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Abstract: Turing pattern formation in growing domains depends on a steady state that balances re-
action rates and local volume changes, leading to more complex patterning conditions than in fixed
domains. We analyzed the effects of domain growth and shrinkage on spatially homogeneous con-
centrations and their stability, demonstrating that long-term behavior depends on the growth type:
exponential growth causes asymptotic deviations, linear and quadratic growth enable gradual recovery
of the fixed-domain state, and oscillatory growth induces concentration oscillations. Using a linear ap-
proximation for the base state, we derived an analytic expression that accurately predicts these effects
for slow domain variations. Our theoretical model shows that dilution-induced steady states evolve
proportionally to the chemical fixed-point concentration, a result validated through extensive numer-
ical simulations of the Brusselator and BVAM reactions. Additionally, we proposed an approximate
framework for evaluating the stability of spatially homogeneous perturbations, interpreting it as a bal-
ance between reaction rates and dilution. This yielded an analytical criterion for determining stability
in the absence of diffusion, offering an alternative to previously exclusive numerical approaches for
identifying the first Turing condition for pattern formation.
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1. Introduction

The Turing mechanism for pattern formation posits that the interaction between two chemical sub-
stances—typically an activator and an inhibitor—can give rise to complex, repetitive spatial structures
such as spots or stripes, which are characteristic of a wide range of biological systems [1]. These
patterns are not only responsible for external morphological traits, such as animal coloration, but also
play a critical role in fundamental developmental processes, including the formation of organs and
tissues [2]. Turing instability arises from a reaction-diffusion process, whose dynamics allow for the
prediction of structured patterns emerging from initially homogeneous conditions. However, unlike the
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classical Turing model, which assumes fixed spatial domains, biological patterns often arise in growing
media [3, 4]. This growth introduces dilution effects and changes in the spatial distribution of interact-
ing substances, which significantly influence the shape and arrangement of the resulting patterns.

Understanding pattern formation in expanding domains is not only of theoretical interest but also
holds considerable practical relevance: in regenerative medicine, it enables the exploration of strategies
to control and guide the development of functional tissue structures [5, 6]; in materials science, it
inspires the design of self-organized materials with tailored properties [7]; and in evolutionary biology,
it provides a framework for understanding how developmental processes contribute to morphological
diversification in response to environmental pressures [8, 9].

The effects of changing domain size on reaction concentrations have significant real-world impli-
cations, particularly in biological systems where a system’s volume, such as a growing cell or tissue,
changes dynamically. Our analysis reveals that linear or quadratic domain expansions are compatible
with stable biological processes such as cell growth and division. This is because they provide a mech-
anism for cells to counteract the dilution effects that result from an increase in volume, allowing their
internal environment to remain stable and healthy [10, 11]. In contrast, the understanding of uncon-
trolled expansion in tumors, where the rapid increase in volume prevents the system from reaching a
stable state and leads to the dysregulation of key chemical processes, could be modeled with exponen-
tial growth domains that lead to unstable asymptotic deviations [12, 13]. Additionally, the framework
presented in this work has practical relevance for explaining the activity of GTPases in processes like
growth factor-stimulated fibroblasts and neuronal cells [14], as well as their temporal activation during
neurite outgrowth [15] and cell protrusion [16]. Thus, models based on the Turing mechanism of-
fer a powerful tool for addressing fundamental questions regarding self-organization, adaptation, and
evolution in both natural and synthetic systems.

In recent years, significant progress has been made in understanding how domain growth, do-
main shape (or manifold evolution), and additional mechanisms such as chemotaxis or concentration-
dependent evolution affect Turing pattern formation. Waters et al. [17] considered hybrid api-
cal–uniform domain growth and demonstrated how growth distributions influence pattern wavelength
and orientation under continuously expanding domains. Earlier work in [18] similarly analyzed
reaction-diffusion systems on non-autonomous growing domains, showing that time-dependent do-
main size can alter stability thresholds. More recent studies include [19], which introduced spatially
inhomogeneous feed rates in a Schnakenberg-type system and showed that heterogeneity induces novel
spot creation–destruction loops and strongly modulates spot density and height. Moreover, Krause
et al. [20] studied concentration-dependent domain evolution in one and higher dimensions, finding
that when growth depends on morphogen concentration, rapid growth or contraction leads to new
phenomena near bifurcation boundaries, often beyond what linear stability predicts. Another line of
work in [21] incorporated chemotaxis coupled with reaction-diffusion, finding that chemotactic cou-
pling can expand the parameter region for pattern formation and accelerate pattern emergence, though
sometimes at the cost of reduced spatial regularity. Together, these results underscore that domain
growth type (uniform vs. apical vs. concentration-driven), spatial heterogeneity, and added dynam-
ics such as chemotaxis qualitatively and quantitatively shift both the onset of Turing-type instabilities
and the resulting pattern geometries. Moreover, Silva-Dias et al. [22] reported the formation of sin-
gle and multiple stationary spiral patterns, along with transitional patterns, in the CDIMA (chlorine
dioxide–iodine–malonic acid) reaction. They analyzed the relationship between the final morpholo-
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gies and the radial and angular growth velocities, examined the importance of the size of the initial
nucleation site in determining spiral multiplicity, and evaluated the stability and robustness of these
Turing patterns.

Evidence from numerical simulations shows that the shape of the pattern in a growing domain
at a specific time depends on its history [23, 24]. It was conjectured that this type of memory is
determined by the ability of a dissipative structure to maintain a wavenumber, even when there is
another wavenumber that may be more stable to sideband perturbances [25–27]. To test this hypothesis,
a non-linear approximation to the solution of the reaction-diffusion-dilution (RDD) system near the
Turing bifurcation is required. However, despite important progress made in establishing the conditions
for the emergence of Turing patterns in growing domains [18, 28–30], this remains an open problem.

The first difficulty in finding the conditions for the emergence of Turing patterns in increasing do-
mains is that the spatial homogeneous state, that is, the state of the system in the absence of diffusion,
itself depends on time [30]. The homogeneous state is the basis for analyzing pattern formation in
reaction–diffusion systems. In classical Turing theory, it must remain stable to uniform perturbations
but become unstable to spatial ones at critical parameter values, ensuring that patterns arise purely
from diffusion effects. Yet, factors like domain size and boundary conditions can trigger instabilities
even when this condition is not met, revealing alternative self-organization mechanisms [31, 32]. This
contrast underscores the key role of homogeneous state stability in understanding pattern formation.
Approximations to the homogeneous reference state are almost non-existent in the literature. An ex-
ception is the work in [33], where the time dependence of the homogeneous state is assumed to change
little and can therefore be assumed to be replaceable by an average value. However, the time depen-
dency has several consequences. The first is that all spatial perturbations present in the system are
referred to this state and, therefore, they could store information about the inertia of the system in their
development, complicating the problem of determining its stability. The second issue has to do with
the stability of the homogeneous state itself since, as we will see in this work, it may not tend asymp-
totically to any value, it may show initial temporal variations independently of the initial condition,
and it may even give rise to unstable states even when the chemical reaction would be stable in a fixed
domain. This is in contrast to what happens with a fixed-length domain where the reaction fixed point
defines the steady homogeneous state with which simulations are initialized and around which spatial
perturbations occur.

