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Abstract: Ecosystem stability is increasingly threatened by rapid environmental fluctuations that
alter species interactions and survival strategies. Traditional steady-state analyses often overlook
transient dynamics that govern ecosystem responses to accelerating change. This study explored
rate-induced tipping (R-tipping), a phenomenon where environmental change rates outpace species’
adaptive capacity, triggering abrupt shifts between ecological states. Our findings demonstrate that
species persistence depends on a delicate balance between cooperation-associated costs, population
densities, and environmental variation rates. Under moderate fluctuations, species can track unstable
states before reaching new equilibria, enhancing resilience. However, beyond critical thresholds,
homoclinic and saddle-node bifurcations destabilize coexistence induced with increasing cooperation
strength, leading to extinction cascades. By integrating time-dependent basin stability analysis, we
uncovered mechanisms driving ecological transitions and identified key factors influencing long-term
persistence. This research highlights the need for dynamic models to predict tipping events and informs
conservation strategies for mitigating biodiversity loss in rapidly changing environments.
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1. Introduction

Species have evolved adaptive strategies to survive and thrive amidst environmental fluctuations,
shaping their interactions, habitat preferences, predation strategies, and grazing behaviors. Traditional
models often focus on short-term, stationary variability using periodic or stochastic processes.
However, recent research emphasizes long-term, directional changes through non-equilibrium
frameworks, as steady-state analysis becomes inadequate for dynamic environments [1]. Long-term
environmental changes, such as global climate shifts, can push species communities toward tipping
points, raising questions about their adaptive capacity and ecosystem persistence. Despite evidence
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that environmental changes impact prey-predator interactions through consumptive and
non-consumptive pathways, key aspects of species dynamics and transient times to alternate states
remain poorly understood. Gradual climatic shifts have historically enabled ecosystems to adapt
through evolution and migration, while sudden events like volcanic eruptions or asteroid impacts
triggered mass extinctions and collapses [2, 3]. In modern times, rapid human activities have
accelerated environmental changes, evident in rising global temperatures, climate imbalances, habitat
fragmentation, and frequent landslides [4—6]. These anthropogenic changes often exceed ecosystems’
adaptive capacities, increasing tipping point occurrences. Ecosystem resilience, defined as the ability
to absorb disturbances and reorganize while maintaining functions and structures, is crucial for
ecosystem management [7, 8]. While steady-state mathematical models provide insights into
resilience, they fall short of capturing the complexities of rapid environmental changes. Traditional
models assume constant or slowly varying conditions, which fail to represent real-world dynamics.
Therefore, dynamic approaches are essential to predict the impact of swift environmental changes and
understand the non-linear interactions and feedback loops in ecological systems.

Climate change can disrupt plant nutrient balances, altering food quality and increasing
toxicity [9, 10]. These changes affect herbivores’ foraging behaviors and nutrient intake, often forcing
them into less favorable habitats [11, 12]. Such habitat shifts can intensify competition due to
overcrowding in new areas while reducing species density in old habitats, heightening extinction risks
and disrupting population dynamics [13]. Understanding these complex dynamics under
non-equilibrium conditions is essential for predicting ecosystem responses to continuous
environmental change. As a response to adverse environmental scenarios, species may adopt various
cooperative strategies to enhance defense mechanisms, improve predation efficiency, optimize
resource use, and more. These strategies can significantly influence predation rates, dispersal patterns,
competition dynamics, and foraging efficiency. However, in a broader sense, they ultimately
contribute—directly or indirectly—to improving species fitness and overall growth rates. Despite
these potential benefits, cooperative behaviors often incur associated costs. Thus, the balance between
these costs and benefits serves as a key driver in shaping species interaction policies and persistence
mechanisms [14].

Existing studies indicate that rising temperatures due to global warming can reduce an ecosystem’s
carrying capacity, elevate species’ metabolic rates, and drive shifts toward over-exploitation or
alternative food sources [15, 16]. Higher metabolic rates in warmer environments increase food
demands for both prey and predators, leading to intensified foraging and predation pressure [17]. In
response, prey may adopt herd behavior to improve foraging efficiency; however, this also raises
cooperation costs by making them more detectable to predators [14, 18]. On the predator side,
increased attack rates and energy demands may promote cooperative hunting. However, imbalanced
protein-carbohydrate intake can reduce predation efficiency and disrupt coordinated hunting
strategies [19]. As a result, the cost-benefit dynamics of cooperation become destabilized.
Additionally, species that consume plants from highly toxic environments may experience disruptions
in the gut-brain axis, impairing their anti-predator responses and alarm signaling [20]. Notably, both
anti-predator movements and alarm signaling are cooperative traits with inherent costs [14, 18], which
are likely to increase under changing environmental conditions.

