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Abstract: This paper was mainly concerned with the asymptotic dynamics of stochastic diffusive
coral reef ecosystems with Lévy noise. First, we proved the well-posedness and energy estimates of
solution. Second, under some suitable conditions, we proved the existence and uniqueness of weak
pullback mean random attractors and invariant measures. Finally, a large deviation principle result for
solutions of stochastic diffusive coral reef ecosystems with Lévy noise was obtained by a variational
formula for positive functionals of a Poisson random measure and the method of weak convergence.
Interestingly, this showed the effect of Lévy noise which can stabilize or destabilize systems, which
was significantly different from the classical Brownian motion process.

Keywords: stochastic diffusive coral reef model; existence results; weak attractors; invariant
measures; large deviation result

1. Introduction

The deteriorating health of the world’s coral reefs has attracted widespread attention, especially in
terms of global biodiversity, ecosystem functioning, and the livelihoods of millions of people living
in tropical coastal areas [1]. In addition to providing safe habitats for various fish and other animals,
it also has important ecosystem functions, including biodiversity maintenance, carbon cycling, coastal
protection, and tourism economy.

However, the degradation of coral reefs is due to a combination of human activities (e.g.,
overfishing, pollution, excessive tourism development) and natural disturbances (e.g., abnormal
seawater temperature, typhoons, ocean acidification) [2-5]. For example, several diseases can affect
corals, such as black belt and disease, black spot disease, white belt disease, white plague, white spot
disease, and yellow belt disease [6]. Various studies have indicated that corallivores are associated
with specific diseases directly or indirectly [7]. In the analysis of the recovery trajectory, Cornell
found limited evidence that the Caribbean ecosystem is recovering [8]. One of the reasons for this
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lack of recovery is the depletion of the herbivorous sea urchin Diadema antillarum caused by disease
in 1983, which led to a rapid decline in the natural control ability of algal populations [9]. The cause
of coral disease outbreak is still unclear and complex. Climate change, anthropogenic pollution,
eutrophication, overfishing, and sedimentation are the main driving factors of coral diseases. These
factors have had a serious impact on coral reef ecosystems, leading to coral bleaching, death, and
ecosystem collapse. Furthermore, several bacteria responsible for coral diseases include pathogenic
bacteria, cyanobacterial-dominated microbial consortiums, ciliates, and parasites, and the disease is
rarely mentioned as a possible contributing factor to coral extinction [10]. Nowadays, many scientists
are trying to learn more about the causes of coral disease, especially discovering the
pathogens involved.

Moreover, the disease can also drive corals to extinction directly or indirectly. This does not seem
surprising, but until today it has not been proven. Despite abundant evidence, the lack of a
comprehensive mathematical model to simulate the interactions between corallivores and diseases
hinders our understanding of coral ecosystem dynamics. To explore potential threats to coral reefs
through the development of spatial eco-epidemiological mathematical models, Rani and Roy [11]
formulated a diffusive coral reef ecosystems as follows:

X, =diax+rx(1—px) —yxy— 3= —oix,u€Q, t >0,
yt:dsz+Xxy—[;‘Tyyz—sz,u€O,t>0, (1
zt:d3Az+r2z(l—pzz)+%+/;2—fyz—61zw—Q3z,ue©,t>0, '

w; = dyrsw + r3w(l — psw) + dozw — oaw,u € O, t > 0,

where d,x = 0,y = 0,z = d,w = 0,u € 00,1t > 0, and x(u, 0) = uo(u) > 0, y(u, 0) = vo(u) > 0, z(u,0) =
vo(u) = 0, w(u,0) = wo(u) > 0.

The variables, functions, and parameters have the following biological meanings:

e Q is a bounded domain in R* with the smooth boundary §Q;

e v is the outward unit normal vector;

e x,y,z,w are the density of susceptible corals population, infected corals population, Crown-of-
thorns starfish population, and Humphead wrasse, respectively;

e d,d,,d;,d, are diffusion coefficients of susceptible corals population, infected corals population,
Crown-of-thorns starfish population and Humphead wrasse, respectively;

e 1y, 1y, 13 are the intrinsic growth rate of x population, intrinsic growth rate of star fish, and intrinsic
growth rate of Humphead wrasse, respectively;

° pil, piz, p% are the capacity of the environment to carry coral population, starfish population, and
Humphead wrasse, respectively;

e 0 is indices of how much the environment protects the corals population, lowering the maximum
predating rate;

e y is average contact rate of x and y;

e a1, a, are predation rate of corals by starfish and biomass conversion rates of x to z, respectively;

e 31,3, are predation rate of starfish over infected corals and biomass conversion rates of y to z,
respectively;

® 01, 0, are predation rate of Humphead wrasse over starfish and biomass conversion rates of z to w,
respectively;
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® 01,07, 03,04 are harvesting rate of susceptible coral, infected coral, starfish and Humphead wrasse,
respectively.

The coral reef models perturbed by the Gaussian white noise have been considered extensively by
many authors [12—-14]. However, such models cannot describe the phenomenon that the population
may suffer sudden catastrophic shocks in nature, mainly because these models are usually based on
statistical data and linear predictions, and catastrophic events are often sudden and difficult to predict.
For example, sudden climate change, high temperatures, extreme cold, droughts, floods, storms, giant
waves, tsunamis, earthquakes, and so on, could have lasting and profound impacts on natural
ecosystems [15—17]. Therefore, how to use the discontinuous stochastic process to model these abrupt
nature phenomenon in ecosystems is a challenging problem [18-24].

Due to the dual impacts of climate change and human activities, such as rising sea temperatures,
hurricanes, earthquakes, seawater acidification, marine pollution, etc., these uncertain factors may
affect the dynamic properties of macroalgae and the corals ecosystem. In the paper, we only consider
that the stochastic diffusive coral reef model with Lévy noise can be described by

dx = (dle +rx(l = prx) — yxy — =5 — le) dt + o(x,1)dB; + fzgl(x, EN(dt, dé),

dy = (a’sz + xxy — ’Z'Tyyz - sz) dt + o»(y,)dB, + fz 20, f)ﬁ(dt, dé),
dz = (dsz + 1az(1 = pa2) + B2 + B2 — 612w — 032) dt + 03(z, 0B, + [, g3(z, E)N(dt, dé),

dw = (dsrw + r3w(l — p3w) + 02w — oaw)dt + o 4(x, 1)dB, + fz gaw,&)N(dt, d¢),

(1.2)

where B, are independent space time white noises. N is a Poisson measure induced by a stationary
¥,-Poisson point process on (s, 7] X Z with a o-finite intensity measure Ly_; X A, Ly_ is the Lebesgue
measure on (s, T'], A is a o-finite measure on a measurable space Z, and N (dt,€) := N(dt, &) — A(dé)dt
is the compensated Poisson random measure. Assume B, and N(d1, &) are independent.

We are very interested in the dynamics of the stochastic diffusive coral reef model with Lévy noise
equation (1.2). To investigate the ergodicity, quasi-ergodicity, quasi-stationary distributions,
persistence and extinction, weak pullback mean random attractors, stochastic bifurcation, stochastic
chaos, and large deviation principle for a stochastic infinite dimensional dynamical system is
important, but quite a challenging task in general [18-26]. There is an extensive literature dealing
with the dynamics of the deterministic coral reef model [1-12, 27-29]. For the stochastic diffusive
coral reef model with Lévy noise, to the best of the author’s knowledge, comparably little progress
has been made by now. In this paper, the global existence and uniqueness of solutions, weak
attractors, and invariant measures of the stochastic diffusive coral reef model with Lévy noise are
investigated. The large deviation result is derived.

The organization of the paper is as follows. In Section 2, we present some energy estimates and
existence results to be used in a subsequent section. In Section 3, the existence and uniqueness of
weak pullback mean random attractors for the equations are established by defining a mean random
dynamical system. In Section 4, the uniqueness of this invariant measure is presented, which ensures
the ergodicity of the problem. In Section 5, a large deviation principle result for solutions of stochastic
diffusive coral reef model with small Lévy noise and Brownian motion is obtained by a variational
formula for positive functionals of a Poisson random measure and Brownian motion.
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2. Existence results

Throughout the paper, for the Sobolev space H'(Q), it follows, from Poincare’s inequality and
the boundedness of O, that the norm ( f@ IVX|?du)'/? is equivalent to the predefined H'(Q) norm. Let
(Q, F, P) be the complete probability space with a filtration {F };»¢ satisfying the usual conditions,
i.e., {F };>0 1s an increasing right continuous family of sub-o -algebras of # that contains all P-null
sets. The independent Wiener process B, is defined on (Q, F, {F };-0, P), where B, is an L?(0)-valued
process. Let Q be the covariance operator of the Wiener process B(f) with the assumption that it is
strictly positive, symmetric, and a trace class operator on H = L?(0), such that H, = Q'?H is a
Hilbert space with inner product

(¢, ¥)o = (pQ ™2,y 07"/?) for ¢,y € H,,.

