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Abstract: We considered a model for an infectious disease outbreak, when the depletion of sus-
ceptible individuals is negligible, and assumed that individuals adapt their behavior according to the
information they receive about new cases. In line with the information index approach, we supposed
that individuals react to past information according to a memory kernel that is continuously distributed
in the past. We analyzed equilibria and their stability, with analytical results for selected cases. Thanks
to the recently developed pseudospectral approximation of delay equations, we studied numerically the
long-term dynamics of the model for memory kernels defined by gamma distributions with a general
non-integer shape parameter, extending the analysis beyond what is allowed by the linear chain trick.
In agreement with previous studies, we showed that behavior adaptation alone can cause sustained
waves of infections even in an outbreak scenario, and notably in the absence of other processes like
demographic turnover, seasonality, or waning immunity. Our analysis gives a more general insight into
how the period and peak of epidemic waves depend on the shape of the memory kernel and how the
level of minimal contact impacts the stability of the behavior-induced positive equilibrium.
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1. Introduction

Human behavior plays a crucial role in the spread of infectious diseases, as individual actions often
change in response to available information. For instance, individuals may decide whether to get
vaccinated on the basis of scientific evidence or circulating rumors, or, during an epidemic, they might
reduce their social contacts or adopt protective measures (such as wearing face masks or washing
hands) following media reports. As a result, over the past few decades, the behavioral epidemiology
of infectious diseases has attracted growing interest, and numerous approaches have been proposed to
incorporate behavioral feedback into mathematical models, drawing on concepts and methods from
different disciplines, including economics and sociology. We refer to the recent reviews [1-3] and to
the monograph [4] for a comprehensive overview on this field.

A common approach to model behavioral feedback is to assume that the transmission and/or vacci-
nation rates depend on the present and/or past infections. One of the first examples dates back to 1978,
when Capasso and Serio first proposed an SIR (Susceptibles, Infectious, Removed) model where the
force of infection was assumed to be a nonlinear function of the current prevalence, i.e., the total
number of infected individuals [5].

Later, d’Onofrio, Manfredi, and colleagues considered models where information depends either
on the past prevalence [6—8] or the past incidence, i.e., the number of new cases per unit of time [9]. In
this approach, typically known as the “information index approach”, the delayed impact of infections
on the current information is usually described by a continuous or concentrated memory kernel [10].
See also the recent works [11-13].

A common finding of these studies is that delayed behavioral feedback can cause sustained epi-
demic waves even in the absence of other processes that naturally induce oscillations, like seasonality,
demographic turnover, and waning immunity. Even more complex dynamics emerge when additional
factors are considered (e.g., [11, 14, 15]).

Recently, Zhang and colleagues [16] considered an early-phase epidemic outbreak scenario, ig-
noring demographic turnover and depletion of susceptibles, and assumed that individuals adapt their
behavior depending on the past incidence after a fixed delay 7 > 0. This analysis was used to interpret
the increasing peaks observed in the early multiple waves of diseases like SARS-1 and SARS-CoV-2.
The model was later extended to an endemic scenario with loss of immunity [17].

In this paper, we generalize the model for disease transmission dynamics with the behavioral adap-
tation proposed in [16]. We assume that the susceptible population remains constant, as both depletion
of susceptibles and demographic turnover are negligible. This low attack rate assumption, which is
typically realistic at the onset of an infectious disease outbreak, may also hold over a longer time
period. In fact, maintaining a low attack rate for as long as possible can be the only viable strategy
against severe diseases in the absence of pharmaceutical interventions, as demonstrated by the recent
COVID-19 pandemic [18].

The dynamics of the number of infected individuals, /(¢), are described by the classical linear ordi-
nary differential equation (ODE)

I'(t) = B0I1() — y1(0), (1.1)

where £ is the per capita transmission rate, given by the number of contacts per unit of time multiplied
by the transmission probability per contact, and vy is the per capita recovery rate.
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To incorporate behavioral adaptation, we follow the implicit approach of [6, 8]. We assume that

B(t) = f(M(1)), (1.2)

where M(t), the information index, captures a summary of the information available at time ¢, and f is
a given function. The information index depends on the past as

M) = fmG(t— s) K(s)ds, (1.3)
0

where K is a memory kernel and G describes how individuals respond to the disease over time [4, 6,
9, 14]. In particular, G can depend on time via the disease prevalence (e.g., if individuals react to the
information about hospital occupancy, assumed proportional to the number of infected individuals),
the incidence (e.g., if individuals react to the daily number of newly diagnosed cases), or deaths. In the
prevalence-based case, G(t) = g(I(t)), and formula (1.2) with (1.3) gives an explicit expression of 5 as
a function of the history of 1, hence (1.1) becomes a delay differential equation with a distributed delay
term. In this paper, we focus on the incidence-based case, when information is driven by the number of
new cases, represented in our model by the term S1, so that G(¢) = g(B(¢)I(¢)). Therefore, the expression
(1.3) defines M as a function of the histories of both I and S, and (1.2) becomes a renewal equation
for .

