ ∈

[
λ0,0, λ0,0 + ξ

)
for some ξ > 0. It is interesting to note that this is in contrast to the cooperative

case (g, h are decreasing functions of competitor density), where coexistence was shown to occur at
patch sizes corresponding to values of λ between E1(1, g(0)) and E1(r, h(0)) (see Figure 8 in [22]).

We also computationally produced bifurcation diagrams for positive solutions of (1.3) for the case
of the one-dimensional patch, Ω = (0, 1), using the quadrature method (see Section 3.2 for
implementation details) for several choices of g, h where we observed interesting model predictions.
The first example assumes the emigration forms 1 − α1(v) = −3+4 exp(v)

1+4 exp(v) for u and 1 − α2(u) = exp(u)
1+exp(u) for

v and r = 1, which implies that E1(1, g(0)) < E1(r, h(0)) (see Figure 1). We note that the emigration
probability for v dominates the emigration probability for u, with the effect being more pronounced
for v, relative to u (see Figure 1). Figure 2 shows the numerical bifurcation diagram of positive
solutions for (1.3) that we produced, and Figure 3 gives biological meaning to the various λ-ranges
outlined in Theorems 2.1–2.3.

The second example assumes the emigration forms 1 − α1(v) = 1+v
2+v for u and 1 − α2(u) = 1+2u

2(1+u) for
v and r = 2, which implies that E1(1, g(0)) > E1(r, h(0)) (see Figure 4). Figure 5 shows the numerical
bifurcation diagram of positive solutions for (1.3) that we produced, and Figure 6 gives biological
meaning to the various λ-ranges outlined in Theorems 2.1–2.3.

0 5 10 15 20
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

u in presence of v

v in presence of u

u independent of v

v independent of u

Figure 2. Bifurcation diagram of positive solutions of (1.3) for the case when Ω = (0, 1),
g(v) = −3

4 + exp(v), h(u) = exp(u), and r = 1, where, for these choices, E1(1, g(0)) <

E1(r, h(0)).
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Coexistence is not possible.
v cannot

invade with a
small initial

density.

u competitively
excludes v.

Dynamics
can vary and

depend on the
geometry of Ω.

Coexistence

Neither u nor v can invade
Ω with a small initial

density. (0, 0) is stable.

v invades/persists on its own

u invades/persists on its own

λ1,1
|
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Figure 3. Model predictions over λ (patch size squared) based on Theorems 2.1–2.3 in the
case when E1(1, g(0)) < E1(r, h(0)).
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Figure 4. Emigration form for u, given as 1 − α1(v) = 1+v
2+v (in orange), and for v, given as

1 − α2(u) = 1+2u
2(1+u) (in cyan).

The third example assumes the emigration forms 1 − α1(v) = 41+2500v2

441+2500v2 for u, 1 − α2(u) = 3+25u2

4+25u2

for v, and r = 1.25, which implies that E1(1, g(0)) < E1(r, h(0)) (see Figure 7). Figure 8 shows
the numerical bifurcation diagram of positive solutions for (1.3) that we produced. For this case, we
used the function NDEigenSystem in Wolfram Mathematica (Wolfram Research Inc., version 13.0)
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to numerically estimate the principal eigenvalues σi; i = 3, 4 over λ. The single–species steady–state
solutions, w̃1 and w̃2, were numerically estimated using the quadrature method outlined in Section 3.2.
Figure 9 gives biological meaning to the various λ-ranges observed from our computational estimates
of the principal eigenvalues σi; i = 3, 4.
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Figure 5. Bifurcation diagram of positive solutions of (1.3) for the case when Ω = (0, 1),
g(v) = 1 + v, h(u) = 1 + 2u, and r = 2, where, for these choices, E1(1, g(0)) > E1(r, h(0)).
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Figure 6. Model predictions over λ (patch size squared) based on Theorems 2.1–2.3 in the
case when E1(r, h(0)) < E1(1, g(0)).
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Figure 7. Emigration form for u, given as 1 − α1(v) = 41+2500v2

441+2500v2 (in orange), and for v, given
as 1 − α2(u) = 3+25u2

4+25u2 (in cyan).
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Figure 8. Bifurcation diagram of positive solutions of (1.3) for the case when Ω = (0, 1),
g(v) = 25

4 v2 + 41
100 , h(u) = 25u2 + 3, and r = 1.25, where, for these choices, E1(r, h(0)) <

E1(1, g(0)).
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Figure 9. Existence versus λ when E1(r, h(0)) < E1(1, g(0)). Note that CE represents
competitive exclusion of the competitor and COE represents coexistence between the
competitors.

2.2.1. Biological interpretation

In all three examples, we observe the conclusions of our main results given in Theorems 2.1–
2.3, i.e., for patches whose size is too small, coexistence is not possible, and for sufficiently large
patch sizes, coexistence is always predicted. When the patch size is sufficiently large, a core patch
area develops allowing both species to coexist even under the pressure of high emigration rates and
increased mortality due to encountering the hostile matrix. This occurs whenever the patch becomes
large enough relative to the patch diffusion rate that a significant proportion of the population remains
away from the patch–matrix interface, and thus avoids mortality due to the hostile matrix (see, e.g., [17]
for a detailed discussion of core patch area in the context of reaction diffusion models). As Theorem
2.1 predicted, we observe that the coexistence states (green for u and purple for v) in Figures 2, 5,
and 8 have a lower maximum steady–state density than the competitor-independent states (blue for u
and red for v). This phenomenon is due to the increased emigration and mortality experienced in the
hostile matrix caused by higher competitor density in the patch. In the first two examples, whichever
species had the smaller minimum patch size requirement, as measured by the E1 principal eigenvalue,
had a competitive advantage in that they were able to invade and colonize smaller patches than their
competitor (see Figures 3 and 6). Moreover, for patches with λ > λ0,0 and λ ≈ λ0,0, the organism with
the smaller minimum patch size is predicted to competitively exclude its competitor. Since the direct
effects of competition are not included in the model, this competitive exclusion is due solely to trait–
mediated competition. In this case when the patch size has λ ≈ λ0,0, the competitor’s density is large
enough relative to the +DDE strength that excessively high trait–mediated emigration and mortality in
the hostile matrix overcomes the organism’s reproductive ability.

The third example shows that a wide range of interesting biological phenomena are possible with
trait–mediated competition. First, we see a range of intermediate patch sizes corresponding to λ ∈
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(λ2, λ3), where a priority effect (which is also known as founder control in the literature) is predicted by
the model. In this case, whichever competitor is able to colonize the patch first will repel invasion from
the other competitor. The dynamic mechanism observed in these numerical results (i.e., both semi–
trivial states being stable and the existence of an unstable coexistence state) is functionally similar to the
mechanism behind the priority effects in the spatially homogeneous Lotka–Volterra competition model
for sufficiently high competitive coefficients. For patch sizes corresponding to λ ∈ (λ1, λ2) ∪ (λ3, λ4),
there is a novel bistability between a coexistence state and the semi–trivial state (0, v) (which implies
that v competitively excludes u via trait–mediated dispersal) that is predicted by the model. In other
words, if v is able to colonize the patch near its single–species steady–state density, then it is able
to resist invasion by its competitor u. However, if u colonizes the patch first, then an invasion by v
will be successful and lead to coexistence between the species, albeit with u having a much larger
maximum steady–state density than v. For patch sizes corresponding to λ ∈ (λ0,0, λ1) ∪ (λ4, λ5), we
observe what we call a “dead zone”, where both species are able to colonize the patch when alone, but
v will competitively exclude u. Similar dead zone effects have been observed in [23] but in a different
context. We note that since our model assumes that direct competitive effects are negligible, these
effects are due solely to trait–mediated emigration. From a mechanistic perspective, trait–mediated
emigration causes each competitor to increase its emigration probability as a function of competitor
density, which, in turn, causes more of the population to emigrate into the hostile matrix and experience
mortality there.

