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Abstract: This paper deals with the parabolic–parabolic–elliptic forager–exploiter model under homo-
geneous Neumann boundary conditions. It is shown that if the taxis effects of exploiters are suitably
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1. Introduction

Prey-taxis describes the nonrandom foraging behavior of predators, which move toward regions of
higher prey density. It is known that prey-taxis stabilizes the predator–prey model and does not give
rise to any pattern formation [1]. However, it is important to note that this conclusion may not apply
in the context of multispecies coexistence. In [2], Tania et al. proposed a foraging model involving a
mixedspecies group, known as a forager–exploiter model, and demonstrated that taxis within forager–
exploiter groups can result in pattern formation. The model reads as follows:

ut = ∆u − χ∇ · (u∇w),
vt = ∆v − ξ∇ · (v∇u),
wt = ∆w − λ(u + v)w − µw + r.

(1.1)

Here, u is the population density of foragers, v stands for the population density of exploiters, and
w denotes the concentration of food. The constants χ, ξ, λ, and µ are assumed to be positive. The
nonnegative function r represents a renewable resource.

For model (1.1), we collect some relevant results here. In the one-dimensional setting, globally
bounded classical solutions of model (1.1) are established, which stabilize to the spatially uniform
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state [3]. Subsequently, for the multidimensional cases, the global boundedness of classical solutions
of (1.1) is obtained under the smallness conditions on the initial data and production rate (or weak taxis
effect) [4,5]. Under some explicit conditions linking w0 and r, Winkler [6] investigated the global exis-
tence and large time behavior of generalized solutions. In addition, through modifications to (1.1), there
are many research findings, such as model (1.1), with the logistic source [5, 7–13], nonlinear resource
consumption [14–18], nonlinear diffusion [19–21], singular sensitivities [22], gradient-dependent flux
limitation [23, 24], limited saturation [25], volume-filling [26], or competitive kinetics [27]. We also
note that Tao and Winkler [28] established the global boundedness and large time behavior of classical
solutions for the elliptic–parabolic–parabolic version of model (1.1).

When the v-species is disregarded (i.e., v ≡ 0), model (1.1) simplifies to a prey(nutrient)-taxis
model, ut = ∆u − χ∇ · (u∇w),

wt = ∆w − λuw − µw + r.
(1.2)

In the case µ = r = 0, for one-dimensional and two-dimensional spaces, the model (1.2) admits
globally bounded classical solutions, whereas in three dimensions, it has global weak solutions that will
become classical solutions after a waiting time [29]. For higher dimensions, the global boundedness
of its classical solutions can be established by adding a logistic source [30], nonlinear chemotaxis
function [31], sufficiently small initial value ∥w0∥L∞ [32,33], and so on. Moreover, Tao and Winkler [34]
considered the parabolic–elliptic version of (1.2), and they showed that the classical solution exists
globally and is also uniformly bounded in arbitrary dimensions in the absence of any constraints on the
initial data or taxis coefficient.

Motivated by the parabolic–elliptic version of (1.2) in the work of Tao et al. [34], we consider the
parabolic–parabolic–elliptic version of the forager–exploiter model

ut = ∆u − χ∇ · (u∇w), x ∈ Ω, t > 0,
vt = ∆v − ξ∇ · (v∇u), x ∈ Ω, t > 0,
0 = ∆w − λ(u + v)w − µw + r(x, t), x ∈ Ω, t > 0,
∂u
∂ν
= ∂v

∂ν
= ∂w

∂ν
= 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω,

(1.3)

where Ω ⊂ Rn(n ≥ 1) is a bounded domain with smooth boundary ∂Ω. The initial data satisfy

(u0, v0) ∈ [W2,∞(Ω)]2, u0, v0 ≥ 0,. 0, (1.4)

and r(x, t) ≥ 0 is supposed to satisfy

r(x, t) ∈ C1(Ω̄ × [0,∞)) ∩ L∞(Ω × (0,∞)) and r∗ := ∥r(x, t)∥L∞(Ω×(0,∞)). (1.5)

Next, we outline the main challenges and ideas for the present paper. To begin, we provide the
following abbreviations for conciseness:

∫
Ω
ψ =

∫
Ω
ψ(x)dx,

∫ t2
t1

∫
Ω
ψ =

∫ t2
t1

∫
Ω
ψ(x, s)dxds and ∥ψ∥Lp =

∥ψ∥Lp(Ω).
Compared with the model (1.2), the taxis mechanism in model (1.3) is cascaded, which complicates

the analysis and leads to challenges in proving the global boundedness of solutions via energy function
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construction in higher dimensions. Inspired by research [5], based on the local existence theory, we
suppose that ∥v∥L∞ is locally bounded. By means of energy estimates and Moser iteration, we obtain
the global estimate of ∥u∥L∞ . Then, leveraging the regularity theory of elliptic equations and the maxi-
mal Sobolev regularity theory, we derive higher-order estimates for w, thereby establishing the global
boundedness of solutions for sufficiently small ξ through a series of energy estimates alongside the
Neumann heat semigroup theory. Moreover, the large time behavior of solutions to (1.3) is proved for
suitably small χ and ξ. Our main results are stated as follows.

Theorem 1.1. Let Ω ⊂ Rn(n ≥ 1) be a bounded domain with a smooth boundary, and let χ, ξ, λ, µ be
positive constants. Suppose that (1.4) and (1.5) hold. If

ξ <
C

(∥u0∥W2,p + ∥v0∥L∞ + 1)p+1
(
(∥u0∥W2,p + ∥v0∥L∞ + 1)p + 2p∥v0∥

p
L∞ + 1

) with p > n, (1.6)

where C := C(χ, λ, µ, r∗, n, p,Ω) > 0, then the model (1.3) has a unique global classical solution

(u, v,w) ∈ [C0(Ω̄ × [0,∞)) ∩C2,1(Ω̄ × (0,∞))]3

satisfying u, v,w > 0 for all t > 0. Moreover, there exists a constant C > 0 independent of t such that

∥u(·, t)∥W1,∞ + ∥v(·, t)∥W1,∞ + ∥w(·, t)∥W1,∞ ≤ C. (1.7)

Remark 1.1. In the analysis of large time behavior of solutions, the upper bounds of ∥u∥L∞ , ∥v∥L∞ , and
∥w∥L∞ play a pivotal role. In fact, we point out that

∥u∥L∞ ≤ C

and
∥v∥L∞ ≤ 2∥v0∥L∞

as well as
∥w∥L∞ ≤ M =

r∗
µ
,

where C := C(∥u0∥W2,p , ∥v0∥L∞ , χ, λ, µ, r∗, n, p,Ω) > 0 with p > n (see Lemmas 3.1 and 3.3 and
Eq (3.19)).