Renewal equations are notoriously difficult to study. In addition, for general continuously dis-
tributed memory kernels, (1.2) has infinite delay, and we refer to [19] for the relevant dynamical sys-
tems theory and the principle of linearized stability. To enable the mathematical analysis of behavioral
epidemic models of this type, Erlang memory kernels are usually considered in the literature, as the
resulting models can be reduced to a system of ODEs through the linear chain trick (LCT) [6, 10, 20].

Recently, a numerical technique has been introduced to reduce a renewal equation with infinite
delay to an approximating system of ODEs. It is based on two main steps: first, the original equation
is reformulated as an abstract differential equation on a suitable weighted Banach space; second, a
system of ODEs is derived using the pseudospectral discretization approach [21-23]. One of the key
advantages is that it allows us to analyze stability of equilibria and perform bifurcation analysis beyond
Hopf bifurcations by available ODE software, like MatCont for MATLAB [24,25].

Crucially, the pseudospectral approximation technique can be applied to general (exponentially
decaying) memory kernels, hence allowing the user to extend the analysis beyond Erlang distributions.
We illustrate this strength by considering gamma-distributed kernels with general (continuous) shape
parameters. Via numerical simulations, we investigate how the emergence of sustained epidemic waves
depends on the parameters describing the memory kernel, and in particular on the average delay and
the shape (determining the variance) of the distribution.

The paper is organized as follows. In Section 2, we introduce the incidence-based behavioral epi-
demic model for an emerging epidemic outbreak in the context of the information index theory. In
Section 3, we discuss the equilibria and their stability for general parameters, and present analytical
results for some selected special cases. In Section 4, we recall some essential details of the numerical
approach, with a special focus on the numerical parameters involved. Section 5 contains the numerical
results that investigate the emergence of sustained oscillations when varying some model parameters.
A discussion of the impact of our results in the public health context and some concluding remarks are
given in Section 6.
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2. An infectious disease transmission dynamics model with behavioral adaptation and a
continuously distributed information memory kernel

In this section, we consider a model for an early-stage epidemic outbreak, which extends the one
presented in [16] by incorporating distributed memory kernels. We ignore births and deaths of indi-
viduals and assume that the host population is fully susceptible, i.e., S () = P, where S (¢) denotes the
number of susceptible individuals at time t > 0, and P denotes the total population size. Let /() and
B(t) denote the number of infected individuals and the effective transmission rate, respectively, at time
t > 0. Assuming I < P, the incidence-based behavioral outbreak model reads as follows:

I'(t) = BOI(t) — yI(2),

o0 2.1)
po=( [ ewa- o= ko)
0
where the message function g: R,y — R, is increasing, satisfies g(0) = 0, and describes how the new
infections B(¢)I(¢) at time ¢ “translate” into information, i.e., how strongly they reach public opinion
(for instance, g could account for under-reporting, or for the fact that the disease is not detected below
a certain threshold); the memory kernel K: R,y — R satisfies

f ) K(s)ds =1 (2.2)
0

and describes how past infections affect the current “news” stream (this could be, for instance, cap-
tured by the time distribution from infection to diagnosis or death); f: R,y — R, is decreasing and
describes the effect of the current information and rumors on the transmission rate; and finally, y > 0
is the recovery rate from the disease.

Note that the model proposed in [16] can be recast as (2.1) by taking K(s) = 6(s — 1), for 7 > 0,
where ¢ is the Dirac delta distribution concentrated at 0, and g(x) = x. Furthermore, model (2.1) can
be formulated in the framework of the information index approach (see [6,9]) via (1.2) and (1.3), with
G(t) = g(B(®)I(¢)). In particular, the paper [9] studies the emergence of oscillations for an incidence-
based information index with exponentially fading and acquisition-fading kernels, such that the model
can be reduced to a system of ODEs. An important difference between the models in [9] and [16] is
that the former considers nonlinear dynamics with depletion of susceptibles (incidence term 5(¢)S (¢)I(¢)
where S () is the number or fraction of susceptibles), while the latter focuses on an emerging disease
outbreak situation where the number of immune individuals is assumed to be negligible (i.e., under a
low attack rate assumption).

