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Abstract: This paper deals with the parabolic—parabolic—elliptic forager—exploiter model under homo-
geneous Neumann boundary conditions. It is shown that if the taxis effects of exploiters are suitably
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1. Introduction

Prey-taxis describes the nonrandom foraging behavior of predators, which move toward regions of
higher prey density. It is known that prey-taxis stabilizes the predator—prey model and does not give
rise to any pattern formation [1]. However, it is important to note that this conclusion may not apply
in the context of multispecies coexistence. In [2], Tania et al. proposed a foraging model involving a
mixedspecies group, known as a forager—exploiter model, and demonstrated that taxis within forager—
exploiter groups can result in pattern formation. The model reads as follows:

u, = Au— xV - (uVw),
v, =Av =&V - (vWu), (1.1)
w,=Aw—Au+v)w—puw +r.

Here, u is the population density of foragers, v stands for the population density of exploiters, and
w denotes the concentration of food. The constants y, &, A, and u are assumed to be positive. The
nonnegative function r represents a renewable resource.

For model (1.1), we collect some relevant results here. In the one-dimensional setting, globally
bounded classical solutions of model (1.1) are established, which stabilize to the spatially uniform
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state [3]. Subsequently, for the multidimensional cases, the global boundedness of classical solutions
of (1.1) is obtained under the smallness conditions on the initial data and production rate (or weak taxis
effect) [4,5]. Under some explicit conditions linking w, and r, Winkler [6] investigated the global exis-
tence and large time behavior of generalized solutions. In addition, through modifications to (1.1), there
are many research findings, such as model (1.1), with the logistic source [5,7—-13], nonlinear resource
consumption [14—18], nonlinear diffusion [19-21], singular sensitivities [22], gradient-dependent flux
limitation [23, 24], limited saturation [25], volume-filling [26], or competitive kinetics [27]. We also
note that Tao and Winkler [28] established the global boundedness and large time behavior of classical
solutions for the elliptic—parabolic—parabolic version of model (1.1).

When the v-species is disregarded (i.e., v = 0), model (1.1) simplifies to a prey(nutrient)-taxis
model,

{ut = Au—yV - uVw), 12

w, = Aw — Aduw — uw + r.

In the case u = r = 0, for one-dimensional and two-dimensional spaces, the model (1.2) admits
globally bounded classical solutions, whereas in three dimensions, it has global weak solutions that will
become classical solutions after a waiting time [29]. For higher dimensions, the global boundedness
of its classical solutions can be established by adding a logistic source [30], nonlinear chemotaxis
function [31], sufficiently small initial value ||wy||.~ [32,33], and so on. Moreover, Tao and Winkler [34]
considered the parabolic—elliptic version of (1.2), and they showed that the classical solution exists
globally and is also uniformly bounded in arbitrary dimensions in the absence of any constraints on the
initial data or taxis coefficient.

Motivated by the parabolic—elliptic version of (1.2) in the work of Tao et al. [34], we consider the
parabolic—parabolic—elliptic version of the forager—exploiter model

u; = Au— V- (uVw), xeQ, t>0,

v, = Av = EV - (Wu), xeQ, t>0,
O=Aw—-Au+v)w—uw +r(x,t), xe€Q,t>0, (1.3)
Qo B Qv x€0Q, >0,

u(x, 0) = up(x), v(x,0) = vo(x), x€Q,

where Q2 C R"(n > 1) is a bounded domain with smooth boundary Q. The initial data satisfy
(10, vo) € [W*(Q)]*, ug, vo > 0, % 0, (1.4)
and r(x, t) > 0 is supposed to satisfy
r(x,1) € C'(Q X [0,00)) N LY(Q X (0,00)) and 7, := [[r(x, Dllz=(@x(0.00)- (1.5)

Next, we outline the main challenges and ideas for the present paper. To begin, we provide the
following abbreviations for conciseness: fg U= fQ Y(x)dx, f[ :2 fQ U= ft ltz fg W(x, s)dxds and |||, =