Theorem 1.2. Assume the assumptions in Theorem 1.1 hold, and let r(x, t) ≡ r0 be a positive constant.
If χ, ξ satisfy

χ <
r0

λ∥v∥L∞∥w∥2L∞
(1.8)

and
ξ2 <

3
∥u∥L∞∥v∥L∞

, (1.9)

then one can find C > 0 and α > 0 independent of t, fulfilling

∥u(·, t) − ū0∥L∞ + ∥v(·, t) − v̄0∥L∞ + ∥w(·, t) − w∗∥L∞ ≤ Ce−αt for all t > 0,

where

(ū0, v̄0,w∗) =
(

1
|Ω|

∫
Ω

u0,
1
|Ω|

∫
Ω

v0,
r0

λ(ū0 + v̄0) + µ

)
. (1.10)
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The remainder of this paper is organized as follows. In the next section, we collect some useful
lemmas to prepare for proving the main results. In Section 3, we prove the global boundedness of
the solution to model (1.3) when ξ is sufficiently small (Theorem 1.1), and Section 4 is dedicated to
constructing the required Lyapunov functional, thereby completing the proof of Theorem 1.2.

2. Local existence and a priori estimates

In what follows, we shall use C and Ci (i = 1, 2, · · · ) to denote generic positive constants indepen-
dent of t, which may vary in context. The existence and uniqueness of local solutions of (1.3) can be
derived by the standard fixed point theory [34]. The positivity of solutions can be shown by the strong
maximum principle.

Lemma 2.1. Let Ω ⊂ Rn(n ≥ 1) be a bounded domain, and let χ, ξ, λ, µ > 0. Assume that (1.4) and
(1.5) hold. Then, there exists Tmax ∈ (0,∞] such that (1.3) has a classical solution

(u, v,w) ∈ [C0(Ω̄ × [0,Tmax)) ∩C2,1(Ω̄ × (0,Tmax))]3

fulfilling u, v,w > 0 in Ω̄ × (0,∞). Moreover, if Tmax < ∞, then

lim sup
t↗Tmax

(∥u(·, t)∥W1,∞ + ∥v(·, t)∥W1,∞ + ∥w (·, t) ∥W1,∞) = ∞.

For subsequent use, we present several well-known Lp-Lq estimates for the Neumann heat semi-
group.

Lemma 2.2. ( [35]) Let (et∆)t≥0 be the Neumann heat semigroup in Ω, and let λ1 > 0 denote the first
nonzero eigenvalue of −∆ in Ω under Neumann boundary conditions. Then, for all t > 0, there exist
some constants γi (i = 1, 2, 3, 4) depending only on Ω such that
(i) If 1 ≤ q ≤ p ≤ ∞, then

∥et∆z∥Lp ≤ γ1

(
1 + t−

n
2

(
1
q−

1
p

))
∥z∥Lq

for all z ∈ Lq(Ω).
(ii) If 1 ≤ q ≤ p ≤ ∞, then

∥∇et∆z∥Lp ≤ γ2

(
1 + t−

1
2−

n
2

(
1
q−

1
p

))
e−λ1t∥z∥Lq

for all z ∈ Lq(Ω).
(iii) If 2 ≤ p < ∞, then

∥∇et∆z∥Lp ≤ γ3e−λ1t∥∇z∥Lp

for all z ∈ W1,p(Ω).
(iv) If 1 < q ≤ p ≤ ∞, then

∥et∆∇ · z∥Lp ≤ γ4

(
1 + t−

1
2−

n
2

(
1
q−

1
p

))
e−λ1t∥z∥Lq

for all z ∈ (C∞0 (Ω))n.

The following is an auxiliary result to be utilized in subsequent sections.
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Lemma 2.3. ( [36]) Let T > 0, τ ∈ (0,T ), a > 0, and b > 0, and assume that y : [0,T ) → [0,∞) is
continuous such that

y′(t) + ay(t) ≤ h(t) for all t ∈ (0,T )

with some nonnegative function h ∈ L1
loc([0,T )) fulfilling∫ t+τ

t
h(s) ≤ b for all t ∈ [0,T − τ).

Then,

y(t) ≤ y(0) + 2b +
b
a

for all t ∈ (0,T ).

3. Global boundedness

Throughout this section, we introduce the following notations:

A = 2∥v0∥L∞ , M =
r∗
µ
, Φ = {χ, λ, µ, r∗, n, p,Ω},

I0 = ∥u0∥W2,p + ∥v0∥L∞ + 1, J0 = I p
0 (M2p + 1)(I p

0 + Ap + 1) with p = 2q > n.

In addition, we define

T̃ := sup{T ∈ (0,Tmax) : ∥v(·, t)∥L∞ ≤ A for all t ∈ (0,T )}.

By virtue of the continuity of the solution, it is clear that T̃ ∈ (0,Tmax] and

sup
t∈(0,T̃ )

∥v(·, t)∥L∞ ≤ A. (3.1)

This is a bootstrap hypothesis to be closed in Lemma 3.6. For the later use, we denote τ := min
{

T̃
2 , 1

}
.