With this in mind, a study of the conditions in Turing patterns in growing domains must first con-
sider this base state that directly affects the stability of the spatial perturbations that define the bifur-
cation, and until now has only been studied numerically, see, for example, [30]. This work is the first
systematic and formal study we know of in this regard, and is essential to obtain closed analytical
conditions for Turing instability. To simplify some methodological aspects, we will focus on a one-
dimensional RDD system in a Euclidean space under the hypothesis of isotropic growth, i.e., a growth
that occurs in the same way in each region of the domain. Aspects that complicate the presentation but
do not modify the basic aspects of this deduction, such as the use of more spatial dimensions or the use
of different boundary conditions, are not considered in this work.

This work aims to understand general aspects of the base state under different growth dynamics such
as exponential, linear, quadratic, and sinusoidal. To do so, we will derive an approximate expression
for the solution when the growth rate is relatively slow compared to the characteristic reaction and
diffusion times of the system, which is the case in most biological applications such as the appearance
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of patterns on animal skin. We will validate this expression by finite element simulations on the reaction
systems of the Brusselator [34] and BVAM [35] models. In addition, we will also consider the domain
shrinkage option, which has been scarcely considered so far.

The main outcome of our discussion will focus on understanding the stability of perturbations to the
base state, which constitutes the first Turing condition for the emergence of spatial patterns. We find
that, unlike what happens in a fixed-size domain, in a growing domain, the response to a spatially ho-
mogeneous disturbance combines the competition between the local production/consumption rates of
the reaction and the local change of volume introduced by dilution. The local production/consumption
rates describe the net contribution of the reaction terms, i.e., the rate at which each component is lo-
cally generated or depleted as a result of the underlying chemical kinetics. In contrast, the volume
changes not only affect the steady state but could also change the dynamical properties of the pertur-
bations giving rise to new possible stability changes that could lead to the appearance/disappearance
of Turing patterns that do not occur in a fixed domain. In this work we focus only on the base state,
which has been studied only numerically in other works on Turing patterns in growth domains, see, for
example, [30, 36, 37].

The structure of this work is as follows. In Section 2, we present the RDD systems and distinguish
the equations for the base state and the perturbations. In Section 3, we provide a formal solution for
the spatially homogeneous state based on a linear approximation. We also discuss when this time-
dependent solution can be approximated by a constant solution for the exponential, linear quadratic,
and oscillatory cases. In Section 4, we test our prediction for the Brusselator and provide numerical
evidence for the validity of our approximation. Based on these considerations, in Section 5, we discuss
how the combined effect of reaction rates and dilution explain the stability properties of homogeneous
perturbations. Finally, in Section 6, we present a summary of conclusions and discuss the perspective
of our results.

2. Base state and perturbations of the RDD system in a dynamic domain

Consider a set of chemical species summarized in the vector c(x, t), all diffusing in a one-
dimensional domain that grows homogeneously with time t and has size l(t) on a Euclidean line. The
x coordinate determines a position in the physical domain. The RDD equation describing the process
is [38]

∂c
∂t
+

l̇(t)
l(t)

c(x, t) = D
∂2c
∂x2 + f(c). (2.1)

In this equation, D is the diffusion coefficient matrix which, without loss of generality, can be taken as
diagonal. Here, we introduced the local production/consumption of particles per unit length and time
as f(c(x, t)), measuring the local rate of the reaction for each component and therefore independent of
the domain size. We focus for this study on zero-flow boundary conditions and on initial conditions
with perturbations close to the fixed-point concentration as detailed below.

If the local volume change is homogeneous throughout the domain (isotropic growth), the relation-
ship between the moving and fixed reference system with coordinates ξ is x = l(t)ξ with ξ ∈ [0, 1].
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Using this transformation [37], the last equation becomes

∂c
∂t
+ g(t)c(ξ, t) =

1
l2(t)

D
∂2c
∂ξ2 + f(c). (2.2)

Here we define g(t) ≡ l̇(t)/l(t) to represent the growth rate per unit length, as it can be approximated as
g(t) ≈ ∆l/(l∆t). This equation is applicable to the one-dimensional RDD process on a Euclidean do-
main growing isotropically [38]. More general frameworks and deductions including curved domains
or anisotropic growth can be found in [37–39].

Regarding chemical reactions, in our work we will use the Brusselator and BVAM reaction models
to exemplify our results [34, 40, 41]. Therefore, if c = (cu, cv)T , the reaction are:

fB(c) = (A − Bcu − cu + c2
ucv, Bcu − c2

ucv)T , (2.3)

fBVAM(c) = (cu + acv − cucv − cuc2
v , bcv + hcu + cucv + cuc2

v)T . (2.4)

These equations are derived from the law of mass action and, as we will show, lead to very different
base states due to their different interpretation.

The homogeneous state around which perturbations are studied is different in a domain that grows
relative to one of fixed size. When studying Turing bifurcation on fixed domains, one considers the
stability of spatial perturbations around a fixed-point concentration c0, defined by setting all reaction
rates equal to zero, f(c0) = 0. In open systems (such as the Brusselator), this fixed point is usually not
the origin, but a steady state defined by c0 to which concentrations will asymptotically tend.

On the contrary, for a dynamic domain, if we consider a perturbation ζ(ξ, t) = c(ξ, t) − cs(t) around
a homogeneous quasi-equilibrium state cs(t), then it follows from the equation (2.2) that

∂cs

∂t
+ g(t)cs − f(cs) = −

∂ζ

∂t
− g(t)ζ +

1
l2(t)

D
∂2ζ

∂ξ2 +
∂f
∂c

(cs)ζ + O(ζ2), (2.5)

where we have expanded the function f(c) in series around cs. Neglecting quadratic terms in the
perturbations, the previous equation leads to two problems. The first one allows us to determine the
quasi-equilibrium homogeneous state cs(t) from

∂cs

∂t
+

l̇(t)
l(t)

cs = f(cs). (2.6)

The second problem allows us to determine the disturbance dynamics:

∂ζ

∂t
+

l̇(t)
l(t)
ζ =

1
l2(t)

D
∂2ζ

∂ξ2 +
∂f
∂c

(cs)ζ. (2.7)

The solution of this equation requires the prior determination of cs for the evaluation of the Jacobian
term ∂f

∂c (cs). Therefore, the determination of the Turing patterns via equation (2.7) for perturbations
crucially depends on the evaluation of the quasi-equilibrium state in (2.6).

Equation (2.6) is a nonlinear problem that cannot be solved analytically in general, and for which
some trends have been illustrated based on numerical solutions for some types of growth and reaction
systems, see, for example, [30]. In the next section, we obtain a formal approximation for the base
state solution in (2.6) to understand in a completely general way its properties as soon as some linearity
assumptions are fulfilled.
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3. Linear approximation to the quasi-equilibrium base state

To approximate solutions to the nonlinear problem (2.6), we assume that, if the growth is not too
fast, the average concentration also varies slowly compared to that of a fixed-sized domain. Thus,
the stability of the system can be analyzed by small perturbations around this state. Although this
assumption is not always valid, our numerical results show that, in most cases with slow growth, it is a
good approximation. Therefore, the behavior of the base state can be described with a linear approach.