In the following, we consider distributed memory kernels of the form

’ua sa—l e 1S
K(S) =T = N s € RZO, a, > 0, (23)
I'(a)
i.e., K is a gamma distribution density function with shape parameter @ and rate parameter u, so that
the mean is 7 := a/u. As aresult, (2.1) couples a linear ODE for /(¢) with a nonlinear renewal equation
for B, as B(¢) is defined via the histories at time ¢ of both / and 3, defined respectively as the R-valued
functions 1,(0) := I(t+6), B,(0) := B(t+6), for 8 € R, . For such coupled differential-renewal equations
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with infinite delay, the natural choice of history spaces, i.e., where the history functions /; and S; live,
is given by weighted Banach spaces defined using the exponential weight

w(®) = ¢, 6eRy, (2.4)

for p > O (see, for example, [19]). In this setting, /, is such that w; is continuous and vanishes at minus
infinity, while S, is absolutely integrable with respect to w.

3. Equilibria and stability analysis

In this section, we compute the equilibria of system (2.1) and investigate, under appropriate as-
sumptions, conditions for their stability. This analysis is carried out for general model parameters K,
f, and g, by applying the principle of linearized stability for infinite delay equations [19].

In particular, for a given equilibrium, the characteristic equation for the relevant linearized system
is derived, and the local stability of the equilibrium is determined by the position in the complex plane
of the (finitely many) characteristic roots in C, = {1 € C| RA > —p}, where p is the parameter defining
the weight (2.4).

Let us observe that (I*, 8*) € R? is an equilibrium for (2.1) if and only if it satisfies

; (ﬁ_ : 1) ~o,
Y
rleen [ Koas)=p-
0
Using (2.2), the second equation reduces to
B = (@) =0.

Let By := f(0). Since g is increasing, g(0) = 0, and f is decreasing, it is not difficult to see that only
two equilibria are possible, namely the disease-free equilibrium (DFE)

Ey := (0, Bo),
and the established equilibrium (EE)*

~1p-1
E, = (w,y). 3.1)

In particular, E, exists and is positive if and only if Ry > 1, where Ry = 3/ is the basic reproduction
number for (2.1). Note that the equilibria are independent of the kernel K.

To investigate the stability of equilibria, we first linearize (2.1) around (/*, 5*). From the first equa-
tion, we get

I'(t) = I'B(1) + B°1(1) — y1(D),

*Here we use “established equilibrium” instead of the term “endemic equilibrium” that is normally used in epidemic modeling, as
our focus here is on disease outbreak. We use established equilibrium to avoid confusion, as this is an equilibrium reached by the system
due to behavior adaptation in an outbreak situation.
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while from the second equation, we obtain
B = f (f g(BI") K(s) dS) X f g BB —s)I" +BI(t - 5)) K(s)ds
0 0

=CU,pB) f‘x’ B — )"+ B°I(t — 5)) K(s)ds,
0

where C(I*,B") := ' (g(BI")) g’ (B"I") . Note that the assumptions on f and g ensure that C(I*, 8*) <
0. To apply [19, Theorem 3.15], we consider u > p, and we derive the characteristic equation looking
for solutions of the form

(I(0,B0) = ¢, me", (£n)eC*\{0,0)}and 1€ C, RA> —p.

Let -
KQ) := f K(s)e ™ ds
0

denote the Laplace transform of K. From straightforward computations, we obtain the characteristic
equation
A1) =0 (3.2)
where
A+y-=p -I
~C(I",BHKB 1~ CU". BRI
For the DFE E, (3.2) reduces to A +y — By = 0, and we immediately get the following result.

A(A) := det (

Proposition 3.1. Let p < u. The DFE E, is locally asymptotically stable (LAS) when Ry < 1 and
unstable when Ry > 1, regardless of the memory kernel K.

Now, we consider the EE. Let 5, = vy, I, = w, and C, = C(1,B,). From (3.2), we get the
following equation: _
A-C. L, KA)A+B,)=0. (3.3)

Note that, differently from the case of the DFE, the stability properties of the EE depend on the par-
ticular choice of K. For instance, in the memoryless case, that is, when K is a Dirac delta concentrated
at =0, K(1) = 1 and the characteristic equation (3.3) reduces to

C+,3+I+

<0.
1 - C+I+

AA1-CL)-C. . =0 & a=
Hence, the EE is always LAS when it exists, meaning that no sustained oscillations are possible when
the behavioral response is not delayed, in accordance with [5,6,9].