Let L, be the space of linear operators S such that S Q'/? is a Hilbert-Schmidt operator from H to H
with the norm [S|,. Since Q is trace class, the identity mapping from H to L%(0) is a Hilbert-Schmidt
operator. For a locally compact Polish space Z, let N be Poisson random measures defined on [0, T]XZ,
independent of B,. Then, let N be the compensated Poisson measure with the compensator A. Let

HA ([0, T1 X Z,H) = {h : [0,T] X Z — H : h is measurable and

T
f f E(h(t, &, w);)A(dé)dt < oo}.
Z

Let H!(O, R?) be the Sobolev space H!(0) of all R*-valued functions, where R? denotes the first
quadrant of R*. Let us denote the Lebesgue space H = £*(0) and the Sobolev space V = H(0) with
the norms defined, respectively, as follows. For X € Hand v € V,

XI5 = 1XI* = f IXP*(w)du, v} = [vI* + Vv
Q

Similarly, the Sobolev space H*(Q) is equipped with

2

2 2 2
= ul” + Vul” + [aul”.

Jul

For X = (x,y,z,w), the abstract formulation of stochastic diffusive coral reef ecosystems with Lévy
noise is given by

dX (1) = AX(t)dt + f(X(8))dt + o-(X(1))dB, + f g(X(1), E)N(dt, d¢). 2.1)
Z

The stochastic diffusive coral reef ecosystems with Lévy noise perturbed by a small parameter ¢ is also
given by

dX°() = AX*()dt + F(X°(0))dt + Veo(t, X°(£))dB, + & f g(X(1), EN(dt, dg). (2.2)
Z

where X?¢ = (x%,y%, 2%, w®).
Here
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e The linear operator A and nonlinear functional f are given by

diA+r -0 O 0 0
A 0 dhA—-0, O 0
1o 0 dA+r—-03 0 ’
0 0 0 dsA+r3— 04
_plrlxz_)(xy_%
Biyz
yxy — B2
X)) = Y )
f( ()) _p2r2zz+%+%_5lzw

—p3r3W? + Spzw

e The functions o(X) = (071(x), 02(y), 073(2), 04(W)), (X, &) = (81(x, &), &2(1, §), 83(2, ), 84(W, &)
are noise coeflicients subject to conditions stated later.

e B, is the independent Wiener process; N(dt, dé€) is the compensated Poisson random measure.

The space D([0, T]; H') denotes the space of cadlag functions from [0, 7] to H'. The assumptions
on the noise coefficients o~ and g are as follows.

The functions o~ € C([0,T] X V, Ly(Hy, H)) and g € ]H[fl ([0,T] X Z, H) satisfy:

e (H,) Forall r € [0, T], there exists a constant K; > 0 such that forall X € V,

|a(r,X)|2£Q + flg(X,f)lzﬁ(df) < Ki(1+ |VXP).
zZ
e (H,) Forall ¢t € [0, T], there exists a constant K, > 0 such that forall X,Y € V,
lo(7, X) — o (2, Y)If,;g + flg(X, & - g, H)Pd©)dt < Ko (VX = V)P).
VA

Lemma 2.1. The following coercive inequality holds for all X = (x,y,z,w) € H'(O, R?):

(AX, X) < —dI[VXIE, + (n = DI, = 0alVIE. + (72 = 03)IIzIIE. + (3 = o)Wl

whered =d; Ady A ds A dy.
Proof. The proof follows at once from the definition of the linear operator A.
Lemma 2.2. For H'(O, ?{i), where X = (x1,y1,21,w1), Y = (x2,¥2, 22, w») the following hold
(i) Boundedness:

o o
(00,0 < Elball + Sl + (az T+ + 32) el + Sl

(i1) Lipschitz continuity: when ¥ = (¢, @2, @3, ¢4) ==X =Y
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2f(X) - F(V), X = V) < AIVPIE, + AglPI2,
4po.1r 4 8
[ LAV ( P, 5{) Il + anyln;z] 1l

d

4
o [Iyl22 + 2Nl lal

4p21"2 2 4p21"2 4 4 4
| el 4 T lzall7> + %, T a5, w1l | llgslIZ»

4 4 2 4p3 r3 4 4p'; r3
* (de] * d_(sz)”@”v +( AT )llwllle 2wl gl
where
A, = max dpm + Zd)( + da, d)( el d,31 dpzl’z +dd, +db, + 2da, + Zdﬁz
4 407 2  40° 4
dp3l"3 + d51 + d(Sz
4 b

Bl 4ﬂ] 8@2 (0%} Sﬂz Bz

Ay, = — + 2B + 2a,, +2B1 + 2B, — + — + — + — +2a; +2
2 max{ 40 B+ 2ar, — 40 B1 + 26, d 0 d 9 @) + 23

Proof. Let X = (x,y,z, w). Consider

X7 Biyz
X ’X = (_ - - ’ )+ - )
(f(X), X) PINXT =YXy = 57—, X (Xxy 9+yy)
, Xz Payz >
+ (_p2r2Z + 0+ x + 0+ — 01zw, Z) + (—p3l’3W + 02w, W)
(_ T x)+ . _ Bz
< (- XY = Gy
(azxz + Bayz — 01w, z) + (02w, w)
6+x 6+y
< (xxy, )+(a2xZ + ﬁzyz,z)+((5zzw, w)
0+y
< x f Ix(u, t)|ly(u, )P du + (@ + B2) f |z(u, t)*du + 6, f |z(u, )l Iw(u, 1) *du
() (@) (0)
< xllxCu, Ol lly(u, Dl + (a2 + Bo)llz(u, t)”]iz + 0ollz(u, |2 |w(u, 1)||Ls
0 0
< Lt 0l + E vt IR, + (012 B+ 52) letu OIE + Zlwies DI,
X X
< —||X(M, t)”iz += \/Elly(u, l)||L2||V)’(M, Dl

0>
+ (az +B+ 3) llzQu, DI, + = ‘/—IIW(u Dl [V w(u, Dl
Xﬂl

IA

EIIX(M, D, + T IV, t)”]Lz + —IIy(u Dz
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1)
+ (a2+ﬁ2+§)||z(u,t>n§z = VW ol + nznw(u,t)uiz, (2.3)
2

where 77; and 7, are positive constant. Combining the above estimates, we obtain (ii). In order to prove
the Lipschitz continuity of f(-), let us first consider

2(f(X) = f(Y), ¥)

2 2 X121 X222
=2p1r1 (x1 - Xz,901) =2 (x1y1 — X2y2, 1) — 2@ (9 P xz,‘Pl)

O+y, O6+y, 2

z z
+ 2x (i1 — X2y2,92) — 2,31( i Y202 )

X121 X222
_ 2 r 2 _ 2, + 20’ - ’
P21 (Zl 2 "03) ? (6' +x1 0+x <p3)
N2 N
0+ Vi 0+ Y2

+ 2B, ( ’903) =201 (miw1 — 22w2, @3)

2psrs (W} = Wh,a) + 262 (w1 — 22w2. ¢4) (2.4)

By means of applying the Holder’s inequality followed by the Ladyzhenskaya and Young
inequalities as

=2pir1 (1 = x.01) < 2pinll@lllx + xall: < V2oirillgillVerllali + xolle
dpl’”] 4pyry
< IV iliEs + =il (IllEs + el 2.5)
similarly,
Pz 2 4P2 iy
~2por2 (2} zz,%) ||V¢3||L2 =l (Il + llzall) (2.6)
4/03 I3
~2psrs (W} — w3, ¢4) < = lallZs (IwallZ, + w2l 2.7)

By means of applying the Holder’s inequality, we have

IA

2xlyilleallxr = x2lles + xllxallee Alyy = yalles + llenlles)
2 (yille + Ixallz2) llalls + xllxallealigzlles
Vax Uyl + Ixnlk) el Vel + V2xlilizllell Ve

=2y (x1y1 — X2)2, ¢1)

IA

IA

IA

d 4
Vel + 77 (D11 + el i
dy 2 4 2 2
+ T”V%”U + EﬂxanzH%HLp (2.8)

similarly,
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dx 2 4 2 2 2
2 (x1y1 = xay2,02) < anznu+E(nylny+||x2||Lz)||so2||L2

dy 4
+ TIIV%II@ + —IIylllﬁzllsollliz,

=261 (2iw1 — W2 3) < ﬂnwgniz 7 (Il + ol g
+ dﬁnmnm ‘;n@n@nwn@,

26 (211 — W2, ) < @nmn ‘;(nwln + llzall2. ) pall?
+ @nv%nw d‘gznwlnyn%nﬁz.