Research on web spiders and grasshoppers highlights an intriguing cost-benefit trade-off, where
rising temperatures prompted nursery web spiders to shift microhabitats, intensifying grasshopper
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responses to predation risk [21,22]. This heightened sensitivity to alarm signals and anti-predator
movements enhances the cooperative benefits for prey species. Such findings suggest that beyond
traditional predator-prey interaction parameters—such as predation pressure, numerical response, and
the reproduction rate—environmental disturbances can significantly alter species’ behavioral
responses, influencing their cooperative or competitive strategies. Sentis et al. [23] further
demonstrated that increased temperatures elevated biochemical production in beetle larvae, deterring
conspecific females from oviposition and reducing the risk of egg predation. However, this protective
mechanism inadvertently lowered fitness, making populations more vulnerable to extinction at low
densities. Notably, these costs of cooperation escalate under fluctuating environmental conditions,
particularly in species that adopt cooperative breeding strategies [24].  This suggests that
environmental changes may regulate Allee thresholds and alter species’ carrying capacities
simultaneously. These strong biological insights underscore the need to investigate how
environmental variability reshapes the cost-benefit balance of cooperation and its implications for
population dynamics in globally changing ecosystems [25, 26]. However, no comprehensive
modeling-based study has yet thoroughly captured these phenomena.

Thus, understanding how environment-driven variations in cooperation costs or benefits among
prey species embodied overall population dynamics—especially when predator species also adapt
their predation strategies to enhance survival—remains a central focus of this study. Through
density-dependent reproduction rates, Chowdhury et al. [27] examined how varying cooperation
intensity in prey species influences the cost-cooperation balance of the system, assuming there is no
specialized predation response to prey cooperation (by employing Type I and Type II functional
forms) in a constant environment. However, this assumption not only makes the dynamics more
intriguing but also suggests that incorporating a more adaptive predation strategy could lead to a
model formulation that better captures biologically relevant and ecologically rational phenomena.
The concept of the “degree of partial cooperation”, addressed by Chowdhury et al. [27], refers to the
extent to which organisms engage in cooperative behaviors, including clustering or grouping, to
improve their survival and fitness. This framework recognizes that cooperation may be less effective
than traditionally assumed, either due to inherent costs or the influence of cognitive and selective
cooperation strategies. To carry through the purpose of this study we choose to include the rate of the
global environmental change-induced degree of partial cooperation in prey species.

Cost-associated cooperation [27] becomes particularly relevant in the context of global climate
change, where accelerating environmental fluctuations are expected to induce drastic shifts in
population densities [4,5,28]. Such shifts can often be attributed to the presence of multistability in
system dynamics. In fact, under diverse ecological conditions, species may face extinction even
before reaching a stable or oscillatory state. While Ramesh et al. [1] explored tipping events in
metacommunity systems, the absence of both multistability and stable extinction equilibria leaves a
crucial gap in understanding how transient times vary near such tipping points in single-patch
systems. Chowdhury et al. [27] further demonstrated that in a predator-free system, increasing
cooperation intensity initially benefits prey populations. However, as cooperation intensifies,
predators may indirectly exploit cooperative behaviors to reestablish within the system, promoting
coexistence—a result consistent with existing literature. Yet, beyond a critical threshold, the costs of
cooperation surpass its benefits, ultimately pushing the species toward extinction directly from a
stable oscillatory state. Investigating such complex ecological transitions further motivates our study,
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where we analyze these dynamics through the “tracking unstable state” framework [1].

The journey of theoretical exploration of the characteristics of ecological communities either relies
on deterministic setups or stochastic environments. In deterministic environments, steady-state
analysis inherently assesses the basin stability—a measure of the likelihood that a system returns to
its initial state after perturbation—as a traditional approach for observing the behavior of
multistability [1,29]. Basin stability plays a crucial role in understanding community dynamics, as it
evaluates the ability of a system to withstand external disturbances. However, basin stability becomes
a less effective technique if environmental changes consistently drive the system from one steady state
to an alternate state that is not connected to the previous multistable configuration [30]. Such
transitions may lead to the formation of entirely new community structures, potentially resulting in
the loss of ecosystem services. Theoretical studies have incorporated periodic (e.g., seasonal) or
stationary stochastic variations to model environmental changes. These approaches, while valuable,
often mirror traditional models because they typically lead to community collapse through
bifurcation-induced tipping (B-tipping) or noise-induced tipping (N-tipping) [31]. B-tipping occurs
when slow parameter changes cause the system to reach a critical threshold, leading to a sudden
transition, while N-tipping arises from random environmental fluctuations pushing the system over a
tipping point.