W lzr (-
Compared with the model (1.2), the taxis mechanism in model (1.3) is cascaded, which complicates
the analysis and leads to challenges in proving the global boundedness of solutions via energy function
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construction in higher dimensions. Inspired by research [5], based on the local existence theory, we
suppose that ||v||.~ is locally bounded. By means of energy estimates and Moser iteration, we obtain
the global estimate of ||u||.~. Then, leveraging the regularity theory of elliptic equations and the maxi-
mal Sobolev regularity theory, we derive higher-order estimates for w, thereby establishing the global
boundedness of solutions for sufficiently small & through a series of energy estimates alongside the
Neumann heat semigroup theory. Moreover, the large time behavior of solutions to (1.3) is proved for
suitably small y and £. Our main results are stated as follows.

Theorem 1.1. Let Q Cc R"(n > 1) be a bounded domain with a smooth boundary, and let y, &, A, u be
positive constants. Suppose that (1.4) and (1.5) hold. If
C

£< — with p > n, (1.6)
(luollw= + ol + 1P (ol + Iolls + 1P + 2¢lvollf + 1)

where C := C(y, A, U, ., n, p, Q) > 0, then the model (1.3) has a unique global classical solution
(u, v, w) € [C*(Q2 % [0,0)) N C>'(Q x (0, 0))]?
satisfying u,v,w > 0 for all t > 0. Moreover, there exists a constant C > 0 independent of t such that
e, Ollwres + IVC, Dllwre + W, Dllwre < C. (1.7)

Remark 1.1. In the analysis of large time behavior of solutions, the upper bounds of ||u||;«, ||V||.~, and
|[w|[.~ play a pivotal role. In fact, we point out that

llull» < C
and
VIl < 2[[vollze

as well as -
Wl < M = —,

where C := C(|luollwzr, lIVollze, x> A, i, 1y, p, Q) > 0 with p > n (see Lemmas 3.1 and 3.3 and
Eq (3.19)).

Theorem 1.2. Assume the assumptions in Theorem 1.1 hold, and let r(x,t) = ry be a positive constant.

If x, & satisfy

ro

X< T (1.8)
AWl Wl e
and
2 3
&<, (1.9)
lluel o [IV1]
then one can find C > 0 and a > 0 independent of t, fulfilling
llu(-, 1) = digllee + [Iv(-, D) = Volle= + 1w, £) = willp= < Ce™ forall t > 0,
where . .
- - o
’ ’ <) = | T s T~ s - - 1 110
%Ww)@mﬁmmdﬁﬂwmmw) (10
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The remainder of this paper is organized as follows. In the next section, we collect some useful
lemmas to prepare for proving the main results. In Section 3, we prove the global boundedness of
the solution to model (1.3) when ¢ is sufficiently small (Theorem 1.1), and Section 4 is dedicated to
constructing the required Lyapunov functional, thereby completing the proof of Theorem 1.2.

2. Local existence and a priori estimates

In what follows, we shall use C and C; (i = 1,2, ---) to denote generic positive constants indepen-
dent of 7, which may vary in context. The existence and uniqueness of local solutions of (1.3) can be
derived by the standard fixed point theory [34]. The positivity of solutions can be shown by the strong
maximum principle.

Lemma 2.1. Let Q ¢ R"(n > 1) be a bounded domain, and let x,&, A, u > 0. Assume that (1.4) and
(1.5) hold. Then, there exists Tax € (0, 0o] such that (1.3) has a classical solution

(u, v, w) € [COQ X [0, Tmax)) N C*1(Q X (0, Tinax))]’
fulfilling u,v,w > 0 in Q x (0, c0). Moreover, if Trax < 0, then

lim sup({luC:, Dllwre + [VC, Dllwre + W ¢, 1) [lwre) = 0.
t/leClX

For subsequent use, we present several well-known LP-L? estimates for the Neumann heat semi-
group.