2.3. Case 2: Non–consumptive predator–prey (g ↑, h ↓)

Here, we continue extension of the results in [22] and [23] by examining trait–mediated effects in
a non–consumptive predator–prey setting. In (1.3), this assumption is again integrated by assuming
that g is increasing as a function of predator density and h is decreasing as a function of prey density.
Ecologically, this means that density-dependent emigration for u (prey) increases when the density
of v (predator) increases (+DDE) and density-dependent emigration for v (predator) decreases when
the density of u (prey) increases (-DDE). As in the previous subsection, the ordering of the principal
eigenvalues E1(1, g(0)) and E1(r, h(0)) will play an important role in our results.

In addition to λ1,1 and λ0,0 defined in Case 1, we define

λ1,0 = max{E1(1, g(1)), E1(r, h(0))}
λ0,1 = max{E1(1, g(0)), E1(r, h(1))}.

Our results also crucially depend upon a counterpart to the semi–trivial steady–states where it is
assumed the patch is devoid of one species, i.e., w̃i; i = 1, 2. In this case, we consider the other
extreme by assuming (for the prey) that the predator is uniformly distributed in the patch at 100% of
the carrying capacity, namely w∗1, and (for the predator) that the prey is uniformly distributed in the
patch at 100% of the carrying capacity, namely w∗2. For λ > E1(1, g(1)), we denote w∗1 as the unique
positive solution to −∆w = λw(1 − w); Ω

∂w
∂η
+
√
λg(1)w = 0; ∂Ω

(2.14)
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and for λ > E1(r, h(1)), we denote w∗2 as the unique positive solution to−∆w = λrw(1 − w); Ω
∂w
∂η
+
√
λh(1)w = 0; ∂Ω.

(2.15)

We are now ready to state our main results in Theorems 2.4–2.6.

Theorem 2.4. Given r > 0, we have the following:

(a) For λ ≤ λ0,1, (1.3) has no positive solution.

(b) For λ > λ1,0, (1.3) has a positive solution (u, v).

(c) If (1.3) has a positive solution (u, v) for λ > λ0,1, then we must have

0 < u < w̃1 < 1; Ω
0 < v < w∗2 < 1; Ω (2.16)

where w̃1 and w∗2 are the unique positive solutions of (2.2) and (2.15), respectively. Moreover, if
we additionally assume that λ > E1(r, h(0)), then we also have

0 < w̃2 < v < w∗2 < 1; Ω

where w̃2 is the unique positive solution of (2.3).

Theorem 2.5. Let r < r∗, implying that E1(1, g(0)) < E1(r, h(0)) (the prey u has a smaller MPS
requirement when alone). Then we have

(a) If λ0,1 = E1(r, h(1)) and λ1,0 = E1(1, g(1)), then ξ1 > 0 exists such that (1.3) has no positive
solution for λ < λ0,1 + ξ1.

(b) If λ0,1 = E1(r, h(1)) and λ1,0 = E1(r, h(0)), then ξ2, δ2 > 0 exist such that (1.3) has no positive
solution for λ < λ0,1 + ξ2 and has a positive solution (u, v) for λ > λ1,0 − δ2.

(c) If λ0,1 = E1(1, g(0)) and λ1,0 = E1(1, g(1)), then ξ3 > 0 exists such that (1.3) has no positive
solution for λ < λ0,1 + ξ3.

(d) If λ0,1 = E1(1, g(0)) and λ1,0 = E1(r, h(0)), thenξ4, δ4 > 0 exist such that (1.3) has no positive
solution for λ < λ0,1 + ξ4 and has a positive solution (u, v) for λ > λ1,0 − δ4.

Theorem 2.6. If r > r∗, implying that E1(r, h(0)) < E1(1, g(0)) (the prey u has a larger MPS
requirement when alone), then λ0,1 = E1(1, g(0)), λ1,0 = E1(1, g(1)), and ξ5 > 0 exists such that (1.3)
has no positive solution for λ < λ0,1 + ξ5.

Theorem 2.4 illustrates three ideas: (1) coexistence is not possible for patches that are too small,
i.e., for patches with λ ∈

(
0, λ0,0

]
; (2) coexistence is guaranteed for patches that are significantly large,

i.e., patches with λ ∈ (λ1,0,∞); and (3) whenever coexistence occurs, the prey component’s density
will be smaller and the predator’s density will be greater than their corresponding semi–trivial steady–
state density. Theorem 2.5 explores the case where the prey has a smaller MPS requirement allowing
it to occupy much smaller patches than its predator. The two main predictions of the result are (1)
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under certain conditions related to the DDE strength of both species, the predator is able to invade
and colonize a patch where the prey is already established near its carrying capacity even though
the predator would fail to colonize the same size patch in the absence of prey, which is a form of
a facilitation effect, and (2) this facilitation effect is not possible for patches with λ ≈ E1(r, h(0)),
where the prey density would be too small to aid in the predator’s colonization attempt. Theorem 2.6
combined with Theorem 2.4 shows that this facilitation effect is not possible when the predator has the
smaller MPS requirement.
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Figure 10. Emigration form for u, given as 1−α1(v) = 3−exp(−4v)
5−exp(−4v) (in orange), and for v, given

as 1 − α2(u) = 1+3 exp(−4u)
3(1+exp(−4u)) (in cyan).

We also computationally produced bifurcation diagrams for positive solutions of (1.3) for the case
of the one-dimensional patch, Ω = (0, 1), using the quadrature method (see Section 3.2) for several
choices of g, h where we observed interesting model predictions. The first example assumes the
emigration forms 1 − α1(v) = 3−exp(−4v)

5−exp(−4v) for u and 1 − α2(u) = 1+3 exp(−4u)
3(1+exp(−4u)) for v with r = 1, which

implies that E1(1, g(0)) < E1(r, h(0)), and Case (d) from Theorem 2.5 applies (see Figure 10). We note
that the emigration probability for v initially dominates the emigration probability for u but this is
quickly reversed as the other organism’s density increases (see Figure 10). Figure 11 shows the
numerical bifurcation diagram of positive solutions for (1.3) that we produced, and Figure 12 gives
biological meaning to the various λ-ranges outlined in Theorems 2.4–2.6.

The second example assumes the emigration forms 1 − α1(v) = 2+exp(5v)
3+exp(5v) for u and 1 − α2(u) =

2 exp(−5u)
1+2 exp(−5u) for v with r = 1, which implies that E1(r, h(0)) < E1(1, g(0)) and Theorem 2.6 applies (see
Figure 13). We note that the emigration probability for u dominates the emigration probability for v
(see Figure 13). Figure 14 shows the numerical bifurcation diagram of positive solutions for (1.3) that
we produced, and Figure 15 gives biological meaning to the various λ-ranges outlined in Theorems
2.4–2.6.
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Figure 11. Bifurcation diagram of positive solutions of (1.3) for the case when Ω = (0, 1),
g(v) = 3

2 −
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2 exp(−4v), h(u) = 1

2 +
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2 exp(−4u), and r = 1, where, for these choices,
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Figure 12. Existence versus λ when E1(1, g(0)) < E1(1, g(1)) < E1(r, h(0)) − δ4.
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Figure 13. Emigration form for u, given as 1 − α1(v) = 2+exp(5v)
3+exp(5v) (in orange), and for v, given

as 1 − α2(u) = 2 exp(−5u)
1+2 exp(−5u) (in cyan).
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Figure 14. Bifurcation diagram of positive solutions of (1.3) for the case when Ω = (0, 1),
g(v) = 2 + exp(5v), h(u) = 2 exp(−5u), and r = 1, where, for these choices, E1(r, h(0)) <
E1(1, g(0)).
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Figure 15. Existence versus λ when E1(r, h(0)) < E1(1, g(0)).