In fact, when the predator extinction equilibrium or system-wide extinction equilibrium remains
the only stable state over a specific parameter range, the trajectory of a time-varying environment
inevitably converges to one of these extinction states. This scenario places species coexistence and
survival in an ambiguous position. From an ecological perspective, such uncertainty in species survival
probability necessitates identifying mechanisms that can significantly enhance species persistence. In
this study, we address this challenge by incorporating environmental variation at a constant rate across
multiple phenomena simultaneously—an aspect that, although acknowledged by ecologists, remains
largely unexplored for single-patch systems in previous studies [1]. Furthermore, we demonstrate
how environmental variation-driven multi-parameter changes reshape species’ extinction probabilities,
revealing critical insights into ecological resilience under dynamic environmental conditions. This
approach introduces a novel perspective, making the study more comprehensive.

The paper is structured as follows: Section 2 introduces the model and explains the influence of
environmental factors on prey growth and predator consumption rates. Section 3 explores the
dynamics and existence of various steady states. In Section 4, global sensitivity analysis is conducted
to account for parameter uncertainty in our model. Section 5 presents detailed observations under
different environmental changes. Section 6 delves into the impact of environmental variations on
bi-parameter analysis. Finally, the concluding section provides a comprehensive discussion and
suggests future research directions.

2. Mathematical modeling approach

The construction of deterministic models to investigate biological phenomena requires a balance
between simplicity, clarity, and accuracy. Hence, rather than solely aiding in the exploration of
environmental change-driven impacts on the cost-benefit balance of cooperation, incorporating the
“degree of partial cooperation” under environmental variation significantly enhances our
understanding of how global environmental changes simultaneously influence multiple biological

Mathematical Biosciences and Engineering Volume 22, Issue 8, 2120-2151.



2124

phenomena in a more simplified way. Chowdhury et al. [27] suggested that beyond capturing the
cost-cooperation conflict in species dynamics, the cost-associated cooperation modeling approach
effectively represents complex phenomena such as strong demographic Allee effects and dynamic
carrying capacity. More importantly, the thresholds of these traits vary with changes in the degree of
cost-associated cooperation. Existing studies, as discussed earlier, indicate that environmental
variation can have a significant influence on Allee thresholds, carrying capacity, and the cooperative
nature of predation rates. However, tracking changes across multiple parameters—if not all—within a
time-varying environment not only increases the complexity of the study but also poses challenges in
effectively representing the dynamical results. Incorporating environmental variation in the intensity
of cost-associated cooperation inherently induces variability in Allee effects and carrying capacity.
Thus, selecting an appropriate two-parameter variation—such as cooperation intensity alongside
competition or the predation rate—can provide a more simplified yet lucid representation of this
complex multi-variable scenario.

Our approach to selecting a functional response term differs from that of Chowdhury et al. [27] for
two primary reasons. First, the earlier study on cost-associated cooperation [27] employed type-1 or
type-II functional responses, primarily to avoid mathematical complexities. Second, their structural
sensitivity analysis demonstrated that the dynamics under type-I functional responses remain
structurally robust when extended to type-II, Ivlev, or tan-hyperbolic functional responses. However,
their work did not provide biological justification for these choices. When prey species engage in
cooperative behaviors like herding or clustering, predators often adjust their foraging tactics to
enhance hunting efficiency. Rather than searching alone, predators tend to form coordinated groups
that come together when prey is detected. This aggregation behavior increases the encounter rate
between predators and prey, improving the success of predation compared to individual hunting
efforts. This collective approach leads to a higher encounter rate compared to solitary hunting [32].
Such behaviors are observed in species like tuna, which forage in groups and aggregate when prey
schools are detected [33]. Furthermore, in large prey groups, individual predators may not consume
all available prey at once, allowing for continued predation over time. Cosner et al. [32] suggested a
specific functional form to model such biology accurately, which was

pxy

—_— 2.1
1 + hoxy @D

g(x,y) =

This type of functional response (2.1) captures these dynamics by examining how predation rates
are influenced by both the density of prey and the size of predator groups. However, the effectiveness
of this strategy is influenced by several factors, including the communication range among predators
and the prey’s ability to disperse. These ecological factors make this functional response particularly
useful in understanding systems where predators hunt cooperatively and adapt to changes in response
to the cooperative behaviors of the prey. Here x and y represent prey and predator densities,
respectively, and details for the rest of the parameters are given in Table 1. Thus, now our basic model
in a constant environment will be structured as:
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dx pxy*

— =rx"—ax" —dx- ,

dt 1 + hpxy

dy coxy? (2.2)
—= = — my.

dt 1+ hpxy Y

As suggested by Hamilton’s Rule, cooperation occurs when the benefit-cost ratio exceeds 1, which
is captured by the “degree of partial cooperation” in our model, providing biological justification for
choosing v > 1. For v = 1, the model replicates dynamics where prey species do not cooperate. When
1 < v < 2, partial cooperation enhances prey growth at a slightly reduced rate due to associated costs.
However, for v > 2, the system loses its boundedness property, as the prey nullcline follows parabolic
curve dynamics of a parabola with an upward opening. Now, we primarily vary the intensity of partial
cooperation among prey species between (1,2) and the predators’ attack rate while keeping it
constant. Survival reliability is intrinsically linked to variations in environmental changes. To account
for abrupt responses to these changes in the ecological setup, we consider how environmental
fluctuations influence various factors (explained in detail in the introduction). Specifically, we identify
the parameters v (degree of partial cooperation) and p (predator consumption rate) as critical factors
that vary under changing environmental conditions. Building on the approach by [1], we analyze the
combined effects of environmental variation on v and p. Under these considerations, our proposed
model can be reformulated as follows:

% =y’ —ax* —dx - N f);i),jxy’
Q _ cpxy? oy
dt 1+ hpxy ’
dv (2.3)
i i (environmental variation over cooperation of prey species),
dp . o .
E =w (enwronmental variation overpredatlon rate).
Table 1. Definitions of parameters in model (2.3).
Symbol Description
r Birth rate of the prey species
v Degree of partial cooperation
a Intra-specific competition of prey
d Natural death rate of prey
P Consumption rate of predator
h Handling time of predator
c Biomass conversion rate of predator
m Natural death rate of predator

In the proposed model for a time-varying environment, we choose p as the second parameter to study
the multi-parameter effects of environmental changes. The rationale for selecting p over v is thoroughly
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explored in the description of the two-parameter bifurcation in Section 6. We introduce a constant
directional change in the parameters v and p, expressed as v = vy + ut and p = py + wt, where vy and p,
are the initial values. The parameters representing environmental variability can take positive, negative,
or zero values, indicating increasing, decreasing, or absent environmental changes, respectively. A
positive sign represents growth in the biological parameters, while a negative sign signifies decline.
Initially, we perform a bifurcation analysis of the model in the absence of environmental variation,
followed by an exploration of species dynamics under environmental changes in both directions.

3. Equilibrium classification and its stability

Under a constant environment (i.e., when u = 0 and w = 0), we analyze the critical or equilibrium
points of our system (2.3) as follows:

1) In the absence of the predator community, two scenarios are possible: (i) the extinction state,
Ey = (0,0), or (ii) the prey-only state, E,, = (x;,0), where x; is/are the positive solution(s) of the
equation:

rx;” —ax; —d =0. (3.1

Theorem 1. For v € (1,2), the system has exactly two axial ( predator-free nontrivial ) equilibria.

For the detailed proof, see the Appendix.
2) In the presence of the predator community under a constant environment (i.e., when y # 0), the
system (2.3) admits a coexistence equilibrium point(s), E., = (x., y.), where:

3 m
Yo = px.(c —mh)’
and x, is the positive solution of the equation:
rx, M —ax) —dx* -D=0 (3.2)

2

with D = ——.
pc(c—mh)
To examine the stability of these equilibrium points under a constant environmental setup, we first

compute the Jacobian matrix of the system (2.3) at any equilibrium E = (x, y):

Jll JlZ)

HE) = (le Jn

where: )
1%

(1 + hoxy)*’

__pxy hpxy s
1+ hoxy |1+ hoxy

Jip=rvx’ V= 2ax—d -

J12

cpy’

T (L + hpxy)?’
3 cpxy
(1 + hpxy)?

J21
Jn (hpxy +2) — m.
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The stability of an equilibrium point is determined by the eigenvalues of this Jacobian matrix. If
any eigenvalue has a positive real part, the equilibrium is unstable. Conversely, if both eigenvalues
have negative real parts, the equilibrium is stable.

The sign changes of these eigenvalues are further explored in the bifurcation analysis presented in
the next section, where the dependency of parameter values on the stability exchange phenomenon is
discussed. Additionally, we numerically visualize the behavior of these equilibrium points through
the basin of attraction (see Figure 1). This analysis is consistent with previous studies, such as those
by [34, 35], which emphasize the role of parameter variations and functional responses in shaping
predator-prey dynamics.

Predator (y}
Predator (y)

Prey (x)

(@ (b)

Figure 1. The basins of attraction for the steady states Ey, E,,,, and E.,, under a constant
environment (i.e., when u = 0 and w = 0) are depicted in Figure 1. Figure 1(a) illustrates
the basin structure at v = 1.25, where no predator survives in the community. Despite the
absence of predators, the system exhibits two distinct basins of attraction: the sky-blue region
corresponds to the extinction equilibrium Ej, while the yellow region corresponds to the
predator-free stable equilibrium E,,,. In contrast, Figure 1(b) shows the basin configuration
at v = 1.31, where a new basin of attraction emerges due to the existence of the stable
coexistence equilibrium E,,, represented by the dark blue region. Equilibrium points are
marked by asterisks (x), with green indicating stable equilibria and red indicating unstable
ones, providing a comprehensive visualization of the system’s dynamic behavior. To enhance
clarity near the origin, where the basins appear more congested, both panels include a
zoomed-in view to better capture the local dynamics.