Lemma 2.2. ( [35]) Let (¢%),59 be the Neumann heat semigroup in Q, and let A; > 0 denote the first
nonzero eigenvalue of —A in Q under Neumann boundary conditions. Then, for all # > 0, there exist
some constants y; (i = 1,2, 3,4) depending only on € such that

) If1<qg<p<oo,then

n(l

_n(l1_1
ezl < 71 (1 0 ”))||Z||Lq

for all z € L1(Q).
(i) If 1 < g < p < oo, then

Ve 2l < 72 (1 " f%‘%(i‘%))e-ﬂlﬂmnm
for all z € L1(Q).

(111) If 2 < p < oo, then
Ve zllr < y3e™|IVzlls

for all z € W'P(Q).
(v)If1 < g < p < oo, then

_1_n(1_1 _
12V - 2l < 74(1 +ri8G »))e Al

for all z € (CT(Q))".

The following is an auxiliary result to be utilized in subsequent sections.
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Lemma 2.3. ([36]) Let T > 0,7 € (0,T),a > 0, and b > 0, and assume that y : [0,7) — [0, 0) is
continuous such that
y(t) +ay(t) < h(t) forallte (0,T)

with some nonnegative function 2 € L} ([0, T)) fulfilling

loc

+T
f h(s)<b forallre[0,T —71).
t

Then, )
y() < y(0) + 2b + P forallt € (0, 7).

3. Global boundedness

Throughout this section, we introduce the following notations:

rs
A = 2||v0||L°°5 M = ;a (I) = {X’ /L/'la Vs, 1, p9 Q}9

Io = lluollwzr + lvollzs + 1, Jo = Ig(M?? + 1)(I§ + A” + 1) with p = 2g > n.

In addition, we define

T :=sup{T € (0, Trax) : VG, D)l < A forall £ € (0,7)}.
By virtue of the continuity of the solution, it is clear that T € (0, Tpax] and

sup |[v(, Dz~ < A. 3.1
te(0,7)

This is a bootstrap hypothesis to be closed in Lemma 3.6. For the later use, we denote 7 := min {%, 1}.

Lemma 3.1. Let (u, v, w) be the solution of (1.3) obtained in Lemma 2.1. Then, for all t € (0,T), we

have
W]l < M. (3.2)

Proof. 1t is easy to check that w = 0 is a lower solution to the third equation in (1.3). Define w = M =
r./u. Alongside the positivity of u and v, one has

Aw—(Au+v)+uww+r(x,t) = —(/l(u+v)+/,c)% +r(x,t) < —r.+r(x,1) <0.

Then, M is an upper solution for the equation. Applying the comparison principle, we obtain 0 < w <
M, which implies (3.2).

Lemma 3.2. Let (u,v,w) be the solution of (1.3) obtained in Lemma 2.1. Then, there exists C :=
C(®) > 0 such that
lullr < CIy  forallte(0,T). (3.3)

Proof. Integrating the first equation in (1.3) directly yields (3.3).
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Next, we derive the L*-estimate for u.

Lemma 3.3. Let (u,v,w) be the solution of (1.3) obtained in Lemma 2.1. There exists C = C(®) > 0
such that
lullz> < CIy  forallte(0,T). (3.4)

Proof. From the first equation of (1.3), we can see that
2L
p pdt
= f u” (Au = xV - (uVw))
Q

