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Abstract: This paper was mainly concerned with the asymptotic dynamics of stochastic diffusive
coral reef ecosystems with Lévy noise. First, we proved the well-posedness and energy estimates of
solution. Second, under some suitable conditions, we proved the existence and uniqueness of weak
pullback mean random attractors and invariant measures. Finally, a large deviation principle result for
solutions of stochastic diffusive coral reef ecosystems with Lévy noise was obtained by a variational
formula for positive functionals of a Poisson random measure and the method of weak convergence.
Interestingly, this showed the effect of Lévy noise which can stabilize or destabilize systems, which
was significantly different from the classical Brownian motion process.
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1. Introduction

The deteriorating health of the world’s coral reefs has attracted widespread attention, especially in
terms of global biodiversity, ecosystem functioning, and the livelihoods of millions of people living
in tropical coastal areas [1]. In addition to providing safe habitats for various fish and other animals,
it also has important ecosystem functions, including biodiversity maintenance, carbon cycling, coastal
protection, and tourism economy.

However, the degradation of coral reefs is due to a combination of human activities (e.g.,
overfishing, pollution, excessive tourism development) and natural disturbances (e.g., abnormal
seawater temperature, typhoons, ocean acidification) [2–5]. For example, several diseases can affect
corals, such as black belt and disease, black spot disease, white belt disease, white plague, white spot
disease, and yellow belt disease [6]. Various studies have indicated that corallivores are associated
with specific diseases directly or indirectly [7]. In the analysis of the recovery trajectory, Cornell
found limited evidence that the Caribbean ecosystem is recovering [8]. One of the reasons for this
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lack of recovery is the depletion of the herbivorous sea urchin Diadema antillarum caused by disease
in 1983, which led to a rapid decline in the natural control ability of algal populations [9]. The cause
of coral disease outbreak is still unclear and complex. Climate change, anthropogenic pollution,
eutrophication, overfishing, and sedimentation are the main driving factors of coral diseases. These
factors have had a serious impact on coral reef ecosystems, leading to coral bleaching, death, and
ecosystem collapse. Furthermore, several bacteria responsible for coral diseases include pathogenic
bacteria, cyanobacterial-dominated microbial consortiums, ciliates, and parasites, and the disease is
rarely mentioned as a possible contributing factor to coral extinction [10]. Nowadays, many scientists
are trying to learn more about the causes of coral disease, especially discovering the
pathogens involved.

Moreover, the disease can also drive corals to extinction directly or indirectly. This does not seem
surprising, but until today it has not been proven. Despite abundant evidence, the lack of a
comprehensive mathematical model to simulate the interactions between corallivores and diseases
hinders our understanding of coral ecosystem dynamics. To explore potential threats to coral reefs
through the development of spatial eco-epidemiological mathematical models, Rani and Roy [11]
formulated a diffusive coral reef ecosystems as follows:

xt = d1△x + r1x(1 − ρ1x) − χxy − α1 xz
θ+x − ϱ1x, u ∈ O, t > 0,

yt = d2△y + χxy − β1yz
θ+y − ϱ2y, u ∈ O, t > 0,

zt = d3△z + r2z(1 − ρ2z) + α2 xz
θ+x +

β2yz
θ+y − δ1zw − ϱ3z, u ∈ O, t > 0,

wt = d4△w + r3w(1 − ρ3w) + δ2zw − ϱ4w, u ∈ O, t > 0,

(1.1)

where ∂νx = ∂νy = ∂νz = ∂νw = 0, u ∈ ∂O, t > 0, and x(u, 0) = u0(u) ≥ 0, y(u, 0) = v0(u) ≥ 0, z(u, 0) =
v0(u) ≥ 0, w(u, 0) = w0(u) ≥ 0.

The variables, functions, and parameters have the following biological meanings:
• Ω is a bounded domain inℜ4 with the smooth boundary ∂O;
• ν is the outward unit normal vector;
• x, y, z,w are the density of susceptible corals population, infected corals population, Crown-of-

thorns starfish population, and Humphead wrasse, respectively;
• d1, d2, d3, d4 are diffusion coefficients of susceptible corals population, infected corals population,

Crown-of-thorns starfish population and Humphead wrasse, respectively;
• r1, r2, r3 are the intrinsic growth rate of x population, intrinsic growth rate of star fish, and intrinsic

growth rate of Humphead wrasse, respectively;
• 1

ρ1
, 1
ρ2
, 1
ρ3

are the capacity of the environment to carry coral population, starfish population, and
Humphead wrasse, respectively;
• θ is indices of how much the environment protects the corals population, lowering the maximum

predating rate;
• χ is average contact rate of x and y;
• α1, α2 are predation rate of corals by starfish and biomass conversion rates of x to z, respectively;
• β1, β2 are predation rate of starfish over infected corals and biomass conversion rates of y to z,

respectively;
• δ1, δ2 are predation rate of Humphead wrasse over starfish and biomass conversion rates of z to w,

respectively;
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• ϱ1, ϱ2, ϱ3, ϱ4 are harvesting rate of susceptible coral, infected coral, starfish and Humphead wrasse,
respectively.

The coral reef models perturbed by the Gaussian white noise have been considered extensively by
many authors [12–14]. However, such models cannot describe the phenomenon that the population
may suffer sudden catastrophic shocks in nature, mainly because these models are usually based on
statistical data and linear predictions, and catastrophic events are often sudden and difficult to predict.
For example, sudden climate change, high temperatures, extreme cold, droughts, floods, storms, giant
waves, tsunamis, earthquakes, and so on, could have lasting and profound impacts on natural
ecosystems [15–17]. Therefore, how to use the discontinuous stochastic process to model these abrupt
nature phenomenon in ecosystems is a challenging problem [18–24].

Due to the dual impacts of climate change and human activities, such as rising sea temperatures,
hurricanes, earthquakes, seawater acidification, marine pollution, etc., these uncertain factors may
affect the dynamic properties of macroalgae and the corals ecosystem. In the paper, we only consider
that the stochastic diffusive coral reef model with Lévy noise can be described by


dx =

(
d1△x + r1x(1 − ρ1x) − χxy − α1 xz

θ+x − ϱ1x
)

dt + σ1(x, t)dBt +
∫
Z

g1(x, ξ)Ñ(dt, dξ),
dy =

(
d2△y + χxy − β1yz

θ+y − ϱ2y
)

dt + σ2(y, t)dBt +
∫
Z

g2(y, ξ)Ñ(dt, dξ),
dz =

(
d3△z + r2z(1 − ρ2z) + α2 xz

θ+x +
β2yz
θ+y − δ1zw − ϱ3z

)
dt + σ3(z, t)dBt +

∫
Z

g3(z, ξ)Ñ(dt, dξ),
dw = (d4△w + r3w(1 − ρ3w) + δ2zw − ϱ4w)dt + σ4(x, t)dBt +

∫
Z

g4(w, ξ)Ñ(dt, dξ),

(1.2)

where Bt are independent space time white noises. N is a Poisson measure induced by a stationary
Ft-Poisson point process on (s,T ] × Z with a σ-finite intensity measure LT−s × λ, LT−s is the Lebesgue
measure on (s,T ], λ is a σ-finite measure on a measurable space Z, and Ñ(dt, ξ) := N(dt, ξ) − λ(dξ)dt
is the compensated Poisson random measure. Assume Bt and Ñ(dt, ξ) are independent.

We are very interested in the dynamics of the stochastic diffusive coral reef model with Lévy noise
equation (1.2). To investigate the ergodicity, quasi-ergodicity, quasi-stationary distributions,
persistence and extinction, weak pullback mean random attractors, stochastic bifurcation, stochastic
chaos, and large deviation principle for a stochastic infinite dimensional dynamical system is
important, but quite a challenging task in general [18–26]. There is an extensive literature dealing
with the dynamics of the deterministic coral reef model [1–12, 27–29]. For the stochastic diffusive
coral reef model with Lévy noise, to the best of the author’s knowledge, comparably little progress
has been made by now. In this paper, the global existence and uniqueness of solutions, weak
attractors, and invariant measures of the stochastic diffusive coral reef model with Lévy noise are
investigated. The large deviation result is derived.

The organization of the paper is as follows. In Section 2, we present some energy estimates and
existence results to be used in a subsequent section. In Section 3, the existence and uniqueness of
weak pullback mean random attractors for the equations are established by defining a mean random
dynamical system. In Section 4, the uniqueness of this invariant measure is presented, which ensures
the ergodicity of the problem. In Section 5, a large deviation principle result for solutions of stochastic
diffusive coral reef model with small Lévy noise and Brownian motion is obtained by a variational
formula for positive functionals of a Poisson random measure and Brownian motion.
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2. Existence results

Throughout the paper, for the Sobolev space H1(O), it follows, from Poincare’s inequality and
the boundedness of O, that the norm (

∫
O
|∇X|2du)1/2 is equivalent to the predefined H1(O) norm. Let

(Ω,F , P) be the complete probability space with a filtration {F }t>0 satisfying the usual conditions,
i.e., {F }t>0 is an increasing right continuous family of sub-σ -algebras of F that contains all P-null
sets. The independent Wiener process Bt is defined on (Ω,F , {F }t>0, P), where Bt is an L2(O)-valued
process. Let Q be the covariance operator of the Wiener process B(t) with the assumption that it is
strictly positive, symmetric, and a trace class operator on H = L2(O), such that H0 = Q1/2H is a
Hilbert space with inner product

(ϕ, ψ)0 = (ϕQ−1/2, ψQ−1/2) for ϕ, ψ ∈ H0.

Let LQ be the space of linear operators S such that S Q1/2 is a Hilbert-Schmidt operator from H to H
with the norm |S |LQ . Since Q is trace class, the identity mapping from H0 to L2(O) is a Hilbert-Schmidt
operator. For a locally compact Polish space Z, let N be Poisson random measures defined on [0,T ]×Z,
independent of Bt. Then, let Ñ be the compensated Poisson measure with the compensator λ. Let

H2
λ ([0,T ] × Z,H) = {h : [0,T ] × Z→ H : h is measurable and∫ T ∫

Z

E(|h(t, ξ, ω)|2H)λ(dξ)dt < ∞
}
.

Let H1(O,ℜ4
+) be the Sobolev space H1(O) of allℜ4

+-valued functions, whereℜ4
+ denotes the first

quadrant ofℜ4. Let us denote the Lebesgue space H = L4(O) and the Sobolev space V = H(O) with
the norms defined, respectively, as follows. For X ∈ H and v ∈ V ,

|X|2H = |X|
2 =

∫
Ω

|X|2(u)du, |v|2V = |v|
2 + |∇v|2.

Similarly, the Sobolev space H2(O) is equipped with

|u|2
H2 = |u|2 + |∇u|2 + |△u|2.

For X = (x, y, z,w), the abstract formulation of stochastic diffusive coral reef ecosystems with Lévy
noise is given by

dX(t) = AX(t)dt + f (X(t))dt + σ(X(t))dBt +

∫
Z

g(X(t), ξ)Ñ(dt, dξ). (2.1)

The stochastic diffusive coral reef ecosystems with Lévy noise perturbed by a small parameter ε is also
given by

dXε(t) = AXε(t)dt + f (Xε(t))dt +
√
εσ(t, Xε(t))dBt + ε

∫
Z

g(Xε(t), ξ)Ñ(dt, dξ). (2.2)

where Xε = (xε, yε, zε,wε).
Here
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• The linear operator A and nonlinear functional f are given by

A =


d1∆ + r1 − ϱ1 0 0 0
0 d2∆ − ϱ2 0 0
0 0 d3∆ + r2 − ϱ3 0
0 0 0 d4∆ + r3 − ϱ4

 ,

f (X(t)) =


−ρ1r1x2 − χxy − α1 xz

θ+x
χxy − β1yz

θ+y

−ρ2r2z2 + α2 xz
θ+x +

β2yz
θ+y − δ1zw

−ρ3r3w2 + δ2zw

 .
• The functions σ(X) = (σ1(x), σ2(y), σ3(z), σ4(w)), g(X, ξ) = (g1(x, ξ), g2(y, ξ), g3(z, ξ), g4(w, ξ))

are noise coefficients subject to conditions stated later.
• Bt is the independent Wiener process; Ñ(dt, dξ) is the compensated Poisson random measure.
The space D([0,T ];H1) denotes the space of càdlàg functions from [0,T ] to H1. The assumptions

on the noise coefficients σ and g are as follows.
The functions σ ∈ C([0,T ] × V,LQ(H0,H)) and g ∈ H2

λ ([0,T ] × Z,H) satisfy:
• (H1) For all t ∈ [0,T ], there exists a constant K1 > 0 such that for all X ∈ V ,

|σ(t, X)|2LQ
+

∫
Z

|g(X, ξ)|2λ(dξ) ≤ K1(1 + |∇X|2).

