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Abstract: Mathematical modeling and numerical simulation are valuable tools for getting theoretical
insights into dynamic processes such as, for example, within-host virus dynamics or disease transmis-
sion between individuals. In this work, we propose a new time discretization, a so-called non-standard
finite-difference-method, for numerical simulation of the classical target cell limited dynamical within-
host HIV-model. In our case, we use a non-local approximation of our right-hand-side function of our
dynamical system. This means that this right-hand-side function is approximated by current and previ-
ous time steps of our non-equidistant time grid. In contrast to classical explicit time stepping schemes
such as Runge-Kutta methods which are often applied in these simulations, the main advantages of our
novel time discretization method are preservation of non-negativity, often occurring in biological or
physical processes, and convergence towards the correct equilibrium point, independently of the time
step size. Additionally, we prove boundedness of our time-discrete solution components which un-
derline biological plausibility of the time-continuous model, and linear convergence towards the time-
continuous problem solution. We also construct higher-order non-standard finite-difference-methods
from our first-order suggested model by modifying ideas from Richardson’s extrapolation. This ex-
trapolation idea improves accuracy of our time-discrete solutions. We finally underline our theoretical
findings by numerical experiments.

Keywords: Boundedness; convergence; non-negativity; non-standard finite-difference-method;
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1. Introduction

Differential equations, satisfying non-negativity conditions for solutions, play a key role in differ-
ent areas of applied mathematics, engineering and natural sciences. In biology, different fields can
be mentioned. For a general overview, we refer readers to Murray’s book [1]. Ashi and Alahmadi
suggested a model for the spread of brain cancer [2]. Srivastava and co-authors investigated the effect
of fear on competition of two species [3]. Wacker and Schliiter described calcium-ion concentrations
in different cells by differential equations [4]. Wanassi and Torres proposed a fractional-order differen-
tial equation for ethanol metabolism in the human body [5]. Another classical field where differential
equations are applied is chemistry. One classical book on chemical reaction networks was written by
Feinberg [6]. Non-negativity of solutions of differential equations play an important role in different
settings in chemistry, see [7, 8]. Epidemiology with the classical susceptible-infected-recovered (SIR)
model [9] or different generalizations by differential equations [10, 11] is another field of interest. To
name a last field of application, population dynamics can be mentioned [12—14].

In this article, we propose a time-discrete formulation of the classical target cell limited dynamical
within-host HIV model

I'o=r-p-Ve)-T)-d-T(@),
io=p-V)- T -06-T; (),
Vi)=n-Ti(®)—c-V(),

TO) =T, (1.1)
T:(0) = Ti,o,
V)=V,

by a non-standard finite-difference-method based on non-local approximation of the right-hand-side
function where T (¢), T; (t) and V (¢) represent current number of target CD4+ T-cells, current amount
of infected target CD4+ T-cells and current load of viral particles at the actual time point ¢. Here, the
positive problem parameters r, 3, d, 9, m and ¢ describe constant production rate of target CD4+ T-cells,
constant infection rate of target CD4+ T-cells by contact with HIV particles, constant clearance rate of
target CD4+ T-cells, constant clearance rate of infected target CD4+ T-cells, constant replication rate
of HIV particles and constant elimination rate of HIV particles respectively. Conclusively, Ty, T; and
Vo are non-negative initial conditions for (1.1). Regarding further information on dynamics of primary
HIV infection, we refer interested readers to well-written introductory texts [15—17]. Perelson and
different co-authors have also written many articles on HIV infection over the course of time [18-20].
Mathematical properties of (1.1) were mainly studied in [21].

Although our dynamical system (1.1) is a basic model on virus dynamics, it captures some impor-
tant aspects of an untreated HIV-infection such as the acute phase and the asymptotic phase of such an
infection [15] where asymptotical loads of CD4+ T-cells and virus particles are captured by numerical
simulation and appropriate choice of parameters [22]. Recently, more sophisticated models have been
proposed in order to capture even later stages of untreated HIV infection [23] by introducing further
immune cells such as macrophages into the dynamical system. Even though there are more sophiscated
models, introduction of appropriate time-discrete variants seem to be fewer investigated. We are going
to discuss this point in a few paragraphs. Here, we shortly want to conclude our discussion on differ-
ent modeling approaches by mentioning the field of fractional-order derivatives which replace typical
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integer-order derivatives, compare [24-26]. It can be seen from these sources that it is also of interest
to examine co-infections of HIV with different other infections such as tuberculosis or hepatitis.

At this point, we want to shortly note that (1.1) is mathematically not equivalent to the classical SIR
model, see e.g. Wacker and Schliiter [27],

S"O)=—-a-S@)-1@1),
I'O=a-SO-1(O-B-11),
R()y=8-1()

because our constant problem parameters ¢ and & are in general unequal. Furthermore, in contrast to
the classical SIR model, population size is not conserved.

Classical explicit numerical time-stepping methods such as Runge-Kutta schemes are often ap-
plied in many branches of science [28-30]. Their traditional forms suffer from instabilities and non-
preservation of important properties such as non-negativity in different situations such as epidemiol-
ogy [31] or calcium-ion concentration in liver cells [32]. For these reasons, Mickens introduced his
methodology of non-standard finite-difference-methods to cure these issues [33, 34]. In particular,
Mickens summarized his methodology in his book [33] and also wrote an article on conservation of
non-negativity in the case of discretization of differential equations [34].

Consequently, we want to construct a non-standard finite-difference method for finding approxi-
mate solutions of (1.1) and applying ideas from [35]. While those authors applied a non-standard
finite-difference method to an epidemiological model, we here suggest a non-standard finite-difference
method based on non-local approximations of the right-hand-side function of our dynamical system
and we also use Richardson’s extrapolation idea to construct higher-order numerical approximation
schemes which yield higher accuracy of the time-discrete solution components. The main goal, apply-
ing this approach, is to conserve important properties such as non-negativity, boundedness or conver-
gence towards correct equilibrium points.

