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Abstract: Hes1 (Hairy and enhancer of split 1) is a transcriptional repressor that plays a fundamental
role in the regulation of embryogenesis and cell lineage specification. The temporal dynamics of
Hes1 mRNA and Hes1 protein expression are known to exhibit sustained oscillations. However, many
existing mathematical models can reproduce these oscillations only transiently, eventually dampening
toward a steady state. This limits their biological fidelity, as sustained oscillations are observed in
vitro and in vivo under physiological conditions. To address these limitations, we propose a more
biologically realistic framework by incorporating both transcriptional/translational time delays and
spatial diffusion effects into a Reaction-Diffusion (RD) system with discrete time delays. The model
describes the spatiotemporal dynamics of Hes1 mRNA and protein concentrations in the cytoplasm
and nucleus. We establish the conditions under which the RD model undergoes a delay-induced Hopf
bifurcation, leading to the emergence of stable periodic solutions. Furthermore, our analysis establishes
explicit criteria on the delay and diffusion coefficients that ensure the existence of sustained oscillatory
patterns. Numerical simulations are conducted to validate the theoretical predictions, demonstrating
the persistence and stability of oscillations under a range of biologically plausible parameters.

Keywords: Hes1-mRNA interaction; periodic solutions; bifurcation analysis; reaction-diffusion
model

1. Introduction

The Hes1 gene is part of a family of mammalian genes, homologous to the Drosophila genes hairy
and enhancer of split [1–3]. It encodes a transcriptional repressor that belongs to the basic helix-
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loop-helix (bHLH) family of transcription factors. As one of the seven members of the Hes gene
family (HES1-7), Hes1 is crucial in controlling cell proliferation and differentiation during embryo-
genesis [4, 5]. The Hes1 protein is a nuclear repressor, a type of transcription factor that inhibits the
expression of target genes by blocking the binding of bHLH activators to DNA [6,7]. A significant fea-
ture of its regulation is its ability to regulate its own expression through a negative feedback loop [8].
Messenger RNA (mRNA) is pivotal in the gene expression process, serving as a single-stranded in-
termediary molecule that conveys genetic information from the DNA in the nucleus to the cytoplasm.
In the cytoplasm, the mRNA sequence is translated into a corresponding protein, with each three-
base codon specifying an amino acid that is sequentially assembled into a polypeptide chain [9, 10].
Thus, transcription of the Hes1 gene and subsequent translation of its mRNA are integral steps in the
production of the Hes1 protein [8, 11].

Periodic behavior is a fundamental characteristic of the regulatory system of Hes1-mRNA. Based
on experimental data from [12], researchers have observed that Hes1-mRNA interactions exhibit os-
cillatory behavior with a period of approximately two hours. To simulate this oscillatory behavior, a
model was developed [12] using a three-dimensional system of ordinary differential equations (ODE),
which included variables representing Hes1 protein, Hes1 mRNA, and an additional Hes1-interacting
factor. Although this model successfully reproduced the observed two-hour period, it relied on an un-
known variable (the Hes1 interacting factor) to achieve oscillations consistent with the experimental
data. To address the issue of this unknown variable, subsequent models incorporated a delay term into
the model, as described in [13] and [14], thus eliminating the need for the third variable. The simplified
delay model in [14] captures the essential oscillatory dynamics observed in autoregulatory genes such
as Hes1, which functions as its inhibitor. This model consists of two equations: one that governs the
rate of change of mRNA levels, which carry genetic information to the ribosome for protein synthesis,
and another that governs the rate of change in protein concentration. In this system, mRNA levels are
regulated by the Hes1 protein with a delay that accounts for transcriptional and translational processes.
The delay arises from the series of biological processes that start with the transcription of the Hes1
gene into mRNA and continue until the first Hes1 protein inhibits further transcription of the Hes1
gene. To represent this regulation, a Hill function [15] with a delay term was employed, simplifying
the complex biological interactions.

Several modeling approaches have attempted to more accurately reflect the cyclic behavior of Hes1
expression and align with experimental data. Notably, experimental observations indicate that Hes1
expression does not exhibit an overshoot when initiated, a feature likely attributed to biological com-
plexity. A recent study addressed this overshooting issue by modifying the existing delay differential
equation (DDE) model to account for Gro protein interactions [16]. Furthermore, while previous mod-
els often incorporated discrete delays, biological systems exhibit continuous variability in delays. To
accommodate this, [17] extended the model by incorporating a distributed time delay, better reflecting
natural biological variability. Moreover, experimental data indicate that the amplitude of Hes1 oscil-
lations in mouse cells is higher than what simple Hes1-mRNA models predict [18]. To address this
discrepancy, researchers have expanded DDE models to include processes such as nucleo-cytoplasmic
transport, the formation of Hes1 monomers and dimers, and differences in their stability. These ex-
tensions have improved the model’s ability to capture the experimentally observed high-amplitude
oscillations of Hes1.

Recent studies have continued to explore complex dynamical behaviors in delayed systems across
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various scientific domains. For example, fractional-order and stochastic models with state-dependent
delays have been investigated to better understand controllability and long-term behavior in infinite-
dimensional or neutral-type systems [19–22]. These works have introduced advanced mathematical
tools such as the Mönch-type fixed point theorem, measure of noncompactness, and optimization
strategies for trajectory tracking. Although these studies focus on engineering or control-theoretic ap-
plications, the methodologies they develop—particularly those involving non-instantaneous impulses,
stochastic noise, and functional differential equations—highlight the growing interest in realistic mod-
eling of biological and physical systems with delay. Such approaches could inspire future extensions
of gene regulation models, especially in contexts where noise, spatial heterogeneity, or adaptive delay
mechanisms are biologically relevant.

Given that transcription occurs in the nucleus and translation in the cytoplasm with mRNA diffusing
to the cytoplasm and Hes1 protein diffusing back to the nucleus, Sturrock et al. [23] further extended
previous models into a partial differential equation (PDE) framework. This PDE approach describes the
spatio-temporal evolution of Hes1-mRNA concentrations more comprehensively. There is an ongoing
effort to make Hes1 models more accurate, biologically realistic, and capable of capturing the sustained
oscillatory behavior observed in experimental studies. Table 1 provides a summary of the key Hes1
models and their primary findings.