By utilizing the algebraic identity, we get

X121 X222 O(x1 — x2) + (21 — 22)(0x2 — x1X2)
0+x1_9+x2 ‘ @+ x)(0 + x»)
O1x1 — x2| + |21 — 22/ [6x2 — X102
(6 + x1)(6 + x2)|

1
< 5|X1—X2|+2|Zl—22|,

oa X121 B X222 o X131 _ X222
O+x; O+x er] = "Wo+x, 60+x > #1
1
< 2 (— lx1 = xo| +2z1 — 2o ,901)
2a,
< ||901||L4 +4day |lzi — 22l i Il
\/_a
< “llgllz V@l + da Iz = 2l gl
a’a da
< 1|| Vol + (d9 +20/1)||901||iz+2a1 llgsllz
similarly,
Y121 Y222 ap. 4B 2 2
-2 — , < \Y +2 + 2, ,
,31(9_'_))1 0+, 902) 40 I ‘PZHLz (d@ ﬁ])”%”y B ||(P3||L2
X121 X222 8ay @ 2 2
2 — , — ||V + — +2 ,
az(9+x1 0+ <P3) 2 esllf. + ( p 9)||903IIL2 @ el

Y121 k&) ,82 8B, ﬁ2
2 - \% 2 +2
,32(9+y1 oo ,903) V3112 + ( 7 )||<,03||L2 52l

From the estimates equations (2.5)—(2.15), we have

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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2(f(X) = f(Y), X = Y) < A[IVYI, + AalPIIE,

4pr 4pr 4 2 8 2 2
[ 17 ( y +a ||X2||Lz+a||y1||ﬂ_,z ll1ly

L I, + 20l eI,

d
021 para 4 4 4 )
+ —_—
[ llzil17> ( 5 d5 )||Z2||L2 (d(il d62)||W1|| ]II%IILZ
4p3rs 4 4p3r3
2
[(d_él + d—éz)IIZzIILz +( Tt 5 )Ilwllle p ——Iwall?, | llgall?-, (2.16)
where
dpll"l + Zd)( dCZ] d)( dﬁ] dpzl’z + d61 + déz + 2a’a2 + Zdﬁz
A = max + + —
4 40° 2 40° 4
dp3r3 +dd; + db,
4 b
4B, 48, B8ay, ar 86 B
Ay = — + 28 + 2a,, +2B1+2B, — + — + — + — + 2a; + 2
2 max{ 40 B+ 202, — 40 B1 + 26> d 9 d 9 @) + 23

By using Galerkin approximation, it is easy to prove the existence. Let a complete orthonormal
basis of the space H be {¢,},>1 such that ¢, € D(A). For any n > 1, let H, = span(¢y, ¢»,...,d,)
and P, : H — H, be an orthogonal projection onto H,, which contracts H and V norms. Let W, =
P,W,0, = P,o,and g, = P,g. Then, for ¢ € H,, consider the equation in H,

(dX, §) = (AX, + f(X,), @)t + (0(X,)dB,, §) + L (8n(X, €), IN(d1, d), (2.17)

with X,,(0) = P,X,. Due to the Lipschitz property satisfied by the coefficients, it is easy to see that
system (2.17) ensures well-posedness, then there exists a maximal solution to system (2.17), namely,
a stopping time 7, < T such that for t < 7,, system (2.17) holds, and for ¢t T 7, < T, |X,,(¢#)] = oco. We
now prove 7, = T and estimate X, for all n. For N > 0, take

Ty = inf{t : |[X(0)| + |VX(#)| > N} A T.

Thenon {r, =T},X, € D(0,T], H,) as.

Proposition 2.3 (Energy estimate). Let X, be the unique solution of the system of stochastic
ordinary differential equation (2.17) with X, € D([0,T], H,). Then, there exists a unique solution
X, € D([0,T], H,) satisfying

T P
E sup |X.(s)*” +&E( f ||VXn||2ds) < C(1+ElX”),
0

0<s<tAT

T p
E sup [VX,(s)* +&E( f ||AXn||2|VXn|2(P‘1)ds) < C(1+EIX7).
0

0<s<T
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where C is an appropriate constant.
Proof. Let us define a sequence of stopping times 7y by

Ty = inf{t : |[X()| + |VX(?)| = N},

for N € N. Applying the finite dimensional It6’s formula to the process |X,,(-)|*, we obtain
IANTN
X, AT = IPXol” + 2 f (AX, + f(X,)(5), Xu(5))ds
IANTN 0 IATN
+ f o (Xu($)I 7, s + 2 f (T(Xn(5))d By, X,(5)) (2.18)
OI/\TN 0 IATN ~
+ f f 181 (X, O)IN(d1, dE) + 2 f f (8n(Xin, ©), X, )N(dt, d&).
0 z 0 z
Applying It6’s formula for [X,(-)|*”, we get
tATN
(Xt ATV = [P Xl +2p f (AXy + [(Xn)(8), Xu(DIXu ()P~ Vs
INTN 0
+p f |07 (X (8)| 7, | Xn ()PP~ Vel s
’ INTN
+2p(p - 1) f 0,07 (X, ()X ($)[ 7, 1 Xu ()PP ~2dls
INTN ‘
+2p f (T n(Xu($))dBy, X ()X (5)P7V
0
tATN
+ f f[an(S—) + 80 (Xn(52), O = |Xu(s—)PP 1 A(dé)ds
0 z
IATN
—2p f f (gn(Xn(5=), ), Xu(s=NIX,(s—) P~V A(dé)d s (2.19)
l/\?}v . ~
+ f f [1X0(5=) + 8u(Xau(5=), OFF = IXu(s=)PPIN(dr, dé).
0 z

Applying Lemmas 2.1 and 2.2, we have

Iy = 2p f TN(AXn+f(Xn)(S),Xn(S))IXn(S)IZ(”_”dS
0

IA

IATN
2 f |[~dIIVX,IP + (i~ ol — eallyilP
0
(2 = 0)llall® + (73 = )Wl IX, (5) P Vs

) T X 2 X 2 ) 2 92 2 l1x 2(-D g4
+ 2p , §”xn”L2 + Ellynllw +lax + B2+ ) llzall> + 3||Wn||L4 1X,, ()] s

IA

IATN
ZPf [—dIIVXnII2 + (r1 = o0ll? = oallyall?
0

+(r2 = 03)zall” + (73 = @)Wl P | X ()PP~ Vdls
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IATN
X P X
+ 2p f X et 01 + XLy, DI + Lllya (e, DI
0 2 16 m
) o 0 _
n (02 Y+ 52) lentat DIE + 29w, DI, + n—znwn(u, t)||§,2] X, ()PP Vs

IA

INTN
f“

INTN YN ) 52 2
+ 2p To IV DI, + (12 = 03 + @2 + B + = |l DI
0

X X _
~dIVX, I + (1 = 01 + &t R, + (n— - Qz) e z)niz] X,(5)P Vs
1

2
S22 2 0, 2 |1 ()2P-Dg
o VWA DIEs + (s =0+ 2 I, DI, | X ()P ds
IATN
< 2p f |~ AIVXIP = 11Xl | 1X, ()PP s, (2.20)
0

where

5 XM 0212
d:d_ { ) }ZO’
max 6 16

. X X 02 02
c; = inf O1—T—%,00——,03—Nn—@—Pr—=,04—T3—— .
2 m 2 m

INTN
12 = pfo I:lo-n(Xn(S)FLQ + 2([9 - l)lnnO'n(Xn(s)lig] |Xn(s)|2(p—1)ds

IA

INTN
2p(p = DK f [1+ IVX()F | X ()P dls. (2.21)
0
Using Taylor’s formula and the Cauchy-Schwarz inequality, we obtain

I

fO‘ f[an(S‘ ) gn(Xn(g_)’é‘:)llp |Xn( )|2p]N(dl., df)
Z

ﬁ f[(gn(xn(S—), f), Xn(S_))|Xn( s_)lz(p—l)]N(dt’ d )

yA é

- 2Pf f[(gn(Xn(S—),f),Xn(s—))IXn(S—)Iz(p_l)]N(dt,d§)
0 Z

IA

2pQ2p - 1) f N f X, (s2)P" Vg (X, (s— PN (d, dé)
0 VA
+ 2p fo f [(80 (X5, ). Xu(s—NIXo(s—) PP VN (dr, dé). (2.22)
yA

Taking expectation, we get
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INTN
E sup |X,(9)” + 2pcAﬂEf VXX, ()PP Vds
0<s<tATN 0
INTN
< BPX2paE [ XGPS
I/\‘I'N0
+ 3p(p - DKE f |1+ IVX,()P | X ()PP Vdls
0
+ E sup Ji(s)+E sup Ja(s), (2.23)
O<s<taty 0<s<tATy
where
IANTN
Jio= 2p f (T (X ())dBy, X, ()X, ()PP,
Ot/\TN N
o= 2Pf f[(gn(Xn(s_)"f),Xn(S—))|Xn(S—)|2(p_1)]N(dt’dg)'
0 z

By Burkholder-Davis-Gundy inequality and Young’s inequality, we have

IATN 1/2
E sup Ji(s) < 2pCIE{ f |an<Xn<s)>|2Q|Xn<s)|4"‘2ds} (2.24)
0<s<tATN 0
2C2K IATN
< mE sup |Xn<s)|2"+uEf [1+ VX (P [ IX, ()P Vs
0<s<tAty 1y 0
and
IATN 1/2
E osup J(s) < 2PC2E{ f X, ()17 f |gn<xn(s—>,§)|2d<§>ds} (2.25)
0<s<tATy 0 7
2C2K IATN
< mE sup |Xn<s)|zﬂ+%ﬁ f |1+ IVX,()F | X ()P Vs
0<s<tATy 3 0

Substituting Eqgs (2.24) and (2.25) in Eq (2.23), we find

E sup |X,(s)I*

0<s<tATy

+

IANTN
2pdE f IVXIPIX,(s)PVds
0

IA

IANTN
E|P,Xol”” + 2pc|E f X, ()P ds
0

+

IATN
3p(p - DKE f |1+ VX, ()P | 1X ()P~ Vdls

0
(m2 +m3)E  sup |Xn(s)|2p (2.26)

0<s<tATN
(pZC%7(1 p2C§7(1
+ +
m 3

+

)E f " [1 + |VX,,(s)|2] 1X,, ()P~ Dds.
0
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Comparing with Lemma 3.9 [30], we assign

IATN
X(@) = sup |Xn(S)|2p, Y(t):f ||VX||2|Xn(S)|2(p_l)ds,
0

0<s<tATN

Z(t)=|Xo|2”+3p(p—1)7(1Ef X, ()PP~ Vds, 1) = sup {Ji(s) + Ja(s)},
0

0<s<tATN
T
o(t) = 2pcy, f o(t)ds = 2pciT, & =2pd—3p(p - DK, B=mn+ns,
0

20 2,2 272 2072 TN
p°CiG . p CS‘Kl’ G (p CiKi N p CﬂG)f X, ()2 Vds.
m 3 2 3 0

—j/ =
Then, we have, for ¢ € [0, T'],
n 0<s<tATyn

IATN
supE( sup X, (s)I* + & f ||VX||2|Xn(s)|2(1"1)ds)SC(P,T,V(I). (2.27)
0

Applying 1t6’s formula for |VX,|*”, we get
VX, [P = [P,VXoI” + Ly + Is + Ig + J3 + J, (2.28)

where

o= 2p fo " AX(5) + FK ), VXX (9P s,

I = p fo At s A
$2p(p 1) fo L Xy ()X () [V X, (2,

Io = fo fz [IVX, (52) + 24X, (=), O — VX, (s-)PP LA de)ds
-2 [ [ @058 T X IV X, 6P b
v fo fz [IVX, (5-) + u(X, (=), OF — VX, (s-)P7IN (dr, ),

5= 2 fo (X dB TXTE (),

L= 2p fo fz (8a(Xa(5-), £), VX5V, (s )PP VN, d).