Our main contributions can be summarized as follows:

e In Section 2, we suggest a new non-standard finite-difference-method for solving (1.1) numeri-
cally. A summary of its algorithm is given in Algorithm 1. Our main idea for constructing this
finite-difference-method is based on a non-local approximation of the right-hand-side vectorial
function of our dynamical system. This implies that we approximate this function not only by
the current time point, but also by previous time points. A careful choice of these time-discrete
points leads to a numerical solution scheme which conserves important properties of the time-
continuous case such as non-negativity and boundedness of all solution components. This aspect
seems reasonable because our mathematical model should capture properties of an untreated HI'V-
infection. Further, our construction yields the same equilibrium points in the time-discrete setting
as in the time-continuous case.

e We describe our new non-standard finite-difference method, solely based on non-local approxi-
mations, in Section 2. In contrast to other works, we apply non-uniform meshes which means
that different non-standard denominator functions in non-standard finite-difference settings, com-
pare Mickens [33], are already included in our analysis. Hence, our results also transfer to the
possibility of adaptive time-stepping strategies.

e We provide proofs of unique solvability, non-negativity, boundedness of all time-discrete solution
components and convergence towards equilibria for large time step sizes of Algorithm 1 in Section
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3. This underlines that our time-discrete method is capable of producing reliable results which
we expect to transfer from our time-continuous model to our time-discrete variant.

e As our main technical result in Section 4, we show that our time-discrete solution components of
Algorithm 1 convergence linearly towards the time-continuous solution components of (1.1).

e As our practical contribution, we stress our theoretical findings by different numerical exper-
iments in Section 5. Furthermore, we construct higher-order non-standard finite-difference-
methods based on Richardson’s extrapolation [36] and we modify ideas given in [35].

2. Formulation of proposed non-standard finite-difference-method

We consider a time discretization of (1.1) on our considered time interval [0, 7] with final simulation
time 7 > 0 where

Hh=0<tbh<...<ty1<ty="T,

represents the grid of time points ¢; for all time indices j € {1,2,...,M — 1, M}. Here, f; describe
time-discrete functions

frfuliel2 . M-1.M}} — R,

at time points #; for all time indices j € {1,2,...,M — 1, M}. Hence, we propose our discretization
method based on non-local approximations by

Ti—T;
% =r=F- T Vi=d-Tju,
J
Tijn—Ti;
Y BT Vi =6-Ti
hj J+ J Jt ) (21)
Vi =V,
% =7-Tij1—c- Vi,
J
Th=To;Tin=Tipo; Vi =Vo
as a time-discrete formulation of (1.1) as our non-standard finite-difference-method. h; := 1, —¢;
describes a possibly non-equidistant time step size for all indices j € {1,2,...,M —2, M — 1}. We can
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equivalently formulate (2.1) by

Ti—T;
%:r_lg.j“jﬂ.vj_d.]“jﬂ
j

Tj+hj-r

—|Tj = ]
1+hj'ﬁ'Vj+l’lj'd
Ti,j+l_Ti

L =B Tj - Vi=6-Tijm
hj

— Ti,j+1 '(1+hj'5):Ti,j+hj'ﬁ'Tj+l V]

T,"j+hj'ﬁ'Tj+1 'Vj
=== s |
J

, (2.2)

Viel = v;
h;

— Vj+1 (1 +hj'C) = Vj+hj’7T'Ti,j+1

=n-Tijs1—c Vi

Vith -7 T
= |V, = 1 -
s 1+h;-c

and obtain an explicit time-discrete solution algorithm of our time-discrete system of difference equa-
tions (1.1) for all time indices j € {1,2,...,M — 2, M — 1}. By taking these explicit formulations into
account, we can summarize our algorithm for our proposed non-standard finite-difference-method in
Algorithm 1.

Algorithm 1 Non-standard finite-difference-method for (2.1)

1:

A S

10:

11:
12:
13:

Inputs
Positive problem parameters r, 8, d, 6, n, ¢ € R and time vector (7, ..., ) € RM
Initialize T :=0,T; :=0,V :=0 ¢ RM
Initial conditions T; := Ty, Ti; := T;p and V; := V;, from (1.1)
Non-Standard Finite-Difference-Method
for je{l,..., M—-1}do

Define h; := tj,; — t; as current time step size

Tj + hj - r
Compute 7', = [+ BV, +h - d by (2.2)
Compute T j,1 = Tij + ]I]+€zj .T(‘;H Vi by (2.2)
Vj + ]’lj CJT Ti,j+1

Compute V. = T+h ¢ by (2.2)
end for
Outputs

Calculated vectors T, T;, V € RM
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3. Analytical properties of Algorithm 1

Here, we prove some important properties of Algorithm 1 such as unique solvability, non-negativity,
boundedness and convergence towards correct equilibria.

Lemma 1. The following properties hold true:

1. Algorithm 1 possesses a unique time-discrete solution for all time points t; for all time indices
jef{l,2,....M—1,M}.

2. The unique solution of Algorithm 1 remains non-negative for all time points t; for all time indices
jef{l,2,....,M—-1,M}.

Proof. We devide our proof into two steps:

1. This statement is a direct consequence of (2.2).

2. We can show this assertion by induction. 7y, T;; and V; are non-negative by assumptions on
initial conditions of (1.1). If we assume T;, T;; and V; to be non-negative for a certain time
index j € {1,2,...,M -2, M — 1}, we can conclude non-negativity of T, T; ;1 and V;,; by
mathematical induction.

This shows both assertions. O
Proving boundedness of Algorithm 1, we need the following estimate.

Lemma 2. It holds
I —x<exp(—x)

for all x € [0, 00).
Proof. Define f (x) := exp (—x) + x — 1. It follows

fO)=0and f'(x) =1—-exp(-x) >0,

for all x € [0,00). Consequently, exp(—x) > 1 — x holds for all x € [0, c0) and this proves our
assertion. O

In particular, we need the previous result mainly for all x € [0, 1]. Now, we are able to discuss
boundedness of solutions computed by Algorithm 1.