The final two examples illustrate some interesting phenomena that are not predicted by our main
results. The third example assumes the emigration forms 1 − α1(v) = exp(v)

1+exp(v) for u and 1 − α2(u) =
exp(−u)

1+exp(−u) for v with r = 1, which implies that E1(r, h(0)) = E1(1, g(0)) (see Figure 13). We note that
the emigration probabilities for both begin at 50% and have equal but opposite slopes (see Figure 16).
Figure 17 shows the numerical bifurcation diagram of positive solutions for (1.3) that we produced.
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Figure 16. Emigration form for u, given as 1 − α1(v) = exp(v)
1+exp(v) (in orange), and for v, given

as 1 − α2(u) = exp(−u)
1+exp(−u) (in cyan).
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Figure 17. Bifurcation diagram of positive solutions for (1.3) in the case when Ω = (0, 1),
g(v) = exp(v), h(u) = exp(−u), and r = 1, where, for these choices, we have E1(r, h(0)) =
E1(1, g(0)).
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Figure 18. Emigration form for u, given as 1 − α1(v) = 1
4 +

1
2v (in orange), and for v, given

as 1 − α2(u) = 3−2u
11+14u (in cyan).

The final example assumes the emigration forms 1−α1(v) = 1
4 +

1
2v for u and 1−α2(u) = 3−2u

11+14u for v
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with r = 1, which implies that E1(r, h(0)) < E1(1, g(0)) (see Figure 18). Figure 19 shows the numerical
bifurcation diagram of positive solutions for (1.3) that we produced.
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Figure 19. Bifurcation diagram of positive solutions for (1.3) in the case when Ω = (0, 1),
g(v) = 1+2v

3−2v , h(u) = 1
8

(
3−2u
1+2u

)
, and r = 1, where, for these choices, we have E1(1, g(0)) <

E1(r, h(0)).

2.3.1. Biological interpretation

In all four examples, we observe the conclusions of our main results given in Theorems 2.4–2.6.
For patches whose size is too small, persistence is not possible, while for sufficiently large patch sizes,
coexistence is always predicted. When the patch size is sufficiently large, a core patch area develops
allowing both species to coexist even under the stress of high prey emigration rates and increased
mortality due to encountering the hostile matrix (see, e.g., [17] for a detailed discussion of the core
patch area in the context of reaction diffusion models). As Theorem 2.4 predicted, we observe that
the coexistence states (green for u and purple for v) in Figures 11, 14, 17, and 19 show that the prey
u have a lower and the predators have a higher maximum steady–state density than the independent
states (blue for u and red for v). This phenomenon is due, in the prey, to the increased emigration and
mortality experienced in the hostile matrix caused by higher predator density in the patch, and, for the
predator, is caused by the decreased emigration and mortality experienced in the matrix due to higher
prey density.

In certain cases where prey has a smaller MPS requirement (see Figures 11 and 12), a facilitation
effect (i.e., a positive unidirectional interaction where the predator benefits from the presence of the
prey), occurs for a range of patch sizes corresponding to λ ∈ [E1(r, h(0))−δ, E1(r, h(0))] for some δ > 0.
In this case, if the prey are already established and near their steady–state, the -DDE of the predator
lowers losses due to encountering the hostile matrix to the point that the predator is able to successfully
invade and colonize a patch which, without the prey being present, they would not be able to colonize.
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We note that since the model does not feature direct predator–prey effects, this facilitation effect is due
directly to trait–mediated dispersal. This effect also makes the predator intricately dependent upon its
prey for this range of patch sizes. In other words, if, for a patch in the facilitation effect range, the prey
is eliminated from the patch, then the predator population would be predicted to go extinct in the patch
and be unable to recolonize the patch until the prey species is reintroduced and has returned to near
steady–state levels.

In cases where the predator has a smaller MPS requirement, the prediction of predator-mediated
exclusion of the prey listed in Theorem 2.6 can be observed in Figures 14 and 15 for patch sizes
with a corresponding λ ∈

[
E1(r, h(0)), E1(r, h(0)) + ξ

]
(for some ξ > 0). Again, since there are no

direct predation effects in the model, this is an example of trait–mediated exclusion arising from the
increased prey emigration rates leading to the prey encountering higher mortality from the hostile
matrix. Mechanistically, in patches with size larger than but close to the prey’s MPS requirement in the
absence of predators, the increased emigration due to the presence of the predator overcome the prey’s
reproductive ability, leading to a prediction of extinction in a patch that the prey could colonize in the
absence of their predator. In other words, prey established in a patch in this range without their predator
present would be predicted to go extinct if their predator were to invade and colonize the patch.

Figures 16 and 17 show a case where the prey and predator have the same MPS requirement. Here,
coexistence is predicted for any patch with a size larger than this MPS requirement. We observe neither
facilitation nor trait–mediated exclusion in this case. Finally, Figures 18 and 19 show a scenario where
the predator has a slightly smaller MPS requirement than its prey. In this case, coexistence is predicted
for small patch sizes (in fact, there is a range of patch sizes where facilitation is predicted) and for
sufficiently large patch sizes, while for intermediate patch sizes, predator-mediated exclusion of the
prey is predicted by the model. As in the competitive case, we call this intermediate range of patch
sizes a “dead zone” and note that the mechanism is again rooted in the increased prey emigration
due to the presence of the predator leading to increased mortality experienced in the hostile matrix
overcoming the prey’s reproductive ability.

3. Preliminaries

In this section, we present some mathematical preliminaries that will be extensively used in the
proofs of our main results.

3.1. Coupled sub–supersolutions

We use the method of sub–supersolutions to prove existence of positive solutions.

When g and h are increasing functions, then Ψ = (ψ1, ψ2) and Φ = (z1, z2) in C2(Ω) ∩C1(Ω) are called
a coupled subsolution and supersolution of (1.3) if they satisfy

−∆ψ1 ≤ λψ1(1 − ψ1); Ω
−∆ψ2 ≤ λrψ2(1 − ψ2); Ω
∂ψ1
∂η
+
√
λg(z2)ψ1 ≤ 0; ∂Ω

∂ψ2
∂η
+
√
λh(z1)ψ2 ≤ 0; ∂Ω

(3.1)
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−∆z1 ≥ λz1(1 − z1); Ω
−∆z2 ≥ λrz2(1 − z2); Ω
∂z1
∂η
+
√
λg(ψ2)z1 ≥ 0; ∂Ω

∂z2
∂η
+
√
λh(ψ1)z2 ≥ 0; ∂Ω.

(3.2)

When g is increasing and h is decreasing, then Ψ = (ψ1, ψ2) and Φ = (z1, z2) in C2(Ω) ∩ C1(Ω) are
called a coupled subsolution and supersolution of (1.3) if they satisfy

−∆ψ1 ≤ λψ1(1 − ψ1); Ω
−∆ψ2 ≤ λrψ2(1 − ψ2); Ω
∂ψ1
∂η
+
√
λg(z2)ψ1 ≤ 0; ∂Ω

∂ψ2
∂η
+
√
λh(ψ1)ψ2 ≤ 0; ∂Ω

(3.3)


−∆z1 ≥ λz1(1 − z1); Ω
−∆z2 ≥ λrz2(1 − z2); Ω
∂z1
∂η
+
√
λg(ψ2)z1 ≥ 0; ∂Ω

∂z2
∂η
+
√
λh(z1)z2 ≥ 0; ∂Ω.

(3.4)

Then the following result holds for both cases (See Theorem 9.8.2 in [33]).

Lemma 3.1. Let Ψ = (ψ1, ψ2) and Φ = (z1, z2) be a coupled subsolution and supersolution of (1.3),
respectively, such that (ψ1, ψ2) ≤ (z1, z2) and Ψ,Φ ∈ [C2(Ω) ∩ C1(Ω)] × [C2(Ω) ∩ C1(Ω)]. Then (1.3)
has a solution (u, v) ∈ [C2(Ω) ∩C1(Ω)] × [C2(Ω) ∩C1(Ω)] such that (ψ1, ψ2) ≤ (u, v) ≤ (z1, z2); Ω.

3.2. Quadrature method

In the one-dimensional case, (1.3) reduces to the following system:



− u′′ = λu(1 − u); (0, 1)
− v′′ = λrv(1 − v); (0, 1)
−u′(0) +

√
λg(v(0))u(0) = 0

u′(1) +
√
λg(v(1))u(1) = 0

−v′(0) +
√
λh(u(0))v(0) = 0

v′(1) +
√
λh(u(1))v(1) = 0.

(3.5)

The following is an extension of a result which traces its origins to [34] with prototypical solution
profiles for a positive solution of (3.5) given in Figure 20.