=—(p—l)fu”‘leu|2+X(p—l)fu”“Vu-Vw
Q Q

-1
=—(p-1 f WVl + X—(p ) fVu” -Vw
Q p

Q

—1
——(p-1) f 2w - XP =D f u? Aw
Q p Q

—(p—l)fup_ZIVu|2+Mfrup,

Q p Q

d%fup Hp - 1)f|Vug|2+fupS(X(p—l)r*+l)fup. (3.5)
Q p Q Q Q

With the help of the Gagliardo—Nirenberg inequality, Young’s inequality, and (3.3), it follows that

which means

4 2
uz
12

(p—Dr. + 1)fu” =(p-Dr.+1)
Q

<c (||Vuz|| P ||u9||22)
Lp 3.6)
= C; (Va2 ||u||”<1 ., lull?, )
2 _
20Dyt v o,

where Cy,C, > 0 are constants depending on ® and 8 = (np —n)/(2 + np —n) € (0, 1). Substituting
(3.6) into (3.5), we obtain that

d 2(p -1 P
—fu” + (p )fVIle2 +fup < CIP,
dt Jo p Q Q

which, in conjunction with Gronwall’s inequality and the standard Moser iteration method [37], en-
tails (3.4).

Lemma 3.4. Let (u,v,w) be the solution of (1.3) obtained in Lemma 2.1. Then, there exists C =
C(®) > 0 such that

1 o
IWllw2r < CJ5 forallt e (0,T) (3.7)
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and
[[Wllyre < CJOE forall t € (0, T) (3.8)

as well as

+T
f lAull?, < CJ3  forallte (0,T — 7). (3.9
t
Proof. The standard elliptic regularity argument [38] implies that

W2, < i (=G + vw = pow + 1 DI, + W, ).

which, together with (3.1), (3.2), and (3.4) yields

Iwll? ., < CaMPI§ + CMPA? + CoMP + C;
< G3(MP + D)) + A + 1),
where C;(i = 1,2, 3) > 0 depending on ®. This shows (3.7). Thanks to the Sobolev embedding theorem
W?P — W' with p > n and (3.7), one can find Cy4, Cs > 0 depending on ® to derive

[Wllwie < Callwllw2r < CsJg,

which leads to (3.8). By leveraging the maximal Sobolev regularity of the Neumann heat semigroup
(€™)=0 [39], we can use the ideas of Lemma 2.5 in [8] to get Cg := Co(®) > 0 such that

f+T +T
f llull}y.,, < Colluolly, + Co)(f fIV ~(uVw)l”. (3.10)
t t Q

Using Holder’s inequality alongside (3.4), (3.7), and (3.8), one can obtain
C6Xf V- (uVw)|P = C6)(f [Vu - Vw + uAw|?
Q Q

SC7f|Vu-VW|p+C7f|uAW|p (3.11)
Q Q

< GAIVUlly, VWL, + Crllullz AW,

< CSJOHV””izp + CsIi Jo,

where C;, Cg are positive constants depending on ®. We rely on the Gagliardo—Nirenberg inequality,

the Young inequality, and (3.4) to find Cy, Cyo, C;; > 0 depending on ® such that

0 1-6
CsJollVull?,, < Codo (1Al Il ™ + el )

L —

= CoJo (||Au||zp||u||,im " ||u||”m)
, . (3.12)
< Cioly JollAull;, + Crodf Jo

1
< §||AM||Z + C11J8,
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where 0 = % € (0, 1). The combination of (3.10)—(3.12) indicates that

1+T 1 1+T
3
f lullyz, < Colluolfyz, + 5 f 1Aull}, + Ciad3,
t t

+T
f ||ullw2p — Cl";‘] ’
t

where Cy,, Ci3 > 0 are constants depending on ®. This means (3.9).

which gives

Using Lemma 3.4 together with heat semigroup theory, we can derive the following lemma.