In the constant environments, to verify the existence of positive solutions for Egs (3.1) and (3.2)
numerically, we set the parameter values as r = 0.6, a = 0.2, d = 0.2, ¢ = 045, m = 0.1, p = 0.1,
and & = 0.5. Throughout this paper, these parameter values are kept constant unless otherwise stated.
Since Eqgs (3.1) and (3.2) depend solely on the parameter v, which is not fixed in our context, we
first determine the valid range of v where positive solutions exist. It is found that (in the detailed

Mathematical Biosciences and Engineering Volume 22, Issue 8§, 2120-2151.



2128

analytical exploration found in [27]) positive solutions exist for v in the range 1 < v < 2. To study the
classification of equilibrium points, we select two specific values of v within this range and analyze the
equilibrium points E,, = (x1,0) and E., = (x.,.).

For v = 1.25, Eq (3.1) yields two positive solutions: E,, = (0.013,0) and E,,, = (2.9225,0).
Here, E,, is a saddle point with eigenvalues and eigenvectors —0.1, 0.48052 and (0, 1), (1,0),
respectively. On the other hand, E,,, is stable, with eigenvalues and eigenvectors —0.38837, 0.1 and
(1,0), (=1.013 x 107°, 1), respectively. In this scenario, the system dynamics show no coexisting
equilibrium. Instead, there are two stable states: the extinction state £, = (0,0) and the prey-only
state E,,,,. This is illustrated in the basin of attraction in Figure 1(a). Now, for v = 1.31, both Egs (3.1)
and (3.2) yield two positive solutions each. Specifically, the equilibrium points are
E,, = (0.03199,0), E,,, = (3.3735,0), E., = (2.7028,0.9250), and E., = (1.9231,1.3). Among
these, two stable equilibrium states are observed: E,,, and E,,. The corresponding eigenvalues and
eigenvectors for E,,, are —0.40354, —0.1 and (1,0), (-1.1114 x 107, 1), while those for E., are
-0.02562 + 0.11004i, -0.0256 - 0.11004i and (0.93529,-0.25515 — 0.2452i),
(0.93529, -0.25515 + 0.2452i). The remaining equilibrium points are unstable and play a role in
defining the boundaries of the basin of attraction (see Figure 1(b)).

4. Sensitivity analysis

To assess the influence of key parameters on predator abundance and infer implications for
coexistence, we conducted a global sensitivity analysis by using Latin hypercube sampling (LHS) in
combination with partial rank correlation coefficient (PRCC) analysis [36]. Although variance-based
Global sensitivity and uncertainty analysis (GSUA) methods such as the Sobol indices, Morris
screening, and FAST are increasingly used for capturing nonlinearities and high-order
interactions [37], we chose PRCC for this study due to its balance of interpretability, computational
efficiency, and wide acceptance in ecological modeling. In particular, PRCC allows us to rank
monotonic parameter effects robustly and is well-suited for our goal of identifying the dominant
drivers of predator persistence under dynamic environmental change. The structured design via Latin
hypercube sampling ensures comprehensive coverage of the parameter space while maintaining
computational tractability. This approach enables a comprehensive exploration of the parameter
space, where each parameter was varied within 20% of its baseline value under a uniform distribution
assumption. A total of 2000 simulations were performed, and predator abundance was treated as the
response function for PRCC computation. The resulting PRCC values quantify both the strength and
direction of each parameter’s influence, as shown in Figure 2. The parameter with the strongest
negative PRCC value is the degree of cost-associated cooperation (v) in prey. Biologically, v
represents the intensity of cooperative behavior among prey species, such as coordinated foraging or
group defense, that indirectly influences their reproductive success and survival under environmental
stress.  When v increases, the system tends toward more intense cooperation, which in some
ecological settings can become energetically costly or behaviorally restrictive. In such cases, while
cooperation may confer local benefits to prey, its indirect effects may suppress population-level
growth or flexibility, ultimately reducing food availability for predators and leading to lower predator
biomass. This explains the observed negative correlation between v and predator abundance.

Conversely, the predator attack rate (p) exhibits the strongest positive PRCC value. This is
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expected, as a higher attack rate enhances the predator’s ability to efficiently capture prey and sustain
its biomass. The interplay between v and p—as oppositely acting but environmentally sensitive
parameters—captures a key eco-evolutionary feedback loop. Under deteriorating or heterogeneous
environmental conditions, prey often resort to increased cooperative behaviors to manage risk, while
predators respond by optimizing their foraging strategies. Thus, when prey species are forced to
elevate cooperation due to habitat fragmentation or fear-driven stress, it may either reduce their
reproductive output or amplify their density (depending on cost thresholds), both of which influence
predator response. In turn, predators modulate their attack rate based on prey availability and the
defense strategy, completing a natural adaptive cycle that governs coexistence. Other parameters,
such as the intrinsic prey growth rate (r) and the cooperation amplification coefficient (@) do exhibit
moderate positive PRCC values, indicating a potential influence on predator abundance. However, in
this study, we intentionally held both (r) and (a) constant in order to isolate and explore the direct or
indirect influence of the cost-associated cooperation strength (v) on prey reproduction and abundance.
Our aim was to understand how variations in v, rather than changes in the intrinsic reproductive
potential, impact overall system dynamics when the reproductive rate and cooperative amplification
remain fixed. Although predator density is sensitive to (r) and (a), these parameters were excluded
from the core analysis for this reason. The remaining parameters, including the death rate (d),
conversion efficiency (c), and predator mortality (m), were also treated as constants to reflect their
ecological stability over the relevant time scales.