Theorem 3.1. For a fixed λ > 0, with g, h > 0 as described in the hypotheses, (1.3) has a positive
solution (u, v) if and only if there exist values of u(0), v(0), u(1), v(1), ρu, and ρv which satisfy 0 <
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u(0), u(1) < ρu < 1, and 0 < v(0), v(1) < ρv < 1, and the following:

√
2λ =

∫ ρu

u(0)

dz√
F(ρu) − F(z)

+

∫ ρu

u(1)

dz√
F(ρu) − F(z)

√
2λ =

∫ ρv

v(0)

dz√
r[F(ρv) − F(z)]

+

∫ ρv

v(1)

dz√
r[F(ρv) − F(z)]

[g(v(0))u(0)]2 = 2[F(ρu) − F(u(0))]

[g(v(1))u(1)]2 = 2[F(ρu) − F(u(1))]

[h(u(0))v(0)]2 = 2r[F(ρv) − F(v(0))]

[h(u(1))v(1)]2 = 2r[F(ρv) − F(v(1))],

(3.6)

where F(z) =
∫ z

0
s(1 − s)ds.

x∗u

ρu

u(x)

x0 1

(a) u with maximum at x∗u.

x∗v

ρv

v(x)

x0 1

(b) v with maximum at x∗v.

Figure 20. Prototypical profiles of the solution components u and v.

Remark 3.1. The proof of Theorem 2.3 is provided in the Appendix.

We make use of this quadrature method to produce bifurcation curves, which, in turn, provides
motivation for the theoretical results. For implementation, we utilize MATLAB (MathWorks, Inc.
version 2023b). We construct a vector of ρu values and then generate a set of initial guesses of the
form (ρv, u(0), v(0), u(1), v(1)) which are passed to fsolve; intermediate calculations require the use
of integral. Using the output exitflag and a tolerance of 10−9 to check for convergence, we store
the numeric solutions of (3.6) and recover the corresponding values of λ. Each bifurcation curve is a
collection of points (λ, ρ).

4. Proofs of analytical results

In this section, we present proofs of our main results.
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4.1. Proofs for Case 1: Trait–mediated competition

We first state and prove a lemma regarding the ordering of w̃1, w̃2 and any positive solution (u, v)
of (1.3).

Lemma 4.1. If (u, v) is a positive solution of (1.3) for λ > λ0,0, then we must have

u < w̃1; Ω
v < w̃2; Ω, (4.1)

where w̃1(x) and w̃2(x) are the unique positive solutions of (2.2) and (2.3), respectively.

Proof of Lemma 4.1
Assume that (u, v) is a positive solution of (1.3) for λ > λ0,0. We will show that u is a strict subsolution
of (2.2). To that end, substituting u into (2.2) gives −∆u − λu(1 − u) = 0; Ω

∂u
∂η
+
√
λg(0)u = −

√
λg(v)u +

√
λg(0)u =

√
λu (g(0) − g(v)) < 0; ∂Ω,

since g is increasing and v is positive. The uniqueness of w̃1(x) then guarantees that u < w̃1(x); Ω. An
almost identical argument for v gives v < w̃2(x); Ω.

Next, we present the proofs for Theorems 2.1–2.3.

Proof of Theorem 2.1

(a) By (2.9), for λ = E1(1, g(0)), we have µ1
( √

E1(1, g(0))g(0)
)
= E1(1, g(0)). Moreover, by (2.10),

for λ = E1(r, h(0)), we have µ1
(√

E1(r, h(0))h(0)
)
= rE1(r, h(0)). Since µ1(

√
λγ) is concave for any

fixed γ > 0, µ1(
√
λg(0)) > λ for λ < E1(1, g(0)) and µ1(

√
λh(0)) > λr for λ < E1(r, h(0)). Then (2.9)

and (2.10) imply that σ1 ≥ 0 for λ ≤ E1(1, g(0)) (see Figure 21) and σ2 ≥ 0 for λ ≤ E1(r, h(0)) (see
Figure 22).

λ

ED
1 λ

µ1(
√
λg(0))

| |

E 1(r
, h(0))

E 1(1
, g(0))

Figure 21. Eigencurve diagram to illustrate that σ1 ≥ 0 for λ ≤ E1(1, g(0)) when
E1(r, h(0)) ≤ E1(1, g(0)).
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λ

ED
1 λr

µ1(
√
λh(0))

| |

E 1(1
, g(0))

E 1(r
, h(0))

Figure 22. Eigencurve diagram to illustrate that σ2 ≥ 0 for λ ≤ E1(r, h(0)) when
E1(1, g(0)) ≤ E1(r, h(0)).

By way of contradiction, suppose that (u, v) is a positive solution of (1.3) for λ < λ0,0.

Case 1: E1(r, h(0)) ≤ E1(1, g(0))
By Green’s second identity, we know that∫

Ω

(
∆ϕ1u − ∆uϕ1

)
dx =

∫
∂Ω

(
∂ϕ1

∂η
u −

∂u
∂η
ϕ1

)
ds.

Now, using the fact σ1 ≥ 0 for λ ≤ E1(1, g(0)), we have∫
Ω

(
∆ϕ1u − ∆uϕ1

)
dx =

∫
Ω

(−λϕ1u − σ1ϕ1u + λϕ1u − λϕ1u2)dx

= −

∫
Ω

uϕ1(σ1 + λu)dx ≤ 0.

However, since g is increasing, we have∫
∂Ω

(
∂ϕ1

∂η
u −

∂u
∂η
ϕ1

)
ds =

∫
∂Ω

(
−
√
λg(0)ϕ1u +

√
λg(v)uϕ1

)
ds

=

∫
∂Ω

√
λuϕ1

(
g(v) − g(0)

)
ds > 0,

which is a contradiction. Hence, (1.3) has no positive solution for λ ≤ E1(1, g(0)).

Case 2: E1(1, g(0)) ≤ E1(r, h(0))
By a similar argument, since σ2 ≥ 0 for λ ≤ E1(r, h(0)), we have∫

Ω

(
∆ϕ2v − ∆vϕ2

)
dx =

∫
Ω

(−λrϕ2v − σ2ϕ2v + λrϕ2v − λrϕ2v2)dx

= −

∫
Ω

vϕ2(σ2 + λv)dx ≤ 0.
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However, since h is increasing, we have∫
∂Ω

(∂ϕ2

∂η
v −

∂v
∂η
ϕ2

)
ds =

∫
∂Ω

(
−
√
λh(0)vϕ2 +

√
λh(u)vϕ2

)
ds

=

∫
∂Ω

√
λvϕ2 (h(u) − h(0)) ds > 0,

which is a contradiction. Hence, (1.3) has no positive solution for λ ≤ E1(r, h(0)).
Combining the two cases, we conclude that (1.3) has no positive solution for λ ≤ λ0,0.
(b) For a fixed λ > E1(1, g(1)), let w∗1 be the unique positive solution of (2.14), and for a fixed

λ > E1(r, h(1)), let w∗2 be the unique positive solution of (2.15). Hence, w∗1,w
∗
2 both exist for λ > λ1,1

and satisfy w∗1,w
∗
2 < 1; Ω. Consider (ψ1, ψ2) = (w∗1,w

∗
2) and (z1, z2) = (1, 1). Since g and h are

increasing, we have 

−∆ψ1 = −∆w∗1 = λw∗1(1 − w∗1) = λψ1(1 − ψ1); Ω

−∆ψ2 = −∆w∗2 = λrw∗2(1 − w∗2) = λrψ2(1 − ψ2); Ω
∂ψ1
∂η
+
√
λg(z2)ψ1 =

∂w∗1
∂η
+
√
λg(1)w∗1 = 0; ∂Ω

∂ψ2
∂η
+
√
λh(z1)ψ2 =

∂w∗2
∂η
+
√
λh(1)w∗2 = 0; ∂Ω

−∆z1 = −∆(1) = 0 = λ(1)(1 − 1) = λz1(1 − z1); Ω

−∆z2 = −∆(1) = 0 = λr(1)(1 − 1) = λrz2(1 − z2); Ω
∂z1
∂η
+
√
λg(ψ2)z1 =

∂1
∂η
+
√
λg(w∗2)(1) > 0; ∂Ω

∂z2
∂η
+
√
λh(ψ1)z2 =

∂1
∂η
+
√
λh(w∗1)(1) > 0; ∂Ω.