Notably, Sturrock et al. [23] were among the first to incorporate reaction-diffusion dynamics into
Hes1-mRNA modeling to account for spatial effects. The model proposed in [23] used an indicator
function in the cytoplasmic equation to approximate the timing of Hes1 protein production. This
assumption, while useful numerically, introduces discontinuities that limit theoretical analysis, such
as deriving analytic criteria for Hopf bifurcation. Our contribution is to develop a delayed reaction-
diffusion model that overcomes this limitation by incorporating biologically meaningful transcriptional
and translational delays instead of non-smooth approximations. We establish sufficient conditions for
the existence of stable periodic oscillations using theoretical analysis, which accounts for both temporal
delay and spatial diffusion. This allows us to derive a critical delay threshold at which Hopf bifurcation
occurs, a task not addressed in prior spatial models. We clarifies the role of delay in producing sustained
oscillations in a spatially extended framework and bridges the gap between temporal DDE models and
spatial PDE systems. While our approach is motivated by the spatial compartmentalization used in
[23], the models are structurally distinct, particularly in the use of no-flux boundaries and import/export
terms rather than free diffusion between compartments. Through analytical and numerical approaches
we validate the theoretical findings and demonstrate that our model produces biologically consistent
oscillations in both space and time.

The remainder of this paper is organized as follows. In Section 2, we outline the modeling efforts
and compare key models that study Hes1-mRNA interactions. We also discuss Monk’s model in detail
and analytically derive the critical value of τ at which the system exhibits stable periodic oscillations
using linear stability analysis. In Section 3, we extend the previous reaction-diffusion model to a de-
layed reaction-diffusion framework, providing justifications for all the terms introduced. Additionally,
we demonstrate that the previous model fails to produce stable periodic oscillations. In Section 4, we
perform stability and oscillation analyses to derive conditions under which the system undergoes Hopf
bifurcation. In Section 5, we present numerical examples to verify the theoretical results from Sections
2 and 4. Finally, Section 6 offers a discussion of the findings and their implications.
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Table 1. Notable models of Hes1 dynamics with their biological relevance key findings.
Authors (Year published) Model Main result
Y. Zhang, J. Cao (2024) DDE Proposed a delay model to explore the dynamics of neural progenitor fate decisions [24].
A. Giri, S. Kar (2023) SMA Modeling to understand how cell-to-cell communication via the Notch signaling path-

way leads to synchronization of Hes1 gene expression in noisy environments [25].
A. Rowntree, N. Sabherwal
(2022)

ODE The model was developed to simulate the interactions between Hes1 gene expression
and the cell cycle [26].

S. Nath Singh, Md. Z. Malik
(2020)

ODE Modeling study of the Hes1-Notch-miR-9 regulatory network, demonstrating how
Notch-induced changes drive different states of Hes1 and miR-9 dynamics [27].

T. Iwasaki, R. Takiguchi
(2019)

ODE Numerical simulations and mathematical modeling to study the behavior of neural dif-
ferentiation [28].

M. Boareto, D. Iber (2017) ODE(1) Modeling to predict interactions between Notch signaling [29].
Sh. Li, Y. Liu (2016) ODE The ODE model includes the roles of microRNA, specifically miR-9, to understand how

Hes1 oscillations are produced and controlled [30].
H. Wang, Y. Huang (2015) ODE A comprehensive mathematical model was proposed to simulate the dynamics of the

Notch, Wnt, and FGF pathways in the segmentation clock [31].
M. Sturrock, A. Hellander
(2014)

SMA Extended a spatial stochastic model of the Hes1 GRN to include nuclear transport and
dimerization of Hes1 monomers [32].

S. Li, Z. Liu (2014) ODE Aimed to understand the diverse expression patterns of Hes1 during the development of
the central nervous system (CNS) [33].

A. Barton, A. J. Fendrik
(2013)

ODE Modified a previous gene network model for two cells coupled by the Delta-Notch path-
way to analyze the effects of asymmetry in Notch degradation rates [34].

M. Sturrock, A. J. Terry
(2012)

PDE Extended PDE models to better capture the dynamics of Hes1 and p53–Mdm2 signaling
pathways, including nuclear membrane and active transport mechanisms [35].

M. A. Tabatabai, W. M. Eby
(2012)

ODE Introduced a new model to capture and analyze various types of oscillatory behaviors
observed in biomedical data [36].

M. Sturrock, A. J. Terry
(2011)

PDE Extended an ODE model to a PDE framework to describe the spatio-temporal evolution
of Hes1 mRNA and Hes1 protein concentrations [23].

M. Bani-Yaghoub, D Amund-
son (2010)

PDE Periodic dynamics of notch activity in a model of interacting signaling pathways [37].

H. Momiji, N. A. M. Monk
(2008)

DDE Extended DDE model to include nucleo-cytoplasmic transport, Hes1 monomers, and
dimers, better capturing the high amplitude of Hes1 oscillations [18].

K. Rateitschak, O. Wolken-
hauer (2007)

DDE Modified a DDE model to account for distributed time delay, improving the model’s
accuracy [17].

S. Bernard, B. Cajavec (2006) DDE Addressed the overshooting problem in Hes1 expression by modifying the DDE to ac-
count for the Gro protein, aligning with experimental data [16].

M. H. Jensen, K. Sneppen, G.
Tiana (2003)

DDE The Hes1 network was modeled using a time delay approach, highlighting the critical
role of degradation times in determining oscillatory behavior [13].

H. Hirata, S. Yoshiura (2002) ODE(1) Proposed an ODE model of Hes1 protein, hes1 mRNA, and a Hes1-interacting factor to
achieve a oscillatory solutions [12].

Note: Abbreviations: PDE: Partial Differential Equations; DDE: Delayed Differential Equations; SMA: Stochastic Modeling Approach. (1) The modeling and
simulations were accompanied by experimental data collected for this study.

2. Modeling efforts and preliminary results

In this section, we present the modeling efforts and discuss the significance of Monk’s model [14].
The approach is foundational to understand the Hes1-mRNA interaction, as it introduced a simplified
yet effective framework. The model was developed shortly after Hirata’s pivotal experimental study
where Monk replaced the system of three ordinary differential equations (ODE) with two delay dif-
ferential equations (DDE), providing a more efficient representation that still matched experimental
observations. This advancement has made Monk’s formulation a cornerstone in modeling Hes1 dy-
namics, even when extended to more complex interactions involving other genes.
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2.1. The Hes1-mRNA models

Table 2. Descriptions of models of mRNA (M) and Hes1 (H). For some models, the con-
centrations in the cytoplasm and the nucleus are denoted by subscripts c and n, respectively.
Hes1 model Model description, justification and results
M′ = αmG[H(t − τ)] − µm M
H′ = αp M − µpH

Monk’s model [14] describes the rate of change of mRNA (M) and Hes1
protein (H) by incorporating transcriptional delay, production, and degrada-
tion. Simulation results show sustained oscillations when the delay exceeds
a critical value and the Hill coefficient is sufficiently high (n > 4). No ana-
lytical results are provided.