Lemma 3.5. Let (u,v,w) be the solution of (1.3) obtained in Lemma 2.1. Then, there exists C =
C(®) > 0 such that
IVull;~ < Clo(J3 + 1) forallt € (0,T). (3.13)

Proof. From the proof of Lemma 3.3 in [5] together with (3.4), (3.7), and (3.8), it follows that

T f IVul + f VulP? < C\ 1 f Vw4 ¢ 1 f JAw|T! + €1
q

2g+1)

<G, + Cglqu g + Gy

5 2g+1)
< C3]Oq (JO My 1) s

where C;(i = 1,2,3) > 0 are constants depending on ®. This, alongside Lemma 2.3, entails
IVull 20 < Calo(JG + 1), (3.14)

where C, := C4(®) > 0. Next, thanks to a variation-of-constants representation, there holds

f
Vu(-, t) = Ve u —/\(f Ve'=92V . (uVw)ds,
0

which, in conjunction with Lemma 2.2, the Holder inequality, and the facts (3.4), (3.7), (3.8), and
(3.14), indicates that

!
IVull < yslluollw +x¥2 f (1+@=97%) e M|V - Vwllpds
0

!
+ X7 f (1 +(t - s)_%_ﬁ)e‘*l(’_s)llqulleds
0

Cslo(Jy + Dxy: beg (1 n
< y3lluollwr~ + 0/1 1+ /112+2'1" 3 E
1
g Glot Dxya (4 aefp (L7
A 2 2p

< Celo(J; + 1),

from which (3.13) follows.
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We can now establish the L*-estimate of v over the interval (0, 7).

Lemma 3.6. Let (u,v,w) be the solution of (1.3) obtained in Lemma 2.1. Then, there exists C =
C(®) > 0 such that
IVllze < |vollze + CfAIO(JS +1) forallte(0,T). (3.15)

Proof. Applying the variation-of-constants formula to the second equation of model (1.3), we can show
that

!
v(-, 1) = ey — ff TNV - (Wu)ds,
0
which, combined with Lemma 2.2, leads to

!
Ve < lle™vollp= + € f e/~ 9AV - (VW) 1=ds
0 (3.16)

t
< [ollz + 574f (1+ - 97275) e wVullds.
0

Thanks to Holder’s inequality, in conjunction with (3.1) and (3.13), one can find C; := C{(®) > 0
satisfying
1
IWVullr < VIl lIVull=|Q1> < CAI(JG + 1). (3.17)

Inserting (3.17) into (3.16), together with the fact that 0 < 1/2 + n/2p < 1 due to p > n, we can find a
positive constant C; := C»(®) such that

IVl < vollzs + CofALo(Jg + 1),

which yields (3.15).

Proof of Theorem 1.1. From Lemma 3.6, it follows that there exists a positive constant C = C(®) > 0
such that for any & > 0,

VG, D)l < ol + C(D)EAL(J3 + 1)  forallz € (0, T). (3.18)

It should be noted that C(®) is independent of £&. Consequently, when & < |[|vg[z /2C((D)AIO(J8 +1),
that is, £ satisfies (1.6), (3.18) implies that |[v(-, f)||lz~ < 3|vollz=/2 < A for all t € (0, 7). By virtue of
the definition of 7, we thus conclude that 7 = T, and

(-, Dl <A forall £ € (0, Thax)- (3.19)

Furthermore, Lemmas 3.1-3.6 hold with T being replaced by T. Similar to Lemma 3.5, using (3.9)
and (3.13), we can show that ||[Vv||~ < C(D, &, A, Iy, Jo, |[vollw:») for all £ € (0, Tax). Combining this
with (3.2), (3.4), (3.8), (3.13), and (3.19), we can derive the following inequality:

lluC, Dllwres + 1V, Dllwres + [WC, Dllwre < € for all £ € (0, Trax),

where C is a positive constant independent of ¢. By virtue of Lemma 2.1, it follows that T}, = co. The
proof is completed.
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4. Large time behavior

In this section, we analyze the large time behavior of solutions by constructing appropriate Lya-
punov functionals together with Barbdlat’s lemma as stated below.

Lemma 4.1. ( [40]) If f(¢) (¢t € (1, o)) is a uniformly continuous nonnegative function and satisfies
f f(t)dt < oo,
1

In addition, higher regularity properties of the solution are needed, which are stated as follows.

then f(r) > O as t — oo.