Lemma 3.1. Let (u, v,w) be the solution of (1.3) obtained in Lemma 2.1. Then, for all t ∈ (0, T̃ ), we
have

∥w∥L∞ ≤ M. (3.2)

Proof. It is easy to check that w ≡ 0 is a lower solution to the third equation in (1.3). Define w ≡ M =
r∗/µ. Alongside the positivity of u and v, one has

∆w − (λ(u + v) + µ) w + r(x, t) = − (λ(u + v) + µ)
r∗
µ
+ r(x, t) ≤ −r∗ + r(x, t) ≤ 0.

Then, M is an upper solution for the equation. Applying the comparison principle, we obtain 0 ≤ w ≤
M, which implies (3.2).

Lemma 3.2. Let (u, v,w) be the solution of (1.3) obtained in Lemma 2.1. Then, there exists C :=
C(Φ) > 0 such that

∥u∥L1 ≤ CI0 for all t ∈ (0, T̃ ). (3.3)

Proof. Integrating the first equation in (1.3) directly yields (3.3).

Mathematical Biosciences and Engineering Volume 23, Issue 4, 1050–1066.



1055

Next, we derive the L∞-estimate for u.

Lemma 3.3. Let (u, v,w) be the solution of (1.3) obtained in Lemma 2.1. There exists C = C(Φ) > 0
such that

∥u∥L∞ ≤ CI0 for all t ∈ (0, T̃ ). (3.4)

Proof. From the first equation of (1.3), we can see that

1
p

d
dt

∫
Ω

up =

∫
Ω

up−1ut

=

∫
Ω

up−1 (∆u − χ∇ · (u∇w))

= −(p − 1)
∫
Ω

up−2|∇u|2 + χ(p − 1)
∫
Ω

up−1∇u · ∇w

= −(p − 1)
∫
Ω

up−2|∇u|2 +
χ(p − 1)

p

∫
Ω

∇up · ∇w

= −(p − 1)
∫
Ω

up−2|∇u|2 −
χ(p − 1)

p

∫
Ω

up∆w

≤ −(p − 1)
∫
Ω

up−2|∇u|2 +
χ(p − 1)

p

∫
Ω

rup,

which means
d
dt

∫
Ω

up +
4(p − 1)

p

∫
Ω

|∇u
p
2 |2 +

∫
Ω

up ≤ (χ(p − 1)r∗ + 1)
∫
Ω

up. (3.5)

With the help of the Gagliardo–Nirenberg inequality, Young’s inequality, and (3.3), it follows that

(χ(p − 1)r∗ + 1)
∫
Ω

up = (χ(p − 1)r∗ + 1)
∥∥∥∥u

p
2

∥∥∥∥2

L2

≤ C1

(
∥∇u

p
2 ∥2θL2∥u

p
2 ∥

2(1−θ)

L
2
p
+ ∥u

p
2 ∥2

L
2
p

)
= C1

(
∥∇u

p
2 ∥2θL2∥u∥

p(1−θ)
L1 + ∥u∥p

L1

)
≤

2(p − 1)
p
∥∇u

p
2 ∥2L2 +C2I p

0 ,

(3.6)

where C1,C2 > 0 are constants depending on Φ and θ = (np − n)/(2 + np − n) ∈ (0, 1). Substituting
(3.6) into (3.5), we obtain that

d
dt

∫
Ω

up +
2(p − 1)

p

∫
Ω

|∇u
p
2 |2 +

∫
Ω

up ≤ C2I p
0 ,

which, in conjunction with Grönwall’s inequality and the standard Moser iteration method [37], en-
tails (3.4).

Lemma 3.4. Let (u, v,w) be the solution of (1.3) obtained in Lemma 2.1. Then, there exists C =
C(Φ) > 0 such that

∥w∥W2,p ≤ CJ
1
p

0 for all t ∈ (0, T̃ ) (3.7)
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and

∥w∥W1,∞ ≤ CJ
1
p

0 for all t ∈ (0, T̃ ) (3.8)

as well as ∫ t+τ

t
∥∆u∥pLp ≤ CJ3

0 for all t ∈ (0, T̃ − τ). (3.9)

Proof. The standard elliptic regularity argument [38] implies that

∥w∥p
W2,p ≤ C1

(
∥−λ(u + v)w − µw + r(x, t)∥pLp + ∥w∥

p
Lp

)
,

which, together with (3.1), (3.2), and (3.4) yields

∥w∥p
W2,p ≤ C2MpI p

0 +C2MpAp +C2Mp +C2

≤ C3(Mp + 1)(I p
0 + Ap + 1),

where Ci(i = 1, 2, 3) > 0 depending onΦ. This shows (3.7). Thanks to the Sobolev embedding theorem
W2,p ↪→ W1,∞ with p > n and (3.7), one can find C4,C5 > 0 depending on Φ to derive

∥w∥W1,∞ ≤ C4∥w∥W2,p ≤ C5J
1
p

0 ,

which leads to (3.8). By leveraging the maximal Sobolev regularity of the Neumann heat semigroup
(et∆)t≥0 [39], we can use the ideas of Lemma 2.5 in [8] to get C6 := C6(Φ) > 0 such that∫ t+τ

t
∥u∥p

W2,p ≤ C6∥u0∥
p
W2,p +C6χ

∫ t+τ

t

∫
Ω

|∇ · (u∇w)|p . (3.10)

Using Hölder’s inequality alongside (3.4), (3.7), and (3.8), one can obtain

C6χ

∫
Ω

|∇ · (u∇w)|p = C6χ

∫
Ω

|∇u · ∇w + u∆w|p

≤ C7

∫
Ω

|∇u · ∇w|p +C7

∫
Ω

|u∆w|p

≤ C7∥∇u∥p
L2p∥∇w∥p

L2p +C7∥u∥
p
L∞∥∆w∥pLp

≤ C8J0∥∇u∥p
L2p +C8I p

0 J0,

(3.11)

where C7,C8 are positive constants depending on Φ. We rely on the Gagliardo–Nirenberg inequality,
the Young inequality, and (3.4) to find C9,C10,C11 > 0 depending on Φ such that

C8J0∥∇u∥p
L2p ≤ C9J0

(
∥∆u∥pθLp∥u∥

p(1−θ)
L∞ + ∥u∥pL∞

)
= C9J0

(
∥∆u∥

p
2
Lp∥u∥

p
2
L∞ + ∥u∥

p
L∞

)
≤ C10I

p
2

0 J0∥∆u∥
p
2
Lp +C10I p

0 J0

≤
1
2
∥∆u∥pLp +C11J3

0 ,

(3.12)
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where θ = 1
2 ∈ (0, 1). The combination of (3.10)–(3.12) indicates that∫ t+τ

t
∥u∥p

W2,p ≤ C6∥u0∥
p
W2,p +

1
2

∫ t+τ

t
∥∆u∥pLp +C12J3

0 ,

which gives ∫ t+τ

t
∥u∥p

W2,p ≤ C13J3
0 ,

where C12,C13 > 0 are constants depending on Φ. This means (3.9).