Theorem 3. All solution components, calculated by Algorithm 1, remain bounded for all time indices
je{l,2,....M—-1,M}.

Proof. We divide our proof into multiple steps:

1. We define
M :=Ti +Tij,

forall je{0,1,...,. M =2,M —1}. Forall j€{0,1,...,M -2, M — 1} by (2.1), it follows

Mj+1 - Mj = (Tj+1 + Ti,j+1) - (Tj + Ti,j)
hj'r—]’lj'd'Tj+1—]’lj'é"Ti,j+1
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IA

h] B h] . min {d, 6} : (Tj+1 + Ti’j+1)
hj-r—h;-min{d, &} - Mj

and it implies
M - (1+h;-min{d,6}) < M; + by - r.

Hence, it holds
M < Mj hj-r
. + ,
= 1 +h;-min{d,6} 1+ h;-min{d,?d}

3.1

forall je{l1,2,...,M—-2,M —1}.
2. By construction, we see that
Mj hj'}"
< +
I +h;-min{d,é6} 1+ h;-min{d,?d}

Mj+l

< 1 Mj_l + l’lj_l - r
-~ 1+hj-min{d,o} |1+hj-min{d,6} 1+ h;_ -min{d,?}

hj-r
T+ i, - min (d, o)
_ M +hj-r N hj-r
(1+hjy - min{d,6})- (1 +h;-min{d,6}) 1 +h; min{d, o}
< .
! 1 . hy - r
= Ml'(D(1+hk-min{d,5})]+Z j

k=1 ( (1 + h; - min {d, 5}))
k

I=

holds for all j € {1,2,...,M —2, M — 1}. This statement can easily be proven by mathematical

induction.
3. Since
1 o hy - min {d, 6}
1 + hy - min{d, 8} 1 + hy - min {d, 6}’
hy, - min {d, 6}
<expl|-— : )
1 + hy - min {d, 6}

Amin - min {d’ 6} )

< —
= eXp( 1+ Amin - min (d, 6)

is valid for all k € {1,2,...,M — 2, M — 1} by setting
Anin :=min{hy, hy, ..., hyo, hy—} and Apay := max {hy, ho, ..., hy_2, hy-1},
because
X

i [0,00) —[0,1) ; f(x)=——

1+x
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is a strictly monotonically increasing function, we obtain the following estimate

M, <M, -

hy - min {d, 6}

J

h; - min{d, 6}

J
oz Jex

k=1

|

1+

) | |

-min {d, 6} "1+ -min{d, 6}

J Amin -min{d, 8} \ < (j—k+1) - Apin - min {d, 5}
<M, - — + h, - —
B 1 eXP( 1+ Amm - min {d, 6} ; k1T CXp 1+ Amin - min {d, (5}
J Ao -min{d, 5} | < k - Ain - min {d, 5)
< M, -exp|- ) A7 exp| - :
! eXp( 1+ Apin - min {d, o} kZ:;J TP T A - min(d, o)
| —exp _(+ 1) Apin - min {d, 6}
iy ( j* Amin - min {d, 6} ) 1 + A, - min {d, 8}
- 1° eXP - . + Amax e N
1 + A, - min {d, 8} [~ exp (_ Anin - min {d, ) )
1 + A - min {d, 6}
j « Amin - min{d, 6 1
<M1‘CXP(_J mln{ })+Amax' . >
1 + Anin - min {d, 6} | —exp (_ Apin - min {d, 8} )
1 + A - min{d, 6}

and consequently, the considered sequences {Tk}i:1 and {T,‘,k}i:1 remain bounded for all time
indices k € {1,2,...,M — 1, M} with j < M.

4. At first, we see that

V;
Vj+1 = +

hj-m-Tijn

(1+h;-c) (14
Vj—l

hj'C)
hj_l'ﬂ"TiJ hj'ﬂ"T,',j_'_l

<
(1+hj_1-c)-(1+

hQ) (Uth ) (1+h-0)  (1+h-0)

J

1

SV' -
! U(1+hk-c) |
k=1 =1L+ hy - ©)
1=k
<V j'Amin'C + A ET ﬁ Amin'c
eXpl\————— 7 max i EXp|—

=7 p 1+Amin'c ) A Ik P 1"‘Amin’c

. J .

]'Amin'c (.]_k+1)'Amin'C
<V - —_ |+ 'Amax' Ti . —
=P T A, ) T ; e eXp( 1+ A - €

.'Amin' Amax'
DRV 171372 DN P a

1+ Apn-c 1 Amin - min {d’ 6}
Pl T+ A - min (4, 6)
1
X s
1 —ex _M
S I N—
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holds for all ] € {1,2,...,M —-2,M — 1} by same arguments as in Step 3. Conclusively, the
sequence {Vk}{{:1 is a bounded sequence for all k € {1,2,...,j— 1, j} with j < M.

Hence, all time-discrete solution components remain bounded which finishes our proof. O

For large time step sizes, i.e. h; — oo, we want to demonstrate that Algorithm 1 converges towards
the correct equilibria of the time-continuous model (1.1).

Theorem 4. We have the following statements:

1. Lethj — 00, T;; =0andV, =0orB-n-r—c-d-6 <0. Then the time-discrete equilibrium point
reads

(17,75, V) = (6—:,,0, 0)

and it is the same equilibrium point as in the time-continuous case.
2. Let hj — oo and either T;; > 0 or V| > 0 in the case of f-n-r—c-d-6 > 0. Then the time-discrete
equilibrium point reads

S Bwr—c-dSBwr—c-d-§
(178 ) = (G2 B e B ),

B-r B:-o-m ’ B-c-o
and it is the same equilibrium point as in the time-continuous case.
Proof. As a preparation step, we reformulate our Algorithm 1. Consequently, we see that

TJ+th
l+hj'ﬁ'Vj+l’lj'd

T;
— +r
h;

1 b
;+,8-Vj+d

J
Ti,j+hj'ﬁ'Tj+1'Vj
1+hj'6

Tj+1 =

Tij =

h—’ +B- TV, %, (3.2)
J

! +0 ,
h;
Vj + I’lj S/ 8K Ti,j+1

1+hj'C

Vi
— 47T
h;

1+
— C
h;

hold.
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1. Since both equations 7;; = 0 and V; = 0 hold, we notice that T; ;,; = 0 and V;,; = 0 for all
time indices j € {0,1,2,...,M —2, M — 1} by (3.2). Consequently, Tl.fh = 0and V) = 0 are valid.
Additionally, we observe that

Ly

. h;

hl,l—rgo 1

e +B-V;+d

h;
T.
————
h;

lim
e Ly
h;

r

d

holds by (3.2) which proves our first statement for zero initial conditions for 7;; = 0 and V| = 0.
Our second part under the condition 8- 7-r—c-d -6 < 01is a consequence from our following
second step.