3.1. Time-dependent homogeneous state

Let us find an approximate solution of (2.6) assuming that the concentration values are already close
to the fixed-point concentration c0 where f(c0) = 0. In this case, the reaction can be approximated as
f(cs) ≈ J[cs(t) − c0] where J is the constant Jacobian matrix of the reaction evaluated at c0. Defining
the deviations around the homogeneous state as δc(t) = cs(t) − c0, this leads to

d [δc]
dt
+ g(t)[c0 + δc] ≈ J δc. (3.1)

If J is a diagonalizable constant square matrix with modal matrix P such that Λ = P−1JP, then the
solution of this linear non-homogeneous differential equation in (3.1) with initial condition δc(0) is

δc =
l(0)
l(t)
PeΛtP−1δc(0) − P

eΛt

l(t)


t∫

0

l′(t′)e−Λt′dt′

P−1c0, (3.2)

with Λ the diagonal matrix whose entries are the eigenvalues of J. The derivation of this solution is
given in Appendix A of the Supplementary material.

Equation (3.2) states that the deviation of the homogeneous state cs from the fixed-point concentra-
tion c0 has two terms:

• A contribution proportional to the initial deviation δc(0) that will decay exponentially due to
terms of the form eΛit/l(t), where Λi is the i-th element of the diagonal of Λ. This contribution
represents the competition between the tendency of the reaction to the production/consumption
of material, (measured by the terms eΛit) and the dilution effect (measured by l(t)) which may
increase or decrease the volume depending on the type of growth.
• A proportional contribution to the fixed-point concentration c0. The magnitude of this deviation

is, in turn, proportional to the factor eΛit

 t∫
0

l′(t′)e−Λit′dt′
 /l(t) and, as we will show, is most pro-

nounced at the beginning of the process for growing domains and toward the end for shrinking
domains.

The first contribution for the homogeneous state depends on the initial conditions and can be set
to zero without loss of generality. The second indicates that in a reactor with a continuous inflow of
material, the concentration does not immediately reach a steady state but fluctuates over time based on
the given factor. This equilibrium depends on the type and rate of growth.

Taking this into account, from the result in (3.2), assuming that the system is already initially at the
fixed-point concentration c0, then δc(0) = 0, and the homogeneous state obeys
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cs ≈

I − P eΛt

l(t)


t∫

0

l̇(t′)e−Λt′dt′

P−1

 c0. (3.3)

This equation is approximate since it consists of a linearization of f(cs) around c0 as (3.1) is the linear
approximation of (2.6). Later in our numerical examples, we will see what factors could contribute to
the problem’s nonlinearity and, therefore, to the possible failure of (3.3).

3.2. Expected error and scope of the approximation

In order to estimate the error of the approximate formula in (3.3), we substitute this expression plus
an error term e(t) into equation (2.6). After some algebraic manipulation this leads to

e′(t) =
(
Λ − g(t)I

)
e(t) +

[
f(cs) − Λ(cs − c0)

]
, (3.4)

which constitutes a non-autonomous system of equations describing the error.
The first term defines a set of decoupled equations for each error component. The solution of the

homogeneous part is

ei(t) = exp
[
Λit − log

l(t)
l(0)

]
e0

i . (3.5)

The homogeneous part of the equation establishes that the error of the approximation in (3.3) tends
to zero provided that Re[Λi]t − log

(
l(t)
l(0)

)
< 0. This condition, which will be derived and explained in

detail below, implies that the approximation error tends to zero provided that the dilution measured by
l(t) is limited in a specific way by the intrinsic growth rate of the chemical reactions in the absence of
growth, represented by the real part of the eigenvalues Re[Λi].

The second term in (3.4) is independent of the error and has the generic form f(c) − Λ(c − c0), so it
only involves the net reaction rates. This means that the solution obtained using the full reaction rate,
including the nonlinear terms and denoted by f(c), can be represented by a homeomorphism, where
the dynamics are mainly determined by the linearization. Consequently, the convergence of the error
to zero is guaranteed in principle, provided that the assumptions of the Hartman–Grobman theorem
hold, namely that c0 is a hyperbolic equilibrium point and f is a smooth map. For the purposes of
this work, it is sufficient to require that

∫ t

0

[
f(c) − Λ(c − c0)

]
dt < ϵ0e− jt, for some j > 0 and for all t.

Under the conditions of these two paragraphs, the asymptotic convergence of the error in (3.4) to zero
is guaranteed.

Equation (3.4) also allows us to anticipate scenarios where the approximation in (3.3) may fail.
This occurs when the shrinkage is very fast, i.e., when l(t) < l(0)eRe[Λi]t for all i, in which case
dilution is much slower than the damping of the perturbations and the material accumulates; when the
reaction parameters place the fixed-point solution close to a bifurcation where Re[Λi] vanishes while
the domain is growing; and finally, when the nonlinear terms cannot be approximated by the linear
part, which could happen for very rapid growth capable of altering the hyperbolic nature of the original
fixed point (that would exist in the absence of growth). All of these scenarios are confirmed by our
numerical simulations. However, for most of the cases used in Turing simulations of biological systems
where the growth rate is very slow, the approximation seems sufficiently accurate. In cases of rapid
growth, the approximation would have to be modified or the general equation (2.6) used in any case to
account for the accelerated growth-decline dynamics.
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3.3. Explicit computation for some types of growing

To make analytic progress, the expression (3.3) can be computed explicitly for some functions l(t)
along these general lines: Given l(t) as an exponential, sinusoidal, or polynomial function, integrals of
the form eΛi/l(t)

∫ t

0
eΛitl′(t′)dt′ can be computed explicitly, yielding rational functions similar to l(t) in

numerator and denominator, and in terms of powers of the eigenvaluesΛm
i . Since all matrices involving

Λ in (3.3) are diagonal, the scalar result can be converted to a diagonal matrix using direct replacement
of Λi → Λ. Then, using the properties of the modal matrix, all terms in the matrix PΛmP−1 are
replaced by terms of the form Jm. This allows us to find the explicit expression for cs for these types
of growth. This procedure is exemplified for quadratic growth in Appendix B of the Supplementary
material.

Table 1. The temporal deviation of the homogeneous state from the fixed point c0 in (3.6)
for different types of growth in the first column.