• (H2) For all t ∈ [0,T ], there exists a constant K2 > 0 such that for all X,Y ∈ V ,

|σ(t, X) − σ(t,Y)|2LQ
+

∫
Z

|g(X, ξ) − g(Y, ξ)|2d(ξ)dt ≤ K2(|∇(X − Y)|2).

Lemma 2.1. The following coercive inequality holds for all X = (x, y, z,w) ∈ H1(O,ℜ4
+):

(AX, X) ≤ −d∥∇X∥2
L2 + (r1 − ϱ1)∥x∥2

L2 − ϱ2∥y∥2L2 + (r2 − ϱ3)∥z∥2
L2 + (r3 − ϱ4)∥w∥2

L2 ,

where d = d1 ∧ d2 ∧ d3 ∧ d4.
Proof. The proof follows at once from the definition of the linear operator A.
Lemma 2.2. For H1(O,ℜ4

+), where X = (x1, y1, z1,w1),Y = (x2, y2, z2,w2) the following hold
(i) Boundedness:

( f (X), X) ≤
χ

2
∥x1∥

2
L2 +

χ

2
∥y1∥

2
L4 +

(
α2 + β2 +

δ2

2

)
∥z1∥

2
L2 +

δ2

2
∥w1∥

2
L4 .

(ii) Lipschitz continuity: when Ψ = (φ1, φ2, φ3, φ4) := X − Y
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2( f (X) − f (Y), X − Y) ≤ Λ1∥∇Ψ∥
2
L2 + Λ2∥Ψ∥

2
L2

+

[
4ρ1r1

d
∥x1∥

2
L2 +

(
4ρ1r1

d
+

4
dχ

)
∥x2∥

2
L2 +

8
dχ
∥y1∥

2
L2

]
∥φ1∥

2
L2

+
4

dχ

[
∥y1∥

2
L2 + 2∥x2∥

2
L2

]
∥φ2∥

2
L2

+

[
4ρ2r2

d
∥z1∥

2
L2 +

(
4ρ2r2

d
+

4
dδ1

)
∥z2∥

2
L2 +

(
4

dδ1
+

4
dδ2

)
∥w1∥

2
L2

]
∥φ3∥

2
L2

+

[(
4

dδ1
+

4
dδ2

)
∥z2∥

2
L2 +

(
4ρ3r3

d
+

4
dδ2

)
∥w1∥

2
L2 +

4ρ3r3

d
∥w2∥

2
L2

]
∥φ4∥

2
L2 ,

where

Λ1 = max
{

dρ1r1 + 2dχ
4

+
dα1

4θ
,

dχ
2
+

dβ1

4θ
,

dρ2r2 + dδ1 + dδ2 + 2dα2 + 2dβ2

4
,

dρ3r3 + dδ1 + dδ2

4

}
,

Λ2 = max
{

4β1

dθ
+ 2β1 + 2α2,

4β1

dθ
+ 2β1 + 2β2,

8α2

d
+
α2

θ
+

8β2

d
+
β2

θ
+ 2α1 + 2β1

}
.

Proof. Let X = (x, y, z,w). Consider

( f (X), X) =
(
−ρ1r1x2 − χxy −

α1xz
θ + x

, x
)
+

(
χxy −

β1yz
θ + y

, y
)

+

(
−ρ2r2z2 +

α2xz
θ + x

+
β2yz
θ + y

− δ1zw, z
)
+

(
−ρ3r3w2 + δ2zw,w

)
≤

(
−χxy −

α1xz
θ + x

, x
)
+

(
χxy −

β1yz
θ + y

, y
)

+

(
α2xz
θ + x

+
β2yz
θ + y

− δ1zw, z
)
+ (δ2zw,w)

≤ (χxy, y) +
(
α2xz
θ + x

+
β2yz
θ + y

, z
)
+ (δ2zw,w)

≤ χ

∫
O

|x(u, t)||y(u, t)|2du + (α2 + β2)
∫
O

|z(u, t)|2du + δ2

∫
O

|z(u, t)||w(u, t)|2du

≤ χ∥x(u, t)∥L2∥y(u, t)∥L4 + (α2 + β2)∥z(u, t)∥2
L2 + δ2∥z(u, t)∥L2∥w(u, t)∥L4

≤
χ

2
∥x(u, t)∥2

L2 +
χ

2
∥y(u, t)∥2

L4 +

(
α2 + β2 +

δ2

2

)
∥z(u, t)∥2

L2 +
δ2

2
∥w(u, t)∥2

L4

≤
χ

2
∥x(u, t)∥2

L2 +
χ

4

√
2∥y(u, t)∥L2∥∇y(u, t)∥L2

+

(
α2 + β2 +

δ2

2

)
∥z(u, t)∥2

L2 +
δ2

4

√
2∥w(u, t)∥L2∥∇w(u, t)∥L2

≤
χ

2
∥x(u, t)∥2

L2 +
χη1

16
∥∇y(u, t)∥2

L2 +
χ

η1
∥y(u, t)∥2

L2
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+

(
α2 + β2 +

δ2

2

)
∥z(u, t)∥2

L2 +
δ2η2

16
∥∇w(u, t)∥2

L2 +
δ2

η2
∥w(u, t)∥2

L2 , (2.3)

where η1 and η2 are positive constant. Combining the above estimates, we obtain (ii). In order to prove
the Lipschitz continuity of f (·), let us first consider

2( f (X) − f (Y),Ψ) = −2ρ1r1

(
x2

1 − x2
2, φ1

)
− 2χ (x1y1 − x2y2, φ1) − 2α1

(
x1z1

θ + x1
−

x2z2

θ + x2
, φ1

)
+ 2χ (x1y1 − x2y2, φ2) − 2β1

(
y1z1

θ + y1
−

y2z2

θ + y2
, φ2

)
− 2ρ2r2

(
z2

1 − z2
2, φ3

)
+ 2α2

(
x1z1

θ + x1
−

x2z2

θ + x2
, φ3

)
+ 2β2

(
y1z1

θ + y1
−

y2z2

θ + y2
, φ3

)
− 2δ1 (z1w1 − z2w2, φ3)

− 2ρ3r3

(
w2

1 − w2
2, φ4

)
+ 2δ2 (z1w1 − z2w2, φ4) . (2.4)

By means of applying the Hölder’s inequality followed by the Ladyzhenskaya and Young
inequalities as

−2ρ1r1

(
x2

1 − x2
2, φ1

)
≤ 2ρ1r1∥φ1∥

2
L4∥x1 + x2∥L2 ≤

√
2ρ1r1∥φ1∥L2∥∇φ1∥L2∥x1 + x2∥L2

≤
dρ1r1

4
∥∇φ1∥

2
L2 +

4ρ1r1

d
∥φ1∥

2
L2

(
∥x1∥

2
L2 + ∥x2∥

2
L2

)
, (2.5)

similarly,

−2ρ2r2

(
z2

1 − z2
2, φ3

)
≤

dρ2r2

4
∥∇φ3∥

2
L2 +

4ρ2r2

d
∥φ3∥

2
L2

(
∥z1∥

2
L2 + ∥z2∥

2
L2

)
, (2.6)

−2ρ3r3

(
w2

1 − w2
2, φ4

)
≤

dρ3r3

4
∥∇φ4∥

2
L2 +

4ρ3r3

d
∥φ4∥

2
L2

(
∥w1∥

2
L2 + ∥w2∥

2
L2

)
. (2.7)

By means of applying the Hölder’s inequality, we have

−2χ (x1y1 − x2y2, φ1) ≤ 2χ∥y1∥L2∥x1 − x2∥L4 + χ∥x2∥L2 (∥y1 − y2∥L4 + ∥φ1∥L4)

≤ 2χ (∥y1∥L2 + ∥x2∥L2) ∥φ1∥L4 + χ∥x2∥L2∥φ2∥L4

≤
√

2χ (∥y1∥L2 + ∥x2∥L2) ∥φ1∥L2∥∇φ1∥L2 +
√

2χ∥x2∥L2∥φ2∥L2∥∇φ2∥L2

≤
dχ
4
∥∇φ1∥

2
L2 +

4
dχ

(
∥y1∥

2
L2 + ∥x2∥

2
L2

)
∥φ1∥

2
L2

+
dχ
4
∥∇φ2∥

2
L2 +

4
dχ
∥x2∥

2
L2∥φ2∥

2
L2 , (2.8)

similarly,
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2χ (x1y1 − x2y2, φ2) ≤
dχ
4
∥∇φ2∥

2
L2 +

4
dχ

(
∥y1∥

2
L2 + ∥x2∥

2
L2

)
∥φ2∥

2
L2

+
dχ
4
∥∇φ1∥

2
L2 +

4
dχ
∥y1∥

2
L2∥φ1∥

2
L2 , (2.9)

−2δ1 (z1w1 − z2w2, φ3) ≤
dδ1

4
∥∇φ3∥

2
L2 +

4
dδ1

(
∥w1∥

2
L2 + ∥z2∥

2
L2

)
∥φ3∥

2
L2

+
dδ1

4
∥∇φ4∥

2
L2 +

4
dδ1
∥z2∥

2
L2∥φ4∥

2
L2 , (2.10)

2δ2 (z1w1 − z2w2, φ4) ≤
dδ2

4
∥∇φ4∥

2
L2 +

4
dδ2

(
∥w1∥

2
L2 + ∥z2∥

2
L2

)
∥φ4∥

2
L2

+
dδ2

4
∥∇φ3∥

2
L2 +

4
dδ2
∥w1∥

2
L2∥φ3∥

2
L2 . (2.11)

By utilizing the algebraic identity, we get∣∣∣∣∣ x1z1

θ + x1
−

x2z2

θ + x2

∣∣∣∣∣ = ∣∣∣∣∣θ(x1 − x2) + (z1 − z2)(θx2 − x1x2)
(θ + x1)(θ + x2)

∣∣∣∣∣
≤

θ |x1 − x2| + |z1 − z2| |θx2 − x1x2|

|(θ + x1)(θ + x2)|

≤
1
θ
|x1 − x2| + 2 |z1 − z2| ,

−2α1

(
x1z1

θ + x1
−

x2z2

θ + x2
, φ1

)
≤ 2α1

(∣∣∣∣∣ x1z1

θ + x1
−

x2z2

θ + x2

∣∣∣∣∣ , φ1

)
≤ 2α1

(
1
θ
|x1 − x2| + 2 |z1 − z2| , φ1

)
≤

2α1

θ
∥φ1∥

2
L4 + 4α1 ∥z1 − z2∥L2 ∥φ1∥L2

≤

√
2α1

θ
∥φ1∥L2 ∥∇φ1∥L2 + 4α1 ∥z1 − z2∥L2 ∥φ1∥L2 (2.12)

≤
dα1

4θ
∥∇φ1∥

2
L2 +

(
4α1

dθ
+ 2α1

)
∥φ1∥

2
L2 + 2α1 ∥φ3∥

2
L2 ,

similarly,

−2β1

(
y1z1

θ + y1
−

y2z2

θ + y2
, φ2

)
≤

dβ1

4θ
∥∇φ2∥

2
L2 +

(
4β1

dθ
+ 2β1

)
∥φ2∥

2
L2 + 2β1 ∥φ3∥

2
L2 , (2.13)

2α2

(
x1z1

θ + x1
−

x2z2

θ + x2
, φ3

)
≤

dα2

2
∥∇φ3∥

2
L2 +

(
8α2

d
+
α2

θ

)
∥φ3∥

2
L2 + 2α2 ∥φ1∥

2
L2 , (2.14)

2β2

(
y1z1

θ + y1
−

y2z2

θ + y2
, φ3

)
≤

dβ2

2
∥∇φ3∥

2
L2 +

(
8β2

d
+
β2

θ

)
∥φ3∥

2
L2 + 2β2 ∥φ2∥

2
L2 . (2.15)

From the estimates equations (2.5)–(2.15), we have
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2( f (X) − f (Y), X − Y) ≤ Λ1∥∇Ψ∥
2
L2 + Λ2∥Ψ∥

2
L2

+

[
4ρ1r1

d
∥x1∥

2
L2 +

(
4ρ1r1

d
+

4
dχ

)
∥x2∥

2
L2 +

8
dχ
∥y1∥

2
L2

]
∥φ1∥

2
L2

+
4

dχ

[
∥y1∥

2
L2 + 2∥x2∥

2
L2

]
∥φ2∥

2
L2

+

[
4ρ2r2

d
∥z1∥

2
L2 +

(
4ρ2r2

d
+

4
dδ1

)
∥z2∥

2
L2 +

(
4

dδ1
+

4
dδ2

)
∥w1∥

2
L2

]
∥φ3∥

2
L2

+

[(
4

dδ1
+

4
dδ2

)
∥z2∥

2
L2 +

(
4ρ3r3

d
+

4
dδ2

)
∥w1∥

2
L2 +

4ρ3r3

d
∥w2∥

2
L2

]
∥φ4∥

2
L2 , (2.16)

where

Λ1 = max
{

dρ1r1 + 2dχ
4

+
dα1

4θ
,

dχ
2
+

dβ1

4θ
,

dρ2r2 + dδ1 + dδ2 + 2dα2 + 2dβ2

4
,

dρ3r3 + dδ1 + dδ2

4

}
,

Λ2 = max
{

4β1

dθ
+ 2β1 + 2α2,

4β1

dθ
+ 2β1 + 2β2,

8α2

d
+
α2

θ
+

8β2

d
+
β2

θ
+ 2α1 + 2β1

}
.