Using Lemma 3.4 together with heat semigroup theory, we can derive the following lemma.

Lemma 3.5. Let (u, v,w) be the solution of (1.3) obtained in Lemma 2.1. Then, there exists C =
C(Φ) > 0 such that

∥∇u∥L∞ ≤ CI0(J3
0 + 1) for all t ∈ (0, T̃ ). (3.13)

Proof. From the proof of Lemma 3.3 in [5] together with (3.4), (3.7), and (3.8), it follows that

1
2q

d
dt

∫
Ω

|∇u|2q +

∫
Ω

|∇u|2q ≤ C1I2q
0

∫
Ω

|∇w|2(q+1) +C1I2q
0

∫
Ω

|∆w|q+1 +C1I2q
0

≤ C2I2q
0 J

2(q+1)
2q

0 +C2I2q
0 J

q+1
2q

0 +C2I2q
0

≤ C3I2q
0

(
J

2(q+1)
2q

0 + 1
)
,

where Ci(i = 1, 2, 3) > 0 are constants depending on Φ. This, alongside Lemma 2.3, entails

∥∇u∥L2q ≤ C4I0(J2
0 + 1), (3.14)

where C4 := C4(Φ) > 0. Next, thanks to a variation-of-constants representation, there holds

∇u(·, t) = ∇et∆u0 − χ

∫ t

0
∇e(t−s)∆∇ · (u∇w)ds,

which, in conjunction with Lemma 2.2, the Hölder inequality, and the facts (3.4), (3.7), (3.8), and
(3.14), indicates that

∥∇u∥L∞ ≤ γ3∥u0∥W1,∞ + χγ2

∫ t

0

(
1 + (t − s)−

1
2−

n
2p
)

e−λ1(t−s)∥∇u · ∇w∥Lpds

+ χγ2

∫ t

0

(
1 + (t − s)−

1
2−

n
2p
)

e−λ1(t−s)∥u∆w∥Lpds

≤ γ3∥u0∥W1,∞ +
C5I0(J3

0 + 1)χγ2

λ1

(
1 + λ

1
2+

n
2p

1 Γ

(
1
2
−

n
2p

))
+

C5I0(J0 + 1)χγ2

λ1

(
1 + λ

1
2+

n
2p

1 Γ

(
1
2
−

n
2p

))
≤ C6I0(J3

0 + 1),

from which (3.13) follows.
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We can now establish the L∞-estimate of v over the interval (0, T̃ ).

Lemma 3.6. Let (u, v,w) be the solution of (1.3) obtained in Lemma 2.1. Then, there exists C =
C(Φ) > 0 such that

∥v∥L∞ ≤ ∥v0∥L∞ +CξAI0(J3
0 + 1) for all t ∈ (0, T̃ ). (3.15)

Proof. Applying the variation-of-constants formula to the second equation of model (1.3), we can show
that

v(·, t) = et∆v0 − ξ

∫ t

0
e(t−s)∆∇ ·

(
v∇u

)
ds,

which, combined with Lemma 2.2, leads to

∥v∥L∞ ≤ ∥et∆v0∥L∞ + ξ

∫ t

0
∥e(t−s)∆∇ · (v∇u)∥L∞ds

≤ ∥v0∥L∞ + ξγ4

∫ t

0

(
1 + (t − s)−

1
2−

n
2p
)

e−λ1(t−s)∥v∇u∥Lpds.
(3.16)

Thanks to Hölder’s inequality, in conjunction with (3.1) and (3.13), one can find C1 := C1(Φ) > 0
satisfying

∥v∇u∥Lp ≤ ∥v∥L∞∥∇u∥L∞ |Ω|
1
p ≤ C1AI0(J3

0 + 1). (3.17)

Inserting (3.17) into (3.16), together with the fact that 0 < 1/2 + n/2p < 1 due to p > n, we can find a
positive constant C2 := C2(Φ) such that

∥v∥L∞ ≤ ∥v0∥L∞ +C2ξAI0(J3
0 + 1),

which yields (3.15).

Proof of Theorem 1.1. From Lemma 3.6, it follows that there exists a positive constant C = C(Φ) > 0
such that for any ξ > 0,

∥v(·, t)∥L∞ ≤ ∥v0∥L∞ +C(Φ)ξAI0(J3
0 + 1) for all t ∈ (0, T̃ ). (3.18)

It should be noted that C(Φ) is independent of ξ. Consequently, when ξ ≤ ∥v0∥L∞/2C(Φ)AI0(J3
0 + 1),

that is, ξ satisfies (1.6), (3.18) implies that ∥v(·, t)∥L∞ ≤ 3∥v0∥L∞/2 < A for all t ∈ (0, T̃ ). By virtue of
the definition of T̃ , we thus conclude that T̃ = Tmax, and

∥v(·, t)∥L∞ ≤ A for all t ∈ (0,Tmax). (3.19)

Furthermore, Lemmas 3.1–3.6 hold with T̃ being replaced by Tmax. Similar to Lemma 3.5, using (3.9)
and (3.13), we can show that ∥∇v∥L∞ < C(Φ, ξ, A, I0, J0, ∥v0∥W1,p) for all t ∈ (0,Tmax). Combining this
with (3.2), (3.4), (3.8), (3.13), and (3.19), we can derive the following inequality:

∥u(·, t)∥W1,∞ + ∥v(·, t)∥W1,∞ + ∥w(·, t)∥W1,∞ ≤ C for all t ∈ (0,Tmax),

where C is a positive constant independent of t. By virtue of Lemma 2.1, it follows that Tmax = ∞. The
proof is completed.
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4. Large time behavior

In this section, we analyze the large time behavior of solutions by constructing appropriate Lya-
punov functionals together with Barbǎlat’s lemma as stated below.