Size ratio l(t)/l(0) Deviation δC(t)
ert r(J − rI)−1(I − eJte−rt)

1 + rt r
1 + rt

J−1
(
I − eJt

)
1 + rt2 2r

1 + rt2J
−2
(
I − eJt + tJ

)
1 + r sin(ωt) rω

1 + r sin(ωt)
(J2 + ω2I)−1[J cos(ωt) − ω sin(ωt) − JeJt]

We have performed this computation for exponential, linear, quadratic, and sinusoidal growth. From
(3.3), we can write

cs − c0 = δC(t) c0, (3.6)

and the form of this matrix δC(t) that measures the deviation between the base state and the fixed-point
concentration is given in Table 1. Some properties are:

• General traits. The deviation between the base state and the fixed point is proportional to r,
the parameter measuring how fast the domain grows. The damping of the solution depends on
the eigenvalues of the Jacobian matrix evaluated at c0 through the exponential factor eJt, so the
stability of the homogeneous state partially inherits the local stability of the chemical reaction.
Furthermore, the deviation is proportional to some term depending on negative powers of J (or
some modification), meaning that if any of the eigenvalues of J are close to zero and hence close
to a bifurcation, the deviations from δC(t) could be large.
• Particular traits. For the exponential case, the deviation from the fixed-point concentration for

long times is proportional to constant values, so the steady state can be different from the fixed
point. For linear growth, if the eigenvalues of J have a negative real part, the deviation decays
to zero as r/(1 + rt), and something similar occurs for quadratic growth with rate rt/(1 + rt2);
therefore in these two cases, in an increasing domain (r > 0) the deviations tend to 0, while for
the decreasing case (r < 0), the deviation grows with time. For sinusoidal growth, the deviations
maintain oscillatory behavior with an amplitude proportional to rω; furthermore, the amplitude of
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the deviations is affected by the distance between the frequency of the domain oscillation (mea-
sured by ω) and the frequency of the resulting chemical oscillation (measured by the imaginary
part of the eigenvalues of J).

All these features will be corroborated by our numerical simulations in the next section. How-
ever, the most important thing to note is that many of the scenarios result in situations where the
homogeneous state tends to a constant value (exponential growth/shrinking), tends to the fixed point
concentration (linear or quadratic growth), or maintains low amplitude oscillations around this con-
centration (oscillatory case), and in principle could be approximated by a constant value. This further
approximation is considered in the next section.

3.4. Representative time-independent homogeneous state

The study of the homogeneous state is related to the search for Turing conditions for growing
domains. These conditions can be expected to become significantly more complicated when the base
state changes appreciably in time [30]. Furthermore, if we consider that the approximation to find these
conditions is usually linear in spatial perturbations, it is expected that our estimation of the bifurcation
will not respond immediately to abrupt temporal changes in the base state. Considering these two
problems, in this work we also study the circumstances in which the base state can be approximated
by a constant value.

Hence, we study the case where after a transient time given by the decay of the terms in eJt in the
deviations of Table 1, the solutions remain approximately the same during a time interval. In this case,
an appropriate, constant value of the concentrations, let us call it C0, can capture the main qualitative
features of the dynamics. This would simplify the (2.7) problem, since now the linear reaction term
∂f
∂c (C0) is time-independent. As we will demonstrate with numerical simulations, this approximation is
valid when the growth rate r is sufficiently slow since in this case the inertial terms would be negligible.

Suppose that we are studying the Turing formation process on an interval T = t f − ti. If cs(t) does
not change much in T , a characteristic value of the concentrations can be their time average:

C0 =
1

t f − ti


t f∫

ti

cs(t) dt

 . (3.7)

The formal calculation of these integrals for most of the dynamics studied here is possible using (3.6)
and Table 1. However, it involves large expressions in terms of special functions whose complexity
adds nothing to the physical idea and therefore we do not explicitly write their value.

A notable exception is exponential growth where (3.7) leads to

C0 =

[
I + r(J − rI)−1

+ r(J − rI)−2
(eJtie−rti − eJt f e−rt f

t f − ti

)]
c0. (3.8)

Thus, if the eigenvalues of J have a negative real part, then C0 ≈
[
I + r(J − rI)−1

]
c0 after the transient

time.
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For linear and quadratic growth with r > 0, if the eigenvalues of J have a negative real part, after a
transient time, the deviations tend to zero, and therefore for t ≫ 0 it follows that

C0 ≈ c0, (3.9)

and it is safe to take the fixed-point concentrations for sufficiently long times.
For sinusoidal growth, if the eigenvalues of J have negative real parts far from zero, the periodic

functions of δC(t) average zero over all intervals that are multiples of 2π/ω. Thus, for low values of
|r| and a time interval consisting of integer periods, the concentration deviation oscillates with small
amplitudes, and therefore the approximation (3.9) can also be used.

In this section we have studied the assumption that concentration changes are negligible over an
interval. This will depend on the type and rate of growth, the chemical reaction, and the proximity
to the bifurcations. In the next section we will propose some criteria and exemplify their use for the
Brusselator, showing through numerical simulations the scope of these approximations.

4. A study case: The Brusselator

To check the accuracy of the approximations, we study here the base state of the Brusselator system,
Eqs. (2.3). This is an example of a reaction system where the fixed point is not the origin. To simplify
our study, the parameters used and the bifurcation analysis coincide with those of Ref. [26], and are
summarized in the following lines. The Brusselator has a single fixed point at c0 = (A, B/A) and
realizes a stability change via a Hopf bifurcation at B = BH = 1+A2, when the system describes a limit
cycle. The Turing conditions for a fixed-size domain require a low value for the diffusion coefficient
ratio, σ = Du/Dv. For example, if A = 1 and σ = 0.1, the Turing bifurcation occurs at BT = 1.732
and the Turing region is between BT ≤ B < BH and BH = 2.0. For our study, we will use these values
while varying B and r to highlight the influence of bifurcation distance and growth rate. We expect the
Turing conditions in the growing domain to evolve gradually as a function of r.

4.1. General features of the base state

In Figure 1, we present the numerical solutions of Eqs. (2.6) when B = 1.75. Both concentrations
(cu, cv) are represented by solid lines with colors distinguishing three different values of r, red for
shrinkage and green and blue for growth. The dashed curves show the base state as predicted by our
approximation in equation (3.3). The subfigures correspond to the linear, quadratic, exponential, and
periodic dynamics of the domain, respectively. For comparison, we also plot in gray horizontal dotted
lines the fixed point concentrations c0, which would be the value to which the concentrations would
tend in a domain of fixed size. This value is used as the initial condition. The results in Figure 1 show
the following:

• For both linear and quadratic growth (the first and second columns of Figure 1), the solutions
exhibit an initial burst, and then asymptotically tend toward the fixed point concentrations c0,
slower for quadratic than for linear. The amplitude of this outburst appears proportional to the
value of r. For both linear and quadratic shrinkage, the initial solutions remain close to c0 at
first, and as the domain sizes approach zero, the concentrations begin to move away from the
fixed-point value, growing indefinitely as the domain tends to zero size.
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Figure 1. Base state of the Brusselator with B = 1.75. Each column represents different
growth rates given in the inset. Solid lines: direct numerical solution of (2.6). Dashed lines:
linear approximation in (3.3). Different values of parameter r are represented by colors, blue
and green for growth and red for shrinking. Fixed-point concentrations are gray dotted lines.

• In the exponential growth/shrinkage case (third column of Figure 1), after a short initial burst,
the solutions asymptotically tend to a constant value different from c0. The distance between the
asymptotic and fixed-point concentrations grows with the absolute value of r. This tendency to
an asymptotic value appears to occur more rapidly than with the other types of growth studied.
• In the case of sinusoidal growth (the fourth column of Figure 1), the size change produces con-

centration oscillations with the same frequency as the domain changes, ω. The amplitude appears
proportional to the absolute value of r. After an initial transient state, where several frequencies
can be identified, the oscillations occur periodically with a single period 2π/ω. These statements
summarize the main variations of the homogeneous state concerning the parameter r.