Consider now the case of a fixed discrete delay between infections and consequent behavioral
change, that is, we take K as a Dirac delta concentrated at 7. Then K (1) = e~ and the character-
istic equation (3.3) reads

A-C. e (A+p,)=0.

This case is studied in [16], where the authors show that the EE could become unstable via a Hopf
bifurcation when varying 7.
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For the gamma probability density function (2.3), the Laplace transform of K reads

Zon (H ) e
K1) = (,U " /l) , RA> —p > —pu. (3.4)

Hence, for general shape a and rate yu, the characteristic function reads as
A) = A+ )" = Cop LA = Cop® By (3.5)

If @ is an integer (i.e., K is Erlang), then A(A) is a polynomial and one can try to study the stability of
the EE through the Routh—Hurwitz criterion, see, for instance, [9]. We list here some possible choices
for @ € N that we will use later in the paper to validate the results obtained with the numerical method
proposed in [22]. Here we only illustrate the analytical results and refer to Appendix A for detailed
computations.

e Case @ = 1: The EE is LAS for all u > 0 (in agreement with what was observed in [9] for the
model including depletion of susceptibles and demography).

e Case @ = 2: Applying the Routh—Hurwitz criterion, we obtain that the EE is LAS if

_C+,8+I+

> 0.
AN

u

Hence, if u is small enough (i.e., if the delay 7 = 2/u is large enough), E, can be destabilized.

e Case a = 3: Applying the Routh—Hurwitz criterion, we obtain that the EE is LAS if

~C.fil ~CBls 9
1 _C+I+’ 1 _C+I+ 8+C+I+ '

o> min{

For non-integer values of a, it is hard to conclude anything about the roots of the characteristic equa-
tions. To overcome this issue, in the following, we will rely on numerics.

4. Pseudospectral approximation by means of a system of ODEs

As discussed in the previous section, analytical stability results can be derived only for some special
kernels. For more general cases, to investigate the stability of equilibria, one can rely on numerical
methods.

A recently proposed numerical method to approximate the stability and bifurcations of equilibria
of nonlinear infinite delay equations is based on the pseudospectral, or spectral collocation, method.
We here summarize the core ideas of this approach before applying them to some test problems in
the next section. We refer to [21,22] and the references therein for further details and rigorous error
bounds, and to [26, Appendix A] for a concise and less technical summary. The coupled differential-
renewal equation (2.1) can be reformulated as a semilinear abstract differential equation for the state
u(t) ;= wl(t),wl,,w f()' B:), with weight (2.4), as follows:

u'(t) = Aou(t) + F(u(r)), 4.1)
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where
Ag(wa, wpr, wp) := (0, w', wg") 4.2)

is linear with domain

D(Ao) := {(wa, wip, wd) | wip, wiy’ € L™ (R, R),
¥(0) = a € R, and wp, wg’ € AC(R<o, R), ¢(0) = 0}, (4.3)

and the nonlinear part is given by

F((wa, w,wg)) := |wa(¢’'(0) - ), 0, —wf ( fo g(t//(-S)(P'(—S))K(S)dS)) : (4.4)
The main idea of the spectral collocation approach is to approximate the solution of a differential equa-
tion by an interpolating function that satisfies the equation at a finite set of collocation points. In our
case, we approximate both the differential and renewal components of the state by using weighted poly-
nomials with domain Ry and fixed degree N € N. Given the collocation nodes 6, € Ry, i = 1,..., N,
by requiring the weighted polynomials to satisfy the collocation equations and domain conditions spec-
ified at 6y = 0 in (4.2)—(4.3), we reduce the abstract equation (4.1) to the system of 2N + 1 ODEs

U'(t) = AonU (1) + Fn(U (1)),

where Fy can also account for the use of a quadrature rule to approximate the integral appearing
in (4.4). In particular the delay differential component (wl(z), wi;) is approximated by the first N + 1
differential equations, i.e., U;(t) = w(6,))I(t+6;),i = 0,1, ..., N, while the renewal component w fo. B is

approximated by the last N differential equations, i.e., Uy;(t) = w(6;) fogi Bt+s)ds,i=1,...,N[22].