By reducing as before, we get
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IATN
B sup DG + 200 [ IAXFTX, P s
OSSS[/\TN 0
IATN

< EanVXo|2p—2pc1Ef VX, (s)*ds

INTN 0
¢ 3pp-DKE [ [1+IVXOF VX6 ds

0
+ E sup {J3 + J4} . (229)

0<s<tATy

Using a similar computation, we can get

INTN
E( sup |VX,,(s)|2P) +aE f IAX,IPIVX,*PVds < C. (2.30)
0<s<tAty 0

Here 7y — 7, when N — +o0, and for {7, < T}, sup, ., |X,(s)| = +o0. Hence P{r, < T} =0, and so
for large N, 7y = T and X,,(s) € D([0, T], H,). Hence, the proof.

Theorem 2.4. Assuming H;-H, hold, letE|X,|> < oco,dgy > 0,VYe € [0, 5]. Then, there exists a
pathwise unique weak solution X for the stochastic diffusive coral reef ecosystems with Lévy noise
equation (1.2) in X = D([0, T]; H') N L2((0, T); H?) with X(0) = X, € H such that

T
E sup |X°(s)* +&E ( f ||VX8||2ds) < c(1 +E|X0|2),
0

0<s<tAT

0<s<T

T
E sup [VX°(s)P + &E( f ||AX‘9||2ds) < C(1+EIXoP).
0

where C is an appropriate constant.

Proof. Let O7 = [0, T]xO and F(X) = AX+ f(X). From Proposition 2.3, we can conclude that there
exist a subsequence {X¢} and processes X¢ € L*(Or, H*) N L*O, D([0,T], H")), F? € L*(Or, V'), S% €
L*(Or, L), and G* € HA([0, T] X Z; H) such that

X? — X® weakly in £*(Qr, H?);

X? is weak star converging to X° in L40, D(0,T],HY);
F(X?) — F¢in L*(O7, V');

o (X2) = S in L2(Or, Lo);

gn(X%) —» G®in Hﬁ([O, T X Z; H).

X? — X*® weakly in L%(O7,H?) and X? 1s weak star converging to X® in L40, D([0, T],HY)), which
holds as a direct consequence of Proposition 2.3. To prove F(X?) — F(X?) in L*(O7, V'), let ¢ €
L?(07,H?). Then, we get

T T
E fo (F(X,(5)), ¥ (s5))ds = L (A(X,(9)), (9)) + (f(X;(5)), Y(5))d's

T
< [l
0
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where

0 0
A=(rl—Ql)+(rz—Q3)+(’”3—Q4)+)£+012+32+—2+£+—2~
2 2 m m

By X? — X® weakly in L*(Or, H?), we can prove F(X?) — F(X?) in £2(Or, V).
From ‘H,, we have

T T T
E f lor(1, X*)[7,,ds + E f f lg(X?, &P A(dé)ds < KB f (1 +|VX?P)ds < co.
0 0 Z 0

It implies that 07,(X%) — o(X?) in L2(Or, Ly) and g,(X?) — g(X*) in HA([0, T] X Z; H).
Since n — oo, P, Xy = X{(0) — Xy in H, it is known that X* satisfies the equation

t t T
Xe(t) = Xo + f Fé(s)ds + \/Ef S®(s)dBy + af st(s)ﬁ(ds, dé). (2.32)
0 0 0 Jz

It remains to prove that F?(s) = F®(X®(s)),S%(s) = o(s,X?(s)) and G°(s) = g(X®(s),&). For ¢ €
D(Or, HY), let

(1) = f |e1+ 2 (IXE()P + w(9))| ds  forall t € [0,T]. (2.33)
0

By Fatou’s lemma, we have

{7 XTI} < liminf E{fe " P|X(T)*). (2.34)

Applying Ito’s formula to e | X*(T)|?, we can obtain that

T
e DIXATP = |PXol + f e {1 ()(X5(5)), X2(5)) + 2(F (X5 (5))), X5 ()} ds
0

+

T T
[ esotxisni,as [ e [ e leo.ornaae
0 0 Z

+

T
2VE [ s X (5B Xi(9)
0
b 2 [ OG0, XN de). (2.35)
Z

Therefore, we get
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IA

Ele"PIXADP| < BIP.Xol

+ E fo e {=r ($)(X5(5)), X5(9))) + 2(F (X5 (5))), X5 ()} ds

+ B fo Ol Xy ds

+ €B fo ' fz e |g(XE(s), E)PA(dE)ds. (2.36)

Similarly, applying Ito’s formula to e |X?(T)|?, we also get

E [e-'<T>|X8(T)|2]

IA

E|Xo[*

T
* Efo e (=1 ()(X5(5)), X*(5))) + 2(F(X*(5))), X°(5)))} ds

T T
eE f ¢S (5))I;, ds + €E f f e NG (s), E)P Adé)ds.
0 0 VA

+
(2.37)
From Eq (2.34), we have
T
E[ fo e = ()(X°(5)), X°(5))) + 2(F(X°(5))), X*(s)} ds
T T
+ €B f e IS (5)[7,ds + eE f f e‘r(S)IGs(s),§)|2/l(d§)ds]
0 0 Z
T
< liminfE[ f e (= ()(XE(5)), XE(5))) + 2(F(X?(s))), X°(5)))} ds
n 0
T T
+ & f e IS(s)[7,ds + & f f e"(”ng(s),f)lle(df)ds]. (2.38)
0 0 Z

Using properties of A and f, we can obtain
T
E [ fo e =F ($)IXE(5) = ()P + 2F(X5(5)) — FW), X5(s) — w(s)))} ds

T
ve fo e"“){la(s,Xﬁ(s)—a(s, W(s)lpyds + f e"(”lg(Xﬁ(s),f)—g(t/f(s),f)lzﬂ(df)} ds]
VA
<0. (2.39)

From Eqs (2.38) and (2.39), applying limit, we get
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T
E[ j; e = (5)(X*(5)), X°(5))) + 2(F(X*(5)), X*(5)))} ds

T T
+ ¢BE f e IS (5)[7,ds + eE f f eO|G(s)PA(dE)d s
0 0 Z

IA

E [ fo e (080, 0(5) + 2, XF(5) — ) ds
- fo e (5)2XA(S) — W)
+ £ fo TS (5) — s W), (s, (s
+ & fo ' fz eOQG(s) — gW(5),£), g(W(s), §))ﬂ(d§)ds] : (2.40)
From Eq (2.38), rearranging the terms, then we have
E [ fo Lo {=r ()IX5(s) = WP + 2F(X5(s) = FW), Xi(5) = (s)} ds

T
re f e {|S€(s> = (s, Y(s) ds + f e IG(s) —g(w(s),f)IQA(df)} ds]
0 Z
<0. (2.41)

Taking ¢ = X?(s) in the above inequality, we get S®(¢) = o (¢, X®(s)) and G®(¢) — g(X*(¢), ¢). For some
1> 0and y € L®(Or, H), let y = X® — up, and we get

T
E [ fo " 2(F(5) = FW(9).9) =17 (9wl ds] <0. (2.42)
By Lemma 2.2, we get
(FW(5) = FX*(5).9) < & [~MIVIF + Mol + As (W) + IX°(9)F) ] (2.43)

Then dividing Eq (2.42) by u and letting u — 0,

T
E[ f e {2(F*(s) - F(X°(5)).9)} ds| < 0. (2.44)
0

Due to the arbitrariness of i, F(s) = F(X°(s)). Hence, X°(s) satisfies

! ! !
Xe(r) = X§+f F(X?(s))ds + \/Ef o (X?(s))dB; +sf fg(Xg(s),f)N(ds, dé). (2.45)
0 0 0 Jz
Then, the existence of the solution is proved.
To prove uniqueness, consider ¥° € X. Let 7y = Ty ATy — T as N — oo, where 7y = inf{s :

IX?(1)| + [VX®(#)| = N} and Ty = inf{z : [y°(2)| + |V¥®(1)| = N}. Then, ¢ = X°(¢) — ¢*(t) satisfies
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A0 = [FX*(s)) ~ FWA()]dt + VElo(X(s) — o0 (s))1dB,
v e f [(X°(5).£) — (W (s), OIN(ds, dé). (2.46)
Z

Fora = Ay, letp’(t) =a (|lﬁ8(s)|2 + IXg(s)IZ). Ito’s formula in Lemma 4 [23] for ¢ = X?(s), ¢ = ¥°(s)
and H, gives

IATN
POV AT < I ATY) + f e &K ~ ADIVI(s)Pds 2:47)
0

+ f e | Mg + A(XU (P + W ()P) = o ()] 19s)Pdls,
0

where

I(t ATy) 2Ve f i e ([o(X*(5)) — (*(5))1dBy, ¥(5))
0

—+

2e fo fz (8(X2(5), &) — g(b°(5), &), 9(s)) N(ds, dE). (2.48)

Therefore, we have

Ci(e +HK
E sup I(s) < EE sup [e‘p(s)lﬁ(s)|2]+ME

0<s<tAty 0<s<tATy —

INTN
f e POIVI(s)[*ds.
0
(2.49)

Therefore by using Lemma 3.9 [23], with Z(¢) = 0 and C =0, we get

E sup [e ™t A y)P| = 0.