Figure 2 replicates the results of Figure 1 (B = 1.75) for B = 1.1 and B = 1.9, examining the effect
of proximity to the Hopf bifurcation at BH = 2 for r = 0. The comparison reveals that for both linear
and quadratic growth, the amplitude of the initial outburst increases with B, meaning that as the system
approaches the Hopf bifurcation, transient oscillations become more numerous and prolonged. Stable
concentrations are reached more quickly for values of B closer to BH. In the exponential case, lower
values of B lead to a faster approach to the steady state, while the initial deviation from the fixed-point
concentration grows with B. Under sinusoidal growth, oscillation amplitudes around the fixed-point
concentration increase with B.

4.2. Validity of the time-dependent approximation in (3.3)

As equation (3.3) is a linear approximation to the nonlinear problem in (2.6), it is expected to be
appropriate when the system is far from unstable states and has a small growth rate. The first of these
conditions requires B smaller than the value of the Hopf bifurcation, and the second requires a small
dilution term (proportional to r in absolute value). This is corroborated in all the comparisons between
the direct numerical solution for the base state (solid lines) and its approximation (dashed lines) in
Figs. 1–2. The scope of these two limitations of the model can be quantified as follows.

For each type of growth, we compare the numerical solution in (2.6) with the solution in (3.3) by
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Figure 2. Homogeneous state of the Brusselator with B = 1.1 (top) and B = 1.9 (bottom).
The same instructions apply as in Figure 1.

varying the growth parameter r. For linear, quadratic, and exponential growth, we increase the value
of r from zero until both solutions differ by up to 10%. This percentage error is the time-averaged
difference of both solutions between time 0 and a maximum tmax. For growth, we define this as the
time required for the domain to grow to ten times its original length, l(tmax)/l(0) = 10. In contrast, for a
contraction, l(0)/l(tmax) = 10, and tmax is the time required to shrink to ten times the original size. This
difference is compared to the fixed-point value to provide a point of comparison for the magnitude of
the error. The validity criterion for (3.3) is then

error1 =
1

tmax

tmax∫
0

|c(t′) − cs(t′)|
|c0|

dt′ < 10%. (4.1)

Figure 3 shows the validity regions of equation (3.3) for the Brusselator model under different
growth types. The symbols indicate the maximum and minimum values of r for which equation (3.3)
remains valid. As expected, its validity is restricted to low |r| values and diminishes as the system
moves away from the Hopf bifurcation. Additionally, the asymmetric profile reveals a broader appli-
cability for growth compared to shrinkage.

For sinusoidal growth, there are two parameters, r and ω. Therefore, we modify both parameters
starting at 0 until the numerical solution of (2.6) and (3.3) varies by 10%. The criterion is the same
as in (4.1), but now tmax is the time needed for the system to oscillate six times, or tmax = 6 · (2π/ω).
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The results of this validation are visualized as the region in Figure 3(b), where it is shown that the
approximation has higher validity for values of B far from the Hopf bifurcation. Moreover, there is
some inverse relationship between the values of r and ω, which means that for values of |r| ≲ 1 (large
amplitude oscillations), the periodicity of domain size changes has to be slow; and for |r| ≈ 0 (low
amplitude oscillations), the domain oscillating frequencies can be higher.

Figure 3. Regions of validity of the approximation (3.3) to the solution of (2.6) according to
the criterion in (4.1). the top shows the types of growth in the inset and the bottom shows a
periodic change in the size of the domain.

To physically understand the range of applicability of the scheme, let us exemplify what happens
with exponential growth. Here the value of r is directly l̇(t)/l(t), the dilution rate; in terms of finite
differences this means δl(t)l(t)δt = r, and therefore r× 100 represents the percentage of increase/decrease of
the domain per unit of time. From Figure 3(a), it is observed that for exponential growth with B = 1.75,
the scheme is valid until reaching r ∼ 0.1; this means that (3.3) approximates a system that increases
up to ten times its size in each unit of time. To determine whether growth is fast or slow, one would
compare the value of r−1 (which gives a characteristic time for growth) with the characteristic times
for diffusion and reaction. In general, this is the case for Turing patterns in biological systems, and
therefore our approach is applicable. A similar reasoning can be applied to the other types of growth,
as done in [18].

4.3. Validity of the time-independent approximation in equation (3.7)

In this section we will develop a criterion to know when the approximation of constant base state
in (3.7) is valid. In Figure 4, we test the validity of equation (3.7) to approximate the direct numerical
solution of the base state in equation (2.6) by measuring their difference according to the following
error criterion:
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error2 =
1

2 tmax/3

tmax∫
tmax/3

|c(t′) − C0|

|c0|
dt′ < 5%. (4.2)

In this way, we compare only the last two-thirds of the process and neglect the transient states up to
ti = tmax/3. As before, the choice of the maximum time tmax depends on the type of dynamics of the
domain and whether it is growing or decreasing. The validity criterion we have chosen of 5% is stricter
than the previous one because it considers a smaller time range.

The results of these comparisons are in Figure 4. It is concluded that for the linear, quadratic,
and exponential cases, the (3.7) approximation applies for low values of |r| and over a wider range of
B values. In contrast to the comparison made with the time-dependent solution (3.3) in Figure 3, the
constant approximation (3.7) is valid over a smaller range, with a more drastic reduction for a shrinking
domain.

For the case of oscillatory variation of the domain, we note that the base state consists of oscillations
around c0 with amplitude proportional to r and therefore, if n is the number of oscillations in time tmax,
it is sufficient to have nr/ω small enough to satisfy this criterion. Therefore, for this type of growth,
we do not run simulations to test the criterion in (4.2) since it depends on n.

Figure 4. Regions of validity of the (3.7) approximation to the (2.6) solution according to
the criterion in (4.2) for the growth functions in the inset.

In order to better visualize the tolerance criteria defined in (4.1) and (4.2), some comparisons of the
numerical solutions of (2.6), the approximation cs in (3.3) and C0 in (3.7), as well as the fixed-point
concentrations c0 are shown in Figure 5. The parameters used for the simulations correspond to those
in which the maximum error is committed according to both criteria. As can be observed, the similarity
between the solutions in the interval defined by each criterion seems mostly acceptable.

The criteria introduced in (4.1) and (4.2) for estimating the numerical error are of a general nature
and should be regarded as illustrative rather than exhaustive. Figures 3 and 4 delineate the applicability
range of our numerical approximations in terms of the bifurcation parameter B and the growth/decay
rate r for the Brusselator model. It is reasonable to expect that similar behaviors may arise in other
reaction systems, since the error formula presented in Sec. 3.2 predicts validity whenever |r| remains
moderate compared to the damping rate of chemical perturbations—and depends on the growth regime,
while requiring parameters to be sufficiently distant from the Hopf bifurcation (where the real part of
the eigenvalues vanishes). Although it is generally difficult to anticipate the precise validity domain
for an arbitrary reaction system, a preliminary numerical analysis can always be performed to assess it.
One might therefore question the advantage of using the approximation scheme if such a preliminary
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Figure 5. Comparison of cs in (2.6) (solid lines), its approximation in (3.3) (dashed lines),
C0 in (3.7) (magenta lines), and fixed-point concentrations c0 (gray dots). The region in gray
is the one excluded for the calculation of the representative solution in (3.7).

study is already necessary to determine the steady-state solution. The strength of our approach lies
precisely at this point: once the preliminary analysis is carried out, the analytic expression for cs can
be systematically employed in the formal conditions for the onset of Turing instabilities in expanding
domains, thus providing a powerful predictive tool beyond specific numerical simulations.