By using Galerkin approximation, it is easy to prove the existence. Let a complete orthonormal
basis of the space H be {ϕn}n≥1 such that ϕn ∈ D(A). For any n ≥ 1, let Hn = span(ϕ1, ϕ2, . . . , ϕn)
and Pn : H → Hn be an orthogonal projection onto Hn, which contracts H and V norms. Let Wn =

PnW, σn = Pnσ, and gn = Png. Then, for ϕ ∈ Hn, consider the equation in Hn

(dXn, ϕ) = (AXn + f (Xn), ϕ)dt + (σ(Xn)dBn, ϕ) +
∫
Z

(gn(Xn, ξ), ϕ)Ñ(dt, dξ), (2.17)

with Xn(0) = PnX0. Due to the Lipschitz property satisfied by the coefficients, it is easy to see that
system (2.17) ensures well-posedness, then there exists a maximal solution to system (2.17), namely,
a stopping time τn ≤ T such that for t < τn, system (2.17) holds, and for t ↑ τn < T, |Xn(t)| → ∞. We
now prove τn = T and estimate Xn for all n. For N > 0, take

τN = inf{t : |X(t)| + |∇X(t)| ≥ N} ∧ T.

Then on {τn = T }, Xn ∈ D([0,T ],Hn) a.s.
Proposition 2.3 (Energy estimate). Let Xn be the unique solution of the system of stochastic

ordinary differential equation (2.17) with X0 ∈ D([0,T ],Hn). Then, there exists a unique solution
Xn ∈ D([0,T ],Hn) satisfying

E sup
0≤s≤t∧T

|Xn(s)|2p + α̂E

(∫ T

0
∥∇Xn∥

2ds
)p

≤ C
(
1 + E|X0|

2p
)
,

E sup
0≤s≤T

|∇Xn(s)|2p + α̂E

(∫ T

0
∥∆Xn∥

2|∇Xn|
2(p−1)ds

)p

≤ C
(
1 + E|X0|

2p
)
,
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where C is an appropriate constant.
Proof. Let us define a sequence of stopping times τN by

τN = inf{t : |X(t)| + |∇X(t)| ≥ N},

for N ∈ N. Applying the finite dimensional Itô′s formula to the process |Xn(·)|2, we obtain

|Xn(t ∧ τN)|2 = |PnX0|
2 + 2

∫ t∧τN

0
(AXn + f (Xn)(s), Xn(s))ds

+

∫ t∧τN

0
|σn(Xn(s)|2LQ

ds + 2
∫ t∧τN

0
(σn(Xn(s))dBn, Xn(s)) (2.18)

+

∫ t∧τN

0

∫
Z

|gn(Xn, ξ)|N(dt, dξ) + 2
∫ t∧τN

0

∫
Z

(gn(Xn, ξ), Xn)Ñ(dt, dξ).

Applying Itô′s formula for |Xn(·)|2p, we get

|Xn(t ∧ τN)|2p = |PnX0|
2p + 2p

∫ t∧τN

0
(AXn + f (Xn)(s), Xn(s))|Xn(s)|2(p−1)ds

+p
∫ t∧τN

0
|σn(Xn(s)|2LQ

|Xn(s)|2(p−1)ds

+2p(p − 1)
∫ t∧τN

0
|Πnσn(Xn(s)Xn(s)|2LQ

|Xn(s)|2(p−2)ds

+2p
∫ t∧τN

0
(σn(Xn(s))dBn, Xn(s))|Xn(s)|2(p−1)

+

∫ t∧τN

0

∫
Z

[|Xn(s−) + gn(Xn(s−), ξ)|2p − |Xn(s−)|2p]λ(dξ)ds

−2p
∫ t∧τN

0

∫
Z

(gn(Xn(s−), ξ), Xn(s−))|Xn(s−)|2(p−1)]λ(dξ)ds (2.19)

+

∫ t∧τN

0

∫
Z

[|Xn(s−) + gn(Xn(s−), ξ)|2p − |Xn(s−)|2p]Ñ(dt, dξ).

Applying Lemmas 2.1 and 2.2, we have

I1 = 2p
∫ t∧τN

0
(AXn + f (Xn)(s), Xn(s))|Xn(s)|2(p−1)ds

≤ 2p
∫ t∧τN

0

[
−d∥∇Xn∥

2 + (r1 − ϱ1)∥xn∥
2 − ϱ2∥yn∥

2

+(r2 − ϱ3)∥zn∥
2 + (r3 − ϱ4)∥wn∥

2
]
|Xn(s)|2(p−1)ds

+ 2p
∫ t∧τN

0

[
χ

2
∥xn∥

2
L2 +

χ

2
∥yn∥

2
L4 +

(
α2 + β2 +

δ2

2

)
∥zn∥

2
L2 +

δ2

2
∥wn∥

2
L4

]
|Xn(s)|2(p−1)ds

≤ 2p
∫ t∧τN

0

[
−d∥∇Xn∥

2 + (r1 − ϱ1)∥xn∥
2 − ϱ2∥yn∥

2

+(r2 − ϱ3)∥zn∥
2 + (r3 − ϱ4)∥wn∥

2
]
|Xn(s)|2(p−1)ds
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+ 2p
∫ t∧τN

0

[
χ

2
∥xn(u, t)∥2

L2 +
χη1

16
∥∇yn(u, t)∥2

L2 +
χ

η1
∥yn(u, t)∥2

L2

+

(
α2 + β2 +

δ2

2

)
∥zn(u, t)∥2

L2 +
δ2η2

16
∥∇wn(u, t)∥2

L2 +
δ2

η2
∥wn(u, t)∥2

L2

]
|Xn(s)|2(p−1)ds

≤ 2p
∫ t∧τN

0

[
−d∥∇Xn∥

2 +

(
r1 − ϱ1 +

χ

2

)
∥xn(u, t)∥2

L2 +

(
χ

η1
− ϱ2

)
∥yn(u, t)∥2

L2

]
|Xn(s)|2(p−1)ds

+ 2p
∫ t∧τN

0

[
χη1

16
∥∇yn(u, t)∥2

L2 +

(
r2 − ϱ3 + α2 + β2 +

δ2

2

)
∥zn(u, t)∥2

L2

+
δ2η2

16
∥∇wn(u, t)∥2

L2 +

(
r3 − ϱ4 +

δ2

η2

)
∥wn(u, t)∥2

L2

]
|Xn(s)|2(p−1)ds

≤ 2p
∫ t∧τN

0

[
−d̂∥∇Xn∥

2 − c1∥Xn∥
2
L2

]
|Xn(s)|2(p−1)ds, (2.20)

where

d̂ = d −max
{
χη1

16
,
δ2η2

16

}
≥ 0,

c1 = inf
{
ϱ1 − r1 −

χ

2
, ϱ2 −

χ

η1
, ϱ3 − r2 − α2 − β2 −

δ2

2
, ϱ4 − r3 −

δ2

η2

}
.

I2 = p
∫ t∧τN

0

[
|σn(Xn(s)|2LQ

+ 2(p − 1)|Πnσn(Xn(s)|2LQ

]
|Xn(s)|2(p−1)ds

≤ 2p(p − 1)K1

∫ t∧τN

0

[
1 + |∇Xn(s)|2

]
|Xn(s)|2(p−1)ds. (2.21)

Using Taylor’s formula and the Cauchy-Schwarz inequality, we obtain

I3 =

∫ t∧τN

0

∫
Z

[|Xn(s−) + gn(Xn(s−), ξ)|2p − |Xn(s−)|2p]N(dt, dξ)

+ 2p
∫ t∧τN

0

∫
Z

[(gn(Xn(s−), ξ), Xn(s−))|Xn(s−)|2(p−1)]Ñ(dt, dξ)

− 2p
∫ t∧τN

0

∫
Z

[(gn(Xn(s−), ξ), Xn(s−))|Xn(s−)|2(p−1)]N(dt, dξ)

≤ 2p(2p − 1)
∫ t∧τN

0

∫
Z

|Xn(s−)|2(p−1)|gn(Xn(s−)|2N(dt, dξ)

+ 2p
∫ t∧τN

0

∫
Z

[(gn(Xn(s−), ξ), Xn(s−))|Xn(s−)|2(p−1)]Ñ(dt, dξ). (2.22)

Taking expectation, we get

Mathematical Biosciences and Engineering Volume 22, Issue 8, 2176–2212.



2187

E sup
0≤s≤t∧τN

|Xn(s)|2p + 2pd̂E
∫ t∧τN

0
∥∇Xn∥

2|Xn(s)|2(p−1)ds

≤ E|PnX0|
2p + 2pc1E

∫ t∧τN

0
|Xn(s)|2pds

+ 3p(p − 1)K1E

∫ t∧τN

0

[
1 + |∇Xn(s)|2

]
|Xn(s)|2(p−1)ds

+ E sup
0≤s≤t∧τN

J1(s) + E sup
0≤s≤t∧τN

J2(s), (2.23)

where

J1 = 2p
∫ t∧τN

0
(σn(Xn(s))dBn, Xn(s))|Xn(s)|2(p−1),

J2 = 2p
∫ t∧τN

0

∫
Z

[(gn(Xn(s−), ξ), Xn(s−))|Xn(s−)|2(p−1)]Ñ(dt, dξ).

By Burkholder-Davis-Gundy inequality and Young’s inequality, we have

E sup
0≤s≤t∧τN

J1(s) ≤ 2pC1E

{∫ t∧τN

0
|σn(Xn(s))|2LQ

|Xn(s)|4p−2ds
}1/2

(2.24)

≤ η2E sup
0≤s≤t∧τN

|Xn(s)|2p +
p2C2

1K1

η2
E

∫ t∧τN

0

[
1 + |∇Xn(s)|2

]
|Xn(s)|2(p−1)ds

and

E sup
0≤s≤t∧τN

J2(s) ≤ 2pC2E

{∫ t∧τN

0
|Xn(s)|4p−2

∫
Z

|gn(Xn(s−), ξ)|2d(ξ)ds
}1/2

(2.25)

≤ η3E sup
0≤s≤t∧τN

|Xn(s)|2p +
p2C2

2K1

η3
E

∫ t∧τN

0

[
1 + |∇Xn(s)|2

]
|Xn(s)|2(p−1)ds

Substituting Eqs (2.24) and (2.25) in Eq (2.23), we find

E sup
0≤s≤t∧τN

|Xn(s)|2p + 2pd̂E
∫ t∧τN

0
∥∇X∥2|Xn(s)|2(p−1)ds

≤ E|PnX0|
2p + 2pc1E

∫ t∧τN

0
|Xn(s)|2pds

+ 3p(p − 1)K1E

∫ t∧τN

0

[
1 + |∇Xn(s)|2

]
|Xn(s)|2(p−1)ds

+ (η2 + η3)E sup
0≤s≤t∧τN

|Xn(s)|2p (2.26)

+

(
p2C2

1K1

η2
+

p2C2
3K1

η3

)
E

∫ t∧τN

0

[
1 + |∇Xn(s)|2

]
|Xn(s)|2(p−1)ds.
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Comparing with Lemma 3.9 [30], we assign

X(t) = sup
0≤s≤t∧τN

|Xn(s)|2p, Y(t) =
∫ t∧τN

0
∥∇X∥2|Xn(s)|2(p−1)ds,

Z(t) = |X0|
2p + 3p(p − 1)K1E

∫ t

0
|Xn(s)|2(p−1)ds, I(t) = sup

0≤s≤t∧τN

{J1(s) + J2(s)},

φ(t) = 2pc1,

∫ T

0
φ(t)ds = 2pc1T, α̂ = 2pd̂ − 3p(p − 1)K1, β̂ = η2 + η3,

γ̂ =
p2C2

1K1

η2
+

p2C2
3K1

η3
, C̃ =

(
p2C2

1K1

η2
+

p2C2
3K1

η3

) ∫ τN

0
Xn(s)|2(p−1)ds.

Then, we have, for t ∈ [0,T ],

sup
n
E

(
sup

0≤s≤t∧τN

|Xn(s)|2p + α̂

∫ t∧τN

0
∥∇X∥2|Xn(s)|2(p−1)ds

)
≤ C(P,T,K1). (2.27)