0<t<T

Hence |9(s)> = 0 for all t € [0, T], since Ty — T as N — oo.
3. Random attractors

In the section, we study the existence and uniqueness of weak mean random attractors for the
stochastic diffusive coral reef ecosystems with Lévy noise equation (1.2).
Let B = {B(s) € L*(Q, F,, H) : s € R} be a family of nonempty bounded sets such that
Tl—i>1;noo ert”B(S)”iZ(Q’TV,H) = 09 (31)
where I' + 17, + 173 > 2¢; and [|O|| 2.7, 1) = SUP,eo X127, 1) for a subset O in L*(Q, F,, H). We will
use D to denote the collection of all families of nonempty bounded sets satisfying Eq (3.1).
We will first derive uniform estimates on the solutions of the stochastic diffusive coral reef
ecosystems with Lévy noise equation (1.2), then we construct a D-pullback absorbing set for the
system @, where ®(t,s) is a mapping from L*(Q,F,,H) to L*(Q, ¥, H) defined by
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O(t, s)ug = Ot + s, 5,up), where uy € L*(Q,F,,H). The uniqueness of solution to the stochastic
diffusive coral reef ecosystems with Lévy noise equation (1.2) implies that
Ot +1,5) = O, T+ s5) o D(1, 5) for every t,s > 0 and 7 € R. This cocycle @ is called the mean
random dynamical system generated by the stochastic diffusive coral reef ecosystems with Lévy noise
equation (1.2) on L2(Q, 7, H).

Lemma 3.1. Suppose H; and H, hold. In addition, assume

s 2K

24 B p2C%7(1 B po%7(1

I I'n, I'n3

>0, T+n+n;=>2c >m+n;.

Then there exists T = T (1, B) such that the solution u of stochastic diffusive coral reef ecosystems with
Lévy noise equation (1.2) satisfies

2 2C2K, 2CK IF'+n+m-2
?14_1’ 1 1+p 3 1)|@|[1+ M +13 —2¢

E|IX()]*| < (
[ ] I'n, I'ns 2c0—m—m3

] +1, YX, € B@),

foreveryre R,Be D,andr > T.
Proof. Applying It6’s formula to e'|X(z, X,)|?, we get, for ¢ > 0,

NXOP@) = X +T f X (s)Pds + 2 f e"(AX + f(X(5)), X(s5))ds
0 0

- f Mo (X ()7, ds +2 f e "(o(X(5))dB, X(s)) (3.2)
0

0

+f fer’lg(X,f)lN(dt,d§)+2f fer'(gn(X,f),X)ﬁ(dt,df)-
0 Jz 0 JZ

Taking supremum and then taking expectation, we have

! !
E sup ¢|X(s)? + 2dE f e"IVX|Pds < EIXol* + 2¢; + DE f e"IX(s)[ds
0<s<t 0 0

!
+ 27(1Ef e’ [1 + |VX(s)|2] ds + E sup €™ J,(s) + E sup "' J,(s),
0

0<s<t 0<s<t
(3.3)
where
! ! ~
Ji ZZI(U(X(S))dB,X(S)), > =2f f[(g(X(s—),f),X(S—))]N(dt,df)-
0 0 Jz
By the Burkholder-Davis-Gundy inequality and Young’s inequality, we get
‘ 1/2
E sup Ji(s) < 2C1E{ f |0'(X(s))|§:Q|X(s)|2ds} (3.4)
0<s<t 0

2 C127(1 ' 2
< mE sup [X(s)P + E f |1 +VX(9)P] ds
0

0<s<t Up)
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and

A

t 1/2
EOSUP Jo(s) < 2C2E{ fo X () f Ig(X(s—),f)IZd(f)}
<s<t Z

2%

IA

0<s<t 73

Substituting Eqgs (3.4) and (3.5) in Eq (3.3), we find

!
E sup ¢'|X(s)? + 2dE f e"|IVX|IPds < E|X)?
0

0<s<t

!
+ T+m+n—2c)E f eV1X(s)|ds
0

P*CiK N PG
> 3

+ (27(1 +

Therefore, we have

. 27( 2C2(]( 2C27(
E sup e[X(s)? + (2d— L_ P P
0<s<t r I'na I'n3

!
+ TH+m+n—-2c)E f eV|1X(s)ds
0
p*CiK .\ p*CiK,
2 3

1
+ T (27(1 + )I@Ie”.

Thus, we get

t
Ele"X(0)F| < EXol’ + (T +m+1m5 —2c1) f E [e"IX(s)|ds
0

(:27(} ]92(j%7(1 ]72(j§7(1
+ +

|Ole™.
F FT}Z FT]3 )

By the Gronwall inequality, we get

E[IXOF] < BlXoPe ammm

!
nsE sup [X(s)]? + —2—F f |1 +1VX(s)P] ds.
0

)Ef ¢ [1+VX(s)P|ds.
0

!
)E f eV|VX|1Pds < ElXol?
0

2K 2C2 K 2C2K; TC+m4+n:—2
( 1+P 1 1+P 3 1)|©|[1+ 1+ 13— 2¢
2c;—=1m— 13

r I'n, I'ns

B (2‘K1 . PCiK . PCiK ) |@|F T2+ 13 = 2C1 Geypany).

r 1§75 I'n3 21— —1m3

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

Let us proceed like the uniqueness of solution in Theorem 2.4. Define ¢ = X(¢) — ¥(¢). Similar

arguments as Eqs (2.46)—(2.49) imply that we get

E sup e "™t A Ty)P| = 0.
0<t<T

(3.10)
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Hence, [(s)|*> = 0 for all ¢ € [0, T] since Ty — T as N — oo, which, together with Eq (3.9), yields

E|XO|26—(201—772—773)
2K 202K 2C2K; T+ +n3—2
( 1+P 1 1+p 3 1)|©|[1+ M+ 13— 2cy
r I'n, I3 2c1 =1y =13
B (27(1 + PZC%WI + p2C§7(1 ) |©|F +1 413 = 2¢ o~ Ce1=m-1m3)
T T s 21 —m -1 '

E [1X(r)P|

IA

(3.11)

Since X, € B and B € D, one has
E|X0|26—(201—n2—n3) < e—(2C|—n2—n3)|B|2 -0

and

(27<1 pofV(l PZC?](]
+ +

)|©|F + 1+ 13— 20 e~ GerTmm) < p=Cam=m) B2 s ()
r I, I'ns

2c0—m—m

as t — oo, which along with Eq (3.11), concludes the proof.

Lemma 3.2. Assume the conditions of Lemma 3.1 hold, and the mean random dynamical system
@ related to stochastic diffusive coral reef model with Lévy noise equation (1.2) has a weakly compact
D-pullback absorbing set K = {K(s) : s € R} € D as follows:

K(s) = {X € LAQ, F.: H) : EX(s) < R}, (3.12)

where

2 2C2K 2CK T+ +nm3—2
R;:(“up KA 1)|<o>|[1+ L-Ra/E Cl]+1.
I I'my I3 2ci—m -3
Proof. For each s € R, from Eq (3.12), it is easy to know that K(s) is a bounded closed convex
subset of L*(Q, ¥,; H). Therefore, it is a weakly compact subset of L*(Q, F,; H). Moreover, it follows

from Lemma 3.1 that there exists 7 = T(s, B) > 0 such that ®(s, B(s)) € K(s) for every s € R and
B ={B()} € D, s > T. On the other hand,

lim KNI

L2(Q,F;H)
(2K PPCPK, pPCAK Tt 4152
snme“(( Ly Pt Ps 1)|©|[1+ 12 73 C1]+1):o.
s§——00 T F172 Fn3 2Cl —M—13

Therefore, it has been proven that K(s) € D. That is, K is a weakly compact D-pullback absorbing
set for @.

Theorem 3.3. Under assumptions of Lemma 3.1. Then, the mean random dynamical system ® to
stochastic diffusive coral reef model with Lévy noise equation (1.2) has a unique weak D-pullback
mean random attractor A = {A(s) : s € R} € Din LXAQ, F;H) over (Q, T, {F:}1ex, P).