M′ = αG[H(t − τ)] − M
τrna

H′ = βM − H
τhes1

Jensen’s model [13] incorporates Hill functions and a discrete time delay
to describe transcriptional and translational regulation in Hes1 and mRNA
dynamics. The study uses numerical simulations to show that the delay can
induce sustained or damped oscillations, depending on its magnitude.

M′ = b ·G[HCDF(t − τ)] − a · M
H′ = b · M − a · H

Rateitschak and Wolkenhauer [17] extend Monk’s model by introducing a
distributed delay via a Gamma kernel. Using linear stability analysis, they
derive a characteristic equation distinct from the discrete case and identify
two Hopf bifurcation points, leading to a stability–oscillation–stability tran-
sition over a finite delay range.

H′(t) = f0G[H(t − τ)] − αH(t)
GroH′(t) = g0ϕ[H(t)] − σGroH(t)

Bernard et al. [16] perform linear stability analysis on Jensen’s model to de-
rive critical values of the Hill coefficient and delay that lead to Hopf bifur-
cation. In the extended model with Gro/TLE1, they show that oscillations
depend on the product of two Hill coefficients, and derive corresponding
critical thresholds.

H′ = −aHZ + bM − cH
M′ = −dM + eG[H(t)]
Z′ = −aHZ + fG[H(t)] − gZ

Hirata’s model [12] introduces an additional variable Z, representing a
chemical entity interacting with Hes1 to achieve oscillatory behavior ob-
served in experimental data.

[Mn]′ = DMn∇
2[Mn]+αmG[Hn(t)]−µm[Mn]

[Mc]′ = DMc∇
2[Mc] − µm[Mc]

[Hc]′ = DHc∇
2[Hc] + αH[Mc] − µH[Hc]

[Hn]′ = DHn∇
2[Hn] − µH[Hn]

Sturrock et al. [23] extended the Hes1 model by incorporating reaction-
diffusion term and a characteristic function to localize Hes1 protein produc-
tion. Using numerical simulations, they identified parameter regimes and
spatial regions that support sustained oscillations, and showed that protein
synthesis must occur at an optimal distance from the nucleus to maintain
oscillatory behavior.

M′ = v1G[H(t)] − v2ϕ[M(t)] − dMMmiR−9

H′c = v3 M − v4ϕ[Hc(t)] − v5Hc

H′n = v5Hc − v6ϕ[Hn(t)]
B′ = v7 + v8

B2

1+K7 B2+K8H2
n
− v9B

Li et al. [33] extend a Hes1 model by adding BM88 dynamics with self-
activation and Hes1 repression. They show BM88 exhibits bistability via a
saddle-node bifurcation under constant Hes1, and a Hopf bifurcation arises
in Hes1 dynamics as the nuclear transport rate (v5) varies. Oscillatory Hes1
input enables more robust switching of BM88, highlighting its role in fate
regulation.

The differential equations describing the dynamics are given by:

M′ = αmG(P(t − τ)) − µmM(t) (2.1)
P′ = αpM(t) − µpP(t), (2.2)

where µm and µp denote the degradation rates of mRNA and protein, respectively. The parameter αm

signifies the basal rate of transcript initiation in the absence of Hes1 protein, while αp represents the
protein production rate, assuming an mRNA degradation rate of 0.03/min. The delayed feedback in
the system is modeled by the Hill function G(P(t − τ)), which is described by the equation:

G(P(t − τ)) =
1

1 +
(

P(t−τ)
P0

)n (2.3)
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where P0 is the half-maximal effective concentration, and n is the Hill coefficient, reflecting the coop-
erativity of the inhibition [15].

To examine how subsequent extensions and modifications have built upon this foundational model-
ing framework and to address additional biological complexities, Table 2 provides a concise compar-
ison of these key Hes1-mRNA models. By organizing these models side by side, the table highlights
the progression from basic formulations to more advanced approaches that incorporate elements such
as distributed delays, spatial dynamics, and additional regulatory components. In addition to the mod-
els presented in Table 2, there are several other sophisticated models that include Hes1 protein and
mRNA. For instance, Singh et al. [27] developed an ODE model to study the Hes1-Notch-miR-9 reg-
ulatory network, demonstrating how Notch-induced changes drive different states of Hes1 and miR-9
dynamics. Furthermore, Hong-yan Wang [31] developed a model containing 33 differential equations
to simulate the dynamics of the Notch, Wnt, and FGF pathways in the segmentation clock. This com-
prehensive model included three main genes: Notch1, Hes1, and RBP-jk. Moreover, Amitava Giri
and colleagues [25] developed a model to understand how cell-to-cell communication via signaling
pathways, specifically the Notch signaling pathway, leads to population-level synchronization of Hes1
gene expression in noisy cellular environments. Other models of Notch signaling pathway include
those proposed in [37–39], which explore explore Turing-type instabilities and axon formation.

2.2. Periodic solutions of Monk’s model

We rescale system (2.1) and (2.2) as in [14]. Specifically, we set

m =
M
αm
, p =

P
αmαp

, p0 =
P0

αmαp
.