Applying Itô’s formula for |∇Xn|
2p, we get

|∇Xn|
2p = |Pn∇X0|

2p + I4 + I5 + I6 + J3 + J4, (2.28)

where

I4 = 2p
∫ t∧τN

0
(AXn(s) + f (Xn(s)),∇Xn)|∇Xn(s)|2(p−1)ds,

I5 = p
∫ t∧τN

0
|σn(Xn(s)|2LQ

|∇Xn(s)|2(p−1)ds

+2p(p − 1)
∫ t∧τN

0
|Πnσn(Xn(s))Xn(s)|2LQ

|∇Xn(s)|2(p−2)ds,

I6 =

∫ t∧τN

0

∫
Z

[|∇Xn(s−) + gn(Xn(s−), ξ)|2p − |∇Xn(s−)|2p]λ(dξ)ds

−2p
∫ t∧τN

0

∫
Z

(gn(Xn(s−), ξ),∇Xn(s−)|∇Xn(s−)|2(p−1)]λ(dξ)ds

+

∫ t∧τN

0

∫
Z

[|∇Xn(s−) + gn(Xn(s−), ξ)|2p − |∇Xn(s−)|2p]Ñ(dt, dξ),

J3 = 2p
∫ t∧τN

0
(σn(Xn(s))dBn,∇Xn)|∇Xn(s)|2(p−1),

J4 = 2p
∫ t∧τN

0

∫
Z

(gn(Xn(s−), ξ),∇Xn(s−)|∇Xn(s−)|2(p−1)]Ñ(dt, dξ).

By reducing as before, we get

Mathematical Biosciences and Engineering Volume 22, Issue 8, 2176–2212.



2189

E sup
0≤s≤t∧τN

|∇Xn(s)|2p + 2pd̂E
∫ t∧τN

0
∥∆Xn∥

2|∇Xn(s)|2(p−1)ds

≤ E|Pn∇X0|
2p − 2pc1E

∫ t∧τN

0
|∇Xn(s)|2pds

+ 3p(p − 1)K1E

∫ t∧τN

0

[
1 + |∇Xn(s)|2

]
|∇Xn(s)|2(p−1)ds

+ E sup
0≤s≤t∧τN

{J3 + J4} . (2.29)

Using a similar computation, we can get

E

(
sup

0≤s≤t∧τN

|∇Xn(s)|2p

)
+ α̂E

∫ t∧τN

0
∥∆Xn∥

2|∇Xn|
2(p−1)ds ≤ C. (2.30)

Here τN → τn when N → +∞, and for {τn < T }, sup0≤s≤τn
|Xn(s)| → +∞. Hence P{τn < T } = 0, and so

for large N, τN = T and Xn(s) ∈ D([0,T ],Hn). Hence, the proof.
Theorem 2.4. Assuming H1-H2 hold, letE|X0|

2 < ∞,∃ε0 > 0,∀ε ∈ [0, ε0]. Then, there exists a
pathwise unique weak solution X for the stochastic diffusive coral reef ecosystems with Lévy noise
equation (1.2) in X = D([0,T ];H1) ∩ L2((0,T );H2) with Xε(0) = X0 ∈ H such that

E sup
0≤s≤t∧T

|Xε(s)|2 + α̂E
(∫ T

0
∥∇Xε∥2ds

)
≤ C

(
1 + E|X0|

2
)
,

E sup
0≤s≤T

|∇Xε(s)|2 + α̂E
(∫ T

0
∥∆Xε∥2ds

)
≤ C

(
1 + E|X0|

2
)
,

where C is an appropriate constant.
Proof. LetOT = [0,T ]×O and F(X) = AX+ f (X). From Proposition 2.3, we can conclude that there

exist a subsequence {Xε
n} and processes Xε ∈ L2(OT ,H

2)∩L4(O,D([0,T ],H1)), Fε ∈ L2(OT ,V ′), S ε ∈

L2(OT ,LQ), and Gε ∈ H2
λ([0,T ] × Z; H) such that

Xε
n → Xε weakly in L2(OT ,H

2);
Xε

n is weak star converging to Xε in L4(O,D([0,T ],H1));
F(Xε

n)→ Fε in L2(OT ,V ′);
σn(Xε

n)→ S ε in L2(OT ,LQ);
gn(Xε

n)→ Gε in H2
λ([0,T ] × Z; H).

Xε
n → Xε weakly in L2(OT ,H

2) and Xε
n is weak star converging to Xε in L4(O,D([0,T ],H1)), which

holds as a direct consequence of Proposition 2.3. To prove F(Xε
n) → F(Xε) in L2(OT ,V ′), let ψ ∈

L2(OT ,H
2). Then, we get

E

∫ T

0
(F(Xε

n(s)), ψ(s))ds =
∫ T

0
(A(Xε

n(s)), ψ(s)) + ( f (Xε
n(s)), ψ(s))ds

≤

∫ T

0
−

[
d −

χη1

16
−

δ2

16η2

]
(∇Xε

n(s),∇ψ(s))ds +
∫ T

0
Λ|Xn(s)||ψ(s)|ds, (2.31)
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where
Λ = (r1 − ϱ1) + (r2 − ϱ3) + (r3 − ϱ4) +

χ

2
+ α2 + β2 +

δ2

2
+
χ

η1
+
δ2

η2
.

By Xε
n → Xε weakly in L2(OT ,H

2), we can prove F(Xε
n)→ F(Xε) in L2(OT ,V ′).

FromH1, we have

E

∫ T

0
|σ(t, Xε)|2LQ

ds + E
∫ T

0

∫
Z

|g(Xε, ξ)|2λ(dξ)ds ≤ K1E

∫ T

0
(1 + |∇Xε|2)ds < ∞.

It implies that σn(Xε
n)→ σ(Xε) in L2(OT ,LQ) and gn(Xε

n)→ g(Xε) in H2
λ([0,T ] × Z; H).

Since n→ ∞, PnX0 = Xε
n(0)→ X0 in H, it is known that Xε satisfies the equation

Xε(t) = X0 +

∫ t

0
Fε(s)ds +

√
ε

∫ t

0
S ε(s)dBs + ε

∫ T

0

∫
Z

Gε(s)Ñ(ds, dξ). (2.32)

It remains to prove that Fε(s) = Fε(Xε(s)), S ε(s) = σ(s, Xε(s)) and Gε(s) = g(Xε(s), ξ). For ψ ∈
D(OT ,H

1), let

r(t) =
∫ t

0

[
c1 + c2

(
|Xε

n(s)|2 + |ψ(s)|2
)]

ds for all t ∈ [0,T ]. (2.33)

By Fatou’s lemma, we have

{e−r(T )|Xε(T )|2} ≤ lim inf
n
E{e−r(T )|Xε

n(T )|2}. (2.34)

Applying Ito’s formula to e−r(T )|Xε(T )|2, we can obtain that

e−r(T )|Xε
n(T )|2 = |PnX0|

2 +

∫ T

0
e−r(s) {−r′(s)(Xε

n(s)), Xε
n(s))) + 2(F(Xε

n(s))), Xε
n(s)))

}
ds

+

∫ T

0
e−r(s)ε|σ(s, Xε

n(s))|2LQ
ds +

∫ T

0
ε

∫
Z

e−r(s)|g(Xε
n(s), ξ)|2N(dt, dξ)

+ 2
√
ε

∫ T

0
e−r(s)(σ(s, Xε

n(s))dBn, Xε
n(s))

+ 2ε
∫
Z

e−r(s)(g(Xε
n(s), ξ), Xε

n(s))Ñ(dt, dξ). (2.35)

Therefore, we get
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E
[
e−r(T )|Xε

n(T )|2
]
≤ E|PnX0|

2

+ E

∫ T

0
e−r(s) {−r′(s)(Xε

n(s)), Xε
n(s))) + 2(F(Xε

n(s))), Xε
n(s)))

}
ds

+ εE

∫ T

0
e−r(s)|σ(s, Xε

n(s))|2LQ
ds

+ εE

∫ T

0

∫
Z

e−r(s)|g(Xε
n(s), ξ)|2λ(dξ)ds. (2.36)

Similarly, applying Ito’s formula to e−r(T )|Xε(T )|2, we also get

E
[
e−r(T )|Xε(T )|2

]
≤ E|X0|

2

+ E

∫ T

0
e−r(s) {−r′(s)(Xε(s)), Xε(s))) + 2(F(Xε(s))), Xε(s)))} ds

+ εE

∫ T

0
e−r(s)|S ε(s))|2LQ

ds + εE
∫ T

0

∫
Z

e−r(s)|Gε(s), ξ)|2λ(dξ)ds.

(2.37)

From Eq (2.34), we have

E

[∫ T

0
e−r(s) {−r′(s)(Xε(s)), Xε(s))) + 2(F(Xε(s))), Xε(s)))} ds

+ εE

∫ T

0
e−r(s)|S ε(s)|2LQ

ds + εE
∫ T

0

∫
Z

e−r(s)|Gε(s), ξ)|2λ(dξ)ds
]

≤ lim inf
n
E

[∫ T

0
e−r(s) {−r′(s)(Xε(s)), Xε(s))) + 2(F(Xε(s))), Xε(s)))} ds

+ ε

∫ T

0
e−r(s)|S ε(s)|2LQ

ds + ε
∫ T

0

∫
Z

e−r(s)|Gε(s), ξ)|2λ(dξ)ds
]
. (2.38)

Using properties of A and f , we can obtain

E

[∫ T

0
e−r(s)

{
−r′(s)|Xε

n(s)) − ψ(s)|2 + 2(F(Xε
n(s)) − F(ψ), Xε

n(s) − ψ(s))
}

ds

+ ε

∫ T

0
e−r(s)

{
|σ(s, Xε

n(s) − σ(s, ψ(s)|2LQ
ds +

∫
Z

e−r(s)|g(Xε
n(s), ξ) − g(ψ(s), ξ)|2λ(dξ)

}
ds

]
< 0. (2.39)

From Eqs (2.38) and (2.39), applying limit, we get
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E

[∫ T

0
e−r(s) {−r′(s)(Xε(s)), Xε(s))) + 2(F(Xε(s))), Xε(s)))} ds

+ εE

∫ T

0
e−r(s)|S ε(s)|2LQ

ds + εE
∫ T

0

∫
Z

e−r(s)|Gε(s)|2λ(dξ)ds
]

≤ E

[∫ T

0
e−r(s) {2(Fε(s), ψ(s)) + 2(F(ψ(s)), Xε(s) − ψ(s))} ds

−

∫ T

0
e−r(s)r′(s)(2Xε(s)) − ψ(s), ψ(s))

+ ε

∫ T

0
e−r(s)(2S ε(s) − σ(s, ψ(s)), σ(s, ψ(s)))ds

+ ε

∫ T

0

∫
Z

e−r(s)(2Gε(s) − g(ψ(s), ξ), g(ψ(s), ξ))λ(dξ)ds
]
. (2.40)

From Eq (2.38), rearranging the terms, then we have

E

[∫ T

0
e−r(s)

{
−r′(s)|Xε

n(s)) − ψ(s)|2 + 2(F(Xε
n(s)) − F(ψ), Xε

n(s) − ψ(s))
}

ds

+ ε

∫ T

0
e−r(s)

{
|S ε(s) − σ(s, ψ(s)|2LQ

ds +
∫
Z

e−r(s)|Gε(s) − g(ψ(s), ξ)|2λ(dξ)
}

ds
]

< 0. (2.41)

Taking ψ = Xε(s) in the above inequality, we get S ε(t) = σ(t, Xε(s)) and Gε(t) − g(Xε(t), ξ). For some
µ > 0 and ψ ∈ L∞(OT ,H), let ψ = Xε − µψ, and we get

E

[∫ T

0
e−r(s)

{
2µ(Fε(s) − F(ψ(s)), ψ) − µ2r′(s)|µψ|2

}
ds

]
≤ 0. (2.42)

By Lemma 2.2, we get

(F(ψ(s)) − F(Xε(s)), ψ) ≤ µ2
[
−Λ1|∇ψ|

2 + Λ2|ψ|
2 + Λ3

(
|ψ(s)|2 + |Xε(s)|2

)
|ψ|2

]
. (2.43)