Their relatively low PRCC values further support this decision, and their effects are consistent with
known ecological roles, though not central to the specific feedback mechanisms we investigated.

0.06 T T T T T T T T

0.04

0.02

PRCC

-0.02

-0.04

-0.06

-0.08

Figure 2. PRCC values of model parameters with respect to predator abundance. Positive
values indicate parameters that enhance predator biomass, while negative values correspond
to parameters that reduce it.

5. Exploring single parameter rate-dependent dynamics

Like general bifurcation analysis, which depends on the eigenvalues of the Jacobian matrix of the
model (2.3), we first aim to explore the long-term dynamics of the community under a constant
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environment. Specifically, we focus on the parameters v (the rate of increase in prey abundance) and p
(the predator’s consumption rate). These parameters are crucial under environmental fluctuations. To
understand their roles, we begin by examining the dynamical and ecological perspectives through
single-parameter bifurcation analysis and then analyze their combined effects under environmental
variations. All bifurcation diagrams presented in this paper were generated using MATCONT [38,39]
in MATLAB (version 2021a).

Stable equilibrium state

i i
| |
: |
: 1
| '
N Unstable equilibrium state ] \ H -
e Oscillatory state (max-min) ‘ \ \
H 1 ]
I
'
'

1 1.1 1.2 13 1.4 15 1.6
Cooperation coefficient (1)

Figure 3. This figure illustrates the single-parameter bifurcation analysis of the system (2.3)
under a constant environment with respect to the parameter v. The blue line represents the
stable states, while the red curve denotes the unstable states. The blue dot points indicate the
maximum and minimum oscillation periods of the system for different values of v, spanning
from the H_ point to the homoclinic bifurcation point (LPC point). The regions separated
by vertical dotted lines represent distinct dynamical and biological behaviors, which are
explicitly discussed throughout this work.

In a constant environment, we first consider parameter v (see Figure 3). When v = 1.1, the system
exhibits three equilibrium states: the extinction state E, and two prey-only states, E,, and E,,,. At
this stage, the stable states Ey and E,,, are separated by the unstable prey-only state £, (in Figure 3
at v = 1.1, the states Ey and E,,, are very close, although a small basin of attraction exists for the
stable extinction state E, see Figure 1(a)). This means that, depending on the initial conditions, the
system either converges to a high-density prey-only state or both species go extinct over time. As the
rate v decreases from 1.1 toward 1, the dynamics remain unchanged. However, increasing v to 1.29
triggers a saddle-node bifurcation (SN), resulting in the birth of two new coexisting equilibrium states:
one unstable (E..,) and one stable (E.,). Beyond this point, the system exhibits five equilibrium
points: two unstable states (E,,, and E.,) and three stable ones (Ey, E,,,, and E..,). Uptov = 2,
the stability of these points remains unchanged, except for E.,,. At v = 1.345, the stable coexisting
state E.,, becomes unstable through a supercritical Hopf bifurcation (H_), leading to stable periodic
oscillations of both prey and predator populations over time—a phenomenon sometimes referred to as
the “paradox of enrichment”. As v increases further, at v = 1.75, the oscillatory behavior disappears
when the maximum amplitude of the oscillation touches the unstable state E.., (see the LPC point
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in Figure 3). All these bifurcation phenomena, including the creation of new states and transitions
between stable and oscillatory dynamics, are depicted in Figure 3.

In this one-parameter analysis with respect to v, the system’s dynamics are divided into four
distinct regions based on the long-term community behavior under a constant environment. These
regions are illustrated in Figure 3 and form the foundation for further exploration. Below, we provide
a detailed ecological interpretation of these regions, which will also inform subsequent bifurcation
analyses concerning the parameter p.

(). In region (D, the prey community dominates species survivability. The stable equilibrium point
E,,, has a larger basin of attraction than the extinction state E, (see Figure 1(a)). In this region, there is
no coexisting equilibrium, and the predator population cannot persist over the long term. The outcome
depends on the initial abundance of the community: if the prey population is insufficient, the entire
community may go extinct. This highlights the critical role of a sufficiently high prey cooperation rate
(v) for species coexistence. A higher v value promotes prey survival and increases the potential for
partial cooperation within the prey community, which indirectly supports predator persistence.