This rescaling gives the following system with only two parameters:

m′ = G(p(t − τ)) − µmm(t), (2.4)
p′ = m(t) − µp p(t). (2.5)

Suppose (m∗, p∗) is the equilibrium solution of the system. We aim to linearize the system around the
point (m∗, p∗). The linearization process yields the following matrix representation:[

m′

p′

]
=

[
−µm 0

1 −µp

] [
m − m∗

p − p∗

]
+

[
0 G′(p∗)
0 0

] [
m − m∗

p(t − τ) − p∗

]
. (2.6)

Now, the characteristic equation is formulated as a quadratic delay equation:

λ2 + (µm + µp)λ + µmµp −G′(P∗)e−λτ = 0. (2.7)

The solution of (2.7) will be expressed using the Lambert W function [40–42]. Namely, suppose
λ = p + iq is a root of the characteristic equation, then we derive:

p2 − q2 + ap + b = c exp(−pτ)cos(qτ) (2.8)

2pq + aq = −c exp(−pτ)sin(qτ) (2.9)

where a = µm + µp, b = µmµp, and c = G′(P∗).
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If there exists a root of the characteristic equation with a zero or positive real part, then the solution
of the linearized system is not asymptotically stable [43]. Suppose the characteristic equation has a
pair of purely imaginary roots, say ±iσ0. We let p = 0 and q = σ0, then we get

−σ2
0 + b + c cos(σ0τ) = 0 (2.10)

aσ0 + c sin(σ0τ) = 0 (2.11)

These two equations determine the two unknowns σ0 and τ0 for the characteristic equation to have two
purely imaginary roots. The values are given by

σ0 = ±

√
−2b ±

√
4b2 − 4(b2 − c2)

2
(2.12)

and

τ0 =
arcsin

(
aσ0

c

)
σ0

. (2.13)

When τ approaches τ0 from below (τ < τ0), all roots of the characteristic equation have negative
real parts. However, as τ crosses τ0 from below to above (τ > τ0), two roots gain positive real parts.

At τ = τ0, the characteristic equation exhibits two purely imaginary roots, ±iσ0. Consequently,
similar to [43], the linear homogeneous system admits a pair of linearly independent delay-induced
periodic solutions:

ϕ1(t) = sin(σ0t) (2.14)
ϕ2(t) = cos(σ0t). (2.15)

In the next section, we introduce our extended reaction-diffusion model of Hes1-mRNA interactions in
the nucleus and cytoplasm.

3. Proposed Hes1-mRNA model

3.1. Sturrock model

Marc Sturrock [23] introduced a PDE-based extension of Monk’s model that describes the dynamics
of Hes1-mRNA in the nucleus and cytoplasm. This extended model incorporates both spatial and
temporal dynamics, explicitly accounting for spatial interactions within the cell. The nucleus and
cytoplasm are treated as two distinct spatial compartments, separated by the nuclear membrane, with
the cytoplasm enclosed by the outer cell membrane. This approach provides a more comprehensive
representation of intracellular processes by capturing the influence of spatial distributions.

The system of reaction-diffusion equations describing this model is as follows:

[Mn(x, t)]′ = D1∇
2[Mn(x, t)] + αmG[Hn(x, t−)] − µm[Mn(x, t)], (3.1)

[Mc(x, t)]′ = D2∇
2[Mc(x, t)] − µm[Mc(x, t)], (3.2)

[Hc(x, t)]′ = D3∇
2[Hc(x, t)] + αH[Mc(x, t)] − µH[Hc(x, t)], (3.3)
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[Hn(x, t)]′ = D4∇
2[Hn(x, t)] − µH[Hn(x, t)]. (3.4)

In this system of equations, Mn represents the mRNA concentration in the nucleus, and Mc denotes
the mRNA concentration in the cytoplasm. Likewise, Hn is the concentration of Hes1 protein in the
nucleus, and Hc is the Hes1 protein concentration in the cytoplasm. The diffusion coefficients D1, D2,
D3, and D4 correspond to the diffusion of mRNA in the nucleus, mRNA in the cytoplasm, Hes1 protein
in the cytoplasm, and Hes1 protein in the nucleus, respectively. The parameters µm and µH are the
degradation rates for mRNA and Hes1 protein, respectively. The production rates are given by αm for
mRNA and αH for Hes1 protein.

In system (3.1)–(3.4), the author accounts for the delay by incorporating a function that localizes
protein production. This approach assumes that the delay arises solely from spatial diffusion. How-
ever, in biological systems, delays are influenced by a combination of processes, including transcrip-
tion, translation, nuclear transport, and other regulatory mechanisms. Monk’s model [14] demonstrated
that the observed oscillatory expression is most likely driven by transcriptional and translational de-
lay. Therefore, incorporating a transcriptional delay is crucial for accurately modeling the system.
In contrast to relying solely on spatially localized production, our model incorporates a biologically
motivated delay term to reflect the combined effects of transcriptional, translational, and spatial dy-
namics. This allows us to analyze the influence of both spatial diffusion and time delays, and to derive
analytical conditions under which stable periodic oscillations can emerge. Furthermore, we analyti-
cally demonstrate that the original model without the indicator function fails to produce stable periodic
oscillations, reinforcing the importance of explicitly incorporating biologically realistic delays.

Theorem 1. [Global Stability] Model (3.1)–(3.4) has a unique globally asymptotically stable equilib-
rium solution given by

(M∗n,M
∗
c ,H

∗
c ,H

∗
n) =

(
αm

µm
, 0, 0, 0

)
.

Proof. At equilibrium, we set [Mn]′ = [Mc]′ = [Hc]′ = [Hn]′ = 0, reducing the system to:

0 = αmG(Hn) − µm[Mn],
0 = −µm[Mc],
0 = αH[Mc] − µH[Hc],
0 = −µH[Hn].

The equilibrium point is:

(M∗n,M
∗
c ,H

∗
c ,H

∗
n) =

(
αm

µm
, 0, 0, 0

)
.

Using linear stability analysis, the eigenvalues of the system are:

λ1 = −(µm + D1k2), λ2 = −(µm + D2k2), λ3 = −(µH + D3k2), λ4 = −(µH + D4k2),

where k is the wavenumber. Since all diffusion coefficients are nonnegative, µm > 0 and µH > 0, all
eigenvalues are negative, and the equilibrium point is locally stable. Therefore, nearby solutions of the
system asymptotically converge to (M∗n,M

∗
c ,H

∗
c ,H

∗
n).
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It can be easily shown that the stability is global. From Eq (3.4), we get that the value of HN should
exponentially decay and converge to 0. Similarly, from Eq (3.2), we get that the value of MC must go
to 0 as t goes to infinity. Since MC converges to 0 from Eq (3.3), we get that HC will also converge to
0. From Eq (2.3), we get that G(0) = 1 and therefore Eq (3.3) implies that Mn must converge to αm

µm
as t

goes to infinity.

Remark 1. [nonresistance of the stable periodic solutions] Theorem 1 implies that all solu-
tions of model (3.1)–(3.4) with nonnegative initial conditions must converge to the equilibrium
(M∗n,M

∗
c ,H

∗
c ,H

∗
n). Hence, the model cannot exhibit stable periodic solutions.