2. At first, we notice that

m-T*

V= cl’h orTZ‘h:;-V,f
is valid by the third equation of (3.2) for h; — oco. Secondly, we see from the second equation of
(3.2) that
*
T* _ ﬁ ) Th ) V/’T
ih T T s

and equivalently

, O T:h_d c_c:

T = — . 2. ,
"B Vi B xm Bx
hold. By the first equation of (3.2) for h; — oo, we observe that

r r  Bem-r
T = — Vi4+d= — = R
"B VE+d BV Ty c¢-6
or equivalently
pro T d _B-mr-c-d-¢
s B B-c-6 i
is valid. Finally, it follows
c
T = —-Vr
i,h T h
¢ [Bmr—c-d-6
o B-c-o
or equivalently
T*_,8-7T~r—c~d~6
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and this shows our second assertion.

This completes our proof. O
4. Convergence towards time-continuous solution components

To begin with, we summarize all our assumptions for linear convergence of our time-discrete solu-
tion components of (2.2) towards the time-continuous solution components of (1.1).

(A1) We consider the time interval [0, T'] with partition
H=0<tb<...<ty1<ty="T;

(A2) Initial conditions of the time-continuous and the time-discrete problems coincide;
(A3) Time-continuous solution components 7, 7;,V : [0,T] — [0, co) should be twice continuously
differentiable;
(A4) Set Apax := max h,,.
PEN

We want to shortly remark that graphs of solution components seem to be sufficiently smooth, compare
[18]. However, it might seem to be of interest for future work to generalize our error analysis to
Carathéodory of Lebesgue-integrable functions.

Theorem 5. Let assumptions (Al)-(A4) be fulfilled. Then the time-discrete solution converges linearly
towards the time-continuous solution if Ay.x — 0.

Proof. We briefly explain our proof’s plan because it is relatively technical. Let us first assume that all
time-continuous solution components coincide with all time-discrete solution components at a certain
time point ¢, € [0, T] for an arbitrary p € {1,2,...,M —2,M — 1}. Our first step is to examine local
error propagation to a time point #,,; € [0, T']. Secondly, we investigate error propagation in time and
finally, we inspect accumulation of these errors. Let us denote time-continuous solutions, for example,
by T (tp) and time-discrete solutions, for example, by T, at the same time point 7,,.

1. For analyzing local errors, we assume that

(10 To) = (5 T (1)) 5 (12 Tir) = (T (1r)) 5 (1 V2) = 1V ().

hold for an arbitrary p € {1,2,...,M —2,M — 1} on the time interval [tp,tp+1]. As we only

consider one time step, we denote corresponding time-discrete solutions by 7', f,;:l and V;:l,
respectively.

1.1. We notice that
— T,+h,-r

Lot =T BV, hyd
hy-r—hy-B-V,-Ty—h,-d-T,
L+h, - B-V,+h,-d
hy-(r=B-V(t,)-T(t,)—d-T(t,))
Lthy BV (6)+h,-d

=T, +

= T(t,,) +
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holds and we obtain

P—

T (tp+1) - Tp+l

by (r=B-V ()T (1) =d-T(1,))
1+hp.ﬁ.v(tp)+hp-d

T (1) - T (1) -

Ao, (210 00 1)
1 1+hp':8'v(tl’)+hp d
< fT'(r) dr—h,- T (1)

:ZIT’l

(8 V(e) 7o) -0 7(0)|

L+hy-B-V(t,)+h,-d

+

hy T (t,) = hy -

:ZIIT’Z

By the mean value theorem, there exists a é7; € (tp, . 1) such that

T"(n)-T'(t,
|T” (5T,1)| = — ( ) <NT” (Dlloos
P
is valid. It follows
tp+1
Iy = f T'(v) dr = h, - T'(1,)
Ip

tp+1

e

tp

1
< S IT Ol
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Furthermore, we have

(r=6-(0)7(0)=a-7(s)
L+hy-B-V(t,)+h,-d

' T'(tp)
L+hy-B-V(t,)+h,-d

hl"T/(tp)'(l"'hp',B'V(tp)+hp'd)—hp-T’(tp)

L+hy-B-V(t,)+h,-d
. ‘T' (tp)' : 'hp B V(t,,) +hp-d|
S IT" Olles - B 11V Dl + ).

Iry = |hy - T (2,) = by

=, - T'(1,) - by

INIA
S S

Conclusively, by setting

1
Cloer =5 - IT” Olleo + 17" Dllow - B~ IV Dlleo + d),

we obtain
‘T(tp+l) - f;:l
1 144 ’
< 3 h,% T (@) + h,z, NI Dlleo - B - IV Dlleo + d)
< ClOC,T : h?;’
and

< Cloc,T : h;, (41)

‘T (tp+1) - 7’}:1

summarized as our first desired estimate.