Since (w∗1,w
∗
2) < (1, 1), by applying Lemma 3.1, (1.3) has a positive solution (u, v) satisfying

(w∗1,w
∗
2) < (u, v) < (1, 1) for λ > λ1,1.

(c) Lemma 4.1 gives this result immediately.

Proof of Theorem 2.2

Let r < r∗, which implies that E1(1, g(0)) < E1(r, h(0)). From Theorem 1 on page 5 of [31], we have
w̃2 → 0; Ω as λ → E1(r, h(0))+ and w̃1 > 0; Ω for all λ > E1(1, g(0)). If (u, v) is a positive solution
of (1.3) for λ ∈ [E1(r, h(0)), E1(r, h(1))], then Lemma 4.1 gives v < w̃2; Ω implying that v → 0; Ω as
λ → E1(r, h(0))+. A standard compactness argument now gives u → w̃1; Ω as λ → E1(r, h(0))+. This,
combined with the fact that w̃1 > 0; Ω for λ = E1(r, h(0)), implies that ϵ, ξ > 0 with ϵ, ξ ≈ 0 must exist
such that u ≥ ϵ; Ω for λ ∈ [E1(r, h(0)), E1(r, h(0)) + ξ]. Now we choose ξ1 > 0, ξ1 ≈ 0 such that ξ1 < ξ

and E1(r, h(0)) + ξ1 < E1(r, h(ϵ)).
Next, assume that (u, v) is a positive solution of (1.3) for λ ∈ [E1(r, h(0)), E1(r, h(0)) + ξ1] and

consider a ≡ ϵ in the principal eigenvalue σ3(ϵ) of (2.6). It is easy to see that σ3(ϵ) > 0 for λ ∈
(0, E1(r, h(ϵ))). Since h is increasing and w̃1 < 1; Ω, we have E1(r, h(0)) < E1(r, h(ϵ)) < E1(r, h(1)).
Now, from Green’s second identity, we have∫

Ω

(
∆vϕ3 − ∆ϕ3v

)
dx =

∫
∂Ω

(
∂v
∂η
ϕ3 −

∂ϕ3

∂η
v
)

ds.
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Using the fact that σ3(ϵ) > 0, we have∫
Ω

(
∆vϕ3 − ∆ϕ3v

)
dx =

∫
Ω

(
− λrv(1 − v)ϕ3 + (λr + σ3)ϕ3v

)
dx

=

∫
Ω

(
− λrvϕ3 + λrv2ϕ3 + λrϕ3v + σ3ϕ3v

)
dx

=

∫
Ω

ϕ3v
(
λrv + σ3

)
dx > 0.

On the other hand, since u ≥ ϵ; Ω and h is increasing, combined with σ3(ϵ) > 0, we have∫
∂Ω

(
∂v
∂η
ϕ3 −

∂ϕ3

∂η
v
)

ds =
∫
∂Ω

(
−
√
λh(u)vϕ3 −

(
σ3 −

√
λh(ϵ)

)
ϕ3v

)
ds

=

∫
∂Ω

ϕ3v
(
− σ3 +

√
λ [h(ϵ) − h(u)]

)
ds < 0.

This leads to a contradiction, and hence (1.3) has no positive solution in
[
E1(r, h(0)), E1(r, h(0)) + ξ1

]
.

Proof of Theorem 2.3

An almost identical argument to that in the proof of Theorem 2.2 gives this result and is hence left
to the interested reader.

4.2. Proofs for Case 2: Non–consumptive predator–prey

In this subsection, we present the proofs of our main results for the non–consumptive
predator–prey case.

Proof of Theorem 2.4

(a) To prove nonexistence, we consider two cases.
Case 1: E1(1, g(0)) ≥ E1(r, h(1))
By way of contradiction, suppose that (u, v) is a positive solution of (1.3) for a fixed λ > 0 satisfying

λ ≤ E1(1, g(0)). Then, by using a similar argument as in Theorem 2.1, σ1 ≥ 0 for λ ≤ E1(1, g(0)).
Applying Green’s second identity, we have∫

Ω

(
− ∆uϕ1 + ∆ϕ1u

)
dx =

∫
∂Ω

(
−
∂u
∂η
ϕ1 +

∂ϕ1

∂η
u
)
ds.

Now, since σ1 ≥ 0 for λ ≤ E1(1, g(0)), we have∫
Ω

(
− ∆uϕ1 + ∆ϕ1u

)
dx =

∫
Ω

(
λu(1 − u)ϕ1 − (λ + σ1)ϕ1u

)
dx

=

∫
Ω

(
λuϕ1 − λu2ϕ1 − λϕ1u − σ1ϕ1u

)
dx

= −

∫
Ω

uϕ1(σ1 + λu)dx ≤ 0.
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On the other hand, since g is increasing and v > 0; Ω, we have∫
∂Ω

(
−
∂u
∂η
ϕ1 +

∂ϕ1

∂η
u
)
ds =

∫
∂Ω

√
λϕ1u

(
g(v) − g(0)

)
ds > 0.

This gives a contradiction. Thus, no positive solution of (1.3) exists for λ ≤ E1(1, g(0)).
Case 2: E1(r, h(1)) ≥ E1(1, g(0))
Letting a ≡ 1, consider the principal eigenvalue σ3(1) of (2.6) and let ϕ3 > 0; Ω be the

corresponding normalized eigenfunction. By way of contradiction, suppose that (u, v) is a positive
solution of (1.3) for a fixed λ > 0 satisfying λ ≤ E1(r, h(1)). Note that σ3(1) ≥ 0 for λ ≤ E1(r, h(1)).
Applying Green’s second identity, we have∫

Ω

(
∆vϕ3 − ∆ϕ3v

)
dx =

∫
∂Ω

(∂v
∂η
ϕ3 −

∂ϕ3

∂η
v
)
ds.

Since σ3 ≥ 0 for λ ≤ E1(r, h(1)), we have∫
Ω

(
∆vϕ3 − ∆ϕ3v

)
dx =

∫
Ω

(
− λrv(1 − v)ϕ3 + (λr + σ3)ϕ3v

)
dx

=

∫
Ω

(
− λrvϕ3 + λrv2ϕ3 + λrϕ3v + σ3ϕ3v

)
dx

=

∫
Ω

vϕ3(σ3 + λrv)dx ≥ 0.

On the other hand, since h is decreasing, we have∫
∂Ω

(∂v
∂η
ϕ3 −

∂ϕ3

∂η
v
)
ds =

∫
∂Ω

ϕ3v
(
− σ3 +

√
λ (h(1) − h(u))

)
ds < 0.

This gives a contradiction, so no positive solution of (1.3) exists for λ ≤ E1(r, h(1)).
Combining these results, we see that (1.3) has no positive solution for λ ≤ λ0,1.
(b) Recall that the unique positive solution of (2.3), w̃2, exists for λ > E1(r, h(0)) and the unique

positive solution of (2.14), w∗1, exists for λ > E1(1, g(1)). Hence, both exist when λ > λ1,0. Moreover,
w∗1, w̃2 < 1; Ω. Take (ψ1, ψ2) = (w∗1, w̃2) and (z1, z2) = (1, 1). Since g is increasing, and h is decreasing,
we have 

−∆ψ1 = −∆w∗1 = λw∗1(1 − w∗1) = λψ1(1 − ψ1); Ω
−∆ψ2 = −∆w̃2 = λrw̃2(1 − w̃2) = λrψ2(1 − ψ2); Ω

∂ψ1
∂η
+
√
λg(z2)ψ1 =

∂w∗1
∂η
+
√
λg(1)w∗1 = 0; ∂Ω

∂ψ2
∂η
+
√
λh(ψ1)ψ2 =

∂w̃2
∂η
+
√
λh(w∗1)w̃2 ≤

∂ψ2
∂η
+
√
λh(0)ψ2 = 0; ∂Ω

−∆z1 = −∆1 = 0 = λ(1)(1 − 1) = λz1(1 − z1); Ω
−∆z2 = −∆1 = 0 = λr(1)(1 − 1) = λrz2(1 − z2); Ω
∂z1
∂η
+
√
λg(ψ2)z1 =

∂(1)
∂η
+
√
λg(w̃2)(1) > 0; ∂Ω

∂z2
∂η
+
√
λh(z1)z2 =

∂(1)
∂η
+
√
λh(1)(1) > 0; ∂Ω.
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Since (w∗1, w̃2) ≤ (1, 1), applying Lemma 3.1, (1.3) has a positive solution (u, v) satisfying (w∗1, w̃2) ≤
(u, v) ≤ (1, 1) for λ > λ1,0.