Proof. By Lemma 3.2 and Theorem 2.13 [31], it is easy to see that the existence and uniqueness of
the weak D-pullback mean random attractors A € D of @ to the stochastic diffusive coral reef model
with Lévy noise equation (1.2) are immediate consequences.
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4. Invariant measures and ergodicity

In the section, we establish the existence of invariant measures and ergodicity to the stochastic
diffusive coral reef model with Lévy noise equation (1.2).
Lemma 4.1 Suppose H;-H, hold. In addition, assume

o O —
max{/x, i,a/z +B+ =, —2} =cy <I'1 =inf {0y = 7r1,02,03 — 12,04 — 13}, d > K.
2'm 2 m
Then, the solution X(¢, X;) of the stochastic diffusive coral reef model with Lévy noise equation (1.2)
satisfies

—~ ! _ %0
EIX() + (d — K))E f AN~ X(5)ds < e T 'E|X ] + Kol
0 2N = ¢)
and -
d- ! E| X,
ﬂﬁ f IVX(s)ds < Xol +%,10], Vt>0.
t 0 Ty
Proof. Applying 1td’s formula to e*"'|u(t)|>, we get, for t > 0,
!
ST EX = EXof +2IE f 2115\ X(5)*ds
0
!
+2 f T S(AX + £(X(5)), X(5))ds 4.1)
0

! 1
+E f TN (X (s)I,ds + B f f N Ng(X, H)PA(dé)ds.
0 0 vz

From Lemmas 2.1 and 2.2, we get

+

!
62(1"1 _52)1E|X(t)|2 (Zl\_ 7(1 )E f €2(F1 —62)S|VX(S)|2dS
0

!
< E[Xol* + 2(T', — ¢)E f 2T X ()% ds
0

!
. ¥K:110| _
+ 2 2T =)t —-THIX 2d + 2T —co)t
[ e o IxRds + 5

0
— ElX()lz + K110 g2t 4.2)
2(I' = c2)
Thus, we have
2,7 t 2 2 2T 2 %0
EIX(1)]* + (d — K))E f N DX (5)Pds < e NTEX + s ———. (4.3)
0 2T = c2)

On the other hand, using Itd’s formula to the process |X(-)|*, we obtain
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EIX®P = ElXf +2 f (AX + f(X(s5)), X(s5))ds (4.4)
0

+E fo I(T(X(s))IZLst+E fo fz lg(X, )P A(dé)ds. 4.5)

From Lemmas 2.1 and 2.2, we get

! !

EIX(]> + (d - K)E f IVX(s)Pds < E|Xof +2(c, - T)) f IX(s)*ds + K, |0t
0 0

< E|Xof + K,|0J, Vi >0, (4.6)

which implies

t 2
(d_—(KI)Ef IVX(s)*ds < ElXol + KilO|, Vt>T,. 4.7)
t 0 Ty
This concludes the proof of this Lemma 4.1.

Theorem 4.2. Under the condition of Lemma 4.1, there exists an invariant measure to the stochastic
diffusive coral reef model with Lévy noise equation (1.2) on H.

Proof. Using the Chebyshev inequality and Lemma 4.1, we infer for 7, and R > O,

I 1 !
Sup—fP({IIX(S,X0)||>R})dS S sup 7 El|X(s, Xo)|"ds
0

12Ty 12T 0

ElXol? SIS

< — — . (4.8)
ToR*(d —Ki) 4R*(d - K1)
The above inequality implies, for all # > Ty and every € > 0, that there exists
E|Xo|? KilO
R = %P Kl
ToR*(d — K1) 4R*(d - K1)
such that, for any R > Ry,
1 ([ 1
M) = ;f P(s,up,Dds = " f P(we Q,u(s,uy) €ds
1 0 0
> 1 [ Pwe sl < Ry ds
o1 t
= 1- ;f P(w € Q,|lu(s,up)ll > Ry)ds =1 —¢, T :=B(0,R), (4.9)
0

where B(0, R) is the ball centered at 0 with radius R in V. Since V is compactly embedded in H
(V > H ), for every € > 0, from Eq (4.9), it shows there exists a compact set J] € H such that
Heuy (@) > 1 — &. Hence, the sequence of probability measure y,,, is tight on H.

By the Krylov-Bogoliubov theorem (see [32]), it shows that there exists a sequence f, — oo as
n — oo such that y,,, — p weakly as n — oo. Moreover, for this transition operator P,, defined by
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(Pip)(uo) = E@(u(t, uy)) for all ¢ € C,(H), u is an invariant measure. Thus, the proof of this theorem
is complete.

Lemma 4.3. Under assumptions of Lemma 4.1, additionally, suppose A3 > 0. Let X(¢) and Y(¢)
be two solutions of the stochastic diffusive coral reef model with Lévy noise equation (1.2) with initial
data Xy, Yy € L*(Q, H), respectively. Then, we have

BIX() = Y(OP < E|Xo(t) = Yo(n ™ b (XOFI R,

Proof. To prove uniqueness, consider Y € X. Let ty =Ty ATy — T as N — oo, where Ty = inf{z :
IX()| + |[VX(¢)] > N} and Ty = inf{z : |[Y(¢)| + |VY(¢)] > N} Then, ¥ = X(¢) — Y(¢) satisfies

d¥(1) = [F(X(s) - F(Y(s)ldt + Ve[o(X(s)) — o(Y(5))]dB,
+ Sf[g(X(S),f)—g(Y(S),f)]ﬁ(ds,df)- (4.10)
Z

Let p'(t) = As (lX(s)|2 + |Y(s)|2). Ito’s formula in Lemma 2.4 for ¢; = X(s),$, = Y(s) and condition
H, gives

IATN
PN A TP < I ATY) + f eI — ADIVE(s)Pds .11
INTN ‘
N f o P [Az + A3(IX)P + [Y(9)P) —p’(s)] ¥(s)Pds,
0
where

ItATy) = 2Ve f i e P[0 (X(s)) — o(Y(s))]dB,, ¥(5))
0

INTN .
+ 28f f(g(X(S),f)—g(Y(S),f),‘I’(S))N(ds,df)- (4.12)
0 z
Therefore, we have
Ci(e + K IATN
E sup I(s) < EE sup [e‘p(s)l‘l’(s)lz]+wE f e POV (s)[2ds.
0<s<IATN 0<S<IATN = 0

(4.13)
Therefore by using Lemma 3.9 [30], with Z(¢) = 0 and C=0,we get

E sup |e?“™VW(t A Ty)P| = 0.
0<t<T
Hence [¥(s)]> = 0 forallt € [0, T], since Ty — T as N — oo.

Theorem 4.4. Assuming the condition of Lemma 4.3 holds. Then there exists a unique invariant
measure p to the stochastic diffusive coral reef model with Lévy noise equation (1.2) for
VX, € L*(Q, H). Moreover, the measure  is ergodic.

Proof. If there exists another invariant measure p for transition operator (P;);»o, then, for every
¢ € Lip(H) and initial data Xy, Y, € L*(Q,H), there is a Lipschitz function ¢ with Lipschitz constant
L,. By means of the definitions of invariant measures, ergodicity and Lemma 4.3, we get
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fH P(Xo)u(dXo) — fH e(Yo)u(dY) fH (Pp)(Xo)u(dXo) — fH (Prp)(Yo)u(dYo)

f [(P)(Xo) — (Prp)(Yo)] (dXo)u(dYy)
H

T

fH [Ep(X(2, X0)) — Ee(Y (2, Yo))] (dXo)a(dYo)

IA

Lye™ fH fHElxom = Yo() p(dX)i(dYo) — 0 as 1 — co. .14

Therefore, there exists a unique invariant measure u for transition operator (P,);so. By the density of
Lip(H) in C,(H), we know u is ergodic.

5. Large deviation principle

In the section, we study the large deviation principle for the stochastic reaction-diffusion coral
reef model with Lévy noise equation (1.2).
Let O be a locally compact Polish space and O = [0, T'] X O corresponding to O for finite 7 > 0.
Define

M(D) = {u on(D, B(D)) : u(K) < oo for compact K c O}.
Let M = M(D7) and P be the probability measure on (M, B(M)). Then, B(M) is a Polish space. Let

V=C(0,T,H)XxM, G, =0{N(s,Z): 0< s <t,Z € B(Or)} fort> 0.

Let P be the probability measure on the space (V, B(V)), {¥;} be completion of G,, and  be predictable
o-field with respect to it. Define the class A and L : [0, +c0) — [0, +00) such that

A={:Or XV — [0, +00) : ¥ is (P X B(O))/B[0, +c0) — measurable},
l(a) = aloga —a + 1.

Let X be a locally compact Polish space with X7 = [0, 7] x X. For ¢ € A, define NV as

NY(t,Z) = f f T0.u(s.0)(PN(ds, dz)dr, t € [0,T], Z € B(X).
[0,T]XZ JO

For ¢ € A, define
T
Lr(y) = L fl(lﬁ(t, & w))A(dg)ds.
z

Define P, = {¢ : ¢ is P/B(R) — measurable, fOT |¢(s)|%ds} and U(H) = P, X A. For ¢ € A, consider

- 1 T
Lr(y) = Efo L|¢(s)|(2)ds.
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For N € N, define

SvW) = { : Or = [0,+0) : Lr(¥) < N},
Sw(Ho) = {¢ € L2([0, T1; Ho) : Lr(¢) < N}.

Define a compact set {/l§ 1g € §N} in M, where

T
/l‘§=f0 Lg(s,f))/l(d@dt, Z € B(Or).

Let U = Py(Hy) X A and S = Uys; S, where Sy = Sy(Ho) X Sy. Here take UN = {¢ = (¢,¢) €
U, {(w) € Sy}. Let X, be a Polish space.