Lemma 4.1. ( [40]) If f (t) (t ∈ (1,∞)) is a uniformly continuous nonnegative function and satisfies∫ ∞

1
f (t)dt < ∞,

then f (t)→ 0 as t → ∞.

In addition, higher regularity properties of the solution are needed, which are stated as follows.

Lemma 4.2. If (u, v,w) is a global bounded classical solution of (1.3), and the initial data (u0, v0)
satisfies (1.4), then there exist θ ∈ (0, 1) and C > 0 independent of t such that

∥u∥
C2+θ,1+ θ2 (Ω×[t,t+1])

+ ∥v∥
C2+θ,1+ θ2 (Ω×[t,t+1])

+ ∥w∥
C2+θ, θ2 (Ω×[t,t+1])

≤ C

for all t > 1.

Proof. The conclusion is a consequence of Theorem 1.1, and the claim can be obtained via standard
parabolic Schauder estimates [41] applied on sliding time intervals, using the uniform W1,∞ bounds
(see Theorem 1.1).

Lemma 4.3. Let the assumptions of Theorem 1.1 hold, and suppose that r(x, t) ≡ r0 is a positive
constant. Assume (1.8) and (1.9) hold, and (ū0, v̄0,w∗) is given by (1.10). Then, there exists δ > 0 such
that the functions E1(t) and E2(t) defined by

E1(t) :=
∫
Ω

u ln
u
ū0
+

∫
Ω

v ln
v
v̄0

and

E2(t) :=
∫
Ω

|∇u|2

u
+

∫
Ω

|∇v|2

v
satisfy

E1(t) ≥ 0 (4.1)

as well as
d
dt
E1(t) + δE2(t) ≤ 0 (4.2)

for all t > 0.

Proof. Using Taylor’s formula, we can derive (4.1). By direct calculation, one has

d
dt
E1(t) =

d
dt

∫
Ω

u ln
u
ū0
+

d
dt

∫
Ω

v ln
v
v̄0

=
d
dt

∫
Ω

u ln u +
d
dt

∫
Ω

v ln v

= −

∫
Ω

|∇u|2

u
+ χ

∫
Ω

∇u · ∇w −
∫
Ω

|∇v|2

v
+ ξ

∫
Ω

∇u · ∇v.

(4.3)
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Multiplying both sides of the third equation in (1.3) by ∆w/w and integrating by parts, we have

0 =
∫
Ω

|∆w|2

w
− λ

∫
Ω

u∆w − λ
∫
Ω

v∆w + r0

∫
Ω

|∇w|2

w2 ,

which gives
χ

λ

∫
Ω

|∆w|2

w
+

r0χ

λ

∫
Ω

|∇w|2

w2 = −χ

∫
Ω

∇u · ∇w − χ
∫
Ω

∇v · ∇w. (4.4)

Using Young’s inequality, it follows that

−χ

∫
Ω

∇v · ∇w ≤
1
4

∫
Ω

|∇v|2

v
+ χ2

∫
Ω

v|∇w|2

≤
1
4

∫
Ω

|∇v|2

v
+ χ2∥v∥L∞∥w∥2L∞

∫
Ω

|∇w|2

w2 .

(4.5)

Upon combining (4.3)–(4.5) and using (1.8), we therefore obtain that

d
dt
E1(t) ≤ −

∫
Ω

|∇u|2

u
−

3
4

∫
Ω

|∇u|2

u
+ ξ

∫
Ω

∇u · ∇v
√

uv

√
uv

:= −
∫
Ω

XPXT ,

(4.6)

function X is defined by

X :=
(
∇u
√

u
,
∇v
√

v

)
,

and matrice P is given by

P :=

 1 −
ξ
√

uv
2

−
ξ
√

uv
2

3
4

 .
Because of (1.9), we have

|P| =
3
4
−
ξ2uv

4
≥

3
4
−
ξ2∥u∥L∞∥v∥L∞

4
> 0;

thus, P is positive definite. For some δ > 0, one knows that

XPXT ≥ δ|X|2.

This, together with (4.6), leads to (4.2).

Next, we analyze the convergence rate of the solution.

Lemma 4.4. Let the assumptions of Theorem 1.1 hold, and suppose that r(x, t) ≡ r0 is a positive
constant. Assume (1.8) and (1.9) hold, and (ū0, v̄0,w∗) is given by (1.10). Then, there exist C > 0 and
α > 0 such that

∥u(·, t) − ū0∥L∞ + ∥v(·, t) − v̄0∥L∞ + ∥w(·, t) − w∗∥L∞ ≤ Ce−αt, for all t > 0. (4.7)
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Proof. From Lemma 4.3, we conclude

d
dt
E1(t) + δE2(t) ≤ 0.

Considering that E1(t) is nonnegative, integrating the above inequality over the interval (1,∞) yields∫ ∞

1
E2(t)dt ≤

E1(t)
δ

< ∞.

By the regularity of (u, v) (see Lemma 4.2), it follows that E2(t) is uniformly continuous in (1,∞).
Using Lemma 4.1, we see that

E2(t)→ 0 as t → ∞.

By direct computation, one obtains that∫
Ω

(|∇u|2 + |∇v|2) =
∫
Ω

(
|∇u|2

u
u +
|∇v|2

v
v
)
≤ max{∥u∥L∞ , ∥v∥L∞}E2(t),

which gives ∫
Ω

(|∇u|2 + |∇v|2)→ 0 as t → ∞.