Then dividing Eq (2.42) by µ and letting µ→ 0,

E

[∫ T

0
e−r(s)

{
2(Fε(s) − F(Xε(s)), ψ)

}
ds

]
≤ 0. (2.44)

Due to the arbitrariness of ψ, Fε(s) = F(Xε(s)). Hence, Xε(s) satisfies

Xε(t) = Xε
0 +

∫ t

0
F(Xε(s))ds +

√
ε

∫ t

0
σ(Xε(s))dBs + ε

∫ t

0

∫
Z

g(Xε(s), ξ)Ñ(ds, dξ). (2.45)

Then, the existence of the solution is proved.
To prove uniqueness, consider ψε ∈ X. Let τN = τ̃N ∧ τN → T as N → ∞, where τ̃N = inf{t :

|Xε(t)| + |∇Xε(t)| ≥ N} and τN = inf{t : |ψε(t)| + |∇ψε(t)| ≥ N}. Then, ϑ = Xε(t) − ψε(t) satisfies
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dϑ(t) = [F(Xε(s)) − F(ψε(s))]dt +
√
ε[σ(Xε(s)) − σ(ψε(s))]dBs

+ ε

∫
Z

[g(Xε(s), ξ) − g(ψε(s), ξ)]Ñ(ds, dξ). (2.46)

For a = Λ2, let ρ′(t) = a
(
|ψε(s)|2 + |Xε(s)|2

)
. Ito’s formula in Lemma 4 [23] for ϕ1 = Xε(s), ϕ2 = ψ

ε(s)
andH2 gives

e−ρ(t∧τN )|ϑ(t ∧ τN)|2 ≤ I(t ∧ τN) +
∫ t∧τN

0
e−ρ(s)(εK2 − Λ1)|∇ϑ(s)|2ds (2.47)

+

∫ t∧τN

0
e−ρ(s)

[
Λ2 + Λ3(|Xε(s)|2 + |ψε(s)|2) − ρ′(s)

]
|ϑ(s)|2ds,

where

I(t ∧ τN) = 2
√
ε

∫ t∧τN

0
e−ρ(s)([σ(Xε(s)) − σ(ψε(s))]dBs, ϑ(s))

+ 2ε
∫ t∧τN

0

∫
Z

(g(Xε(s), ξ) − g(ψε(s), ξ), ϑ(s)) Ñ(ds, dξ). (2.48)

Therefore, we have

E sup
0≤s≤t∧τN

I(s) ≤ ΞE sup
0≤s≤t∧τN

[
e−ρ(s)|ϑ(s)|2

]
+

C1(ε + ε2)K2

Ξ
E

∫ t∧τN

0
e−ρ(s)|∇ϑ(s)|2ds.

(2.49)

Therefore by using Lemma 3.9 [23], with Z(t) = 0 and C̃ = 0, we get

E sup
0≤t≤T

[
e−ρ(t∧τN )|ϑ(t ∧ τN)|2

]
= 0.

Hence |ϑ(s)|2 = 0 for all t ∈ [0,T ], since τN → T as N → ∞.

3. Random attractors

In the section, we study the existence and uniqueness of weak mean random attractors for the
stochastic diffusive coral reef ecosystems with Lévy noise equation (1.2).

Let B = {B(s) ⊂ L2(Ω,Fs,H) : s ∈ ℜ} be a family of nonempty bounded sets such that

lim
τ→−∞

eΓt∥B(s)∥2L2(Ω,Fs,H) = 0, (3.1)

where Γ + η2 + η3 ≥ 2c1 and ∥O∥L2(Ω,Fs,H) = supu∈O ∥X∥L2(Ω,Fs,H) for a subset O in L2(Ω,Fs,H). We will
useD to denote the collection of all families of nonempty bounded sets satisfying Eq (3.1).

We will first derive uniform estimates on the solutions of the stochastic diffusive coral reef
ecosystems with Lévy noise equation (1.2), then we construct a D-pullback absorbing set for the
system Φ, where Φ(t, s) is a mapping from L2(Ω,Fs,H) to L2(Ω,Ft+s,H) defined by
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Φ(t, s)u0 = Φ(t + s, s, u0), where u0 ∈ L2(Ω,Fs,H). The uniqueness of solution to the stochastic
diffusive coral reef ecosystems with Lévy noise equation (1.2) implies that
Φ(t + τ, s) = Φ(t, τ + s) ◦ Φ(τ, s) for every t, s > 0 and τ ∈ ℜ. This cocycle Φ is called the mean
random dynamical system generated by the stochastic diffusive coral reef ecosystems with Lévy noise
equation (1.2) on L2(Ω,F ,H).

Lemma 3.1. SupposeH1 andH2 hold. In addition, assume

2d̂ −
2K1

Γ
−

p2C2
1K1

Γη2
−

p2C2
3K1

Γη3
> 0, Γ + η2 + η3 ≥ 2c1 > η2 + η3.

Then there exists T = T (τ,B) such that the solution u of stochastic diffusive coral reef ecosystems with
Lévy noise equation (1.2) satisfies

E
[
|X(t)|2

]
≤

(
2K1

Γ
+

p2C2
1K1

Γη2
+

p2C2
3K1

Γη3

)
|O|

[
1 +
Γ + η2 + η3 − 2c1

2c1 − η2 − η3

]
+ 1, ∀X0 ∈ B(t),

for every τ ∈ ℜ, B ∈ D, and t ≥ T .
Proof. Applying Itô’s formula to eΓt|X(t, X0)|2, we get, for t ≥ 0,

eΓt|X(t)|2(t) = |X0|
2 + Γ

∫ t

0
eΓt|X(s)|2ds + 2

∫ t

0
eΓt(AX + f (X(s)), X(s))ds

+

∫ t

0
eΓt|σ(X(s))|2LQ

ds + 2
∫ t

0
eΓt(σ(X(s))dB, X(s)) (3.2)

+

∫ t

0

∫
Z

eΓt|g(X, ξ)|N(dt, dξ) + 2
∫ t

0

∫
Z

eΓt(gn(X, ξ), X)Ñ(dt, dξ).

Taking supremum and then taking expectation, we have

E sup
0≤s≤t

eΓt|X(s)|2 + 2d̂E
∫ t

0
eΓs∥∇X∥2ds ≤ E|X0|

2 + (2c1 + Γ)E
∫ t

0
eΓs|X(s)|2ds

+ 2K1E

∫ t

0
eΓs

[
1 + |∇X(s)|2

]
ds + E sup

0≤s≤t
eΓsJ1(s) + E sup

0≤s≤t
eΓtJ2(s),

(3.3)

where

J1 = 2
∫ t

0
(σ(X(s))dB, X(s)), J2 = 2

∫ t

0

∫
Z

[(g(X(s−), ξ), X(s−))]Ñ(dt, dξ).

By the Burkholder-Davis-Gundy inequality and Young’s inequality, we get

E sup
0≤s≤t

J1(s) ≤ 2C1E

{∫ t

0
|σ(X(s))|2LQ

|X(s)|2ds
}1/2

(3.4)

≤ η2E sup
0≤s≤t
|X(s)|2 +

C2
1K1

η2
E

∫ t

0

[
1 + |∇X(s)|2

]
ds
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and

E sup
0≤s≤t

J2(s) ≤ 2C2E

{∫ t

0
|Xn(s)|2

∫
Z

|g(X(s−), ξ)|2d(ξ)
}1/2

(3.5)

≤ η3E sup
0≤s≤t
|X(s)|2 +

C2
2K1

η3
E

∫ t

0

[
1 + |∇X(s)|2

]
ds.

Substituting Eqs (3.4) and (3.5) in Eq (3.3), we find

E sup
0≤s≤t

eΓt|X(s)|2 + 2d̂E
∫ t

0
eΓs∥∇X∥2ds ≤ E|X0|

2

+ (Γ + η2 + η3 − 2c1)E
∫ t

0
eΓs|X(s)|2ds

+

(
2K1 +

p2C2
1K1

η2
+

p2C2
3K1

η3

)
E

∫ t

0
eΓs

[
1 + |∇X(s)|2

]
ds.

(3.6)

Therefore, we have

E sup
0≤s≤t

eΓt|X(s)|2 +
(
2d̂ −

2K1

Γ
−

p2C2
1K1

Γη2
−

p2C2
3K1

Γη3

)
E

∫ t

0
eΓs∥∇X∥2ds ≤ E|X0|

2

+ (Γ + η2 + η3 − 2c1)E
∫ t

0
eΓs|X(s)|2ds

+
1
Γ

(
2K1 +

p2C2
1K1

η2
+

p2C2
3K1

η3

)
|O|eΓt. (3.7)

Thus, we get

E
[
eΓt|X(t)|2

]
≤ E|X0|

2 + (Γ + η2 + η3 − 2c1)
∫ t

0
E

[
eΓs|X(s)|2

]
ds

+

(
2K1

Γ
+

p2C2
1K1

Γη2
+

p2C2
3K1

Γη3

)
|O|eΓt. (3.8)

By the Gronwall inequality, we get

E
[
|X(t)|2

]
≤ E|X0|

2e−(2c1−η2−η3)

+

(
2K1

Γ
+

p2C2
1K1

Γη2
+

p2C2
3K1

Γη3

)
|O|

[
1 +
Γ + η2 + η3 − 2c1

2c1 − η2 − η3

]

−

(
2K1

Γ
+

p2C2
1K1

Γη2
+

p2C2
3K1

Γη3

)
|O|
Γ + η2 + η3 − 2c1

2c1 − η2 − η3
e−(2c1−η2−η3). (3.9)

Let us proceed like the uniqueness of solution in Theorem 2.4. Define ϑ = X(t) − ψ(t). Similar
arguments as Eqs (2.46)–(2.49) imply that we get

E sup
0≤t≤T

[
e−ρ(t∧τN )|ϑ(t ∧ τN)|2

]
= 0. (3.10)
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Hence, |ϑ(s)|2 = 0 for all t ∈ [0,T ] since τN → T as N → ∞, which, together with Eq (3.9), yields

E
[
|X(t)|2

]
≤ E|X0|

2e−(2c1−η2−η3)

+

(
2K1

Γ
+

p2C2
1K1

Γη2
+

p2C2
3K1

Γη3

)
|O|

[
1 +
Γ + η2 + η3 − 2c1

2c1 − η2 − η3

]
−

(
2K1

Γ
+

p2C2
1K1

Γη2
+

p2C2
3K1

Γη3

)
|O|
Γ + η2 + η3 − 2c1

2c1 − η2 − η3
e−(2c1−η2−η3). (3.11)

Since X0 ∈ B and B ∈ D, one has

E|X0|
2e−(2c1−η2−η3) ≤ e−(2c1−η2−η3)|B|2 → 0

and (
2K1

Γ
+

p2C2
1K1

Γη2
+

p2C2
3K1

Γη3

)
|O|
Γ + η2 + η3 − 2c1

2c1 − η2 − η3
e−(2c1−η2−η3) ≤ e−(2c1−η2−η3)|B|2 → 0

as t → ∞, which along with Eq (3.11), concludes the proof.
Lemma 3.2. Assume the conditions of Lemma 3.1 hold, and the mean random dynamical system

Φ related to stochastic diffusive coral reef model with Lévy noise equation (1.2) has a weakly compact
D-pullback absorbing set K =

{
K(s) : s ∈ ℜ

}
∈ D as follows:

K(s) =
{
X ∈ L2(Ω,Fs;H) : EX(s) ≤ R

}
, (3.12)

where

R :=
(
2K1

Γ
+

p2C2
1K1

Γη2
+

p2C2
3K1

Γη3

)
|O|

[
1 +
Γ + η2 + η3 − 2c1

2c1 − η2 − η3

]
+ 1.

Proof. For each s ∈ ℜ, from Eq (3.12), it is easy to know that K(s) is a bounded closed convex
subset of L2(Ω,Fs;H). Therefore, it is a weakly compact subset of L2(Ω,Fs;H). Moreover, it follows
from Lemma 3.1 that there exists T = T (s,B) > 0 such that Φ(s,B(s)) ⊂ K(s) for every s ∈ ℜ and
B = {B(t)} ∈ D, s ≥ T . On the other hand,

lim
s→−∞

eΓs∥K(s)∥2L2(Ω,Fs;H)

≤ lim
s→−∞

eΓs

((
2K1

Γ
+

p2C2
1K1

Γη2
+

p2C2
3K1

Γη3

)
|O|

[
1 +
Γ + η2 + η3 − 2c1

2c1 − η2 − η3

]
+ 1

)
= 0.

Therefore, it has been proven that K(s) ∈ D. That is, K is a weakly compact D-pullback absorbing
set for Φ.