1.2. It holds
T Ti,p"'hp'ﬁ'f}:l'vp
bl T 1+h, 6
CTi(tp) +hp B Ty V(1)
I+h,-6
) AP )
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and we obtain

hy-B-Tyet-V(t,)—h,-6-T;
= T,-(IPH)—Ti(tp)_ p B Tpa 14-(2171)7.617 (tp)

(oo, 0T V071

- 1+h, 6
Ip
Ip+1
< fT{ (r) dr = h, - T} (1,)
Ip
oy BT V(1) =8 Ti(1))
*hy Ti(tp)_ 1+h,-6
I+l
:fﬂm—ﬂ@ﬂr
Ip
=71
(B-Tpn- V(1) - 8- Ti (1))
+h, T,(tp) (5,0

Again, application of the mean value theorem yields

tp+]

I, = f T, (v) - T} (t,) dr
_”%nm—n@»
_! =y (r=1,) dr

1
<5 ITY Ol
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In addition to this result, we obtain the estimate

gy BT V(6) =0 Tis))
112 = T (1) 1+h,-6
BV T () 5 Te))- (1 -0) (5 T V() -9 ()
- 1+h,-6
BT (1) V() =B Tper - V(1) + 1y 5 T/ (1)
- 1+h, 6
BWOlo ' 2 0
< (]+hp5) Cloc,T hp+(]+hp-5) ”Tl (t)”oo hp,

by (4.1). By setting

1 144 /7
Cioe,1; := 3 W7} Olleo + 6 - IT; Dlleo + B IV Olleo * Croe,r - hps
we conclude

'Ti (tp+1) - T;/l

1 1 : ”V (t)”oo 0 ,
< Loarrne s, BV O o e O il b,
2 (1+h,-9) (1+h,-0)
< Ciocr, - I3,
Summarizing, we obtain
T (tp11) = Topr| < Croer, - 12, 4.2)

as our second desired local estimate.
1.3. By setting

1 4 ’ 4
Croc,v = 3 V" Olleo + 7 - IT; Dlleo + ¢ - IV" Dlleo + 7+ Croc1, - 1y,
and using similar arguments as in the two previous steps, we obtain

< Cloc,V : hz (43)

‘V(tp+l) - ‘7;:1

as our last desired local estimate.
1.4. Conclusively, by setting
Cloc ‘= max {Cloc,T7 Cloc,T,, Cloc,V} s

we see that

pP—

; Ti<tp+l)_7/:l;/l ; V(tp+l)_vp+l}

Ap+1 := max {|T(l'p+1) - 7/—;:1
< Cloc ' hf,a

4.4)

holds.
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2. In general, the points (tp, Tp), (tp, T,;p) and (tp, Vp) do not exactly lie on the graph of the time-
continuous solution. We therefore have to examine how procedural errors such as |Tp -T (tp)‘,

|T,-,p -T; (tp)‘ and |Vp -V (tp)' propagate to the (p + 1)-th time step. We further define
Cmax,T = ”T (t)“oo; Cmax,T,- = ”Tz (t)”cx); Cmax,V = ||V(t)||ooa
by boundedness of all time-continuous solution components and

Crax1, = max|Tp| 3 Cnax.T,y := max|Tl~,p| ; Cnaxv, := maX|Vp| ,
pEN ’ peEN peEN

by boundedness of all time-discrete solution components. Additionally, we need the norms

- T~
Bp+l = maX{ITp+] - Tp+l| > |Ti,p+l - Ti,p+l| > |Vp+l - Vp+1|}’

forall p € {0,1,..., M — 1} and

D, = max{‘Tp - T(tp)’ ; |Tl~,p -T; (tp)‘ ; ’Vp - V(tp)’} ,

forall p e {l1,2,..., M},
2.1. It holds

T.+h, -r ~ T(tp)+hp~r
(1+h,-B-V,+hy-d) (L+h,-B-V(t,)+h,-d)
(T, +hy-r)-(1+h,B-V(t,) +hy,-d)
(1+h,-B-V,+hy-d)-(1+h,-B-V(1,)+h,-d)
(T(t)) +hy-r)-(1+hy-B-V,+hy,-d)
(1+hy-B-Vy+hy-d)-(1+h, B-V(t,)+h,-d)
T,-(1+hy-B-V(t))+hy-d)=T(t,)- (1+h,-B-V,+h,-d)
(1+hy-B-Vy+hy-d)-(1+h, B-V(t,)+h,-d)
e (V) - V)
(1+hy-B-V,+hy-d)-(1+h,-B-V(t,)+h,-d)

+

’
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and we further get

Tpe1 = Tpu

< ‘T,,—T(tp)‘+hp-d-‘TP—T(IP)'+hp-ﬁ-'Tp-V(tp)—T(tp)-Vp‘
w12-pore|V(,) -V

<|r, =7 () +hp a1 =T (1) + B |T, V(1) - T (1) V (1)
+h, B ‘T(tp)~V(tp)—T(tp)~Vp‘+h12,-,8-r- ‘V(z,,)—vp‘

<(1+hy-d+hy-B-Coacy) [T, = T (1)

+(hp'ﬁ‘cmax,T+h?)‘ﬁ.r).‘V(lp)_Vp‘

<|1+ hp ) (d +B- (Cmax,V + Cmax,T) + hP A r)] | Dp
=Corop.7

—~——

= (1+hy - Coopr) - Dy
2.2. Furthermore, we obtain

Tiprt = Tipn]
Tip+hy-B-Tpi-V, T,-(tp)+hp-,8-f;:1-V(tp)
1+h,-6 - 1+h,-6

Tip—Ti(tp)| + 1y B

IA

Tp+1 ) Vp - T;:l ) V(tp)’

<\Ti,—T; (tp) +hy B \Tper - Vp =T - V(tp)‘
+h, BT+ V(tp) - f;:l : V(%)‘
<|Ti,-T; (lp) +h, B Craxt, - |Vp — V(tp)‘ +hy B+ Craxy - |Tp+1 - f;:l

<(1+hy-B- Cuaxr,)- D,

.Dp

+hp ﬁ CmaX,V : [1 +hp : (d+:8 (CmaX,V + Cmax,T) +hp :8 I”)