The selection criteria in each case will depend on the time interval of interest, as well as the sensitiv-
ity of the system to changes in chemical concentrations. However, in this section we have shown that
our two approximations in Eqs. (3.3) and (3.7) can be used to determine the base state over a relatively
wide range of parameters. However, caution is needed when analyzing Turing pattern formation, as
early-stage variations may influence the stability of initial spatial perturbations in ways not captured
by the time-independent base state approximation. Hence, before making a study on the formation of
Turing patterns on growing domains, it is advisable to make a prior analysis of the base state.

5. An approximation to the stability of the perturbations

The base state of the RDD equation plays a fundamental role in the stability of perturbations, as
the system must remain stable in the absence of diffusion for Turing patterns to emerge. This section
examines the impact of dilution on the stability of chemical reactions, drawing a comparison with a
fixed-volume reactor. We begin by highlighting the inherent challenges of this problem.

The primary objective of this study is to approximate the base state described by equation (3.2) and
summarized in Table 1 for different growth types. These analytical approaches will allow the explicit
evaluation of Turing conditions in growth domains, conditions that have so far only been evaluated
numerically [30]. That work also establishes stability conditions for the base state in the absence of
diffusion using a Lyapunov-type potential function. These conditions are intricate and best analyzed
within the broader framework of Turing instability discussed there. Our approach here aims for a more
intuitive understanding of base state stability. Specifically, we seek to explain when the stability of a
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reactive system in a fixed domain can be extended to a growing domain.
The key difficulty to solve this problem arises from the form of equation (6) for the base state.

Any linearization of the reaction directly from (2.6) involves a Jacobian matrix evaluated in a time-
dependent state. This poses a challenge because, in a linear system where the proportionality matrix
varies with time, eigenvalues alone do not determine stability [42]. To show this, counter examples
are found such that certain matrices have constant eigenvalues with negative real parts, yet their cor-
responding differential equations yield solutions that grow over time [43, 44]. As a result, proving
the stability of the base state solely from the eigenvalues obtained via direct linearization of (2.6) is
inconclusive. Such counterexamples are not common and they appear to belong to a specific class of
non-autonomous systems with particular geometric properties, as studied in [45, 46].

Therefore the strategy followed in this work is approximate. Instead of studying the non-
autonomous linear system suggested in equation (2.6) we use the approximation made in Section 2
where, as we showed from numerical simulations, the base state is very close to a constant concentra-
tion. This is of course only valid in the cases studied there, but they are general enough to outline some
hypotheses about the possible effects of dilution.

So, let us consider the effect of homogeneous perturbations, ζ0(t). From equation (2.7), they obey

∂ζ0
∂t
+

l̇(t)
l(t)
ζ0 =

∂f
∂c

(cs)ζ0. (5.1)

This equation is explicitly time-dependent via cs(t). To simplify the analysis, we consider the approx-
imation where cs(t) ≈ C0 in a time interval T , as validated by the growth rates and parameters in
Figure 4. Further approximation can be done by assuming then than the time-dependent matrix ∂f

∂c (cs)
can be approximated by Ĵ ≡ ∂f

∂c (C0), a constant matrix. If we multiply (5.1) by l(t), this leads to the
autonomous problem

∂[l(t)ζ0]
∂t

= Ĵ[l(t)ζ0], (5.2)

for the vector ζ̂0 ≡ l(t)ζ0.
Let P̂−1 be the modal matrix of Ĵ and let Λ̂ be its diagonal eigenvalue matrix; they satisfy the

property Λ̂ = P̂−1ĴP̂. Following the same lines of Section 3.1 and Appendix A in the Supplementary
material, it can be shown that the perturbations in the absence of diffusion obey:

ζ0(t) =
l(0)
l(t)
P̂−1eΛ̂tP̂ζ0(0). (5.3)

In this equation, the eigenvalues in the exponential matrix are those of the constant Jacobian matrix
evaluated at C0 and not in c0, as in a fixed domain.

According to Turing’s conditions, perturbations must be stable in the absence of diffusion. On a
fixed-size domain, this condition requires Re[Λi] < 0, that is, the real part of all eigenvalues of the
diagonal matrix associated with the Jacobian at the fixed point c0 need to be negative. However, on a
growing domain, this condition applied to (5.3) leads to:

λi(t) ≡ Re[Λ̂i] −
1
t

log
l(t)
l(0)
< 0 (5.4)
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for all components numbered by i and t ∈ T . Equation (5.4) follows directly from writing all the
components of eq. (5.3) separately, writing the growth l(t) as exp(log(l(t))), and remembering that Λ̂
is a diagonal matrix. This equation expresses approximately the growth rate behavior of perturbations
when the base state does not change significantly in a time interval. It should be emphasized that λi(t)
does not constitute the computation of the time-dependent eigenvalues of the non-autonomous problem
in (2.6), but only the solution of the approximate autonomous problem in (5.1).

This result in (5.4) establishes that spatial homogeneous perturbations will be damped if the lo-
cal production of the chemical components (quantified by eΛ̂it) grows more slowly than the domain
(quantified by l(t)), which is reasonable and reflects the effect of dilution. The local production rate
is also affected by dilution, resulting in the modification of the base state c0 → C0, and hence, of the
eigenvalues Λi → Λ̂i.

The approximate criterion for stability of perturbations in (5.4) presents some interesting and inter-
pretable features and predictions:

• For a growing domain (l(t)/l(0) > 1), dilution causes states with stable parameters in a fixed
domain to become more stable, i.e., to decay faster to their steady state: In physical terms, the
consumption in a reaction is brought under control more rapidly toward a steady state due to
the increase in volume. Furthermore, in contrast to a fixed domain, where a positive eigenvalue
necessarily reflects instability, for an increasing domain, dilution can make it stable. Thus, chem-
ical production can be outpaced by dilution, and although the number of molecules produced
continues to increase, the concentration decreases if the volume grows more rapidly.
• For a shrinking domain where l(t)/l(0) < 1, the consequences are opposite, and in general, dilu-

tion makes states less stable. This may mean, first, that chemical damping may become slower
due to domain contraction, and second, even that a stable perturbation in a fixed domain where
Re[Λi] < 0 may grow with time if the domain is shrinking very fast, as decreasing volume leads
to increasing concentration.
• However, it is worth noting that dilution also modifies the steady-state concentrations. As we

have observed in our simulations, this change is more pronounced for large values of the pa-
rameter measuring the growth rate (r in our case) and for chemical parameters close to the Hopf
bifurcation (BH in our case). In physical terms, this means that the growth/shrinkage effect is also
capable of changing the local properties of the reaction, making it possible to change the stability
of homogeneous perturbations.

To illustrate this, in Figure 6 we plot the value of λ(t) ≡ max{λi}, where λi are defined in (5.4)
for the case of linear growth l(t) = 1 + rt for different values of r represented by different colors, red
(shrinking), and green and blue (growing). The chosen values of r and B lie within the region where
the approximation of C0 in equation (3.7) is valid according to the criterion in equation (4.2).