(c) Assume that (u, v) is a positive solution of (1.3) for λ > λ0,1. Since g is increasing, as in the
competition case, Lemma 4.1 immediately gives 0 < u < w̃1; Ω, where w̃1 is the unique positive
solution of (2.2). Moreover, since λ > E1(r, h(1)), the unique positive solution, w∗2, of (2.15) exists.
We will now show that v is a strict subsolution of (2.15). To that end, we substitute v into (2.15) and
calculate  −∆v − λrv(1 − v) = 0; Ω

∂v
∂η
+
√
λh(1)v = −

√
λh(u)v +

√
λh(1)v =

√
λv (h(1) − h(u)) < 0; ∂Ω

since h is decreasing and u < 1; Ω. The uniqueness of w∗2 then guarantees that v < w∗2; Ω. In the case
where λ > E1(r, h(0)), the unique positive solution of (2.3) exists, and an almost identical argument
shows that v is a strict supersolution of (2.3). This, combined with the uniqueness of the positive
solution of (2.3), gives w̃2 < v < w∗2; Ω.

Proof of Theorem 2.5

Assume that r < r∗, which implies that E1(1, g(0)) < E1(r, h(0)).
(a) Assume that λ0,1 = E1(r, h(1)) and λ1,0 = E1(1, g(1)). Note that for λ > λ0,1, the unique positive

solution, w̃1, of (2.2) exists and satisfies w̃1 < 1; Ω. Thus, for a fixed λ ∈
[
E1(1, g(0)), λ1,0

]
, an ϵ > 0

with ϵ ≈ 0 must exist such that w̃1 < 1 − ϵ; Ω. When a ≡ 1 − ϵ, recall that the principal eigenvalue
σ3(1 − ϵ) of (2.6) satisfies σ3(1 − ϵ) > 0 for λ < E1(r, h(1 − ϵ)). Moreover, a decreasing h implies that
a ξ1 > 0 exists such that E1(r, h(1)) < E1(r, h(1 − ϵ)) = E1(r, h(1)) + ξ1. Now, assume that (u, v) is a
positive solution of (1.3) for λ ∈ [λ0,1, λ0,1 + ξ1). Lemma 4.1 gives u < w̃1; Ω. Using Green’s second
identity, we have ∫

Ω

(
∆vϕ3 − ∆ϕ3v

)
dx =

∫
∂Ω

(
∂v
∂η
ϕ3 −

∂ϕ3

∂η
v
)

ds.

Using the fact that σ3(1 − ϵ) > 0, we have∫
Ω

(
∆vϕ3 − ∆ϕ3v

)
dx =

∫
Ω

(
− λrv(1 − v)ϕ3 + (λr + σ3)ϕ3v

)
dx

=

∫
Ω

(
− λrvϕ3 + λrv2ϕ3 + λrϕ3v + σ3ϕ3v

)
dx

=

∫
Ω

ϕ3v
(
λrv + σ3

)
dx > 0.

On the other hand, a decreasing h combined with σ3(1 − ϵ) > 0 and u < w̃1 < 1 − ϵ; Ω gives∫
∂Ω

(
∂v
∂η
ϕ3 −

∂ϕ3

∂η
v
)

ds =
∫
∂Ω

(
−
√
λh(u)vϕ3 −

(
σ3 −

√
λh(1 − ϵ)

)
ϕ3v

)
ds

=

∫
∂Ω

ϕ3v
(
−σ3 +

√
λ [h(1 − ϵ) − h(u)]

)
ds

<

∫
∂Ω

ϕ3v
(
−σ3 +

√
λ [h(1 − ϵ) − h(w̃1)]

)
ds < 0.

Mathematical Biosciences and Engineering Volume 23, Issue 5, 1461–1500.



1491

This leads to a contradiction, and hence (1.3) has no positive solution in
[
E1(r, h(0)), E1(r, h(0)) + ξ1

]
.

(b) Assume that λ0,1 = E1(r, h(1)) and λ1,0 = E1(1, g(1)). For nonexistence, the argument in (a)
above can be followed but with a potentially different ξ-value (say, ξ2 > 0 and ξ2 ≈ 0). For coexistence,
note that λ > λ1,0 implies that the unique positive solution w∗1 of (2.14) exists, and we can define σ∗3 as
the principal eigenvalue of  − ∆ϕ = (λr + σ)ϕ; Ω

∂ϕ

∂η
+
√
λh(w∗1)ϕ = 0; ∂Ω,

(4.2)

with the corresponding (normalized eigenfunction) ϕ∗3 > 0; Ω.
Comparing (2.14) with (2.8), we obtain σ∗3 = µ1(

√
λh(w∗1)) − λr. We claim that a δ2 > 0 exists such

that σ∗3 < 0 for λ ∈
(
E1(r, h(0))−δ2, E1(r, h(0))

)
. Note that at λ = E1(r, h(0)), we have µ1(

√
λh(0)) = rλ.

Since µ1(
√
λh(0)) is concave, we know for λ < E1(r, h(0)) that µ1(

√
λh(0)) > rλ. In addition, h

is decreasing, which implies µ1(
√
λh(w∗1)) < µ1(

√
λh(0)) for λ > E1(1, g(1)) and, in particular, for

λ ∈
(
E1(1, g(1)), E1(r, h(0))

]
. This implies the existence of a δ2 > 0 such that µ1(

√
λh(w∗1)) = rλ at

λ = E1(r, h(0)) − δ2 and µ1(
√
λh(w∗1)) < rλ for λ ∈

(
E1(r, h(0)) − δ2, E1(r, h(0))

)
. Thus, σ∗3 < 0 for

λ ∈
(
E1(r, h(0)) − δ2, E1(r, h(0))

)
and, more generally, for λ > E1(r, h(0)) − δ2 (see Figure 23).

λ

ED
1 λr

µ1(
√
λh(0))µ1(
√
λh(0))µ1(
√
λh(0))

µ1(
√
λh(w∗1))µ1(
√
λh(w∗1))µ1(
√
λh(w∗1))

| | | ||
δ2

E 1(1
, g(0))

E 1(r
, h(1))

E 1(1
, g(1))

E 1(r
, h(0))

Figure 23. The eigencurve diagram illustrates that δ2 > 0 exists such that σ∗3 < 0 for
λ > E1(r, h(0)) − δ2.