Thanks to Poincaré’s inequality, we can find C1 > 0 such that∫
Ω

|u − ū0|
2 +

∫
Ω

|v − v̄0|
2 ≤ C1

(∫
Ω

|∇u|2 +
∫
Ω

|∇v|2
)

and then
∥u − ū0∥L2 + ∥v − v̄0∥L2 → 0 as t → ∞. (4.8)

We integrate by parts in the third equation from (1.3) to infer that

0 =
∫
Ω

(w − w∗)(∆w − λ(u + v)w − µw + r0)

= −

∫
Ω

|∇w|2 +
∫
Ω

(w − w∗)(−λ(ū0 + v̄0)w − µw + r0)

− λ

∫
Ω

w(u − ū0)(w − w∗) − λ
∫
Ω

w(v − v̄0)(w − w∗),

where by the fact that r0 = (λū0 + λv̄0 + µ)w∗ yields

0 = −
∫
Ω

|∇w|2 − (λū0 + λv̄0 + µ)
∫
Ω

(w − w∗)2

− λ

∫
Ω

w(u − ū0)(w − w∗) − λ
∫
Ω

w(v − v̄0)(w − w∗)

≤ −

∫
Ω

|∇w|2 −
λū0 + λv̄0 + µ

2

∫
Ω

(w − w∗)2

+
λ2∥w∥L∞

λū0 + λv̄0 + µ

∫
Ω

(u − ū0)2 +
λ2∥w∥L∞

λū0 + λv̄0 + µ

∫
Ω

(v − v̄0)2.
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Therefore, we have

λū0 + λv̄0 + µ

2

∫
Ω

(w − w∗)2 ≤
λ2∥w∥2L∞

λū0 + λv̄0 + µ

∫
Ω

(
(u − ū0)2 + (v − v̄0)2

)
, (4.9)

which, alongside (4.8), gives
∥w − w∗∥L2 → 0 as t → ∞. (4.10)

The Gagliardo–Nirenberg inequality implies the existence of C2,C3,C4 > 0 such that

∥u − ū0∥L∞ ≤ C2∥u∥
n

n+2

W1,∞∥u − ū0∥
2

n+2

L2

and
∥v − v̄0∥L∞ ≤ C3∥v∥

n
n+2

W1,∞∥v − ū0∥
2

n+2

L2

as well as
∥w − w∗∥L∞ ≤ C4∥w∥

n
n+2

W1,∞∥w − w∗∥
2

n+2

L2 , (4.11)

which, along with (1.7), (4.8), and (4.10) prove the following claim:

∥u − ū0∥L∞ + ∥v − v̄0∥L∞ + ∥w − w∗∥L∞ → 0 as t → ∞.

According to a logarithmic Sobolev inequality [42], there exists C5 > 0 satisfying∫
Ω

u ln
u
ū0
+

∫
Ω

v ln
v
v̄0
≤ C5

(∫
Ω

|∇u|2

u
+

∫
Ω

|∇v|2

v

)
,

which, combined with (4.2), shows that

d
dt
E1(t) ≤ −δE2(t) ≤ −

δ

C5
E1(t).

This means
E1(t) ≤ E1(t0)e−

δ(t−t0)
C5 ,

which, together with the Csiszár–Kullback inequality [43], entails

∥u − ū0∥
2
L1 + ∥v − v̄0∥

2
L1 ≤ C6E1(t) ≤ C6E1(t0)e−

δ(t−t0)
C5 (4.12)

with C6 > 0. By means of the Gagliardo–Nirenberg inequality, we find C7,C8 > 0 such that

∥u − ū0∥L∞ ≤ C7∥u∥
n

n+1

W1,∞∥u − ū0∥
1

n+1

L1 ,

∥v − v̄0∥L∞ ≤ C8∥v∥
n

n+1

W1,∞∥v − ū0∥
1

n+1

L1 .

In view of (1.7) and (4.12), we therefore obtain

∥u − ū0∥L∞ + ∥v − v̄0∥L∞ ≤ C9e−ρt, (4.13)

which, in conjunction with (4.9) and (4.11), indicates that

∥w − w∗∥L∞ ≤ C10e−ρt (4.14)

with some positive constants C9, C10, and ρ. The combination of (4.13) and (4.14) yields (4.7).

Proof of Theorem 1.2. Theorem 1.2 can be directly derived from Lemma 4.4.
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5. Conclusions

This article aims to explore the dynamics of the parabolic–parabolic–elliptic forager–exploiter
model (1.3). By means of local existence theory, energy estimates, and semigroup theory, we mainly
establish that the solutions of (1.3) are globally bounded provided that the taxis coefficient of exploiters
is sufficiently small. Moreover, by constructing a Lyapunov functional, we show that if the taxis co-
efficients of the foragers and exploiters are sufficiently small, then the solution (u, v,w) converges
exponentially to the equilibrium point

(∫
Ω

u0/|Ω|,
∫
Ω

v0/|Ω|, r0/(λ(ū0 + v̄0) + µ)
)

in L∞ as t → ∞.

Use of AI tools declaration

No generative AI tools were used in the preparation of this manuscript.

Acknowledgments

This work is supported by the Scientific Research Program of the Higher Education Institution of
XinJiang (Grant No: XJEDU2025P090), the Special Project of Yili Normal University to Improve
Comprehensive Strength of Disciplines (Grant No: 22XKZY14), and the Scientific Research Program
of the Higher Education Institution of XinJiang (Grant No: XJEDU2021Y043).

Conflict of interest

All authors declare no conflicts of interest in this paper.