(i1). In region @), the system under a constant environment exhibits five equilibrium points, three
of which are stable (Ey, E,,,, and E..,). The possible long-term outcomes are: (a) Extinction of
both species (Ey), (b) Survival of the prey-only community (£,,,), or (c) Coexistence of both species
(Ece,). The community’s trajectory depends on its initial conditions, reflecting the sensitivity of the
ecosystem to its starting structure. This region demonstrates the transition from simple prey dominance
to potential coexistence (see Figure 1(b)).
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Figure 4. This figure presents the single-parameter bifurcation analysis of the system (2.3)
in a constant environment, on the parameter p. The blue line indicates stable states, whereas
the red curve highlights unstable states. The blue dot markers represent the maximum and
minimum oscillation periods of the system for various values of p, extending from the H_
point to the LPC point.

(iii). The region @) shares similarities with region @ but differs in a key aspect: the equilibrium
point E.,, becomes unstable, and a stable limit cycle emerges. In this case, the long-term behavior is
dynamic rather than static. Depending on the initial conditions: (a) both species may go extinct, (b)
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only the prey population may survive, or (c) both species may coexist in oscillatory abundance over
time (due to the stable limit cycle). The emergence of the limit cycle indicates periodic oscillations in
species populations, highlighting the interplay between predator and prey in maintaining community
dynamics under constant environmental conditions.

(iv). The region @ resembles region (D in terms of ecological behavior, with the prey community
dominating. However, unlike region (D, two additional unstable coexisting states (E., and E,,,) are
present. Despite their presence, the community’s behavior in this region remains similar to that in
region (D: the predator population cannot persist over time, and the prey community determines the
long-term dynamics.

We also explore the dynamics with respect to the predator consumption rate (p) at v = 1.3, as
all possible dynamical outcomes (extinction, prey-only survival, and coexistence) occur in region @
for this parameter combination. Interestingly, the ecological behavior observed for varying p closely
mirrors the dynamics described above for v. Therefore, to avoid redundancy, we provide only the
bifurcation diagram for p in Figure 4.

5.1. Effects of environmental variability

In recent years, the dynamics of ecological systems have increasingly been influenced by transient
states—temporary phases in which communities exhibit unstable or intermediate behaviors. These
transient states, driven by various biological and environmental factors, often lead to regime shifts,
either reversible or irreversible, or critical transitions in community structure [40,41]. Understanding
these transient dynamics is essential for predicting long-term ecological outcomes and informing
conservation strategies.

In this section, we investigate the transient dynamics of our model (2.3), focusing on
rate-dependent variations of the system parameters v (degree of partial cooperation in the prey
species) and p (predator consumption rate). We also compare these findings with those observed
under constant environmental conditions to highlight the impact of environmental fluctuations.
Although the system becomes non-autonomous under time-varying parameters, we retain the
equilibrium branches derived from the autonomous case as reference structures. These serve to
interpret whether the evolving trajectory follows, departs from, or tips near the quasi-static equilibria
and bifurcation points.

First, we examine the scenario where environmental fluctuations affect only the growth rate of
the prey community (¢ # 0,w = 0). Under this condition, system (2.3) does not exhibit consistent
solutions as in the constant environment case. As a result, the stability phenomena described earlier
cannot be directly applied over a longer timescale. We simulate the system under these fluctuating
conditions and plot the time series of prey population dynamics overlaid on the bifurcation diagram
(Figure 3). Given that v(f) = v, + ut, each point in time corresponds to a specific value of the parameter
v. The magenta, black, and green curves in the plot represent the time-varying parameter v on the
horizontal axis, with the corresponding prey density measured on the vertical axis at each time point.

A key observation is the delayed response of the prey population compared to the constant
environment scenario. When the time series crosses the bifurcation threshold, the system does not
immediately settle into a stable state. Instead, it takes time—depending on the rate of environmental
change (u)—to reach the eventual stable state. This delay in response is often termed a “delayed
response”. During this transient phase, the community may temporarily reside in unstable states.

Mathematical Biosciences and Engineering Volume 22, Issue 8, 2120-2151.



2133

More specifically, it may “track” the unstable state of the corresponding constant environment setup.
This phenomenon, termed “tracking unstable states” in previous studies [1, 42], highlights the
system’s tendency to follow unstable trajectories before converging to a stable equilibrium or periodic
behavior.

4 T [©) T
———— time series (i = 0.00001)
R — i i =0.0005)
— =0.0009)
———— time series (u = 0.00095)
time series (x = 0.001)

Prey (x)
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1 1.1 1.2 13 14 15 16
Cooperation coefficient (v)

Figure 5. Rate-dependent dynamics in the model (2.3) under increasing environmental rate
(u > 0) and w = 0: As the parameter v increases over time at rates u = 0.00001 (magenta
curve), u = 0.0005 (black curve), and u = 0.0009 (green curve), the model exhibits tracking
of unstable states for a certain period. As v continues to increase (for u = 0.00095 and
© = 0.001, see the zoomed view on the left side of the figure), the rate-dependent time
series ultimately converges to the extinction state E, under both scenarios: when the initial
community density starts from region (D and region @. The parameter values are set as
follows: r =0.6,a=0.2,d=0.2,c =045, m=0.1,p=0.1,and h = 0.5.