The stochastic control equation with respect to the stochastic diffusive coral reef ecosystems with
Lévy noise equation (2.2) is

dxXz(t) = [AX;(0)+ f(X5(0) + o(t, Xp()¢"1dt + Veal(t, Xz:(1)dB,

+ & fz g(XE(0, EIWA)AdE)dr + & fz g(XE(0), E)N(d1, d). (5.1)

Lemma 5.1 Assume that H, and H, hold. There exists a unique strong solution for stochastic
control equation (5.1) with X;(O) = X, for £ € U™, M € (0, +0), and & > 0 satisfying the estimate

T
E sup [X5(s) + &E( f ||VX§E(S)||2ds) <K,
,

0<s<T

T
E sup [VX5(s)] + GE ( f ||AX§g(s)||2ds) <K,
0<s<T 0

in X, where K is an appropriate constant.

Proof. The solution of Eq (5.1) can be expressed as G°(VeB(-) + j; ¢%ds, st_l‘/’E). This proof
process is similar to Theorem 2.4, omitted here.

Lemma 5.2 Assume that H; and H, hold. For { € A and the initial condition X,(0) = X, the
deterministic controlled equation

dX (1) = [AX () + f(X(2)) + (X )pldt + sfzg(Xg,f)l(w)/l(df)dt. (5.2)

exists a unique strong solution in X.

Proof. The solution of deterministic controlled equation (5.2) can be expressed as
G%( fo. @(s)ds, /1‘;). The proof of Theorem 2.4 consists essentially to prove the weak convergence of the
solution of stochastic control diffusive coral reef ecosystems equation (5.1) to the solution of
deterministic controlled equation (5.2) as € — 0.

Lemma 5.3 Let 9t > 0 be a constant, { € A, and the set

Ku = {X; € X = D([0,T1: H') N LX((0, T); HY)}

where X, is the solution of deterministic controlled equation (5.2). Then the set Ky, is compact in X.
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Proof. Let {X,,} € Ky be the solution of deterministic controlled equation (5.2), where the control
{ = (¢,¥) is replaced by ¢, = (¢, ¥,) for n € N. Since Sgy is weakly compact, then there exists a
subsequence of , € Sy also denoted by £, and it converges weakly to . In order to prove X, — X,
weakly, it is enough to prove that 1, = X, — X, tends to 0 as n — oo. The difference T, satisfies the

equation
dT,(1) = [AT,(0)+ FX, (1) - fX) + 0(X,)b, — o (X )| dt

e e [ [o0 0000, - st Ol ) A,
Taking the inner product with r,, and integrating, we get
P+ 2 | T ()P = 2 | (Fe (59 = FOG50), o)) d
2 (e (Dhl5) = FXANBE), Yol ds
¢ 20 [ (60660 00560 = X5 D5, £, T,(9) A
v2f (1= @O + (72 = @ T3 + (s — 0Ll

By the property of the nonlinear operator f, we have

fo (£ () = F(XL). Tuls)) ds < fo (AT + AdllTu()IE,

4piry doyry 4 8
+[ g I + (7 * E) 2l + anylgnn@] 1T 1a()I12
4 2 2 2
> [y1. 12 + 2l 2 | 1120 (I
4p,rs 5 4p22 4 4 4
+[ gl + | =5+ g leadlls + g5+ 2 v I a0l

4 4 4psr 5, 4 4psr;
+[(d61 75 )||Z2g|| ( J d5 )Ilwmll 7 —lwa I ]”T4,n(s)”]i2:|ds

!
< f [AIVTADIE: + Al (IR + 0 (1X, (S + Xl2) ITu()IE | ds
0

where

dpir N dpir N i+ 8 +i N 4pary N 4psry +i
d d dy dy dy d d do,
4 4 4 4 4

f— t — + — + — + p3r3+i+4p3r3'
doé, do, do, do, d do, d

Appying Young’s inequality and H,, we get

(5.3)

(5.4)

(5.5)
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2 fo (X, (0)84(5) = TX()B(s), T(5)) ds

=2 j; (U(X_:,,(S))fﬁn(S) — 0 (X;(5)pn(5) + T(X(5))Pn(s) — (X (5))P(s), 'Y’n(S)) ds

dS+f0 |or (X ()P n(s) = () ds.

f
S
0

<2 fo 07X, ()@n(5) = T (X () £o|Pn (L ()] + | (X (Dln(s) = P(ITu(5)ldls
Ay 2 (Y2 o 2
7 V()] +( A |¢n(s)l +1)|Tn(S)I

(5.6)
Similarly, we have
2 fz (83X, (9). W (5.8)) = g(X(5), OUW(5. ), T(5)) AdE)ds
< fo t [%w‘rn(snz + (%u(m(s, O + 1) |‘rn<s)|2] A(dé)ds
+ fo X5, OG5, £)) — (s, NP AENS. (5.7)

From Eqgs (5.4)—(5.7), we get

A ! ! !
|‘rn<r>|2+7‘ fo IVY(s)Pds < 0o fo 1T, (s)Pds + o fo (1X5, (D + Xy ) 1Tu(s)Pds
+ fo (X () Plpa(s) — p(s)Pds + fo 18(X(5), E)PU()) — L(5))PA(dé)ds, (5.8)

where

4% 4K
0 = 5= 2 lWa(s, E)P + A—2|¢>n(s)|2 + A1+ 2+ 2max{r — 01,12 — 03,73 — 04} -
1 1

Applying Gronwall’s inequality as n — oo, we have
2 M 2
|Tn(t)| + 7 |VTn(S)| ds — 0.
0
This implies that Ky is a compact set in X.

Lemma 5.4 Suppose {{®,e > 0} € A converges to { in distribution with respect to the weak
topology in A, then

G’ ( VEB() + f ¢eds, sN@”‘”‘) -G ( f ¢°ds, ﬂ‘i)
0 0
in distribution in X as € — 0.
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Proof. In order to prove that Y* = X; — X, tends to 0 as € — 0, where X; and X, are the solutions
of the stochastic control diffusive coral reef ecosystems equation (5.1) and deterministic controlled
equation (5.2), respectively. The equation satisfied by X, is

dr(t) = |AT(0) + fXL) - F(XP) + 0 (X, D" = (X, 00| dt + Neo (XEe, DB,

e fz (X0, OIW?) - (X OUW)| Ad)dr + & fz gXE(1), ON(dr o). (5.9)

By Ito’s formula, we get

P = 2 fo (A7) + fXE(9) = F(XO) + 0 (Xge, )" — (X, )|, T5(5)) ds

+ fo | [ (s 010 = s 100]  1705) acdras
+2+e fo t (o (Xg.. dB,. Y*(5)) ds + 2¢ fo t fz (8(X5(1). £), T°(5)) N(ds. d¢)
e [ o (XE(s), ) ds + £ | [ [ sexzo. P ns.de) (5.10)
Employing the same method as done earlier, we get
ek + 5 [ [Vre(s)Pds < 0o | Pre(s)Pds + o | (Ko + X ) TR
al X )PI(s) — ds)Peds + | t [ 1ettetsn. P - s Praaerds
236 [ (o0 am ) ds+ 26 [ [ (e0E0.0.70) Nids. do
+eKi fo [(1+|VX§£(S))|2ds. (5.11)

Taking expectation and applying the Burkholder-Davis-Gundy inequality, we have

0<t<T

E sup {2 Ve f ((Xe.. $)dB,. T°(s)) ds + 2¢ f f (8(X2(5).). 7°(5)) N(ds, dg)}
0 ) 0 Jz
< 1E{ sup |‘r8(t)|2} + (2 + &)CK] f (1+1VX.(9)) ds. (5.12)
2 0<t<T 0

By appropriate constant o, we have
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A

1 ! !
—E sup [Y(r)]> + =—E f IVYe(s)|*ds < 0/ E f 1r%(s)*ds
2 o<t 2 0

+E fo lor (X ()P1¢°(5) = p(s)’ds + B fo fz 18X (), EPUW(9) = LW ())A(dE)ds
+|eXi + (£ + &)CKG | B f (1 + |VXE(s)ds. (5.13)
0
Using Gronwall’s inequality, we get

!
E sup [Y°(£)]* + A B f IVY2(s)Pds < exp(o,T)
0

0<t<T

X{Efo |0'(X§(s))|2|¢s(s)—¢(s)|2ds+C(8)E£(l+|VX§S(S))|2ds
+E fo fz Ig(Xg(S),§)|2|l(lﬁ8(S))—l(tﬁ(S)Iz)/l(df)dS}, (5.14)

where C(g) = €K + (&% + s)C‘Klz. Since C(e) — 0 when letting € — 0, we getT® — 0. Hence, Xéfg
converges to X,.

Theorem 5.5 If there exists a measurable map G° : Xy X V — X such that

(i) Let M < oo and {£% = (¢°,¥°) € U : [*(w) € Sy for a.e.w} € U™, if (¢%,4°) — (¢,¥) in
distribution in S, as € — 0, then

QS(\/EB(') + f ¢°ds, sNal‘”E) -G’ (f °ds, /ll;)
0 0

(i) For every finite M, Ky = {G° ( fo. o°ds, /1‘;) : (¢, ) € U™} is a compact subset in X.
Then the family of solutions {X*, & > 0} of the stochastic reaction-diffusion coral reef model with
Lévy noise equation (1.2) satisfies the Laplace principle with the rate function / given by

: 1 (7 s 1,
1w= ot {3 [ [w.opaaess [ wbash,

where S, = {(QS, ) € Upst St g = {G° ( fo. ¢°ds, /l”;)}, and where infimum over the empty set is taken
as oo.