Remark 2. To address the absence of periodic solutions, Sturrock et al. [23] introduced a step function
into Eq (3.3), enabling the production of the Hes1 protein beyond a specific spatial threshold. This
modification facilitates the emergence of sustained oscillatory behavior in the system.

3.2. Proposed model

Our model is motivated by the compartmental reaction-diffusion framework developed in [23].
Specifically, to allow the diffusion-reaction model to exhibit a stable periodic solution, we first ex-
tend model (3.1)–(3.4) by incorporating a delay term to account for transcription and translation. As
in Monk’s model, the delay τ represents the combined effect of transcriptional and translational time
delays. However, it can be shown that incorporating a delay term alone is insufficient for the model to
exhibit a stable periodic solution. To address this, we further modified the model to include export and
import terms, as described in [18]. This leads to the following extended model:

M′n = D1∇
2Mn + αmG (Hn(t − τ)) − µmMn, (3.5)

M′c = D2∇
2Mc − µmMc + γ1Mn, (3.6)

H′c = D3∇
2Hc + αH Mc − µHHc, (3.7)

H′n = D4∇
2Hn − µHHn + γ2Hc. (3.8)

For the purpose of simulations, we considered a one-dimensional spatial domain of length L = 10
micrometers, representing the cell diameter. Hence, our model assumes the spatial domain includes
the nucleus and cytoplasm. The dynamics of the nucleus and cytoplasm are captured by separate
equations for each region. We applied zero-flux Neumann boundary conditions:

∂Mn

∂x
=
∂Mc

∂x
=
∂Hc

∂x
=
∂Hn

∂x
= 0 at x = 0 and x = L.

These conditions ensure zero flux, meaning no molecules are lost through the cell boundaries, reflecting
the closed nature of the cellular environment.

The delay term τ represents the time required for gene expression to exert negative feedback. Specif-
ically, it accounts for the time it takes for the Hes1 gene to be transcribed into mRNA in the nucleus,
and for that mRNA to be translated into Hes1 protein in the cytoplasm. This includes transcriptional
initiation, elongation, mRNA processing, and cytoplasmic translation. By distinguishing between these
mechanisms, the model allows us to analyze how transcriptional/translational timing and spatial diffu-
sion jointly influence the emergence of stable oscillations.
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Here, γ1 represents the rate of import of mRNA to the cytoplasm, and γ2 denotes the rate of import of
the Hes1 protein to the nucleus. The parameter µm accounts for the combined effects of the degradation
rate and the export rate of mRNA, while µH represents the degradation rate plus the export rate of Hes1
protein. In Table 3, we summarize the parameters and variables used in the extended model (3.5)–(3.8).
All other variables and parameters remain the same as in the previous model.

Table 3. Description of parameters, symbols, variables, and units in model (3.5)–(3.8).

Symbol Description Unit
Mn mRNA concentration in the nucleus nM
Mc mRNA concentration in the cytoplasm nM
Hc Hes1 protein concentration in the cytoplasm nM
Hn Hes1 protein concentration in the nucleus nM
αm Production rate of mRNA nM/h
αH Production rate of Hes1 protein nM/h
µm Degradation rate and export rate of mRNA 1/h
µH Degradation rate and export rate of Hes1 protein 1/h
γ1 Rate of mRNA import to the cytoplasm 1/h
γ2 Rate of Hes1 protein import to the nucleus 1/h
τ Delay term for transcription and translation h
∇2 Laplacian operator accounting for diffusion –
G[Hn(t − τ)] Hill function modeling delayed feedback in transcription –
D1,D2,D3,D4 Diffusion coefficients for mRNA and Hes1 protein in the nucleus and

cytoplasm
µm²/h

Note: nM = 10−9 moles per liter (nmol/L), h = hour, and µm2/h =square micrometers per hour.

4. Analysis of the extended model

4.1. Stability and oscillation

Let (M∗n,M
∗
c ,H

∗
c ,H

∗
n) be the positive equilibrium solution of system (3.5)–(3.8). We get that

αmG(H∗n) − µm(M∗n) = 0 (4.1)

−µm(M∗c) + γ1M∗n = 0 (4.2)

αH M∗c − µHH∗c = 0 (4.3)

−µHH∗n + γ2H∗c = 0 (4.4)

Let the deviations from equilibrium be defined as follows:

V1(t, x) = Mn − M∗n, (4.5)
V2(t, x) = Mc − M∗c , (4.6)
V3(t, x) = Hc − H∗c , (4.7)
V4(t, x) = Hn − H∗n. (4.8)
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The linearized system around the equilibrium is given by:

∂V1(t, x)
∂t

= D1∇
2V1(t, x) + αmG′(H∗n) · V4(t − τ, x) − µmV1(t, x), (4.9)

∂V2(t, x)
∂t

= D2∇
2V2(t, x) − µmV2(t, x) + γ1V1(t, x), (4.10)

∂V3(t, x)
∂t

= D3∇
2V3(t, x) + αHV2(t, x) − µHV3(t, x), (4.11)

∂V4(t, x)
∂t

= D4∇
2V4(t, x) − µHV4(t, x) + γ2V3(t, x). (4.12)

Let:

V =


V1

V2

V3

V4


and

D = diag(D1,D2,D3,D4).

For Φ = (ϕ1, ϕ2, ϕ3, ϕ4)T ∈ ζ = C(−τ, X), we can write the system in abstract differential form as
follows:

V̇(t) = D∇2V(t) + L(V), (4.13)

where the linear operator L : ξ → X is given by:

L(Φ) = B0Φ(0) + B1Φ(−τ).

Here, the matrix B0 is defined as:

B0 =


−µm 0 0 0
γ1 −µm 0 0
0 αH −µH 0
0 0 γ2 −µH

 .
The matrix B1 is given by:

B1 =


0 0 0 αmG′(H∗n)
0 0 0 0
0 0 0 0
0 0 0 0

 .
The characteristic polynomial of Eq (4.13) is as follows:

λY − D∇2Y − L(eλτY) = 0, Y ∈ dom(∇2)\{0}.