Now, consider (ψ1, ψ2) = (w∗1, ϵϕ
∗
3) and (z1, z2) = (1, 1) as candidates for the coupled subsolution

and supersolution of (1.3). Then

−∆ψ1 − λψ1(1 − ψ1) = −∆w∗1 − λw∗1(1 − w∗1)
= λw∗1(1 − w∗1) − λw∗1(1 − w∗1)
= 0
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−∆ψ2 − λrψ2(1 − ψ2) = −∆ϵϕ∗3 − λrϵϕ∗3(1 − ϵϕ∗3)

= ϵ
(
− ∆ϕ∗3 − λrϕ∗3(1 − ϵϕ∗3)

)
= ϵ

(
(λr + σ∗3)ϕ∗3 − λrϕ∗3(1 − ϵϕ∗3)

)
= ϵ

(
λrϕ∗3 + σ

∗
3ϕ
∗
3 − λrϕ∗3 + λrϵ(ϕ∗3)2

)
= ϵϕ∗3(σ∗3 + λrϵϕ∗3)
≤ 0,

provided that σ∗3 ≤ −λrϵϕ∗3. This is possible, since σ∗3 < 0 for λ > E1(r, h(0)) − δ2 and we can take
ϵ ≈ 0. Furthermore, we have

∂ψ1
∂η
+
√
λg(z2)ψ1 =

∂w∗1
∂η
+
√
λg(1)w∗1 = −

√
λg(1)w∗1 +

√
λg(1)w∗1 = 0

∂ψ2
∂η
+
√
λh(ψ1)ψ2 =

∂ϵϕ∗3
∂η
+
√
λh(w∗1)ϵϕ∗3 = ϵ

(
−
√
λh(w∗1)ϕ∗3 +

√
λh(w∗1)ϕ∗3

)
= 0

−∆z1 − λz1(1 − z1) = −∆1 − λ(1)(1 − 1) = 0
−∆z2 − λrz2(1 − z2) = −∆1 − λr(1)(1 − 1) = 0

∂z1
∂η
+
√
λg(ψ2)z1 =

∂(1)
∂η
+
√
λg(ϵϕ∗3)(1) =

√
λg(ϵϕ∗3) > 0.

∂z2
∂η
+
√
λh(z1)z2 =

∂(1)
∂η
+
√
λh(1)(1) =

√
λh(1) > 0.

Thus, (ψ1, ψ2) and (z1, z2) are a coupled sub- and supersolution of (1.3) satisfying (ψ1, ψ2) ≤ (z1, z2).
Thus, by Lemma 3.1, a positive solution (u, v) exists such that (w∗1, ϵϕ

∗
3) ≤ (u, v) ≤ (1, 1) for λ >

E1(r, h(0)) − δ2.
(c) Assume that λ0,1 = E1(1, g(0)) and λ1,0 = E1(1, g(1)). For λ > λ0,1, the unique positive solution

w̃1 of (2.2) exists, and from Theorem 1(a) on page 5 of [31], satisfies ∥w̃1∥∞ → 0 as λ → E1(1, g(0))+.
Letting a ≡ 0, E1(1, g(0)) < E1(r, h(0)) implies that the principal eigenvalue σ3(0) of (2.6) satisfies
σ3(0) > 0 for λ ∈

[
λ0,1, E1(r, h(0))

)
. Thus, we can find a ξ3 > 0 with ξ3 ≈ 0 such that for λ ∈[

λ0,1, λ0,1 + ξ3

]
, we have

−σ3 +
√
λ (h(0) − h(w̃1)) < 0; Ω. (4.3)

Now, assume (u, v) is a positive solution of (1.3) for λ ∈ [λ0,1, λ0,1 + ξ3]. Using Green’s second
identity, we have

∫
Ω

(
∆vϕ3 − ∆ϕ3v

)
dx =

∫
∂Ω

(
∂v
∂η
ϕ3 −

∂ϕ3

∂η
v
)

ds.

Using the fact that σ3(0) > 0, we have∫
Ω

(
∆vϕ3 − ∆ϕ3v

)
dx =

∫
Ω

(
− λrv(1 − v)ϕ3 + (λr + σ3)ϕ3v

)
dx

=

∫
Ω

(
− λrvϕ3 + λrv2ϕ3 + λrϕ3v + σ3ϕ3v

)
dx

=

∫
Ω

ϕ3v
(
λrv + σ3

)
dx > 0.
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On the other hand, a decreasing h combined with u < w̃1; Ω and (4.3) gives∫
∂Ω

(
∂v
∂η
ϕ3 −

∂ϕ3

∂η
v
)

ds =
∫
∂Ω

(
−
√
λh(u)vϕ3 −

(
σ3 −

√
λh(0)

)
ϕ3v

)
ds

=

∫
∂Ω

ϕ3v
(
−σ3 +

√
λ [h(0) − h(u)]

)
ds

<

∫
∂Ω

ϕ3v
(
−σ3 +

√
λ [h(0) − h(w̃1)]

)
ds < 0.

This leads to a contradiction, and hence (1.3) has no positive solution in
[
λ0,1, λ0,1 + ξ3

]
.

(d) The arguments from (b) and (c) can be applied but with potentially different δ- and ξ-values
(say δ4, ξ4 > 0 with δ4, ξ4 ≈ 0).

Proof of Theorem 2.6

Assume that r > r∗, implying that E1(r, h(0)) < E1(1, g(0)). Then λ0,1 = E1(1, g(0)) and λ1,0 =

E1(1, g(1)). For λ > λ0,1, the unique positive solution w̃2 of (2.3) exists and satisfies w̃2 > 0; Ω.
Thus, an ϵ > 0 exists such that for λ ∈

[
λ0,1, λ1,0

]
, we must have w̃2 > ϵ; Ω. Letting a ≡ ϵ, the

principal eigenvalue σ4(ϵ) of (2.7) satisfies σ4(ϵ) > 0 for λ ∈ (0, E1(1, g(ϵ))). Moreover, an increasing
g implies that λ0,1 = E1(1, g(0)) < E1(1, g(ϵ)) and there is a ξ5 > 0 with ξ5 ≈ 0 such that σ4(ϵ) > 0
for λ ∈

[
λ0,1, λ0,1 + ξ5

]
. Assume that (u, v) is a positive solution of (1.3) for λ ∈

[
λ0,1, λ0,1 + ξ5

]
. Using

Green’s second identity, we have

∫
Ω

(
∆uϕ4 − ∆ϕ4u

)
dx =

∫
∂Ω

(
∂u
∂η
ϕ4 −

∂ϕ4

∂η
u
)

ds.

Using the fact that σ4(0) > 0, we have∫
Ω

(
∆uϕ4 − ∆ϕ4u

)
dx =

∫
Ω

(
− λu(1 − u)ϕ4 + (λ + σ4)ϕ4u

)
dx

=

∫
Ω

(
− λuϕ4 + λu2ϕ4 + λϕ4u + σ4ϕ4u

)
dx

=

∫
Ω

ϕ4u
(
λu + σ4

)
dx > 0.

On the other hand, an increasing g combined with ϵ < w̃2; Ω gives∫
∂Ω

(
∂u
∂η
ϕ4 −

∂ϕ4

∂η
u
)

ds =
∫
∂Ω

(
−
√
λg(v)uϕ4 −

(
σ4 −

√
λg(ϵ)

)
ϕ4u

)
ds

=

∫
∂Ω

ϕ4u
(
−σ4 +

√
λ
[
g(ϵ) − g(v)

])
ds

<

∫
∂Ω

ϕ4u
(
−σ4 +

√
λ
[
g(ϵ) − g(w̃2)

])
ds < 0.

This leads to a contradiction, and hence (1.3) has no positive solution in
[
λ0,1, λ0,1 + ξ4

]
.
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5. Discussion

Consistent with the results in [22, 23], our mathematical analysis of (1.3) demonstrates that
trait–mediated dispersal can impact the coexistence of interacting species, both in a competitive and
in a predator–prey context. Since our modeling framework assumed density–mediated effects to be
negligible, the interesting phenomena observed were due solely to trait–mediated dispersal. In both
competition and predator–prey contexts, our results were highly dependent upon the patch size and
effective matrix hostility. The model predicted that for sufficiently large patch sizes, coexistence is
always predicted. This prediction is consistent with the ecological idea of a sufficiently large patch
core area relieving enough of the mortality caused by organisms located outside of the core
encountering the hostile matrix [17]. More interestingly, though, the model’s predictions suggest that
the most interesting dynamic scenarios occur for small to intermediate sized patches, which are
precisely the size range of remnant patches resulting from habitat loss and fragmentation. Thus, as
habitat loss and fragmentation increase, these results support the novel prediction that trait–mediated
dispersal effects will become more frequent and pronounced.