An important strength of this approach is that the resulting approximating system can be analyzed
with software for numerical continuation and bifurcation of ODEs, which are widely available, gener-
ally well developed, and well maintained. This offers an effective alternative to numerical simulations,
and enables us to explore the dynamics of (2.1) with a gamma-distributed memory kernel, as shown in
the next section.

In addition to the collocation degree N, the discretization requires us to select the parameter p
defining the weight (2.4), a set of collocation nodes, and a quadrature rule to approximate integrals
on R, for the trade off between accuracy and computation time. While the parameter p is related to
the history space of the original equation itself, both N and p play a direct role in the definition of
the collocation nodes and quadrature rules—which are taken as the extrema of the classical Laguerre
orthogonal polynomials scaled by 1/(2p) and the corresponding Gauss—Radau quadrature rule, respec-
tively. The numerical approximation can be computed with numerically stable algorithms for weighted
polynomial interpolation and weighted pseudospectral differentiation [27,28].

Finally, to improve computation times, truncated interpolation and quadrature rules can be used to
obtain approximations with polynomials of the same degree N, but using an approximating system of
lower dimension N, < N, where r € (0, 1) is an arbitrary truncation parameter. Given r, the reduced
approximating system is constructed by considering only the N, variables corresponding to the N,
nodes with modulus smaller than 2rN/p. The truncation is also useful to avoid cancellation errors in
the computation of the smallest quadrature weights. We refer to [23] and the references therein for
more details on the truncated scheme and for a numerical study of the approximation error.
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In the following numerical experiments we choose appropriately the collocation degree N, the scal-
ing parameter p, and the truncation factor r, to obtain the desired approximations, specifying our
choices each time. Typically, satisfactory accuracy can be obtained for N between 20 and 40, r be-
tween 1/8 and 1/4, and p chosen so that, for the given integration kernel K(s), the weighted integral is
well-defined and accurately approximated by the quadrature rule. In what follows we choose u = 2p.

5. Numerical study of the emergence of sustained epidemic waves

The simulations shown in the present section aim to illustrate the effectiveness of the numerical
method and its applicability to models of the form (2.1) that cannot be reduced to ODEs via the LCT.
This is the case of gamma-distributed kernels with a non-integer shape parameter. We ran all the
simulations using MatCont for MATLAB [24].

In the following, we take g(x) = x and

Bo
=— € Ry, 5.1
f(x) Toie ~ R0 (5.1
where 3 is the maximum disease transmission rate, and k is known as the plasticity/flexibility index [16]
or reactivity factor [14]: when the incidence is constant at the value 1/k, the effective contact is halved
compared to the baseline in the absence of infections. With these choices, the EE in (3.1) explicitly
reads

1
E, = (E/(RO -1, 7) .

As shown in Section 3, it is possible to derive an analytical condition on the parameters determining
the stability of the corresponding established equilibrium for certain integer values of . With these
particular choices of f and g, we have

oy = PO iy = LB
which, in turn, lead to
- Bok ky?
C,= ’ d)=—F"F——==——
S 6L (A +kf~1(y))? Bo

and o2 »
Y Y
_C+,8+I+_ ﬁ_0ﬂ+l+ _ ﬂ_o(70_1) _7(50_7)
1-C.I, [ y(Bo_ 1) 2Bo-7v
e 1+ 1+BO(70 1) Bo —

For @ = 2, using 7 = 2/u, we conclude that the EE is LAS for

4280 — )
T ———-,
YBo—7v)
For @ = 3 and 7 = 3/u, the EE is LAS for

oty 2Bo-v
380 yBo-7v)

T<
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To validate the numerical method, we first compare the stability curve in the (8, 7) plane with the
analytic one, for @ = 2, 3, where we also fixed ¥y = 1/4 (days™) and k = 0.1. As shown in Figure 1,
N = 20 is sufficient for the two curves to almost coincide. In the following simulations we normally
choose N = 20, as the curves are usually indistinguishable from those obtained with higher indices,
or N = 30 when the computation of the branches by MatCont requires so. We always tested the
simulations with higher values of N (not included here).

100 ‘ ‘ 100
| |
| |

80 |- : unstable - = : unstable -1 80
| |

60 | . . 1 60

- l l -

40 | - - -{ 40
l l

20 |- | tabl - S 20
| stable | stable

0 : | | : | | 0
0 1 2 3 0 1 2 3
Bo Bo

Figure 1. Stable and unstable regions of the EE for (2.1) with a gamma-distributed kernel
and f defined as in (5.1) in the (By, 7) plane, for @ = 2 (left) and @ = 3 (right). Blue: analytic
curve. Red: obtained with MatCont using N = 20, p = 0.5a/7, and r = 1. The dashed line
delimits the region of existence of the EE (DFE is LAS to the left of the dashed line).