Theorem 3.3. Under assumptions of Lemma 3.1. Then, the mean random dynamical system Φ to
stochastic diffusive coral reef model with Lévy noise equation (1.2) has a unique weak D-pullback
mean random attractorA = {A(s) : s ∈ ℜ} ∈ D in L2(Ω,F ;H) over (Ω,F , {Ft}t∈ℜ,P).

Proof. By Lemma 3.2 and Theorem 2.13 [31], it is easy to see that the existence and uniqueness of
the weak D-pullback mean random attractors A ∈ D of Φ to the stochastic diffusive coral reef model
with Lévy noise equation (1.2) are immediate consequences.
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4. Invariant measures and ergodicity

In the section, we establish the existence of invariant measures and ergodicity to the stochastic
diffusive coral reef model with Lévy noise equation (1.2).

Lemma 4.1 SupposeH1-H2 hold. In addition, assume

max
{
χ

2
,
χ

η1
, α2 + β2 +

δ2

2
,
δ2

η2

}
= c2 < Γ1 = inf {ϱ1 − r1, ϱ2, ϱ3 − r2, ϱ4 − r3} , d̂ > K1.

Then, the solution X(t, X0) of the stochastic diffusive coral reef model with Lévy noise equation (1.2)
satisfies

E|X(t)|2 + (d̂ − K1)E
∫ t

0
e2(Γ1−c2)(s−t)|∇X(s)|2ds ≤ e−2(Γ1−c2)tE|X0|

2 +
K1|O|

2(Γ1 − c2)

and
(d̂ − K1)

t
E

∫ t

0
|∇X(s)|2ds ≤

E|X0|
2

T0
+K1|O|, ∀t > 0.

Proof. Applying Itô’s formula to e2Γ1t|u(t)|2, we get, for t ≥ 0,

e2(Γ1−c2)tE|X(t)|2 = E|X0|
2 + 2Γ1E

∫ t

0
e2(Γ1−c2)s|X(s)|2ds

+2
∫ t

0
e2(Γ1−c2)s(AX + f (X(s)), X(s))ds (4.1)

+E

∫ t

0
e2(Γ1−c2)s|σ(X(s))|2LQ

ds + E
∫ t

0

∫
Z

e2(Γ1−c2)s|g(X, ξ)|2λ(dξ)ds.

From Lemmas 2.1 and 2.2, we get

e2(Γ1−c2)tE|X(t)|2 + (d̂ − K1)E
∫ t

0
e2(Γ1−c2)s|∇X(s)|2ds

≤ E|X0|
2 + 2(Γ1 − c2)E

∫ t

0
e2(Γ1−c2)s|X(s)|2ds

+ 2
∫ t

0
e2(Γ1−c2)t (c2 − Γ1) |X(s)|2ds +

K1|O|

2(Γ1 − c2)
e2(Γ1−c2)t

= E|X0|
2 +

K1|O|

2(Γ1 − c2)
e2(Γ1−c2)t. (4.2)

Thus, we have

E|X(t)|2 + (d̂ − K1)E
∫ t

0
e2(Γ1−c2)(s−t)|∇X(s)|2ds ≤ e−2(Γ1−c2)tE|X0|

2 +
K1|O|

2(Γ1 − c2)
. (4.3)

On the other hand, using Itô′s formula to the process |X(·)|2, we obtain
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E|X(t)|2 = E|X0|
2 + 2

∫ t

0
(AX + f (X(s)), X(s))ds (4.4)

+E

∫ t

0
|σ(X(s))|2LQ

ds + E
∫ t

0

∫
Z

|g(X, ξ)|2λ(dξ)ds. (4.5)

From Lemmas 2.1 and 2.2, we get

E|X(t)|2 + (d̂ − K1)E
∫ t

0
|∇X(s)|2ds ≤ E|X0|

2 + 2(c2 − Γ1)
∫ t

0
|X(s)|2ds +K1|O|t

≤ E|X0|
2 +K1|O|t, ∀t > 0, (4.6)

which implies

(d̂ − K1)
t
E

∫ t

0
|∇X(s)|2ds ≤

E|X0|
2

T0
+K1|O|, ∀t > T0. (4.7)

This concludes the proof of this Lemma 4.1.
Theorem 4.2. Under the condition of Lemma 4.1, there exists an invariant measure to the stochastic

diffusive coral reef model with Lévy noise equation (1.2) on H.
Proof. Using the Chebyshev inequality and Lemma 4.1, we infer for T0 and R > 0,

sup
t≥T0

1
t

∫ t

0
P ({∥X(s, X0)∥ > R}) ds ≤ sup

t≥T0

1
tR2

∫ t

0
E∥X(s, X0)∥2ds

≤
E|X0|

2

T0R2(d̂ − K1)
+

K1|O|

4R2(d̂ − K1)
. (4.8)

The above inequality implies, for all t ≥ T0 and every ε > 0, that there exists

R0 =

√
E|X0|

2

T0R2(d̂ − K1)
+

K1|O|

4R2(d̂ − K1)
> 0

such that, for any R ≥ R0,

µt,u0(Γ) =
1
t

∫ t

0
P(s, u0,Γ)ds =

1
t

∫ t

0
P (ω ∈ Ω, u(s, u0) ∈ Γ) ds

≥
1
t

∫ t

0
P (ω ∈ Ω, ∥u(s, u0)∥ ≤ R0) ds

= 1 −
1
t

∫ t

0
P (ω ∈ Ω, ∥u(s, u0)∥ > R0) ds = 1 − ε, Γ := B(0,R), (4.9)

where B(0,R) is the ball centered at 0 with radius R in V. Since V is compactly embedded in H
(V ↪→↪→ H ), for every ε > 0, from Eq (4.9), it shows there exists a compact set J ∈ H such that
µt,u0(J) > 1 − ε. Hence, the sequence of probability measure µt,u0 is tight on H.

By the Krylov-Bogoliubov theorem (see [32]), it shows that there exists a sequence tn → ∞ as
n → ∞ such that µt,u0 → µ weakly as n → ∞. Moreover, for this transition operator Pt, defined by
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(Ptφ)(u0) = Eφ(u(t, u0)) for all φ ∈ Cb(H), µ is an invariant measure. Thus, the proof of this theorem
is complete.

Lemma 4.3. Under assumptions of Lemma 4.1, additionally, suppose Λ3 > 0. Let X(t) and Y(t)
be two solutions of the stochastic diffusive coral reef model with Lévy noise equation (1.2) with initial
data X0,Y0 ∈ L2(Ω,H), respectively. Then, we have

E |X(t) − Y(t)|2 ≤ E |X0(t) − Y0(t)|2 e−Λ3
∫ t

0 (|X(s)|2+|Y(s)|2)ds.

Proof. To prove uniqueness, consider Y ∈ X. Let τN = τ̃N ∧ τN → T as N → ∞, where τ̃N = inf{t :
|X(t)| + |∇X(t)| ≥ N} and τN = inf{t : |Y(t)| + |∇Y(t)| ≥ N} Then, Ψ = X(t) − Y(t) satisfies

dΨ(t) = [F(X(s)) − F(Y(s))]dt +
√
ε[σ(X(s)) − σ(Y(s))]dBs

+ ε

∫
Z

[g(X(s), ξ) − g(Y(s), ξ)]Ñ(ds, dξ). (4.10)

Let ρ′(t) = Λ3

(
|X(s)|2 + |Y(s)|2

)
. Ito’s formula in Lemma 2.4 for ϕ1 = X(s), ϕ2 = Y(s) and condition

H2 gives

e−ρ(t∧τN )|Ψ(t ∧ τN)|2 ≤ I(t ∧ τN) +
∫ t∧τN

0
e−ρ(s)(εK2 − Λ1)|∇Ψ(s)|2ds (4.11)

+

∫ t∧τN

0
e−ρ(s)

[
Λ2 + Λ3(|X(s)|2 + |Y(s)|2) − ρ′(s)

]
|Ψ(s)|2ds,

where

I(t ∧ τN) = 2
√
ε

∫ t∧τN

0
e−ρ(s)([σ(X(s)) − σ(Y(s))]dBs,Ψ(s))

+ 2ε
∫ t∧τN

0

∫
Z

(g(X(s), ξ) − g(Y(s), ξ),Ψ(s)) Ñ(ds, dξ). (4.12)

Therefore, we have

E sup
0≤s≤t∧τN

I(s) ≤ ΞE sup
0≤s≤t∧τN

[
e−ρ(s)|Ψ(s)|2

]
+

C1(ε + ε2)K2

Ξ
E

∫ t∧τN

0
e−ρ(s)|∇Ψ(s)|2ds.

(4.13)

Therefore by using Lemma 3.9 [30], with Z(t) = 0 and C̃ = 0, we get

E sup
0≤t≤T

[
e−ρ(t∧τN )|Ψ(t ∧ τN)|2

]
= 0.

Hence |Ψ(s)|2 = 0 for all t ∈ [0,T ], since τN → T as N → ∞.
Theorem 4.4. Assuming the condition of Lemma 4.3 holds. Then there exists a unique invariant

measure µ to the stochastic diffusive coral reef model with Lévy noise equation (1.2) for
∀X0 ∈ L2(Ω,H). Moreover, the measure µ is ergodic.

Proof. If there exists another invariant measure µ for transition operator (Pt)t≥0, then, for every
φ ∈ Lip(H) and initial data X0,Y0 ∈ L2(Ω,H), there is a Lipschitz function φ with Lipschitz constant
Lφ. By means of the definitions of invariant measures, ergodicity and Lemma 4.3, we get
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∣∣∣∣∣∫
H

φ(X0)µ(dX0) −
∫
H

φ(Y0)µ(dY0)
∣∣∣∣∣ = ∣∣∣∣∣∫

H

(Ptφ)(X0)µ(dX0) −
∫
H

(Ptφ)(Y0)µ(dY0)
∣∣∣∣∣

=

∣∣∣∣∣∫
H

∫
H

[
(Ptφ)(X0) − (Ptφ)(Y0)

]
µ(dX0)µ(dY0)

∣∣∣∣∣
=

∣∣∣∣∣∫
H

∫
H

[
Eφ(X(t, X0)) − Eφ(Y(t,Y0))

]
µ(dX0)µ(dY0)

∣∣∣∣∣
≤ Lφe−Lbt

∫
H

∫
H

E |X0(t) − Y0(t)|2 µ(dX0)µ(dY0)→ 0 as t → ∞. (4.14)

Therefore, there exists a unique invariant measure µ for transition operator (Pt)t≥0. By the density of
Lip(H) in Cb(H), we know µ is ergodic.

5. Large deviation principle

In the section, we study the large deviation principle for the stochastic reaction-diffusion coral
reef model with Lévy noise equation (1.2).

Let O be a locally compact Polish space and OT = [0,T ] × O corresponding to O for finite T > 0.
Define

M(O) =
{
µ on(O,B(O)) : µ(K) < ∞ for compact K ⊂ O

}
.

LetM = M(OT ) and P be the probability measure on (M,B(M)). Then, B(M) is a Polish space. Let

V = C([0,T ],H) ×M, Gt = σ{N(s,Z) : 0 ≤ s ≤ t,Z ∈ B(OT )} for t > 0.

Let P̃ be the probability measure on the space (V,B(V)), {Ft} be completion ofGt, andP be predictable
σ-field with respect to it. Define the classA and L : [0,+∞)→ [0,+∞) such that

A = {ψ : OT × V→ [0,+∞) : ψ is (P × B(O))/B[0,+∞) −measurable} ,
l(a) = aloga − a + 1.

Let X be a locally compact Polish space with XT = [0,T ] × X. For ψ ∈ A, define Nψ as

Nψ(t,Z) =
∫

[0,T ]×Z

∫ ∞

0
I[0,ψ(s,z)](r)Ñ(ds, dz)dr, t ∈ [0,T ], Z ∈ B(X).

For ψ ∈ A, define

L̂T (ψ) =
∫ T

0

∫
Z

l(ψ(t, ξ, ω))λ(dξ)dt.

Define P2 = {ϕ : ϕ is P/B(ℜ) −measurable,
∫ T

0
|ϕ(s)|20ds} andU(H) = P2 ×A. For ϕ ∈ A, consider

L̂T (ψ) =
1
2

∫ T

0

∫
Z

|ϕ(s)|20ds.
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For N ∈ N, define

Ŝ N(ψ) =
{
ψ : OT → [0,+∞) : L̂T (ψ) ≤ N

}
,

Ŝ N(H0) =
{
ϕ ∈ L2([0,T ]; H0) : L̂T (ϕ) ≤ N

}
.