In the competitive context, the competitor with the smaller MPS requirement had a competitive
advantage and was able to competitively exclude its competitor for a range of patch sizes that included
some patches where the competitor would be able to colonize an empty patch when alone. We also
found interesting scenarios where a priority effect (or founder control) implied that for a range of patch
sizes, the competitor that first colonized the patch was predicted to resist invasion from its competitor.
Priority effects are generally thought to arise from the preemption of resources [35], but our models
suggest that it can also arise from the resident species inducing greater emigration into the hostile
matrix by its competitor. The model also predicted other ranges of patch size where a novel bistability
between a coexistence state and a semi–trivial state implied that if one competitor could colonize the
patch first, then it could resist invasion from its competitor, but if the other competitor colonized the
patch first, then invasion by the other competitor was always possible, leading to coexistence.

In the predator–prey context, whenever the predator had the smaller MPS requirement, the model
predicted the existence of a range of patch sizes where the prey could colonize an empty patch, but
invasion by the predator would lead to the prey’s extinction in the patch. When the prey had the smaller
MPS requirement, certain parameter ranges yielded a range of patch sizes where a patch that would not
be able to support the predator when alone would be able to support the predator as long as the prey
was already established and near its steady–state. In this case, facilitation effects were observed, based
solely upon the trait–mediated dispersal mechanism. Finally, when the predator and prey had the same
MPS requirement, there were parameter ranges where coexistence was predicted for patches with a size
greater than the MPS requirement. In this case, neither facilitation effects nor trait–mediated exclusion
were predicted.

From a conservation point of view, these results greatly support the need for more careful
consideration of trait–mediated effects in conservation efforts. According to our results, an
endangered species in a trait–mediated dispersal relationship with an unknown second species can set
up situations that could make conservation a challenge. For example, in the competitive context, if the
endangered species is in one of the scenarios where the model predicted priority effects, then the
situation could arise where a remnant patch has both competitors coexisting. However, if a stochastic
event caused local extinction of the endangered species, then the system would flow towards the
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stable semi–trivial state, implying that reintroduction of the endangered species would be impossible
for low density levels. In the predator–prey context, if an endangered species is attracted to another
species such that a facilitation effect occurs, then the endangered species is precariously dependent
upon the facilitator species’ presence in the patch to prevent local extinction.
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Appendix

In this appendix, we provide a proof of the quadrature method Theorem 3.1.
Proof of Theorem 3.1

First, suppose (u, v) is a positive solution to (3.5). It follows easily to note that unique values
x∗u, x

∗
v ∈ (0, 1) exist such that u is increasing on (0, x∗u), u is decreasing on (x∗u, 1), v is increasing on

(0, x∗v), and v is decreasing on (x∗v, 1) (see Figure 20). If we multiply the first equation of (3.5) by u′,

Mathematical Biosciences and Engineering Volume 23, Issue 5, 1461–1500.



1498

we have

−

(
[u′]2

2

)′
(x) = λ[F(u)]′(x).

This implies

u′(x) =


√

2λ[F(ρu) − F(u(x))] x ∈ (0, x∗u)
−

√
2λ[F(ρu) − F(u(x))] x ∈ (x∗u, 1).

It follows that

√
2λx =

∫ u(x)

u(0)

ds√
F(ρu) − F(s)

; x ∈ (0, x∗u)

√
2λ(1 − x) =

∫ u(x)

u(1)

ds√
F(ρu) − F(s)

; x ∈ (x∗u, 1).

Letting x→ x∗u with u(x∗u) = ρu, we have

√
2λx∗u =

∫ ρu

u(0)

ds√
F(ρu) − F(s)

√
2λ(1 − x∗u) =

∫ ρu

u(1)

ds√
F(ρu) − F(s)

.

From these two equations, we obtain:

√
2λ =

∫ ρu

u(0)

ds√
F(ρu) − F(s)

+

∫ ρu

u(1)

ds√
F(ρu) − F(s)

(5.1)

x∗u =

∫ ρu

u(0)

ds√
F(ρu) − F(s)∫ ρu

u(0)

ds√
F(ρu) − F(s)

+

∫ ρu

u(1)

ds√
F(ρu) − F(s)

. (5.2)

Similar calculations apply to the second equation of (3.5) yielding:

√
2λ =

∫ ρv

v(0)

ds√
r[F(ρv) − F(s)]

+

∫ ρv

v(1)

ds√
r[F(ρv) − F(s)]

(5.3)

x∗v =

∫ ρv

v(0)

ds√
r[F(ρv) − F(s)]∫ ρv

v(0)

ds√
r[F(ρv) − F(s)]

+

∫ ρv

v(1)

ds√
r[F(ρv) − F(s)]

. (5.4)

By the boundary condition u′(0) =
√
λg(v(0))u(0) and using the above analysis, we have

u′(0) =
√

2λ[F(ρu) − F(u(0))],

it follows that
[g(v(0))u(0)]2 = 2[F(ρu) − F(u(0))].
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Using similar calculations and making use of the boundary conditions, the last three equations in
(3.6) follow.

For the reverse direction, assume that λ, q1(:= u(0)), q2(:= u(1)), q3(:= v(0)), q4(:= v(1)), ρu, and ρv

with 0 < q1, q2 < ρu, and 0 < q3, q4 < ρv satisfy (3.6). Let

x∗u =

∫ ρu

q1

ds√
F(ρu) − F(s)∫ ρu

q1

ds√
F(ρu) − F(s)

+

∫ ρu

q2

ds√
F(ρu) − F(s)

and

x∗v =

∫ ρv

q3

ds√
r[F(ρv) − F(s)]∫ ρv

q3

ds√
r[F(ρv) − F(s)]

+

∫ ρv

q4

ds√
r[F(ρv) − F(s)]

.

Define (u, v) : [0, x∗u) × [0, x∗v)→ [q1, ρu) × [q3, ρv) such that u(x) satisfies:

√
2λx =

∫ u

q1

ds√
F(ρu) − F(s)

; x ∈ (0, x∗u) (5.5)

and v(x) satisfies:

√
2λx =

∫ v

q3

ds√
r[F(ρv) − F(s)]

; x ∈ (0, x∗v). (5.6)

Note that
√

2λx is increasing for x ∈ (0, x∗u) with the range (0,
√

2λx∗u) =
(
0,

∫ ρu

q1

ds√
F(ρu) − F(s)]

)
,

while
∫ u

q1

ds√
F(ρu) − F(s)

is also an increasing function of u on (q1, ρu) with the same range. Hence, u

is well-defined on [0, x∗u), and a similar analysis shows that v is well-defined on [0, x∗v).
Next, define Hu : [(0, x∗u) × (q1, ρu)]→ R and Hv : [(0, x∗v) × (q3, ρv)]→ R by

Hu(ℓ,w) :=
√

2λℓ −
∫ w

q1

dz√
F(ρu) − F(z)

Hv(m, y) :=
√

2λm −
∫ y

q3

dz√
r[F(ρv) − F(z)]

.

Then Hu and Hv are C1 with Hu(x, u) = Hv(x, v) = 0, while (Hu)w(0, u) , 0 and (Hv)y(0, v) , 0.
Hence by the implicit function theorem, u and v defined above are C1 functions on (0, x∗u) and (0, x∗v),
respectively, and by differentiating (5.5) and (5.6), we easily see that they are, in fact, C2 functions on
(0, x∗u) and (0, x∗v) satisfying −u′′ = λ f (u); (0, x∗u) and −v′′ = λr f (v); (0, x∗v), respectively. Note that
u(0) = q1 and v(0) = q3. Furthermore, (5.5) and (5.6) imply that the third and fifth equations of (3.5)
are satisfied.
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Similarly, we can define u and v on (x∗u, 1] and (x∗v, 1] as

√
2λ(1 − x) =

∫ u

q2

ds√
F(ρu) − F(s)

; (x∗u, 1] (5.7)

√
2λ(1 − x) =

∫ v

q4

ds√
r[F(ρv) − F(s)]

; (x∗v, 1] (5.8)

and obtain the C2 functions satisfying −u′′ = λ f (u); (x∗u, 1) and −v′′ = λr f (v); (x∗v, 1) with u(1) = q2

and v(1) = q4. Again, (5.7) and (5.8) imply that the fourth and sixth equations in (3.5) are satisfied.
Finally, define u(x∗u) = ρu and v(x∗v) = ρv. It is easy to see that these functions are, in fact, C2 on (0, 1)
and will satisfy (3.5).
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