Let −k2 (k = 0, 1, 2, . . .) be the eigenvalue of ∇2 on the domain X with the corresponding eigenvec-
tors:

β1
k =


vk

0
0
0

 , β2
k =


0
vk

0
0

 , β3
k =


0
0
vk

0

 , β4
k =


0
0
0
vk

 ,
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where vk = cos(kx). Then, we can expand the solution in the form of a Fourier series on the phase
space X. By following the same steps as in [44], we can get the following determinant:

det


λ + µm + d1k2 0 0 −αmG′(H∗n)e−λτ

−γ1 λ + µm + d2k2 0 0
0 −αH λ + µH + d3k2 0
0 0 −γ2 λ + µH + d4k2

 .
By evaluating the determinant, we get the characteristic equation:

(λ + µm + d1k2)(λ + µm + d2k2)(λ + µH + d3k2)(λ + µH + d4k2) − γ1γ2αHαmG′(H∗n)e−λτ = 0. (4.14)

Equation (4.14) can be rewritten as:

λ4 + A1λ
3 + A2λ

2 + A3λ + A4 − ge−τλ = 0, (4.15)

where:
A1 = 2µm + d1k2 + d2k2 + d3k2 + d4k2 + 2µH,

A2 = µ
2
m + µmd1k2 + µmd2k2 + 2µmd3k2 + 2µmd4k2 + 4µmµH + d1d2k4

+d1d3k4 + d1d4k4 + 2µHd1k2 + d2d3k4 + d2d4k4 + 2µHd2k2 + d3d4k4 + µHd3k2 + µHd4k2 + µ2
H.

A3 = 2µ2
Hµm + 2µHµmd4k2 + 2µHµmd3k2 + 2µmd3d4k4 + µ2

Hd2k2 + µHd2d4k4

+µHd2d3k4 + d2d3d4k6 + 2µ2
mµH + µ

2
md4k2 + µ2

md3k2 + 2µmµHd2k2 + µmd2d4k4 + µmd2d3k4

+µ2
Hd1k2 + µHd1d4k4 + µHd1d3k4 + d1d3d4k6 + 2µmµHd1k2 + µmd1d4k4 + µmd1d3k4

+µHd1d2k4 + d1d2d4k6 + µHd1d2k4 + µHd1d2d3k6

A4 = µ
2
mµ

2
H + µ

2
mµHd4k2 + µ2

mµHd3k2 + µ2
md3d4k4 + µmµ

2
Hd2k2 + µmµHd2d4k4

+µmµHd2d3k4 + µmd2d3d4k6 + µmµ
2
Hd1k2 + µHµmd1d4k4 + µmµHd1d3k4 + µmd1d3d4k6

+µ2
Hd1d2k4 + µHd1d2d4k6 + µHd1d2d3k6 + d1d2d3d4k8

Finally, the term g is given by:
g = γ1γ2αHαmG′(H∗n).

Clearly, A1 > 0 and λ = 0 is not a root of Eq (4.15) for all values of k. By the Routh-Hurwitz
criterion, we have the following lemma.

Lemma 1. If τ = 0 and the conditions:

(1) A1A2 > A3

(2) A3 >
A2

1A4+A2
1g

A1A2−A3
,

(3) A4 > g,

Then all roots of Eq (4.15) have negative real parts.
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Proof. By the Routh-Hurwitz criterion for a polynomial of degree 4, the system is stable if and only
if all leading principal minors of the Routh array are positive. By letting τ = 0 in the characteristic
equation (4.15), we get

P(λ) = λ4 + A1λ
3 + A2λ

2 + A3λ + (A4 − g). (4.16)

Then, the Routh array is constructed as follows:

λ4 1 A2 A4 − g
λ3 A1 A3 0
λ2 B1 =

A1A2−A3
A1

B2 = A4 − g
λ1 C1 =

B1A3−A1B2
B1

λ0 D1 = B2

For stability, all entries in the first column of the Routh array must be positive. Since Ai > 0 for all
i = 1, . . . , 4, and by assuming the conditions given in the lemma hold, we conclude that:

B1 > 0, C1 > 0, D1 > 0.

Thus, all Routh-Hurwitz conditions are satisfied, ensuring that all roots of Eq (4.15) have negative
real parts.

Theorem 2. [nonexistence of stable periodic solution] If γ1 or γ2 equals 0 with conditions (1) and (2)
in Lemma 1 holding, then the system (3.5)–(3.8) cannot exhibit any stable periodic solution.

Proof. Let γ1 = 0. In this case, the characteristic equation (4.15) no longer contains the delay term.
By Lemma 1, all roots of this reduced polynomial have negative real parts. Thus, the system remains
stable near the positive equilibrium. A similar argument to the case γ2 = 0.

4.2. Delay-induced periodic solution

The goal of this section is to find a critical value τ0 where the positive equilibrium solution for
model (3.5)–(3.8) loses its stability and a periodic solution bifurcates from it. Suppose p + iq is a root
of Eq (4.15). We get that

(p + iq)4 + A1(p + iq)3 + A2(p + iq)2 + A3(p + iq) + A4 − ge−τ(p+iq) = 0. (4.17)

By separating the real and the other imaginary parts, the following two equations are deduced. For the
real part, we get:

p4 − 6p2q2 + q4 + A1

(
p3 − 3pq2

)
+ A2

(
p2 − q2

)
+ A3 p + A4 − ge−τp cos(qτ) = 0. (4.18)

For the imaginary part, we get:

4pq(p2 − q2) + A1

(
3p2q − q3

)
+ 2A2 pq + A3q + ge−τp sin(qτ) = 0. (4.19)

Assume we have a pure imaginary root ±iσ. By Eqs (4.18) and (4.19), we have

σ4 − A2σ
2 + A4 − g cos(στ) = 0, (4.20)
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−A1σ
3 + A3σ + g sin(στ) = 0. (4.21)

From Eqs (4.20) and (4.21), we can derive an equation for σ as follows:

σ8 + (−2A2 + A2
1)σ6 + (A2

2 − 2A4 − 2A1A3)σ4 + (2A2A4 + A2
3)σ2 + A2

4 − g2 = 0. (4.22)

The following lemma establishes conditions for the existence of at most one positive real root for
Eq (4.22).

Lemma 2. If the conditions:

(1) A2
1 > 2A2

(2) A2
2 > 2A4 + 2A1A3,

(3) g2 > A2
4,

Then there exists K > 0 such that for 0 ≤ k ≤ K, Equation (4.22) has at most one positive real root σk.