Next, we show in Figure 2 how our method allows us to numerically compute the stability curves
in the (By, @) plane for a fixed 7, which we set to 7 = 14 (days), and in the (7, @) plane for a fixed S,
which we set to 8y = 5 (days™!). Since @ varies continuously, the curves cannot have an exact analytic
expression, nor can they be obtained numerically using the LCT.

In Figure 2 (left), the two values of S, highlighted with dashed gray lines, i.e., By = 3, 5, are those
which we use to numerically investigate the one-parameter bifurcation in «, as shown in Figures 3 and
4, respectively. In these figures, on the left side, the solid lines in the bifurcation diagrams indicate
stable solutions, while the dashed ones represent unstable ones, with maximum and minimum values
plotted for the branches of periodic solutions. In other words, the one-parameter continuation shows
that the Hopf bifurcation is supercritical. On the right side, we can see three different profiles of
periodic solutions corresponding to different values of the parameter «. In particular, the solutions in
Figure 3 are obtained with 8y = 3 and @ = 4.8 (red, period ~ 38.15 days), @ = 5.4 (blue, period = 39.67
days), and @ = 6 (orange, period ~ 40.53 days). The solutions in Figure 4 are obtained with 8y = 5
and a = 4.6 (red, period ~ 37.87 days), @ = 5 (blue, period ~ 39.22 days), and @ = 5.5 (orange, period
~ 40.45 days). By comparing both figures, we can see that the qualitative behavior is very similar, but
the amplitudes of the / components vary approximately proportionally with the value of Sy, while the
amplitudes of the  components do not seem to be sensitive to variations of that value. Moreover, we
can observe that, while the amplitudes of the periodic solutions are rather sensitive to changes in the
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: stable
4 ‘ ‘ 0
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Bo T

Figure 2. Stable and unstable regions of the EE for (2.1) with a gamma-distributed kernel
and f defined as in (5.1). Left: regions in the (8y, @) plane, for 7 = 14. Right: regions in the
(1, @) plane, for By = 5. Curves were obtained with MatCont using N = 20, p = 0.5«/7, and
r =1 (lefty and N = 30, p = 0.5a/7, and r = 0.25 (right).

shape parameter, the effect on the period of oscillations is negligible.
We conclude this section by considering a more general model where f is defined by
_ Bo+kBix

fO == (52)

so that f — ; > 0 when x — oo. Hence, 3| represents a minimal transmission rate that can be strictly
positive. To the best of the authors’ knowledge, this type of response has rarely been taken into account
in behavioral modeling. However, from a public health perspective, it is certainly realistic to consider
a level of essential activities requiring a minimal amount of daily social contact.

In this case, f~!(y) = %fﬁ—z, so that the EE reads

(5.3)

Compared to the previous case (8; = 0), increasing £, leads to a higher number of infections at equi-
librium, as expected.

We first fix the additional parameter 3, to either 8; = 0.05 or 8; = 0.08 (days™!). Figure 5 (left)
shows the sensitivity of the stability curve in the (8, @) plane to small variations in the value of S;.
Figure 5 (right) shows instead the stability curve in the (8, 81) plane for a fixed non-integer value of «
(@ = 10.5). Recall that (5.1) corresponds to (5.2) for g, = 0.

We can observe that increasing 3, with 8; < vy, makes the stability region of the EE larger. Even a
very small value 8; > 0 is enough to stabilize an equilibrium that would be unstable when 5; = 0. As
previously mentioned, a strictly positive 8, seems realistic from a public health standpoint.

In Figure 6 (left), we show the one-parameter bifurcation diagram with respect to 3, when 5y = 5.
The diagram shows a supercritical Hopf bifurcation, with the branch of periodic solutions existing for
small values of ;. In the top left picture, we can also see the variation of the number of infections at
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Figure 3. Left: bifurcation diagram for (2.1) with a gamma-distributed kernel and f defined
as in (5.1) with « as the bifurcation parameter, for Sy = 3 and 7 = 14. Right: profiles of the
periodic solutions for the values @ = 4.8 (red), @ = 5.4 (blue), and @ = 6 (orange). Curves
were obtained with MatCont using N = 20, p = 0.5@/7, and r = 0.25.

the equilibrium with respect to 3, according to (5.3). Figure 6 (right) shows the profiles of the periodic
solutions obtained with 8; = 0.08 (red, period ~ 40.93 days), 8; = 0.066 (blue, period ~ 41.19 days),
and B; = 0.053 (orange, period ~ 41.37 days). Similarly as in the previous analyses, these figures
also show that changes in 8, can have a substantial impact on the peak of the epidemic waves, but a
negligible impact on their period.