For B = 1.75 in Figure 6(a), we plot the most common situation in our simulations, where the rate
λ(t) remains negative if the original eigenvalues Λi have a negative real part, even in shrinking domains
(r < 0). In these cases, the stability of the state c0 is inherited by C0, as can be seen in the second and
third columns where we plot concentrations and perturbations, respectively. This seems to be the most
common situation where the stability of the chemical reaction in the fixed domain is preserved for the
growing domain.

However, in Figure 6(b) with B = 1.99 we show a situation where there may be a change in stability
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Figure 6. Brusselator perturbations with linear growth l(t) = 1 + rt for a) B = 1.75 and b)
B = 1.99. Left: Rate λ(t) in (5.4) for each value of r (red, blue, and green solid lines) and
the maximum eigenvalue of the reactive system in a fixed domain (grey dots). Center and
Right: Numerical solutions for the homogeneous state in (2.6) and perturbations in (5.3),
respectively.
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due to the combined effect of high values of |r| and proximity to a Hopf bifurcation. For this choice
of parameters, the rate λ(t) may start to grow until it becomes positive causing the perturbation ζ0 to
become unstable, both in growing (blue) and shrinking (red) domains. To show that this change in
stability occurs due to dilution and not as a result of the approximations made in (5.4), in Figure 6(b),
we also plot the perturbation (5.1) using cs(t) obtained directly from numerical simulations of (2.6),
showing that the concentration growth predicted by λ(t) in this section is in general adequate.

Generality of the conclusions and comparison with the BVAM system

As mentioned above, different types of systems arise from different assumptions about the reactor.
The Brusselator in equation (2.3) assumes a continuous feed with a constant rate A at concentration cu

leading to a non-equilibrium steady state given by (A, B/A). In the case of the BVAM in equation (2.4),
under appropriate parameters, it assumes the origin as the only equilibrium point and can therefore be
interpreted as an equilibrium system or more generally as a reaction already centered in some constant
state. This difference leads to significant differences in the behavior of the base state and the associated
perturbations.

The first difference, according to the approximation in equation (3.3), is that the origin c0 = 0
still defines the asymptotic base state even for growing systems. This implies that for large times,
the constant approximation in (3.7), C0 ≈ 0, can be used. A second difference is that for the BVAM
system, if the homogeneous state is asymptotically stable, according to (5.4), the only way the stability
of perturbations can change is through shrinkage cases. The last difference concerns the ability of
both systems to respond to perturbations: In our numerical experiments, we noticed that concentration
changes from c0 in the Brusselator seem to increase the stability range of perturbations, that is, a system
that is stable when r = 0 changes its state upon growth to maintain stability. This feature seems to be
missing in the BVAM where it seems easier to find unstable perturbations in systems that would be
stable in a fixed domain. For more details on these differences, see Appendix C of the Supplementary
material.

6. Discussion and conclusions

We have studied in detail the base state resulting from reaction and diffusion processes in a one-
dimensional growing domain. We present a scheme that allows us to predict that the effects of the
dilution on the dynamics are as follows: 1) the base state is now time-dependent; 2) the steady-state
concentrations may be different from the fixed-point concentrations expected for a fixed domain; and
3) the stability properties of perturbations may change due to local volume changes. Although this
deduction is made for isotropic growth in one dimension, it is expected that in more dimensions it will
present these same features.

To predict the spatial-homogeneous state we proposed a solution based on a linear approximation
which we demonstrated correctly incorporates the above-mentioned features. This approximation is
valid when the domain growth is slow, and for systems where the reaction parameters are below the
Hopf bifurcation. The applicability of our approximation was verified with an extensive comparison
against numerical solutions for the base state of different growth types: linear, quadratic, exponential,
and oscillatory, although it is valid for any type of growth as long as it is slow.

We have shown that the steady state deviates from the chemical fixed-point concentrations due to
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dilution, mainly in non-equilibrium systems where the fixed-point concentration of the reaction is not
zero. This change in the steady-state concentration occurs especially for exponential growth. We show
that after some time, a system with linear or quadratic growth tends to recover the concentrations it
would have in the absence of growth, while oscillatory dynamics produce periodic oscillations of the
same frequency around the fixed-point concentrations.

It is worth mentioning that the importance and applicability of our predictions for the homogeneous
state lies in the search for Turing patterns. In this sense, we show that the stability of perturbations in
a fixed domain is inherited in most cases from the stability of the steady state. However, we also show
some counterexamples of the change in stability due to dilution, so it should be taken into account that
the type of chemical system (position of the fixed point), as well as the shrinkage or proximity to the
bifurcation, can modify the regions of the parameter space where Turing’s first condition is applicable.
To understand this effect, we have also deduced a linear approximation that allows quantifying the
growth rate of perturbations that, for the parameters and the system studied, was effective in predicting
the stability of perturbations, as corroborated with numerical simulations.

Regarding the Turing conditions for the appearance of spatial patterns, in this work, we discuss
only the one related to stability in the absence of diffusion and establish that in a growing domain,
stability depends on three factors: the change in concentrations at the steady state, the change in
local volume that affects the concentration, and the stability that the chemical reaction would have
in the absence of growth. The competition between these factors provides richer conditions for the
appearance/disappearance of spatial patterns than those found in a fixed domain where only the fixed
point is a determinant.

It is worth emphasizing that the primary significance of this study lies in the application of the
homogeneous steady-state calculation to the analytical Turing conditions. In this sense, our results
provide a complementary step that enables the formulation of preliminary criteria for the onset of
Turing patterns, similar to those reported in [30], in which the evaluation of the predictions required
numerical evaluation of the homogeneous state, cs(t). In contrast, when an analytical approximation
for cs(t) is available, one can explicitly assess the accuracy of the predictions for the Turing conditions,
as demonstrated in [47]. It should be noted that the full computation of the conditions governing the
emergence of Turing patterns is beyond the scope of the present work. Nevertheless, such computa-
tions can be carried out either through estimates based on the time evolution of the Laplace–Beltrami
spectrum [30] or by means of a Lyapunov function approach [47], both of which ultimately rely on the
determination of cs(t) obtained here. This underlines the importance of the present contribution.

One important thing to note is that the formal results given here for the homogeneous state and
perturbation stability are general and can be applied to many-component chemical systems. While
the results of this work are limited to systems whose linearization is diagonalizable, this constitutes
the majority of physicochemical systems. Some of the theoretical tests were explicitly confirmed in
the form of matrix components for two- and three-component systems. Furthermore, our predictions
were also tested with numerical simulations of the homogeneous state for the Brusselator and BVMA
reactions. Therefore, we believe that our results are robust and can be applied to predict the temporal
base state of general RDD systems and help in future work to establish the conditions for the formation
of Turing patterns in growing domains explicitly in terms of the parameters.
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15. M. Picard, R. J. Petrie, J. Antoine-Bertrand, É. Saint-Cyr-Proulx, J.-F. Villemure, N. Lamarche-
Vane, Spatial and temporal activation of the small gtpases rhoa and rac1 by the
netrin-1 receptor unc5a during neurite outgrowth, Cell. Signal., 21 (2009), 1961–1973.
https://doi.org/10.1016/j.cellsig.2009.08.017

16. M. Machacek, L. Hodgson, C. Welch, H. Elliott, O. Pertz, P. Nalbant, et al., Coordination of rho
gtpase during cell protrusion, Nature, 461 (2009), 99–103. https://doi.org/10.1038/nature08242

17. W. A. Waters, R. A. Van Gorder, Turing patterns under hybrid apical–uniform domain growth,
Proc. R. Soc. A, 481 (2024). https://doi.org/10.1098/rspa.2024.0935 .