Proof. This lemma is a direct implication of Descartes’ [45].

From Lemma 2, we ensure that, under certain conditions, there exists a unique positive real value of σ.
Using Eq (4.20), we can now derive the critical value of τ( j)

k as follows:

τ
( j)
k =

1
σk

arccos
(
σ4

k − A2σ
2
k + A4

g

)
+

2 jπ
σk
, (4.23)

where 0 ≤ k ≤ K, and τ j
0 ≤ τ

j
1 ≤ τ

j
2 ≤ · · · ≤ τ

j
K , for j = 0, 1, 2, . . . .

Let λ(τ) = ν(τ) + σ(τ)i be a root of Eq (4.15) such that ν(τ j
k) = 0 and σ(τ j

k) = σk. Furthermore, let
τ0

0 = min{τ0
k}. The following corollary, taken from [46–48], is necessary for proving the next theorem.

Corollary 1. Consider the exponential polynomial

P(λ, e−λτ, . . . , e−λτm) = λn + p(0)
1 λ

n−1 + · · · + p(0)
n−1λ + p(0)

n

+
[
p(1)

1 λ
n−1 + · · · + p(1)

n−1λ + p(1)
n

]
e−λτ + · · ·

+
[
p(m)

1 λ
n−1 + · · · + p(m)

n−1λ + p(m)
n

]
e−λτm ,

where τi ≥ 0 (i = 1, 2, . . . ,m) and p(i)
j ( j = 1, 2, . . . , n) are constants. As (τ1, τ2, . . . , τm) vary, the sum

of the order of the zeros of P(λ, e−λτ, . . . , e−λτm) in the open right half-plane can change only if a zero
appears on or crosses the imaginary axis.

Proof. The proof is provided in Section 2 of [46].

Theorem 3. [Existence of periodic solution] If conditions (1)–(3) in Lemma 1 are satisfied and

Re
(
dλ
dτ

)
τ=τ0

> 0,

The positive equilibrium solution of model (3.5)–(3.8) is locally asymptotically stable when τ ∈ [0, τ0
0),

and loses its stability when τ = τ0
0.Moreover, periodic solutions bifurcate from the positive equilibrium

when τ crosses the critical value τ0.
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Proof. Let τ = 0. By Lemma 1, the equilibrium is locally asymptotically stable under conditions (1)–
(3). By Corollary 1, the transition to oscillatory behavior occurs only when the eigenvalue has zero
real part. Such an event occurs at τ = τ0

0. By the transversality condition, it follows that the eigenvalues
move from the stable region to the unstable region as τ crosses τ0

0 (see for example [49]).

5. Numerical simulations

We numerically examined the main results obtained in Sections 2 and 4. We first explored the
solution behaviors of the Hes1-mRNA model (2.1) and (2.2) as the delay parameter τ varied around its
critical value. We used the same parameter values as in [14], as illustrated in Table 4.

Table 4. Parameter values and range of values for model (2.1) and (2.2) simulations.

Symbol Description Baseline value and range Reference
µm Rate of mRNA degradation 0.03 (0.026, 0.03) [14]
µp Rate of protein degradation 0.03 (0.027, 0.036) [14]
τ Time delay 18.5 (10, 20) [14, 18]
P0 Reference protein concentration 100 (10, 100) [14, 18]
n Hill coefficient 5 (2, 10) [14, 18]

The value of G′(P∗), which represents the linearized Hill function at equilibrium, was taken from
[50] for consistency with the parameter values. Specifically, G′(P∗) = 3.9089 × 10−3. A different
approach was employed to calculate the critical value τ0, but the result matched the value reported
in [50]. Substituting the parameter values into Eq (2.12), we obtained σ0 = 5.4854 × 10−2. Using this
result in Eq (2.13), the critical delay value was calculated as τ0 = 18.2470. Figure 1 illustrates the
numerical simulations performed to observe how the system transitions between a stable equilibrium
and periodic solutions for values of τ near the analytically derived threshold. The results are presented
as time-series plots and phase plane trajectories. For τ = 18, which is below the critical value, the
time-series data in Figure 1(a),(b) demonstrate that the solution converges to the equilibrium point.
The phase plane trajectory spirals inward, confirming stability. When τ is increased to 19, which is
above the critical value, periodic oscillations emerge, as depicted in Figure 1(c),(d). The time-series
data show sustained oscillations, and the phase plane trajectory forms a closed orbit, indicating the
presence of a limit cycle.

Next, using PDE toolbox, we explored several simulations to verify the theoretical results presented
in Section 4. For the numerical simulations of extended model (3.5)–(3.8), we considered a one-
dimensional (1D) spatial domain of length L = 10, representing the cell diameter. The zero flux
boundary condition ensures that no molecules are lost through the cell boundaries, reflecting the closed
nature of the cellular environment. We employed the initial conditions Mn(x, 0) = 3, Mc(x, 0) = 0,
Hc(x, 0) = 100, and Hn(x, 0) = 0. These homogeneous profiles were selected based on the work of
Monk et al. [14], specifically using Mn = 3 and Hc = 100. Additional simulations conducted with
alternative initial conditions yielded qualitatively similar results, suggesting that the model’s solutions
are robust with respect to the choice of initial conditions.
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Figure 1. Dynamics of the Hes1 gene expression model (2.1) and (2.2) for delay τ near the
critical value. (a) Conference to equilibrium solution for τ = 18. (b) Corresponding phase
plane for τ = 18. (c) Periodic solutions for τ = 19. (d) Corresponding limit cycle for τ = 19.
The parameter values are listed in Table 4.

Table 5. Parameter values for model (3.5)–(3.8) simulations.

Symbol Description Value Reference
µm Rate of mRNA degradation + export rate 0.03 + 0.05 [14]
µp Rate of protein degradation + export rate 0.03 + 0.05 [14]
τ Time delay 17, 18, 19 [14]
P0 The repression threshold 80 [14]
n Hill coefficient 5 [14]
γ1 Rate of mRNA import to the cytoplasm 0.05 estimated
γ2 Rate of Hes1 protein import to the nucleus 0.05 estimated
αH Hes1 protein production rate 2 [23]
αm mRNA production rate 1 [23]
Di Diffusion coefficient for i = 1, 2, 3, 4 7.5 × 10−4 [23]
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Figure 2. Time-series dynamics of the Hes1-mRNA expression model (3.5)–(3.8) simulated
with a delay value of τ = 19 near the Hopf bifurcation threshold. Each panel displays
oscillatory behavior for one of the four key components of the system: (a) nuclear mRNA
Mn, (b) cytoplasmic mRNA Mc, (c) cytoplasmic protein Hc, and (d) nuclear protein Hn.
The oscillations are stable and periodic, with the estimated period annotated in each plot.
Parameter values are listed in Table 5.