Proof. By a weak convergence approach based on a variational representation of functionals of
infinite-dimensional Brownian motion, combining Lemmas 5.3 and 5.4, it now guarantees that the
solution of stochastic reaction-diffusion coral reef model with Lévy noise equation (1.2) satisfies the
Laplace principle thereby satisfying the large deviation principle with the same rate function as well.

6. Numerical simulation results

According to our analytical results, the stochastic reaction-diffusion coral reef model with Lévy
noise equation (1.2) has a unique weak D-pullback mean random attractor under conditions specified
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in Theorem 3.3. We now try and support our analytical results by simulations. Interestingly, this
shows the effect of Lévy noise which can stabilize or destabilize systems and is significantly different
from the classical Brownian motion process. The typical values [11-13]: d; = 0.001,d, = 0.002,
dy = 0.003,ds = 0.004,r, = 3.23,r, = 1.59,r3 = 1.2,p; = 1/100,p, = 1/300,p3 = 1/250,6 =
50,y = 0.0572,a; = 2.6, = 2.5,01 = 0.75,0, = 034,05 = 1.67,04 = 536,58, = 85,6, =
14,61 = 095,60, = 09,01(x,8) = o1x,0200,1) = 02),03(2,1) = 03z,04(W, 1) = 04w, g1(x,E)
x81(8), 82(,€) = y82(£), 83(2, &) = 283(£), 84w, &) = wgu().

The spatiotemporal dynamics plot of the stochastic reaction-diffusion coral reef model with Lévy
noise equation (1.2) with the initial conditions xy = 0.015 + 0.01 cos(4x),yo = 0.025 + 0.02 cos(4x),
z0 = 0.25+0.03 cos(4x) and wy = 0.45+0.04 cos(4x), 0y =1.5,0, = 14,03 = 1.2,03 = 1.1. We show
the simulation of susceptible corals density(x, u, t) in Figure 1. On the left side of Figure 1 represents
the simulation of susceptible corals density(x, u, f) in the stochastic reaction-diffusion coral reef model
with Lévy. On the right side of Figure 1 represents the simulation of susceptible corals density(x, u, t)
in the deterministic reaction-diffusion coral reef model with Lévy.

Figure 1. Simulated phase portraits of susceptible corals density(x, u, t) in deterministic and stochastic
reaction-diffusion coral reef model with Lévy.

Figure 2. Simulated phase portraits of infected corals density (y, u, ) in deterministic and stochastic
reaction-diffusion coral reef model with Lévy.

The spatiotemporal dynamics plot of the stochastic reaction-diffusion coral reef model with Lévy
noise equation (1.2) with the initial conditions xy = 0.015 + 0.01 cos(4x),yo = 0.025 + 0.02 cos(4x),
Z0 = 0.25+0.03 cos(4x) and wy = 0.45+0.04 cos(4x), 01 = 1.5,05p = 14,053 = 1.2,05 = 1.1. We show
the simulation of infected corals density (y, u, t) in Figure 2. On the left side of Figure 2 represents the
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simulation of infected corals density (y, u, f) in the stochastic reaction-diffusion coral reef model with
Lévy. On the right side of Figure 2 represents the simulation of infected corals density (y, u, f) in the
deterministic reaction-diffusion coral reef model with Lévy.

The spatiotemporal dynamics plot of the stochastic reaction-diffusion coral reef model with Lévy
noise equation (1.2) with the initial conditions xy = 0.015 + 0.01 cos(4x),yo = 0.025 + 0.02 cos(4x),
Zo = 0.25 + 0.03 cos(4x) and wy = 0.45 + 0.04cos(4x), oy = 15,0, = 14,03 = 12,03 = 1.1.
We show the simulation of Crown-of-thorns starfish (Acanthaster planci) density (z, u, ) in Figure 3.
On the left side of Figure 3 represents the simulation of Crown-of-thorns starfish (Acanthaster planci)
density (z,u,t) in the stochastic reaction-diffusion coral reef model with Lévy. On the right side of
Figure 3 represents the simulation of Crown-of-thorns starfish (Acanthaster planci) density (z, u, f) in
the deterministic reaction-diffusion coral reef model with Lévy.

Figure 3. Simulated phase portraits of Crown-of-thorns starfish (Acanthaster planci) density (z, u, f) in
deterministic and stochastic reaction-diffusion coral reef model with Lévy.

The spatiotemporal dynamics plot of the stochastic reaction-diffusion coral reef model with Lévy
noise equation (1.2) with the initial conditions xy = 0.015 + 0.01 cos(4x), yo = 0.025 + 0.02 cos(4x),
Z0 = 0.25+0.03 cos(4x) and wy = 0.45+0.04 cos(4x),0y = 1.5,0p = 14,053 = 1.2,05 = 1.1. We show
the simulation of Humphead wrasse (Cheilinus undulatus) density (w, u, ¢) in Figure 4. On the left side
of Figure 4 represents the simulation of Humphead wrasse (Cheilinus undulatus) density (w, u, t) in the
stochastic reaction-diffusion coral reef model with Lévy. On the right side of Figure 4 represents the
simulation of Humphead wrasse (Cheilinus undulatus) density (w, u, t) in the deterministic reaction-
diffusion coral reef model with Lévy.

Figure 4. Simulated phase portraits of Humphead wrasse (Cheilinus undulatus) density (w, u, f) in
deterministic and stochastic reaction-diffusion coral reef model with Lévy.

Mathematical Biosciences and Engineering Volume 22, Issue 8, 2176-2212.



2208

Simulated phase portraits of the stochastic reaction-diffusion coral reef model with Lévy noise
equation (1.2) with the initial conditions xo = 0.015 + 0.01 cos(4x),yo = 0.025 + 0.02 cos(4x),z0 =
0.25 + 0.03 cos(4x) and wy = 0.45 + 0.04cos(4x), oy = 1.5,0, = 14,05 = 1.2,03 = 1.1. Blue
represents the simulation of susceptible corals density in the deterministic reaction-diffusion coral reef
model with Lévy. Red represents the simulation of susceptible corals density(x-f) in the stochastic
reaction-diffusion coral reef model with Lévy. We show the simulation of susceptible corals density(x-
1) in Figure 5.

|
| |
I \h\ “h\ \ “‘\\ A \ \
| I AA Moy I B AVAVA A
-+ L \\ N . /j\/ N\ \ M V\/\,, N AV \_NJ " 3”\ /\V‘c‘\
£ —V \ A / \% A AV, U\ “\,\

Y

Figure 5. Simulated phase portraits of susceptible corals density(x-¢) in deterministic and stochastic
reaction-diffusion coral reef model with Lévy.

Simulated phase portraits of the stochastic reaction-diffusion coral reef model with Lévy noise
equation (1.2) with the initial conditions xo = 0.015 + 0.01 cos(4x),yy = 0.025 + 0.02 cos(4x),z9 =
0.25 + 0.03cos(4x) and wy = 0.45 + 0.04cos(4x), oy = 1.5,05 = 14,05 = 1.2,03 = 1.1. Blue
represents the simulation of infected corals density(y-¢) in the deterministic reaction-diffusion coral
reef model with Lévy. Red represents the simulation of infected corals density(y-7) in the stochastic
reaction-diffusion coral reef model with Lévy. We show the simulation of infected corals density(y-7)
in Figure 6.

Figure 6. Simulated phase portraits of infected corals density(y-f) in deterministic and stochastic
reaction-diffusion coral reef model with Lévy.

Simulated phase portraits of the stochastic reaction-diffusion coral reef model with Lévy noise
equation (1.2) with the initial conditions x, = 0.015 + 0.01 cos(4x), yo = 0.025 + 0.02 cos(4x),
Zo = 0.25 + 0.03 cos(4x) and wy = 0.45 + 0.04 cos(4x), oy = 1.5,0, = 14,03 = 1.2,03 = 1.1. Blue
represents the simulation of Crown-of-thorns starfish (Acanthaster planci) density(z-f) in the
deterministic reaction-diffusion coral reef model with Lévy. Red represents the simulation of
Crown-of-thorns starfish (Acanthaster planci) density(z-#) in the stochastic reaction-diffusion coral
reef model with Lévy. We show the simulation of Crown-of-thorns starfish (Acanthaster planci)
density(z-7) in Figure 7.
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Figure 7. Simulated phase portraits of Crown-of-thorns starfish (Acanthaster planci) density(z-f) in
deterministic and stochastic reaction-diffusion coral reef model with Lévy.

Simulated phase portraits of the stochastic reaction-diffusion coral reef model with Lévy noise
equation (1.2) with the initial conditions x, = 0.015 + 0.01 cos(4x), yo = 0.025 + 0.02 cos(4x),
zo0 = 0.25 + 0.03 cos(4x) and wy = 0.45 + 0.04cos(4x), o0y = 1.5,0, = 14,03 = 1.2,03 = 1.1. Blue
represent the simulation of Humphead wrasse (Cheilinus undulatus) density density(w-f) in
deterministic reaction-diffusion coral reef model with Lévy. Red represent the simulation of
Humphead wrasse (Cheilinus undulatus) density(w-¢) in stochastic reaction-diffusion coral reef model
with Lévy. We show the simulation of Humphead wrasse (Cheilinus undulatus) density(w-¢) in
Figure 8.

Figure 8. Simulated phase portraits of Humphead wrasse (Cheilinus undulatus) density density(w-t)
in deterministic and stochastic reaction-diffusion coral reef model with Lévy.
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