References

1. J. M. Lee, T. Hillen, M. A. Lewis, Pattern formation in prey-taxis systems, J. Biol. Dyn., 3 (2009),
551–573. https://doi.org/10.1080/17513750802716112

2. N. Tania, B. Vanderlei, J. P. Heath, L. Edelstein-Keshet, Role of social interactions in dynamic
patterns of resource patches and forager aggregation, Proc. Natl. Acad. Sci. U.S.A., 109 (2012),
11228–11233. https://doi.org/10.1073/pnas.1201739109

3. Y. S. Tao, M. Winkler, Large time behavior in a forager-exploiter model with different taxis strate-
gies for two groups in search of food, Math. Models Methods Appl. Sci., 29 (2019), 2151–2182.
https://doi.org/10.1142/S021820251950043X

4. J. Li, Y. F. Wang, Asymptotic behavior in a doubly tactic resource consumption model with pro-
liferation, Z. Angew. Math. Phys., 72 (2021), 21. https://doi.org/10.1007/s00033-020-01448-9

5. J. P. Wang, M. X. Wang, Global bounded solution of the higher-dimensional forager-exploiter
model with/without growth sources, Math. Models Methods Appl. Sci., 30 (2020), 1297–1323.
https://doi.org/10.1142/S0218202520500232

6. M. Winkler, Global generalized solutions to a multi-dimensional doubly tactic resource consump-
tion model accounting for social interactions, Math. Models Methods Appl. Sci., 29 (2019), 373–
418. https://doi.org/10.1142/S021820251950012X

Mathematical Biosciences and Engineering Volume 23, Issue 4, 1050–1066.

https://dx.doi.org/https://doi.org/10.1080/17513750802716112
https://dx.doi.org/https://doi.org/10.1073/pnas.1201739109
https://dx.doi.org/https://doi.org/10.1142/S021820251950043X
https://dx.doi.org/https://doi.org/10.1007/s00033-020-01448-9
https://dx.doi.org/https://doi.org/10.1142/S0218202520500232
https://dx.doi.org/https://doi.org/10.1142/S021820251950012X


1064

7. T. Black, Global generalized solutions to a forager-exploiter model with superlinear degradation
and their eventual regularity properties, Math. Models Methods Appl. Sci., 30 (2020), 1075–1117.
https://doi.org/10.1142/S0218202520400072

8. J. P. Wang, Global existence and stabilization in a forager-exploiter model with general logistic
sources, Nonlinear Anal., 222 (2022), 112985. https://doi.org/10.1016/j.na.2022.112985

9. J. P. Wang, Global solutions of a doubly tactic resource consumption model with logistic source,
J. Math. Phys., 63 (2022), 011503. https://doi.org/10.1063/5.0072317

10. Y. F. Xiong, Q. Xin, L. Xu, Global boundedness of a forager-exploiter model with nonlinear
tactic sensitivity and logistic source, Discrete Contin. Dyn. Syst. Ser. B, 30 (2025), 4806–4831.
https://doi.org/10.3934/dcdsb.2025085

11. H. Xu, L. C. Wang, Global existence and asymptotic stability of solutions to a forager-exploiter
model with logistic source, Z. Angew. Math. Phys., 74 (2023), 4. https://doi.org/10.1007/s00033-
022-01900-y

12. L. Xu, C. L. Mu, Q. Xin, Global boundedness of solutions to the two-dimensional forager-
exploiter model with logistic source, Discrete Contin. Dyn. Syst., 41 (2021), 3031–3043.
https://doi.org/10.3934/dcds.2020396

13. Q. Zhao, B. Liu, Global generalized solutions to the forager-exploiter model with logistic growth,
Discrete Contin. Dyn. Syst. Ser. B, 27 (2022), 5255–5282. https://doi.org/10.3934/dcdsb.2021273

14. Y. Chen, Z. P. Li, Asymptotic behavior in a forager-exploiter model with nonlinear resource
consumption with/without general logistic sources, J. Math. Anal. Appl., 519 (2023), 126793.
https://doi.org/10.1016/j.jmaa.2022.126793

15. Y. Y. Liu, Y. H. Zhuang, Boundedness in a high-dimensional forager-exploiter model with
nonlinear resource consumption by two species, Z. Angew. Math. Phys., 71 (2020), 151.
https://doi.org/10.1007/s00033-020-01376-8

16. C. Wu, Global boundedness and asymptotic stability of solutions in a forager-exploiter model with
logistic source, Results Math., 80 (2025), 103. https://doi.org/10.1007/s00025-025-02429-y

17. D. Wu, S. Shen, Global boundedness and stabilization in a forager-exploiter model with logis-
tic growth and nonlinear resource consumption, Nonlinear Anal. Real World Appl., 72 (2023),
103854. https://doi.org/10.1016/j.nonrwa.2023.103854

18. S. F. Zhao, L. Xie, Global existence and boundedness of solutions to a two-dimensional forager-
exploiter model with/without logistic source, Nonlinear Anal. Real World Appl., 83 (2025),
104261. https://doi.org/10.1016/j.nonrwa.2024.104261

19. J. P. Wang, Global existence and boundedness of a forager-exploiter system with nonlinear diffu-
sions, J. Differ. Equations, 276 (2021), 460–492. https://doi.org/10.1016/j.jde.2020.12.028

20. J. P. Wang, M. X. Wang, Global solutions of a forager-exploiter model with nonlinear diffusions,
Z. Angew. Math. Phys., 74 (2023), 79. https://doi.org/10.1007/s00033-023-01969-z

21. J. P. Wang, Q. Y. Zhang, Boundedness in a quasilinear forager-exploiter model, Math. Nachr., 297
(2024), 3741–3765. https://doi.org/10.1002/mana.202300507

Mathematical Biosciences and Engineering Volume 23, Issue 4, 1050–1066.

https://dx.doi.org/https://doi.org/10.1142/S0218202520400072
https://dx.doi.org/https://doi.org/10.1016/j.na.2022.112985
https://dx.doi.org/https://doi.org/10.1063/5.0072317
https://dx.doi.org/https://doi.org/10.3934/dcdsb.2025085
https://dx.doi.org/https://doi.org/10.1007/s00033-022-01900-y
https://dx.doi.org/https://doi.org/10.1007/s00033-022-01900-y
https://dx.doi.org/https://doi.org/10.3934/dcds.2020396
https://dx.doi.org/https://doi.org/10.3934/dcdsb.2021273
https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2022.126793
https://dx.doi.org/https://doi.org/10.1007/s00033-020-01376-8
https://dx.doi.org/https://doi.org/10.1007/s00025-025-02429-y
https://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2023.103854
https://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2024.104261
https://dx.doi.org/https://doi.org/10.1016/j.jde.2020.12.028
https://dx.doi.org/https://doi.org/10.1007/s00033-023-01969-z
https://dx.doi.org/https://doi.org/10.1002/mana.202300507