By calculating the system defined by Eqs (3.5)–(3.8), we identified a positive equilibrium solution:
H∗n = 73.52, H∗c = 117.70, M∗n = 7.53, and M∗c = 4.71. Using the parameter values shown in Table 5,
we compute the following coefficients: A1 = 0.32, A2 = 0.0384, A3 = 2.048× 10−3, A4 = 4.096× 10−5,
and g = −1.720 × 10−4. We verified the conditions in Lemma 1 and confirmed that for τ ∈ (0, τ0

0), the
system is locally asymptotically stable. Using Eq (4.22), we calculated σ0 = 0.0592955, and from Eq
(4.23), we determined τ0

0 = 18.172. Further simulations suggest that when τ = 17 < τ0
0, the system

converges to the equilibrium points. However, when τ = 19 > τ0
0, the system exhibits stable periodic

oscillations. The spatio-temporal evolution of Hes1 protein and mRNA in the nucleus and cytoplasm,
both before and after the critical delay value, is illustrated in Figures 3 and 4. We used the parameter
values provided in Table 5, as referenced in the cited literature. However, for the parameters γ1 and
γ2, no experimental data are available. Therefore, we estimated their values based on experimental
observations reported by [12], which indicate that the oscillation period should be approximately 2
hours. Using the parameter values from Table 5 and our estimation for γ1 and γ2, we obtained stable
oscillations with a period slightly more than two hours (mean value of 129.25 minutes), as illustrated
in Figure 2, which aligns well with the experimental observations [8].

To verify Theorem 2, we set γ1 = 0 while keeping all other parameter values unchanged. Under
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these conditions, the system converged to the equilibrium solution, and no oscillations were observed.
These simulation results are in good agreement with Theorem 2.

Figure 3. Spatio-temporal simulations for the Hes1 gene expression model (3.5)–(3.8) with
delay τ = 17 < τ0

0. (a) mRNA concentration in the nucleus, (b) mRNA concentration in the
cytoplasm, (c) Hes1 protein concentration in the cytoplasm, and (d) Hes1 protein concentra-
tion in the nucleus.

6. Discussion

This study investigates the emergence of oscillatory behavior in the Hes1-mRNA system within a
spatially extended framework, emphasizing how transcriptional/translational delays and diffusion inter-
act to influence dynamic stability. We began by reviewing prominent models of the Hes1-mRNA sys-
tem, summarizing their objectives and contributions in Table 1. Then, we proposed a delayed reaction-
diffusion model of Hes1-mRNA interactions that incorporates transcriptional and translational delays,
along with spatial diffusion within compartments and biologically motivated import-export terms, to
explore the emergence of stable oscillations in a spatially extended system. The model by Sturrock
et al. [23] used an indicator function to induce oscillatory behavior through spatial positioning, but it
did not incorporate explicit transcriptional and translational delays. In contrast, our model includes
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Figure 4. Spatio-temporal simulations for the Hes1 gene expression model (3.5)–(3.8) with
delay τ = 19 > τ0

0. (a) mRNA concentration in the nucleus, (b) mRNA concentration in the
cytoplasm, (c) Hes1 protein concentration in the cytoplasm, and (d) Hes1 protein concentra-
tion in the nucleus.

biologically motivated delays, which have been shown in previous studies, including Monk [14], to
be critical for sustaining periodic oscillations in Hes1 dynamics. The proposed model (3.5)–(3.8) ex-
plicitly incorporates these delays, allowing it to produce oscillations with a period of approximately
2 hours, consistent with experimental observations reported by Hirata et al. [12]. Furthermore, we
introduced export and import terms into the model, which were analytically demonstrated in Lemma 2
and numerically validated to be critical for maintaining stable periodic oscillations.

Experimental studies, such as those by Hirata et al. [12], have shown that proteasome inhibition dis-
rupts oscillatory dynamics in the Hes1 system. Specifically, reducing the degradation rate of the Hes1
protein (µp) through MG132 treatment suppressed sustained oscillations. Our model successfully re-
produces this behavior, showing that a significant reduction in the protein degradation rate disrupts the
balance between synthesis and degradation, preventing oscillations. This alignment between experi-
mental and theoretical results underscores the critical role of protein turnover in maintaining oscillatory
dynamics and highlights the sensitivity of the system to perturbations in degradation rates.

The numerical simulations provide valuable insights into the model’s dynamics near the critical
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delay. They demonstrate how small variations in τ can induce qualitative changes in the system’s be-
havior, transitioning from steady-state stability to oscillatory dynamics, a hallmark of Hopf bifurcation.
This analysis underscores the importance of the delay parameter τ in regulating the system’s dynamic
responses, particularly in gene expression networks.

Although the proposed model incorporates both spatial diffusion and transcriptional/translational
delays, the numerical simulations presented in this study indicate that the effects of diffusion are min-
imal, and the behavior of the solutions is predominantly governed by the delay term. Consequently,
diffusion does not appear to significantly influence the qualitative dynamics observed in the simulation
results. Nevertheless, our theoretical analysis rigorously accounts for diffusion, enabling us to derive
conditions under which delay-induced oscillations can arise within a spatially extended framework.
Future investigations will aim to explore parameter regimes or biological contexts in which diffusion
may play a more pronounced role, as well as to extend the analysis to more complex geometries or
coupled multi-species systems.

In conclusion, the present study introduces a novel reaction-diffusion model that combines tran-
scriptional and translational delays, spatial diffusion, and biologically motivated import-export mech-
anisms, three features not previously integrated into a single framework for Hes1-mRNA dynamics.
This unified approach provides an analytically tractable representation of gene regulation that captures
essential aspects of observed oscillatory behavior. Beyond its theoretical contributions, the model of-
fers practical relevance by identifying how specific parameters such as delay duration and transport
dynamics influence sustained oscillations. These insights can inform experimental strategies aimed at
controlling gene expression rhythms in developmental biology and designing synthetic gene circuits
with tunable oscillatory behavior.
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