Define a compact set {λg
T : g ∈ Ŝ N} inM, where

λ
g
T =

∫ T

0

∫
Z

g(s, ξ))λ(dξ)dt, Z ∈ B(OT ).

Let U = P2(H0) × A and S =
⋃

N≥1 S N , where S N = Ŝ N(H0) × Ŝ N . Here take UN = {ζ = (ϕ, φ) ∈
U, ζ(ω) ∈ S N}. Let X0 be a Polish space.

The stochastic control equation with respect to the stochastic diffusive coral reef ecosystems with
Lévy noise equation (2.2) is

dXε
ζε(t) = [AXε

ζε(t) + f (Xε
ζε(t)) + σ(t, Xε

ζε(t))ϕ
ε]dt +

√
εσ(t, Xε

ζε(t))dBt

+ ε

∫
Z

g(Xε
ζε(t), ξ)l(ψ

ε)λ(dξ)dt + ε
∫
Z

g(Xε
ζε(t), ξ)Ñ(dt, dξ). (5.1)

Lemma 5.1 Assume that H1 and H2 hold. There exists a unique strong solution for stochastic
control equation (5.1) with Xε

ζε(0) = X0 for ζε ∈ UM,M ∈ (0,+∞), and ε > 0 satisfying the estimate

E sup
0≤s≤T

|Xε
ζε(s)|2 + α̂E

(∫ T

0
∥∇Xε

ζε(s)∥2ds
)
≤ K,

E sup
0≤s≤T

|∇Xε
ζε(s)|2 + α̂E

(∫ T

0
∥∆Xε

ζε(s)∥2ds
)
≤ K,

in X, where K is an appropriate constant.
Proof. The solution of Eq (5.1) can be expressed as Gε(

√
εB(·) +

∫ ·
0
ϕεds, εNε−1ψε). This proof

process is similar to Theorem 2.4, omitted here.
Lemma 5.2 Assume that H1 and H2 hold. For ζ ∈ A and the initial condition Xζ(0) = X0, the

deterministic controlled equation

dXζ(t) = [AXζ(t) + f (Xζ(t)) + σ(Xζ)ϕ]dt + ε
∫
Z

g(Xζ , ξ)l(ψ)λ(dξ)dt. (5.2)

exists a unique strong solution in X.
Proof. The solution of deterministic controlled equation (5.2) can be expressed as

G0(
∫ ·

0
ϕ(s)ds, λψT ). The proof of Theorem 2.4 consists essentially to prove the weak convergence of the

solution of stochastic control diffusive coral reef ecosystems equation (5.1) to the solution of
deterministic controlled equation (5.2) as ε→ 0.

Lemma 5.3 LetM > 0 be a constant, ζ ∈ A, and the set

KM =
{
Xζ ∈ X = D([0,T ];H1) ∩ L2((0,T );H2)

}
,

where Xζ is the solution of deterministic controlled equation (5.2). Then the set KM is compact in X.
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Proof. Let {Xζn} ∈ KM be the solution of deterministic controlled equation (5.2), where the control
ζ = (ϕ, ψ) is replaced by ζn = (ϕn, ψn) for n ∈ N. Since SM is weakly compact, then there exists a
subsequence of ζn ∈ SM also denoted by ζn, and it converges weakly to ζ. In order to prove Xζn → Xζ

weakly, it is enough to prove that Υn = Xζn − Xζ tends to 0 as n → ∞. The difference Υn satisfies the
equation

dΥn(t) =
[
AΥn(t) + f (Xζn(t)) − f (Xζ) + σ(Xζn)ϕn − σ(Xζ)ϕ

]
dt

+ ε

∫
Z

[
g(Xζn , ξ)l(ψn(t, ξ)) − g(Xζ , ξ)l(ψ(t, ξ))

]
λ(dξ)dt. (5.3)

Taking the inner product with Υn and integrating, we get

|Υn(t)|2 + 2Λ1

∫ t

0
|∇Υn(s)|2ds = 2

∫ t

0

(
f (Xζn(s)) − f (Xζ(s)),Υn(s)

)
ds

+ 2
∫ t

0

(
σ(Xζn(s))ϕn(s) − σ(Xζ(s))ϕ(s),Υn(s)

)
ds

+ 2ε
∫
Z

(
g(Xζn(s), ξ)l(ψn(s, ξ)) − g(Xζ(s), ξ)l(ψ(s, ξ)),Υn(s)

)
λ(dξ)ds

+ 2
∫ t

0
(r1 − ϱ1)|Υ1,n(s)|2 + (r2 − ϱ3)|Υ3,n(s)|2 + (r3 − ϱ4)|Υ4,n(s)|2ds. (5.4)

By the property of the nonlinear operator f , we have∫ t

0

(
f (Xζn(s)) − f (Xζ(s)),Υn(s)

)
ds ≤

∫ t

0

[
Λ1∥∇Υn(s)∥2

L2 + Λ2∥Υn(s)∥2
L2

+

[
4ρ1r1

d
∥x1,ζn∥

2
L2 +

(
4ρ1r1

d
+

4
dχ

)
∥x2,ζ∥

2
L2 +

8
dχ
∥y1,ζn∥

2
L2

]
∥Υ1,n(s)∥2

L2

+
4

dχ

[
∥y1,ζn∥

2
L2 + 2∥x2,ζ∥

2
L2

]
∥Υ2,n(s)∥2

L2

+

[
4ρ2r2

d
∥z1,ζn∥

2
L2 +

(
4ρ2r2

d
+

4
dδ1

)
∥z2,ζ∥

2
L2 +

(
4

dδ1
+

4
dδ2

)
∥w1,ζn∥

2
L2

]
∥Υ3,n(s)∥2

L2

+

[(
4

dδ1
+

4
dδ2

)
∥z2,ζ∥

2
L2 +

(
4ρ3r3

d
+

4
dδ2

)
∥w1,ζn∥

2
L2 +

4ρ3r3

d
∥w2,ζ∥

2
L2

]
∥Υ4,n(s)∥2

L2

]
ds

≤

∫ t

0

[
Λ1∥∇Υn(s)∥2

L2 + Λ2∥Υn(s)∥2
L2 + ϱ

(
|Xζn(s)∥2

L2 + |Xζ(s)∥
2
L2

)
∥Υn(s)∥2

L2

]
ds, (5.5)

where

ϱ =
4ρ1r1

d
+

4ρ1r1

d
+

4
dχ
+

8
dχ
+

4
dχ
+

4ρ2r2

d
+

4ρ2r2

d
+

4
dδ1

+
4

dδ1
+

4
dδ2
+

4
dδ1
+

4
dδ2
+

4ρ3r3

d
+

4
dδ2
+

4ρ3r3

d
.

Appying Young’s inequality andH2, we get
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2
∫ t

0

(
σ(Xζn(s))ϕn(s) − σ(Xζ(s))ϕ(s),Υn(s)

)
ds

= 2
∫ t

0

(
σ(Xζn(s))ϕn(s) − σ(Xζ(s))ϕn(s) + σ(Xζ(s))ϕn(s) − σ(Xζ(s))ϕ(s),Υn(s)

)
ds

≤ 2
∫ t

0
|σ(Xζn(s))ϕn(s) − σ(Xζ(s))|LQ |ϕn(s)||Υn(s)| + |σ(Xζ(s))||ϕn(s) − ϕ(s)||Υn(s)|ds

≤

∫ t

0

[
Λ1

4
|∇Υn(s)|2 +

(
4K2

Λ1
|ϕn(s)|2 + 1

)
|Υn(s)|2

]
ds +

∫ t

0
|σ(Xζ(s))|2|ϕn(s) − ϕ(s)|2ds.

(5.6)

Similarly, we have

2
∫
Z

(
g(Xζn(s), ξ)l(ψn(s, ξ)) − g(Xζ(s), ξ)l(ψ(s, ξ)),Υn(s)

)
λ(dξ)ds

≤

∫ t

0

[
Λ1

4
|∇Υn(s)|2 +

(
4K2

Λ1
|l(ψn(s, ξ))|2 + 1

)
|Υn(s)|2

]
λ(dξ)ds

+

∫ t

0
|g(Xζ(s), ξ)|2|l(ψn(s, ξ)) − l(ψ(s, ξ))|2λ(dξ)ds. (5.7)

From Eqs (5.4)–(5.7), we get

|Υn(t)|2 +
Λ1

2

∫ t

0
|∇Υn(s)|2ds ≤ ϱ0

∫ t

0
|Υn(s)|2ds + ϱ

∫ t

0

(
|Xζn(s)|2 + |Xζ(s)|

2
)
|Υn(s)|2ds

+

∫ t

0
|σ(Xζ(s))|2|ϕn(s) − ϕ(s)|2ds +

∫ t

0
|g(Xζ(s), ξ)|2|l(ψn(s)) − l(ψ(s))|2λ(dξ)ds, (5.8)

where

ϱ0 =
4K2

Λ1
|l(ψn(s, ξ))|2 +

4K2

Λ1
|ϕn(s)|2 + Λ1 + 2 + 2 max {r1 − ϱ1, r2 − ϱ3, r3 − ϱ4} .

Applying Gronwall’s inequality as n→ ∞, we have

|Υn(t)|2 +
Λ1

2

∫ t

0
|∇Υn(s)|2ds→ 0.

This implies that KM is a compact set in X.
Lemma 5.4 Suppose {ζε, ε > 0} ∈ A converges to ζ in distribution with respect to the weak

topology inA, then

Gε
(
√
εB(·) +

∫ ·

0
ϕεds, εNε−1ψε

)
→ G0

(∫ ·

0
ϕεds, λψT

)
in distribution in X as ε→ 0.
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Proof. In order to prove that Υε = Xε
ζε − Xζ tends to 0 as ε→ 0, where Xε

ζε and Xζ are the solutions
of the stochastic control diffusive coral reef ecosystems equation (5.1) and deterministic controlled
equation (5.2), respectively. The equation satisfied by Xζ is

dΥε(t) =
[
AΥε(t) + f (Xε

ζε(t)) − f (Xζ) + σ(Xε
ζε , t)ϕ

ε − σ(Xζ , t)ϕ
]

dt +
√
εσ(Xε

ζε , t)dBt

+

∫
Z

[
g(Xε

ζε(t), ξ)l(ψ
ε) − g(Xζ , ξ)l(ψ)

]
λ(dξ)dt + ε

∫
Z

g(Xε
ζε(t), ξ)Ñ(dt, dξ). (5.9)

By Ito’s formula, we get

|Υε(t)|2 = 2
∫ t

0

([
AΥε(s) + f (Xε

ζε(s)) − f (Xζ) + σ(Xε
ζε , s)ϕε − σ(Xζ , s)ϕ

]
,Υε(s)

)
ds

+

∫ t

0

∫
Z

([
g(Xε

ζε(s), ξ)l(ψε) − g(Xζ , ξ)l(ψ)
]
,Υε(s)

)
λ(dξ)ds

+2
√
ε

∫ t

0

(
σ(Xε

ζε , t)dBs,Υ
ε(s)

)
ds + 2ε

∫ t

0

∫
Z

(
g(Xε

ζε(t), ξ),Υ
ε(s)

)
Ñ(ds, dξ)

+ε

∫ t

0
|σ(Xε

ζε(s), s)|2LQ
ds + ε

∫ t

0

∫
Z

|g(Xε
ζε(t), ξ)|

2N(ds, dξ). (5.10)

Employing the same method as done earlier, we get

|Υε(t)|2 +
Λ1

2

∫ t

0
|∇Υε(s)|2ds ≤ ϱ0

∫ t

0
|Υε(s)|2ds + ϱ

∫ t

0

(
|Xζn(s)|2 + |Xζ(s)|

2
)
|Υε(s)|2ds

+

∫ t

0
|σ(Xζ(s))|2|ϕε(s) − ϕ(s)|2ds +

∫ t

0

∫
Z

|g(Xζ(s), ξ)|2|l(ψε(s)) − l(ψ(s)|2)λ(dξ)ds

+2
√
ε

∫ t

0

(
σ(Xε

ζε , s)dBs,Υ
ε(s)

)
ds + 2ε

∫ t

0

∫
Z

(
g(Xε

ζε(s), ξ),Υε(s)
)

Ñ(ds, dξ)

+ϵK1

∫ t

0
(1 + |∇Xε

ζε(s))|2ds. (5.11)

Taking expectation and applying the Burkholder-Davis-Gundy inequality, we have

E sup
0≤t≤T

{
2
√
ε

∫ t

0

(
σ(Xε

ζε , s)dBs,Υ
ε(s)

)
ds + 2ε

∫ t

0

∫
Z

(
g(Xε

ζε(s), ξ),Υε(s)
)