Lemma 4.2. If (u,v,w) is a global bounded classical solution of (1.3), and the initial data (uy, vy)
satisfies (1.4), then there exist 0 € (0, 1) and C > 0 independent of t such that

_ _ _ <
||u||C2+6’1+%(Q><[t,t+l]) + ||v||C2+6’1+%(Q><[t,t+l]) + ||W||C2+9'%(Q><[t,t+l]) -
forallt > 1.
Proof. The conclusion is a consequence of Theorem 1.1, and the claim can be obtained via standard

parabolic Schauder estimates [41] applied on sliding time intervals, using the uniform W' bounds
(see Theorem 1.1).

Lemma 4.3. Let the assumptions of Theorem 1.1 hold, and suppose that r(x,t) = ry is a positive
constant. Assume (1.8) and (1.9) hold, and (i1y, vy, w.) is given by (1.10). Then, there exists 6 > 0 such
that the functions &(t) and E,(t) defined by

Ei1() ::fuln_i+‘fvln_1
Q Ug Q Vo

and i |VP
u %
E(1) = f
satisfy
E) =0 4.1)

as well as J

E&(t) +0E,(1) <0 4.2)
forallt> 0.

Proof. Using Taylor’s formula, we can derive (4.1). By direct calculation, one has

i&(r) jfu1n1+i vln1

:_jymu+_f}mv (4.3)
Vul? Vv
| ul fV -Vw — fl U +§fVu-Vv.

o VvV Q

Mathematical Biosciences and Engineering Volume 23, Issue 4, 1050-1066.
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Multiplying both sides of the third equation in (1.3) by Aw/w and integrating by parts, we have

Awl|? Vwl?
O:fl i —/lquw—/lvaw+r0f—| il ,
o W Q Q Q W

Aw]? Vw|*
{jwvﬂ+ﬂgfwvﬁ:j%fVWVW—XwaVm (44)
/lQW /lQW Q Q

Using Young’s inequality, it follows that

1 Vv[?
—Xva-Vwﬁ—fﬂ+X2fv|Vw|2
Q 4Ja v Q

which gives

4.5
< 1f|w|2+ 2|l w2 f'vwl2 .
<=1 — V|| W7 e )
4 o0 v X L L o w2
Upon combining (4.3)—(4.5) and using (1.8), we therefore obtain that
d Vul> 3 Vul? Vu-V
L& < - '”'—if'm+f 2
dt QO u 4 o u 0 \/W (46)

::—fXPXT,
Q

¥ (Vu Vv
L \/ﬁ’ W s

function X is defined by

and matrice P is given by

1 _Ew

. 2

P:= _EvVwy 3

2 4

Because of (1.9), we have
3 Euv 3 Ellullsvlls

Pl="-2>2_—>-_2"—"""" :
Pl=3-"2 23 VR

thus, P is positive definite. For some ¢ > 0, one knows that
XPx" > 5|XP*.
This, together with (4.6), leads to (4.2).

Next, we analyze the convergence rate of the solution.

Lemma 4.4. Let the assumptions of Theorem 1.1 hold, and suppose that r(x,t) = ry is a positive
constant. Assume (1.8) and (1.9) hold, and (i, Vo, w..) is given by (1.10). Then, there exist C > 0 and
a > 0 such that

luC, £) = diollzs + VG, 1) = Dol + W, 1) = willps < Ce™, forall t > 0. 4.7)
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Proof. From Lemma 4.3, we conclude

d
—&E(1t 0E,(1) < 0.
7 1(D) +08,(1) <

Considering that &;(¢) is nonnegative, integrating the above inequality over the interval (1, o) yields

foo E1(0)
1 - 5

By the regularity of (u,v) (see Lemma 4.2), it follows that &,(¢) is uniformly continuous in (1, co).
Using Lemma 4.1, we see that