1065

22. X. R. Cao, Global radial renormalized solution to a producer-scrounger model with
singular sensitivities, Math. Models Methods Appl. Sci., 30 (2020), 1119–1165.
https://doi.org/10.1142/S0218202520400084

23. D. Wu, Global bounded solution to a forager-exploiter model with gradient de-
pendent chemotactic coefficients, J. Math. Anal. Appl., 527 (2023), 127398.
https://doi.org/10.1016/j.jmaa.2023.127398

24. Q. Zhao, B. Liu, Boundedness in a forager-exploiter model accounting for
gradient-dependent flux-limitation, East Asian J. Appl. Math., 12 (2022), 848–873.
https://doi.org/10.4208/eajam.291021.140222

25. X. R. Cao, Y. S. Tao, Boundedness and stabilization enforced by mild saturation of taxis
in a producer scrounger model, Nonlinear Anal. Real World Appl., 57 (2021), 103189.
https://doi.org/10.1016/j.nonrwa.2020.103189

26. Y. Y. Liu, Global existence and boundedness of classical solutions to a forager-exploiter
model with volume-filling effects, Nonlinear Anal. Real World Appl., 50 (2019), 519–531.
https://doi.org/10.1016/j.nonrwa.2019.05.015

27. L. C. Wang, H. Xu, Boundedness and stabilization in a forager-exploiter model with competitive
kinetics, Differ. Integr. Equations, 36 (2023), 205–227. https://doi.org/10.57262/die036-0304-205

28. Y. S. Tao, M. Winkler, Small-signal solutions to a nonlocal cross-diffusion model for interaction of
scroungers with rapidly diffusing foragers, Math. Models Methods Appl. Sci., 33 (2023), 103–138.
https://doi.org/10.1142/S0218202523500045

29. Y. S. Tao, M. Winkler, Eventual smoothness and stabilization of large-data solutions in a three-
dimensional chemotaxis system with consumption of chemoattractant, J. Differ. Equations, 252
(2012), 2520–2543. https://doi.org/10.1016/j.jde.2011.07.010

30. J. Lankeit, Y. L. Wang, Global existence, boundedness and stabilization in a high-dimensional
chemotaxis system with consumption, Discrete Contin. Dyn. Syst., 37 (2017), 6099–6121.
https://doi.org/10.3934/dcds.2017262

31. C. L. Mu, L. C. Wang, P. Zheng, Q. N. Zhang, Global existence and boundedness of classical so-
lutions to a parabolic-parabolic chemotaxis system, Nonlinear Anal. Real World Appl., 14 (2013),
1634–1642. https://doi.org/10.1016/j.nonrwa.2012.10.022

32. K. Baghaei, A. Khelgati, Boundedness of classical solutions for a chemotaxis model with
consumption of chemoattractant, C. R. Math. Acad. Sci. Paris, 355 (2017), 633–639.
https://doi.org/10.1016/j.crma.2017.04.009

33. Y. S. Tao, Boundedness in a chemotaxis model with oxygen consumption by baceria, J. Math.
Anal. Appl., 381 (2011), 521–529. https://doi.org/10.1016/j.jmaa.2011.02.041

34. Y. S. Tao, M. Winkler, Global smooth solvability of a parabolic-elliptic nutrient taxis
system in domains of arbitrary dimension, J. Differ. Equations, 267 (2019), 388–406.
https://doi.org/10.1016/j.jde.2019.01.014

35. M. Winkler, Aggregation vs. global diffusive behavior in the higher-dimensional Keller-Segel
model, J. Differ. Equations, 248 (2010), 2889–2905. https://doi.org/10.1016/j.jde.2010.02.008

Mathematical Biosciences and Engineering Volume 23, Issue 4, 1050–1066.

https://dx.doi.org/https://doi.org/10.1142/S0218202520400084
https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2023.127398
https://dx.doi.org/https://doi.org/10.4208/eajam.291021.140222
https://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2020.103189
https://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2019.05.015
https://dx.doi.org/https://doi.org/10.57262/die036-0304-205
https://dx.doi.org/https://doi.org/10.1142/S0218202523500045
https://dx.doi.org/https://doi.org/10.1016/j.jde.2011.07.010
https://dx.doi.org/https://doi.org/10.3934/dcds.2017262
https://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2012.10.022
https://dx.doi.org/https://doi.org/10.1016/j.crma.2017.04.009
https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2011.02.041
https://dx.doi.org/https://doi.org/10.1016/j.jde.2019.01.014
https://dx.doi.org/https://doi.org/10.1016/j.jde.2010.02.008


1066

36. C. Stinner, C. Surulescu, M. Winkler, Global weak solutions in a PDE-ODE system
modeling multiscale cancer cell invasion, SIAM J. Math. Anal., 46 (2014), 1969–2007.
https://doi.org/10.1137/13094058X

37. Y. S. Tao, M. Winkler, Boundedness in a quasilinear parabolic-parabolic Keller-
Segel system with subcritical sensitivity, J. Differ. Equations, 252 (2012), 692–715.
https://doi.org/10.1016/j.jde.2011.08.019

38. A. Friedman, Partial Differential Equations, Holt, Rinehart and Winston, New York, 1969.

39. Y. Giga, H. Sohr, Abstract Lp estimates for the Cauchy problem with applications to
the Navier-Stokes equations in exterior domains, J. Funct. Anal., 102 (1991), 72–94.
https://doi.org/10.1016/0022-1236(91)90136-S

40. X. L. Bai, M. Winkler, Equilibration in a fully parabolic two-species chemotaxis system with
competitive kinetics, Indiana Univ. Math. J., 65 (2016), 553–583.
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