Ñ(ds, dξ)
}

≤
1
2
E

{
sup

0≤t≤T
|Υε(t)|2

}
+ (ε2 + ε)CK2

1

∫ t

0

(
1 + |∇Xε

ζε(s)
)
|2ds. (5.12)

By appropriate constant ϱ1, we have
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1
2
E sup

0≤t≤T
|Υε(t)|2 +

Λ1

2
E

∫ t

0
|∇Υε(s)|2ds ≤ ϱ1E

∫ t

0
|Υε(s)|2ds

+E

∫ t

0
|σ(Xζ(s))|2|ϕε(s) − ϕ(s)|2ds + E

∫ t

0

∫
Z

|g(Xζ(s), ξ)|2|l(ψε(s)) − l(ψ(s)|2)λ(dξ)ds

+
[
ϵK1 + (ε2 + ε)CK2

1

]
E

∫ t

0
(1 + |∇Xε

ζε(s))|2ds. (5.13)

Using Gronwall’s inequality, we get

E sup
0≤t≤T
|Υε(t)|2 + Λ1E

∫ t

0
|∇Υε(s)|2ds ≤ exp(ϱ1T )

×

{
E

∫ t

0
|σ(Xζ(s))|2|ϕε(s) − ϕ(s)|2ds +C(ε)E

∫ t

0
(1 + |∇Xε

ζε(s))|2ds

+E

∫ t

0

∫
Z

|g(Xζ(s), ξ)|2|l(ψε(s)) − l(ψ(s)|2)λ(dξ)ds
}
, (5.14)

where C(ε) = ϵK1 + (ε2 + ε)CK2
1 . Since C(ε) → 0 when letting ε → 0, we getΥε → 0. Hence, Xε

ζε

converges to Xζ .
Theorem 5.5 If there exists a measurable map G0 : X0 × V→ X such that
(i) Let M < ∞ and {ζε = (ϕε, ψε) ∈ U : ζε(ω) ∈ SM for a.e.ω} ⊂ UM, if (ϕε, ψε) → (ϕ, ψ) in

distribution in SM as ε→ 0, then

Gε
(
√
εB(·) +

∫ ·

0
ϕεds, εNε−1ψε

)
→ G0

(∫ ·

0
ϕεds, λψT

)
.

(ii) For every finiteM,KM = {G0
(∫ ·

0
ϕεds, λψT

)
: (ϕ, ψ) ∈ UM} is a compact subset in X.

Then the family of solutions {Xε, ε > 0} of the stochastic reaction-diffusion coral reef model with
Lévy noise equation (1.2) satisfies the Laplace principle with the rate function I given by

I(g) = inf
(ϕ,ψ)∈S g

{
1
2

∫ T

0

∫
Z

|l(ψ(s, ξ))|2λ(dξ)ds +
1
2

∫ T

0
|ϕ|20ds

}
,

where S g =
{
(ϕ, ψ) ∈

⋃
M>1 SM : g = {G0

(∫ ·
0
ϕεds, λψT

)}
, and where infimum over the empty set is taken

as∞.
Proof. By a weak convergence approach based on a variational representation of functionals of

infinite-dimensional Brownian motion, combining Lemmas 5.3 and 5.4, it now guarantees that the
solution of stochastic reaction-diffusion coral reef model with Lévy noise equation (1.2) satisfies the
Laplace principle thereby satisfying the large deviation principle with the same rate function as well.

6. Numerical simulation results

According to our analytical results, the stochastic reaction-diffusion coral reef model with Lévy
noise equation (1.2) has a unique weak D-pullback mean random attractor under conditions specified
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in Theorem 3.3. We now try and support our analytical results by simulations. Interestingly, this
shows the effect of Lévy noise which can stabilize or destabilize systems and is significantly different
from the classical Brownian motion process. The typical values [11–13]: d1 = 0.001, d2 = 0.002,
d3 = 0.003, d4 = 0.004, r1 = 3.23, r2 = 1.59, r3 = 1.2, ρ1 = 1/100, ρ2 = 1/300, ρ3 = 1/250, θ =
50, χ = 0.0572, α1 = 2.6, α2 = 2.5, ϱ1 = 0.75, ϱ2 = 0.34, ϱ3 = 1.67, ϱ4 = 5.36, β1 = 8.5, β2 =

1.4, δ1 = 0.95, δ2 = 0.9, σ1(x, t) = σ1x, σ2(y, t) = σ2y, σ3(z, t) = σ3z, σ4(w, t) = σ4w, g1(x, ξ) =
xg1(ξ), g2(y, ξ) = yg2(ξ), g3(z, ξ) = zg3(ξ), g4(w, ξ) = wg4(ξ).

The spatiotemporal dynamics plot of the stochastic reaction-diffusion coral reef model with Lévy
noise equation (1.2) with the initial conditions x0 = 0.015 + 0.01 cos(4x), y0 = 0.025 + 0.02 cos(4x),
z0 = 0.25+0.03 cos(4x) and w0 = 0.45+0.04 cos(4x), σ1 = 1.5, σ2 = 1.4, σ3 = 1.2, σ3 = 1.1. We show
the simulation of susceptible corals density(x, u, t) in Figure 1. On the left side of Figure 1 represents
the simulation of susceptible corals density(x, u, t) in the stochastic reaction-diffusion coral reef model
with Lévy. On the right side of Figure 1 represents the simulation of susceptible corals density(x, u, t)
in the deterministic reaction-diffusion coral reef model with Lévy.

Figure 1. Simulated phase portraits of susceptible corals density(x, u, t) in deterministic and stochastic
reaction-diffusion coral reef model with Lévy.

Figure 2. Simulated phase portraits of infected corals density (y, u, t) in deterministic and stochastic
reaction-diffusion coral reef model with Lévy.

The spatiotemporal dynamics plot of the stochastic reaction-diffusion coral reef model with Lévy
noise equation (1.2) with the initial conditions x0 = 0.015 + 0.01 cos(4x), y0 = 0.025 + 0.02 cos(4x),
z0 = 0.25+0.03 cos(4x) and w0 = 0.45+0.04 cos(4x), σ1 = 1.5, σ2 = 1.4, σ3 = 1.2, σ3 = 1.1. We show
the simulation of infected corals density (y, u, t) in Figure 2. On the left side of Figure 2 represents the
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simulation of infected corals density (y, u, t) in the stochastic reaction-diffusion coral reef model with
Lévy. On the right side of Figure 2 represents the simulation of infected corals density (y, u, t) in the
deterministic reaction-diffusion coral reef model with Lévy.

The spatiotemporal dynamics plot of the stochastic reaction-diffusion coral reef model with Lévy
noise equation (1.2) with the initial conditions x0 = 0.015 + 0.01 cos(4x), y0 = 0.025 + 0.02 cos(4x),
z0 = 0.25 + 0.03 cos(4x) and w0 = 0.45 + 0.04 cos(4x), σ1 = 1.5, σ2 = 1.4, σ3 = 1.2, σ3 = 1.1.
We show the simulation of Crown-of-thorns starfish (Acanthaster planci) density (z, u, t) in Figure 3.
On the left side of Figure 3 represents the simulation of Crown-of-thorns starfish (Acanthaster planci)
density (z, u, t) in the stochastic reaction-diffusion coral reef model with Lévy. On the right side of
Figure 3 represents the simulation of Crown-of-thorns starfish (Acanthaster planci) density (z, u, t) in
the deterministic reaction-diffusion coral reef model with Lévy.

Figure 3. Simulated phase portraits of Crown-of-thorns starfish (Acanthaster planci) density (z, u, t) in
deterministic and stochastic reaction-diffusion coral reef model with Lévy.

The spatiotemporal dynamics plot of the stochastic reaction-diffusion coral reef model with Lévy
noise equation (1.2) with the initial conditions x0 = 0.015 + 0.01 cos(4x), y0 = 0.025 + 0.02 cos(4x),
z0 = 0.25+0.03 cos(4x) and w0 = 0.45+0.04 cos(4x), σ1 = 1.5, σ2 = 1.4, σ3 = 1.2, σ3 = 1.1. We show
the simulation of Humphead wrasse (Cheilinus undulatus) density (w, u, t) in Figure 4. On the left side
of Figure 4 represents the simulation of Humphead wrasse (Cheilinus undulatus) density (w, u, t) in the
stochastic reaction-diffusion coral reef model with Lévy. On the right side of Figure 4 represents the
simulation of Humphead wrasse (Cheilinus undulatus) density (w, u, t) in the deterministic reaction-
diffusion coral reef model with Lévy.

Figure 4. Simulated phase portraits of Humphead wrasse (Cheilinus undulatus) density (w, u, t) in
deterministic and stochastic reaction-diffusion coral reef model with Lévy.
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Simulated phase portraits of the stochastic reaction-diffusion coral reef model with Lévy noise
equation (1.2) with the initial conditions x0 = 0.015 + 0.01 cos(4x), y0 = 0.025 + 0.02 cos(4x), z0 =

0.25 + 0.03 cos(4x) and w0 = 0.45 + 0.04 cos(4x), σ1 = 1.5, σ2 = 1.4, σ3 = 1.2, σ3 = 1.1. Blue
represents the simulation of susceptible corals density in the deterministic reaction-diffusion coral reef
model with Lévy. Red represents the simulation of susceptible corals density(x-t) in the stochastic
reaction-diffusion coral reef model with Lévy. We show the simulation of susceptible corals density(x-
t) in Figure 5.

0 50 100 150 200 250 300 350 400
0

0.5

1

1.5

2

2.5

3

Figure 5. Simulated phase portraits of susceptible corals density(x-t) in deterministic and stochastic
reaction-diffusion coral reef model with Lévy.

Simulated phase portraits of the stochastic reaction-diffusion coral reef model with Lévy noise
equation (1.2) with the initial conditions x0 = 0.015 + 0.01 cos(4x), y0 = 0.025 + 0.02 cos(4x), z0 =

0.25 + 0.03 cos(4x) and w0 = 0.45 + 0.04 cos(4x), σ1 = 1.5, σ2 = 1.4, σ3 = 1.2, σ3 = 1.1. Blue
represents the simulation of infected corals density(y-t) in the deterministic reaction-diffusion coral
reef model with Lévy. Red represents the simulation of infected corals density(y-t) in the stochastic
reaction-diffusion coral reef model with Lévy. We show the simulation of infected corals density(y-t)
in Figure 6.

0 50 100 150 200 250 300 350 400
0

0.05

0.1

0.15

0.2

0.25

Figure 6. Simulated phase portraits of infected corals density(y-t) in deterministic and stochastic
reaction-diffusion coral reef model with Lévy.

Simulated phase portraits of the stochastic reaction-diffusion coral reef model with Lévy noise
equation (1.2) with the initial conditions x0 = 0.015 + 0.01 cos(4x), y0 = 0.025 + 0.02 cos(4x),
z0 = 0.25 + 0.03 cos(4x) and w0 = 0.45 + 0.04 cos(4x), σ1 = 1.5, σ2 = 1.4, σ3 = 1.2, σ3 = 1.1. Blue
represents the simulation of Crown-of-thorns starfish (Acanthaster planci) density(z-t) in the
deterministic reaction-diffusion coral reef model with Lévy. Red represents the simulation of
Crown-of-thorns starfish (Acanthaster planci) density(z-t) in the stochastic reaction-diffusion coral
reef model with Lévy. We show the simulation of Crown-of-thorns starfish (Acanthaster planci)
density(z-t) in Figure 7.
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Figure 7. Simulated phase portraits of Crown-of-thorns starfish (Acanthaster planci) density(z-t) in
deterministic and stochastic reaction-diffusion coral reef model with Lévy.

Simulated phase portraits of the stochastic reaction-diffusion coral reef model with Lévy noise
equation (1.2) with the initial conditions x0 = 0.015 + 0.01 cos(4x), y0 = 0.025 + 0.02 cos(4x),
z0 = 0.25 + 0.03 cos(4x) and w0 = 0.45 + 0.04 cos(4x), σ1 = 1.5, σ2 = 1.4, σ3 = 1.2, σ3 = 1.1. Blue
represent the simulation of Humphead wrasse (Cheilinus undulatus) density density(w-t) in
deterministic reaction-diffusion coral reef model with Lévy. Red represent the simulation of
Humphead wrasse (Cheilinus undulatus) density(w-t) in stochastic reaction-diffusion coral reef model
with Lévy. We show the simulation of Humphead wrasse (Cheilinus undulatus) density(w-t) in
Figure 8.
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Figure 8. Simulated phase portraits of Humphead wrasse (Cheilinus undulatus) density density(w-t)
in deterministic and stochastic reaction-diffusion coral reef model with Lévy.
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