=:Cprop,7

= [1 +hy - (B Conaxy + B+ Conaxy + 1y * B+ Conay C”I;;T)] D,
ZZCLT\“pTT,'

= (1+hy - Coopr,) - Dp-
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2.3. Additionally, it follows

Vp+1_‘7p‘+/1
|Vethy - Tipn V(tp)""hp'ﬂ'TT;rl
- 1+ h, B 1+ h,:
<[V, =V (5)|+ 7 |Tipes - T
<[V, =V (5,)| +hp 7 (14 - Coopr) - Dy
< 1+hp-(ﬂ+hp-ﬂ-C;;q)TTi) -D,

—

“Cprop,v

(145, Conopv) - Dy

2.4. Let us define

Cprop ‘= max {Cprop,T > Cprop,T,- > Cprop,V

Conclusively, we obtain
By < (1+hy - Coop) - Dy 4.5)

3. Finally, we see that
D, £ Bpi + A,
< (1+hy - Corop) - Dy + 1 - Cioe
< (1+ 1y - Cprop) * (1 + pet * Corop) - Dot + h_y - Cioe) + 12+ Cioes
is valid by (4.4) and (4.5). Inductively, we can conclude that

Dy1 < exp(Corop T) - Dy +€xp(Cprop * T) - Cioe T * A, (4.6)

holds. Since our initial conditions of our time-continuous and our time-discrete model coincide,
we can further simplify this result and obtain

Dp+1 < eXp (Cprop ' T) : Cloc -T- Amaxa (47)
as our estimate because of D; = 0.
This completes our proof. O

5. Numerical experiments

Here, we want to underline our theoretical findings of our previous investigations. In all numerical
simulations, we use the following positive constant problem parameters and all initial conditions sum-
marized in Table 1. Additionally, we perform our calculations on the time interval [0, 7] where the
final time T is defined later in our examples.
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Table 1. Constant problem parameters and initial conditions for (1.1) in Examples 1-4 which
are taken from Table 1 of [15]

Parameter Value Unit
r 0.17 cells
uL -Lday
B 0.00065 —t—
V1r10n1s - day
d 0.01 —
delly
) 0.39 —_—
day
x 250 virions
cellsl- day
c 3 —_—
o
T 10 «s
uL
Tio 0 cells
ML
Vo 0000001 ~ —HoUs
uL

In our first example, we want to stress non-negativity of our proposed non-standard finite-difference-
method from Algorithm 1. We demonstrate that, even for moderately equidistant time step sizes such
as h = 1, only our numerical scheme preserves non-negativity in contrast to the explicit Eulerian
time stepping method and a second-order Runge-Kutta scheme. Secondly, we demonstrate for large
time step sizes that our numerical schemes converges towards the correct endemic equilibrium point.
Furthermore, we underline our theoretical finding of linear convergence with regard to a fourth-order
Runge-Kutta scheme. In addition to that, we numerically show higher-order convergence of con-
structed methods based on Richardson’s extrapolation. We further demonstrate that we obtain quali-
tatively similar results to previous studies in HIV-dynamics and finally, we compare our non-standard
finite-difference-method with classical denominator function with one method where a non-standard
denominator function is applied.

5.1. Example 1: Non-negativity

Here, T =~ 250. In Figure 1, we can see the comparison of three different numerical discretization
schemes for (1.1). We solely display the solution component 7 (¢). Clearly, we observe that, even
for h = 1, which is an equidistant time step size, only our proposed non-standard finite-difference-
method from Algorithm 1 is capable of capturing preservation of non-negativity. In case of &2 = 0.1,
we notice that all schemes are able to do so, compare Figure 2. In case of & = 0.6, the Eulerian time-
stepping method becomes unstable, while the other two method remain stable. In case of 2 = 0.75,
both Runge-Kutta methods, namely the Eulerian method and the second-order Runge-Kutta scheme,
produce negative values and become unstable. We do not show graphs of these solutions. It is well
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Load of Target CD4-cells (Explicit Eulerian Scheme, h =1)

20 T T T
10 7
0+ 4
-10 | 1

-20 1 1 1
0 5 10 15 20

t [days]
Load of Target CD4-cells (Second-Order Runge-Kutta Scheme, h =1)

T(1)

0 T T T T T l|
-100 - q
-200 .
-300 1 1 1 1 1 1
0 2 4 6 8 10 12 14
t [days]
Load of Target CD4-cells (Non-Standard Finite-Difference-Method, h = 1)

12 T T T T
= 8r T
F o4t .
1 1 1 1
0 50 100 150 200 250
t [days]

T(0)

Figure 1. Numerical simulations of 7 (¢) for Explicit Eulerian, second-order Runge-Kutta
and our proposed non-standard finite-difference-method in case of 4 = 1.

known that explicit Runge-Kutta time-stepping methods only remain stable for sufficiently small time
step sizes. This is a clear advantages of our proposed non-standard finite-difference-method which
preserves non-negativity on the time-discrete level for arbitrary positive time step sizes. However, we
observe that the steep decline in target cells is located a bit differently, depending on the choice of
discretization method, compare Figure 3.

5.2. Example 2: Convergence towards endemic equilibrium

Here, T = 10000 and & = 100. The endemic equilibrium point with conditions from Table 1 reads
T* ~2.1176 ; T* ~0.3816 ; V* ~ 108.12.

In Figure 4, we see that this equilibrium point is even reached for high time step sizes such as 7 =
100. The absolute differences between the solution components and the respective components of the
equilibrium are depicted in Figure 5. We can clearly see that these differences vanish for large .