6. Discussion and concluding remarks

In this paper we have applied a recently developed numerical method to extend previous analyses
of epidemiological-behavioral models in the literature.

We have considered an outbreak scenario similar to the one proposed in [16], but with a continu-
ously distributed memory kernel. We confirmed the emergence of oscillations even in the absence of
any other process, like demographic turnover or depletion of susceptibles, when the memory kernel is
narrow enough around the mean delay.
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Figure 4. Left: bifurcation diagram for (2.1) with a gamma-distributed kernel and f defined
as in (5.1) with « as the bifurcation parameter, for 5y = 5 and 7 = 14. Right: profiles of the
periodic solutions for the values @ = 4.6 (red), @ = 5 (blue), and @ = 5.5 (orange). Curves
were obtained with MatCont using N = 20, p = 0.5«/7, and r = 0.25.

In particular, our analyses confirm that sustained oscillations are favored by higher baseline trans-
mission rates and longer delays in the feedback between infection and behavioral response. For the
parameter values considered here—representative of a fast-progressing and highly infectious disease—
information delays of at least 10-20 days on average appear necessary to generate oscillations. Even
in the current era of fast media spread, such long delays are plausible for a fast-progressing disease,
and can arise for instance when individuals adjust their behavior in response to severe cases or deaths,
see, for instance, [29].

Extending previous work of incidence-based behavioral feedback [9], we further investigated the
emergence of oscillations as a function of the shape parameter of the memory kernel. Our results show
that larger shape parameters, corresponding to a more concentrated distribution, promote oscillatory
behavior. In particular, for diseases with low Ry (Ry ~ 2) and average information delay of approxi-
mately 14 days, oscillations can arise only if the memory kernel is very concentrated around the mean
(shape parameter larger than 10). This observation can be intuitively explained by noting that, for
a more concentrated kernel, individuals tend to adapt their behavior within a narrower time window,
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both cases, the stable region is the one below the corresponding curve. Right: curve in the
(Bo, B1) plane for @ = 10.5. Curves were obtained with MatCont using N = 20 and r = 1.

leading to synchronized fluctuations in the transmission rate and, consequently, in infection levels.

We also examined a more realistic relationship between information and transmission rate by in-
troducing a minimum achievable contact rate representing, for example, essential activities and social
interactions. Our analyses indicate that the presence of such a lower bound contributes to stabilize
the system at a positive equilibrium, even when the bound is small. Minimal levels of activities have
rarely been considered in previous studies, and our findings suggest that they may play an important
role on the model dynamics. Across all analyses, the amplitude of the oscillations appears to be highly
sensitive to parameter variations, whereas the oscillation periods seem to remain relatively stable, with
slight variations around 40 days for our parameter values.

Compared to other previous studies, we were able to extend the analysis to gamma-distributed
memory kernels with a general shape parameter by using the pseudospectral approximation method,
going beyond the study of Erlang-distributed kernels via the LCT. Using MatCont on the approximating
ODE system, we were able to study numerically the branches of periodic solutions emerging from the
Hopf bifurcation.

The numerical method is powerful to study general models with distributed memory kernels, but
involves the choice of several numerical parameters (N, p, r) which require some degree of knowledge
of the approximation, and can become computationally expensive when studying dynamics beyond the
Hopf bifurcations, like the branches of periodic solutions.