E(t) > 0 as t — oo,

By direct computation, one obtains that

Vul? Vv
f(IVul +|Vv| )—f(l i %V)5max{”u”Lm,”V”L""}SZU)»

which gives
f(qul2 +|Vv?) - 0 as 1 — co.
Q

Thanks to Poincaré’s inequality, we can find C; > 0 such that

flu—ﬁ0|2+f|v—\70|2§C1 (f |Vu|2+f|Vv|2)
Q Q Q Q

[lu — itgll;2 + ||lv —Volllz = 0 as t — oco. 4.8)

and then

We integrate by parts in the third equation from (1.3) to infer that
0= f(w —w)(Aw — Au + v)w — uw + rp)
Q
—f IVwl* + f(w = w)(= Ay + Vo)w — uw + rp)
Q Q
- ﬂf w(u = lig)(w —w,) — 4 f w(v = Vo)(w — w.),
Q Q
where by the fact that ry = (digg + AV + w.. yields
—f IVwl® = (Aitg + AV + p1) f(w -w.)
Q Q
-4 f w(u — itg)(w —w,) — A f wv — Pg)(w —w,)
Q Q
Aty + Avy +
tfw|2_ﬂL_ﬁ_ﬁf(_w)

2|wl| Al _
T ol Kt i orl] K08
Aty + Avy + u /1u0+/lvo +u
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Therefore, we have
Allg + Avy + M f 2 /lzllwllioo f - \2 - \2
_— 2 - + - , 4.9
5 v =w) Mﬁﬁﬁﬂgw i)’ + (v = ¥o)°) (4.9)
which, alongside (4.8), gives
lw—=willz — 0 as t — oo. 4.10)

The Gagliardo—Nirenberg inequality implies the existence of C,, C3, C4 > 0 such that

n_ 2
n+2

e — digllz < Collull72 llu — aoll73?
and ) )
v = Volle < CalVI v — doll 5
as well as ) ,
W = willps < Callwlliillw — will 57, 4.11)

which, along with (1.7), (4.8), and (4.10) prove the following claim:
|l = Giollz= + |Iv = Vollz= + |lw = willp= — 0 as 1 — oo.

According to a logarithmic Sobolev inequality [42], there exists Cs > 0 satisfying

Vul? V|2
fuln_i+fv1n_1scs(f| u +f| V'),
Q Up Q Vo Q Uu o V

which, combined with (4.2), shows that

d 0
J— < — < ——— .
t81(t) < —086,(1) < c &)

This means
5(1—10)

Ei() < Ei(tp)e &,
which, together with the Csiszar—Kullback inequality [43], entails

8(1-1)

llu = o7, + v = Woll7, < CeS1() < CeErlto)e” 5 (4.12)

with Cg > 0. By means of the Gagliardo—Nirenberg inequality, we find C;, Cg > 0 such that

1

N 1
llu = Gioll~ < Crllull i Ml = aoll 7

n_ 1
v =Volle < CslVIlg v — doll 7

In view of (1.7) and (4.12), we therefore obtain ' "
llu = digll= + v = ollw < Coe™, (4.13)
which, in conjunction with (4.9) and (4.11), indicates that
W — w.ll~ < Croe™ (4.14)

with some positive constants Cy, Cy, and p. The combination of (4.13) and (4.14) yields (4.7).

Proof of Theorem 1.2. Theorem 1.2 can be directly derived from Lemma 4.4.

Mathematical Biosciences and Engineering Volume 23, Issue 4, 1050-1066.
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5. Conclusions

This article aims to explore the dynamics of the parabolic—parabolic—elliptic forager—exploiter
model (1.3). By means of local existence theory, energy estimates, and semigroup theory, we mainly
establish that the solutions of (1.3) are globally bounded provided that the taxis coefficient of exploiters
is sufficiently small. Moreover, by constructing a Lyapunov functional, we show that if the taxis co-
efficients of the foragers and exploiters are sufficiently small, then the solution (u,v,w) converges
exponentially to the equilibrium point ( fQ uy /19|, fg vo/IQl, ro/ (it + Vo) + ,u)) in L® as t — oo.
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