5.3. Example 3: Linear convergence towards time-continuous solution

Here, our final simulation time reads 7 = 10 and we use a fourth-order Runge-Kutta
scheme with 2 = 0.0001 for comparison reasons. We apply four different time step sizes h €
{0.1,0.05,0.025,0.0125} for our proposed non-standard finite-difference-method. Let us denote our
solutions by Tnsepm and Trgas respectively at same time points #;. Our error norm reads

error ;= mjax {‘TNSFDM (tj) — Trka (tj) ; 'Ti,NSFDM (tj) — Tirk4 (t J)' ;
‘VNSFDM (fj) — Vrka (f])'} .
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Load of Target CD4-cells (Explicit Eulerian Scheme, h =0.1)

T T

()
oh N

1 1

150

t [days]
Load of Target CD4-cells (Second-Order Runge-Kutta Scheme, h =0.1)

200

250

12 ;
s 8
F a4t

1 1

T T

1 1

t [days]
Load of Target CD4-cells (Non-Standard Finite-Difference-Method, h =0.1)

150 200

250

()

T T

1 1

o b 0

1 1

0 50 100

t [days]

150 200

250

Figure 2. Numerical simulations of 7 (¢) for Explicit Eulerian, second-order Runge-Kutta
and our proposed non-standard finite-difference-method in case of 4 = 0.1 . where we notice

that these results are qualitatively equivalent.

Absolute difference between EE and NSFDM

()] T T
203¢F i
o
% 02 r T
L)
(.I"j 01 [ T
£
<< 0 !
0 50 100 150 200
t [days]
Absolute difference between SRK and NSFDM

8 3 T T

©

62

i

e 1 |

0]

0

<< Q ' ‘

0 50 100 150 200
t [days]

Figure 3. Absolute differences of T (¢) for Explicit Eulerian (EE), second-order Runge-Kutta
(SRK) and our proposed non-standard finite-difference-method (NSFDM) in case of 4 = 0.1
where we notice that especially the steep decline in target cells is located a bit differently.
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Load of Target CD4-cells

20 oy T T T
O

0 2000 4000 6000 8000 10000

t [days]
Load of Infected Target CD4-Cells

T

0.6 T T T

0 2000 4000 6000 8000 10000
t [days]
Load of Viral Particles

200 T T T

V()

1

1 1

0 2000 4000 6000 8000 10000
t [days]

Figure 4. Numerical simulations of endemic equilibrium point for # = 100 by our proposed
non-standard finite-difference-method.

Absolute difference of CD4 target cell load and equilibrium
T

20 T T T

Abs. difference
=

8000 10000

0 T4
0 2000 4000 6000
t [days]
Absolute difference of infected CD4 target cell load and equilibrium

8 0.6 T T T T
c
o
Q
%
)
Ko}
<

0 2000 4000 6000 8000 10000

t [days]
Absolute difference of viral load and equilibrium

o 200 T T T T
c
o
£ 100
©
)
o
< 0 $%

0 2000 4000 6000 8000 10000

t [days]

Figure 5. Absolute differences of solution components and endemic equilibrium point for
h = 100 by our proposed non-standard finite-difference-method.
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Convergence Plot For Non-Standard Finite-Difference-Method
102

error
[EEY
o
w
T
I

10*
102 10
h
Figure 6. Numerical simulations for linear convergence of our proposed non-standard finite-
difference-method towards the time-continuous solution.

In Figure 6, we can clearly observe that our proposed non-standard finite-difference-method converges
linearly towards the time-continuous solution in a double-logarithmic plot, where time-continuous
solution components are represented by a fine-scale fourth-order Runge-Kutta solution. The linear
convergence is also stressed by our results in Table 2.

Table 2. Results of error norm for different equidistant time step sizes for Figure 6.

h 0.0125 0.025 0.05 0.1
error 2.6079E -4 5.1840E -4 1.0203E -3 1.9532E -3

5.4. Example 4: Construction of higher-order non-standard finite-difference-methods

Following ideas from [35], we apply methods presented in that work to construct high-order non-
standard finite-difference-methods from our proposed model (2.1) by Algorithm (1). For our compari-
son, we again take error norms of our previos example.

Here, we briefly define two higher-order non-standard finite-difference-methods by using adopted
ideas of Richardson’s extrapolation [36]. An extrapolated value is denoted by y (x/oi h) and y;, (xo + h)
represents numerical solution on meshes with time-step sizes 4. Hence, a second-order scheme is given
by

y(Xo +h) =2 yu (xo +h) = yy (xo + h),
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while a third-order scheme reads

9 yna(xo +h) =8 ypp(xo+h)+y,(xog +h)
2 b
The results of our first-order, second-order and third-order non-standard finite-difference-methods
by Richardson’s extrapolation can be seen in Figure 7.

y(xo ¥ h) =

Convergence Plots For Extrapolated Non-Standard Finite-Difference-Methods

102 F T T T T T
103 |
S
5 104
S £
o
105 |
r —>— First order
—xX— Second order
—>— Third order
10® - —
102 107 10°

log(h)

Figure 7. Numerical simulations for our different proposed non-standard finite-difference-
method (red: first order, blue: second order, black: third order) towards the time-continuous
solution.

In addition to Figure 7, we present theoretical results in the following Table 3.

By taking logarithms to the basis 2, we can indeed conclude that our proposed schemes are of
first (red), second (blue) and third (black) order as suggested by [35]. We want to note that we ap-
ply Richardson’s extrapolation to our dynamical system while those aforementioned authors apply
Richardson’s idea to their non-standard finite-difference discretization of an epidemiological model.
Additionally, all extrapolation schemes conserve non-negativity of all solution components numeri-
cally.

5.5. Example 5: Qualitative comparison with results from [18]

Conclusively, we show that we obtain qualitatively comparable results as given in Figure 2 of [18]
by an appropriate choice of problem parameters. Our chosen parameters can be seen in Table 4 which
is inspired by Table 1 of [18]. However, even those authors stated finding acceptable parameters for
the in-vivo situation is difficult.
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Table 3. Results of error norm for different equidistant time step sizes for Figure 7. Error
factors, given in brackets, are computed by the division of previous error dived the current
erTor.

h Error (red) Error (blue) Error (black)
0.4 5.3689E-03 (-) 1.5973E-03 (-) 5.0081E-04 (-)
0.2 3.4831E-03 (1.54) 4.2320E-04 (3.77) 6.3683E-05 (7.86)
0.1 1.9532E-03 (1.78) 8.7406E-05 (4.84) 8.0665E-06 (7.89)
0.05 1.0203E-03 (1.91) 1.6521E-05 (5.29) -

0.025 5.1840E-04 (1.97) 3.1806E-06 (5.19) -
0.0125 2.6079E-04 (1.99) - -

AN N RN =,

Table 4. Constant problem parameters and initial conditions for (1.1) in Example 5.