18. A. Madzvamuse, E. A. Gaffney and P. K. Maini, Stability analysis of non-autonomous reaction-
diffusion systems: The effects of growing domains, J. Math. Biol., 61 (2010), 133–164.
https://doi.org/10.1007/s00285-009-0293-4

19. T. Kolokolnikov, J. Wei, Pattern formation in a reaction-diffusion system with space-dependent
feed rate, SIAM Rev., 60 (2018), 626–645. https://doi.org/10.1137/17M1116027

20. A. L. Krause, E. A. Gaffney, B. J. Walker, Concentration-dependent domain evolution in re-
action–diffusion systems, Bull. Math. Biol., 85 (2023), 14. https://doi.org/10.1007/s11538-022-
01115-2

21. C. Fraga Delfino Kunz, A. Gerisch, J. Glover, D. Headon, K. J. Painter, F. Matthäus, Novel aspects
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Supplementary material

Appendix A. Proof of equation (9)

Let us part from equation (3.1). Making the change δc = Pu, and multiplying equation (3.1) at the
left for P−1, leads to the first order differential equation

du
dt
+ [g(t) − Λ]u = −g(t)P−1c0,

where all the components of u are uncoupled. This means that the method of integrating factor can be
used. Multiplying this equation by the matrix exp[

∫
g(t′)−Λdt′] and using the fact that exp(

∫
g(t′)dt′) =

l(t) given the definition of g(t), the method leads to

u =
1

l(t)
eΛtU −

eΛt

l(t)


t∫

0

l′(t′)e−Λt′dt′

P−1c0.

Here U is constant vector of integration. For determining its value, multiplying this equation by P
and using again δc = Pu results is an equation for δc. Now using the initial condition for δc(0), it is
possible to identify U = l(0)P1δc(0), which leads to equation (3.2):
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δc =
l(0)
l(t)
PeΛtP−1δc(0) − P

eΛt

l(t)


t∫

0

l′(t′)e−Λt′dt′

P−1c0.

Appendix B. Base state for quadratic growth

Let l(t) = l0(1+ rt2), where l0 is the length of the fixed domain and r a parameter that measures how
fast the domain grows. For this case, we can explicitly calculate for any i:

eΛit

l(t)

t∫
0

e−Λit′l′(t′)dt′ =
2r
(
−tΛi + eΛit − 1

)
Λ2

i
(
1 + rt2) ,

as the Eqs. in (3.3) are decoupled and assuming that all eigenvalues are non zero. Since all involved
matrices in (3.3) are diagonal, this means that

eΛt

l(t)

t∫
0

e−Λt′l′(t′)dt′ =
2r

1 + rt2

(
−tΛ−1 + Λ−2eΛt − Λ−2

)
.

Using systematically the property Jm = PΛmP−1 (which implies eJ = PeΛP−1 ), from (3.3) we obtain
that:

cs =

[
I −

2r
1 + rt2

(
−tJ−1 + J−2eJt − J−2

)]
c0.

Using the definition in (3.6), it is possible to obtain the deviation δC(t) in Table 1 for quadratic growth.
For all other growth types the computations are performed in a similar fashion.

Appendix C. Differences between the The BVAM and Brusselator reactions

Eq. (3.3) allows us to predict that a system with the origin as the only fixed point (c0 = 0) cannot
change the value of its steady homogeneous concentration. To exemplify this, we can use the BVAM
in (2.4) which, with coefficients a = −1, h = 3, and −3 < b < −1, exhibits a single fixed point in the
origin. The Hopf bifurcation occurs at bH = −1, where the system has periodic oscillations [41].

In Figure 7, we plot the direct numerical solutions of the equation (2.6) using the BVAM in (2.4)
(solid lines) and the analytical approximation in (3.2) (dashed) giving a good comparison and showing
that our approximation is also valid. It should be noted that, in contrast to the Brusselator reaction, in
the BVAM system all types of growth lead to the same asymptotic behavior.

Another aspect to highlight related to the position of the fixed point is associated with the stability
of the base state and perturbations. In the BVAM system, if the base state is asymptotically stable,
according to (5.4), the only way to destabilize the system corresponds to the shrinking. This is exem-
plified in Figure (8), where we repeat the analysis of Section 5 but now for the BVAM, plotting the
results of (5.4) with the base state to the left and perturbations to the right. Since in this case C0 = 0,
then λ(t) = Re[Λi] − log[l(t)/l(0)]/t, and therefore, the dilution effect can increase the value of λ only
if l(t) < l(0). We exemplify this for linear growth in the BVAM system where the curves of λ are
necessarily below the eigenvalue (grey line) for growing (green and blue cases) and above to shrinking
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Figure 7. Homogeneous state for the first concentration of the BVAM with b = −1.125
using the direct solution of (2.6) (solid lines) and the approximation in (3.2) (dashed lines).
The different types of growth are given in the inset of each column, and the values of r are
distinguished by color: growth (green and blue) and shrinkage (red).

(red curve). This is in contrast to what occurs in Figure 6 for the Brusselator, where the curves of λ(t)
can be above and below the maximum eigenvalue.

Figure 8. BVAM perturbations for b = −1.06 and linear growth l(t) = 1 + rt. The same
instructions apply as in Figure 6.

One last aspect to comment on the differences between both systems refers to the stability of per-
turbations. In the case of the BVAM, there is no change in steady concentration, and the change in size
causes the net rate λ(t) to be above or below the maximum eigenvalue associated with the reaction.
This is directly illustrated for exponential growth in Figure 9(a), where the decreasing domain (in red
color) is capable of changing the stability of BVAM perturbations. In the case of the Brusselator, con-
trary to what might be expected for exponential growth, even for strong shrinkage, in our simulations
we observe that the base state solution rarely loses stability if the solution is stable in a fixed domain.
This is illustrated in Figure 9(b), where even for relatively large shrinkage (producing large differences
between c0 and C0), the perturbations ζ0 tend asymptotically to zero. In physical terms, this may sug-
gest that the change in concentration of c0 → C0 caused by dilution is intended to preserve the stability
of material production/consumption locally as the system grows or shrinks.
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Figure 9. Behavior of the perturbations for a) the BVAM with b = −1.18 and b) the Brusse-
lator with B = 1.99 for exponential growth with l(t) = ert. We show the predicted rate λ(t) of
each perturbation at the left sides of each figure for three different r values according to (5.4)
(in red, green and blue colors) and the maximum eigenvalue of the fixed-domain problem.
On the right sides, we plot the perturbations using the direct numerical solution of (5.1) with
(2.6).
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