While this work focuses on the long-term dynamics of the system, a related interesting question
concerns the time scales of emergence of oscillatory dynamics and stabilization toward a limit cycle,
which can be investigated through numerical time integration of the original model (2.1). In general
the investigation of the dynamics of delay equations by using numerical simulations is challenging
as it requires one to select initial functions satisfying suitable compatibility conditions to guarantee
that the solutions are sufficiently smooth, see, for instance, [30] for delay differential equations with
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finite delay and [31] for equations of Volterra type. Time integration of the approximating ODE by
available ODE software offers an interesting alternative to perform numerical simulation of both delay
differential equations and renewal equations with infinite delay. The convergence of the solutions of
the approximating ODE to the solutions of the original equation is under investigation. In the case of
Erlang-distributed memory kernels, numerical simulations can be performed using the equivalent ODE
system obtained via the LCT [9]. To provide a first insight into the time scales required for reaching
the stable attractor in practice, we integrated the LCT-ODE system for two integer values of «, for
the parameter values in Figure 3. The initial condition is Iy = 1, with all LCT compartments equal
to 1/k, so that the initial information index equals S,/2. Figure 7 shows that, after an initial large
infection wave lasting approximately 30—40 days, the solution rapidly settles on dynamics close to the
limit cycle. The validity of the low attack rate assumption depends on the total size of the population
of interest.

Finally, we mention that an alternative numerical method has been recently proposed to simulate
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models with distributed memory kernels and infectivity depending on the time since infection [32-34].
These methods allow one to perform time integration of the model preserving the long-term properties
of the system and, to our understanding, can also be applied to general memory kernels K. We also
refer to [35,36] for time-integration methods of finite delay equations based on exponential integrators.
While all these methods can tackle integral equation models, the pseudospectral approach has the
advantage to enable users to apply established software tools for ODEs, including their graphical user
interface (like in the case of MatCont).
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Figure 7. Time integration of the ODE model obtained via LCT. The initial conditions are
1(0) = 1 and the LCT compartments equal to 1/k. Parameters are k = 0.1,y = 1/4, By = 3,
7 = 14. Time simulations were obtained using MATLAB’s built-in solver ode23s with
default error tolerances.
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In this section, we provide detailed computations for the results presented in Section 3 on the linear

stability of the EE E, in (3.1). We assume that K is a gamma probability density function with shape
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parameter « and rate parameter . Then, the Laplace transform of K reads as in (3.4), and the associated
characteristic function A reads as in (3.5). Note that, if @ — oo in such a way that a/u — 7 < oo,
then K tends in distribution to a Dirac delta concentrated at 7. If « is an integer, then K is an Erlang
probability density function, and A is a polynomial. Hence, one can analyze the stability of E, with
the Routh—Hurwitz criterion [9]. Here we derive conditions for the LAS of the EE in three different
cases, namely @ = 1,2,3 and u > 0.

e Case @ = 1 (exponentially fading memory kernel): The Laplace transform of K is

u
u+A

KQ) =

and the characteristic equation (3.2) reads

u+Aa u+Aa

We look for solutions such that RA > —u. To do this, we are led to solve the quadratic equation
A+ pd(1 = C 1) — uC.B.1, =0,

whose solutions are given by

—u(1 = C. 1) £ \Jp(1 = Co1,)* + 4uC. LB,
5 .

Aip =

Since C, < 0, the term under the square root is nonnegative if

_C+ﬁ+l+

> T T
K-y

and in this case both roots are real and negative. In the other case, the characteristic roots are
complex conjugate, with a negative real part. Hence, the EE is LAS for all ¢ > 0, which is in
agreement with what was observed in [9] for the case of models including depletion of suscepti-
bles and demography.

e Case a = 2: The characteristic equation (3.2) reads
A+ 2u® + 12(1 = CLI)A = Copi®B. 1, = 0.

The Routh—Hurwitz criterion for a third-order polynomial asA* + a,A% + a;A + ay = O states that
the EE is LAS if all coefficients of the characteristic function are strictly positive and a;a, > apas.
In this case, the condition becomes

_C+,8+I+

2u(l = C. 1) > -C.B. 1 & > — .
u( +1y) Bl M 21-C.1)

Thus, E, can destabilize already for @ = 2 if u is small enough (or, equivalently, if the delay
T = 2/u is large enough).
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e Case o = 3: The characteristic equation (3.2) reads
A+ AP —C 1A - Cy’pI. =0.

The Routh—Hurwitz criterion for a fourth-order polynomial asA* + a3A* + a,A> + ajd +ag = 0
states that the EE is LAS if all coefficients of the characteristic function are strictly positive, and
aya; > apas, and azaa; > a4a% + a%ao.

In this case as = 1, a3 = 3u, a, = 3p®, a; = @* — Ci’1,, ay = —C,1°B.1,. Hence, the conditions
for the EE to be LAS are

-C,I
W= CL) > 3Cu'Bd, & p> b
1_ C+I+
and
8+C,I C.B.1
OO = C L) > pS(1 = Co, P~ 9C Bty & [stle), s  SPde
9 1-C.1,
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