Parameter Value
r 10
B 0.0000065
d 0.01
0 0.39
b 340
c 4.4
To 1000
T,',() 0
Vo 0.001

Results for 7 = 5000 and /& = 10 can be seen in Figure 8.

We clearly observe that our results show similar qualitative behavior compared to the computed
solutions of Figure 2 from [18]. In particular, a steep decrease in the amount of uninfected CD4+ T-
cells and a steep increase in the load of virus particles can be observed after a certain amount of time.
This result is in accordance with the acute and the asymptotic phase of an untreated HIV infection,
see [18] and [15].

5.6. Example 6: Comparison between two different non-standard finite-difference schemes

Let us take the same problem parameters as defined in Example 5. Let us define our suggested
non-standard finite-difference method by the standard denominator function

p(h)=h

and let us, for reasons of comparison, define another non-standard finite-difference method by replacing
h, by
1 —exp(-0.25- x)

(0 = 025
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Load of Target CD4-cells

1000 ; ; : ;
= 900 1
= 800t

700 1 1 1 1
0 1000 2000 3000 4000 5000
t [days]
Load of Infected Target CD4-Cells
10 T T T T
£ 6r
|_
2 L 1 1 1 1 i
0 1000 2000 3000 4000 5000
t [days]
Load of Viral Particles
600 C T T T T ]
= 400
= 200 F 1
0 1 1 1 1
0 1000 2000 3000 4000 5000

t [days]

Figure 8. Numerical simulatons for 2 = 10 by our proposed non-standard finite-difference-
method to compare the qualitative behavior with Figure 2 of [18] graphically.

We want to remark that a continuously differentiable non-standard denominator function is just a rescal-
ing of our standard denominator function because

_eW -9 O
p(h) = ————"h
=¢' (& h,

holds for one & € (0, k) due to ¢ (0) = 0 by application of the mean value theorem. The results are
presented in Figure 9.

6. Conclusion and outlook

In this work, we proposed a novel non-standard finite-difference-method for numerical approxi-
mation of (1.1). At first, we showed important properties of our proposed numerical scheme such
as non-negativity, boundedness and convergence towards correct endemic equilibria. Secondly, we
proved linear convergence towards the time-continuous solution of dynamical system (1.1). Finally,
we underlined our theoretical results by numerical simulations.

We also want to shortly comment on other numerical solution schemes such as implicit solvers
or adaptive time-stepping schemes. Let us first comment on adaptive time-stepping methods. Al-
though they control local errors based on a time-stepping strategy, they are not as straight-forward
to implement as our proposed non-standard finite-difference-method. Since explicit solution schemes
are normally used, we still have to face the problem of sufficiently small time-step sizes to preserve
non-negativity in contrast to our suggested non-standard finite-difference scheme. Additionally, our
numerical solution scheme is easy to implement. Let us now consider implicit solvers. Generally, a
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Load of Target CD4-cells (varphi(x) = x)
1000 T T T T

900 r .

800 N

1

700 : : :
0 1000 2000 3000 4000 5000

t [days]

Load of Target CD4-cells (vamphi(x) = (1-exp(-0.25"x))/0.25)
1000 »Rs T ; ; ;

700 1 1 1
0 1000 2000 3000 4000 5000

t [days]
Figure 9. Numerical simulations for the first time-step size #; = 10 by our proposed non-
standard finite-difference-method to compare with the non-standard finite-difference method
1 —exp(=0.25-10)
0.25 '

for the second time-step size h, =

non-linear system of equation has to solved in each time step. This implies higher computation times
as compared to our non-standard finite-difference method. Hence, our suggested numerical solution
scheme is an attractive alternative and it preserves many important qualitative features of the time-
continuous solution.

In contrast to other works on non-standard finite-difference methods, we applied standard denomi-

nator functions
o) =nh

instead of non-standard denominator functions such as

o) = l—exp(—a-h).

for a positive constant a. The advantage of this standard denominator, in contrast to non-standard ones,
is that we do not have restrictions on time-step sizes such as ¢ (k) < b for a positive constant b.
Regarding future research directions, we believe that possible directions might be the following:

e Since Korobeinikov demonstrated stability analysis of equilibrium points in the time-continuous
case [37], a proof of global asymptotic stability of the equilibrium states in the time-discrete case
might be of interest for a future research article.

e As mentioned in [35] as well, we only observe preservation of non-negativity of our extrapolation
schemes numerically. It would be of interest if there is a possibility to show analytically non-
negativity in these higher-order methods based on Richardson’s extrapolation.
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o It might be of interest to analyze more complex dynamical systems for HIV infections such as
given in [18] with latently and actively infected T cells and [16]. Here, an appropriate choice of
non-standard finite-difference approximations seems of interest to preserve different dynamical
properties such as non-negativity of solutions or correct numerical approximations of equilibrium
states. This extension also includes identifying compartmental delay differential equations [38]
or ordinary differential equations with more solution components [15] or partial differential equa-
tions [39] incorporating spatial tissue inhomogeneities. For reasons of numerical approximation,
we need good analytical results to construct appropriate simulation methods.

e Furthermore, a generalization of our error analysis to Carathéodory or Lebesgue-integrable func-
tions might be of interest as well.

e As an addition to our previous proposition, development of numerical simulation schemes might
be interesting as well. For example, non-standard finite-difference-methods [33, 34] or finite-
element-methods [40] for conservation of important properties such as non-negativity or settle-
ment to correct equilibria are an active area of research [41-43].

Overall, we observe that there are still interesting numerical and theoretical gaps with regard to math-
ematical or numerical analysis of HIV infections.
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