Understanding this transient tracking behavior is crucial as it provides insights into how ecological
communities respond to gradual environmental changes. It underscores the importance of accounting
for transient dynamics in predicting ecosystem responses and managing biodiversity under fluctuating
environmental conditions. As we divide the total parameter space v into four regions, we begin by
exploring the environmental effects in the first region. We initialize the system with low-density values
for both prey and predator populations and analyze the time series dynamics starting at v = 1.185. For
a very low rate of environmental fluctuation (u = 0.00001), the community growth does not exhibit
any significant deviations (magenta curve in region (D, see Figure 5). This stability is attributed to
the strong basin stability of the prey-only equilibrium state, E,,, (see Figure 1(a)). In this case, the
community directly tracks the stable prey-only state without any transient behavior, and the response
time remains consistent over the simulation period.

5.1.1. Effects of positive environmental changes on the prey species

When the environmental rate changes increase slightly (u = 0.0005, the black curve in region @,
Figure 5), the dynamics differ from the previous case. Here, the time series temporarily tracks the
unstable state, £, , before settling at the stable prey-only state, E,,,. This transient behavior emerges
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despite the same initial conditions, suggesting that even a small increase in environmental variability
can introduce transient states. If the environment becomes less favorable for prey, the community
may experience a temporary collapse before stabilizing, with the dynamics accelerating compared to
the lower fluctuation rate case. To further analyze the effect of increasing u, we simulate the system
for 4 = 0.0009 (green curve in Figure 5 in region (D). In this scenario, the time series tracks the
unstable state E,, for a longer duration compared to the u = 0.0005 case. Moreover, the trajectory
approaches the saddle-node (SN) bifurcation point before ultimately converging to the stable state
E,,,. Interestingly, as u increases further, the community fails to survive. Simulations with higher u
values (also plotted in Figure 5) reveal that elevated rates of environmental fluctuation drive the prey

population to extinction, leading to the collapse of the entire community.

5.1.2. Effects of positive environmental changes on coexisting states

In the preceding section, we analyzed the impact of environmental changes on the dynamics
between the extinction state (Ey) and prey-only states (E,,, , E,,,). Notably, these fluctuations did not
significantly affect the coexisting states (E,,,, E.,), as the initial conditions were set near the lower
community structure. To investigate further, we initialized the system closer to the SN bifurcation
point by selecting initial conditions near the coexisting state E,,, at v = 1.30.

At very low rates of environmental variation (u = 0.00001), the dynamics of the coexisting
community closely resemble those observed under constant environmental conditions. Depending on
the time delay in species’ responses, the system may exhibit stable coexistence with sufficient
population densities, periodic oscillations, or transitions to prey-only survival scenarios. Thus, when
the environmental fluctuation of the parameter v remains minimal, the community can sustain itself in
a healthy and balanced state. However, if such low-level variation persists over an extended period,
the predator population may eventually go extinct. This extinction is primarily driven by the
cooperative behavior of the prey species, which thrive under these mildly varying environmental
conditions, ultimately undermining predator survival. This phenomenon is illustrated by the magenta
trajectory in Figure 5, which begins near the saddle-node (SN) point in region @.

However, at higher values of u (e.g., u = 0.0005, 0.0009), the system increasingly tracks unstable
states before transitioning to stable states. This tracking of unstable equilibria enhances the
survivability of transient states and alters the long-term dynamics of the community. For u = 0.001,
the transient behavior persists longer than for 1 = 0.00095 (see the corresponding time series curves
for regions @ and @ in Figure 5). In conclusion, increased rates of environmental variability («) can
significantly influence community dynamics, particularly in triggering transient states. While constant
environments fail to reveal such dynamics, the introduction of environmental fluctuations uncovers
unstable state-tracking phenomena and enhances transient state survivability. These findings suggest
that even moderate environmental variability can critically impact species persistence and community
stability, offering valuable insights into ecological resilience under changing environments.

5.1.3. Impact of negative environmental changes on community dynamics

The effect of environmental changes does not always lead to community growth or stability; in some
cases, a stable community structure may collapse, or predator survivability may deviate from healthy
ecosystem dynamics.
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Figure 6. Rate-dependent dynamics in model (2.3) under w = 0 with decreasing
environmental rate (u < 0): As the parameter v decreases over time at rates u = 0.00005
(magenta curve), u = 0.0002 (black curve), and u = 0.0005 (green curve), the model exhibits
tracking of unstable states for a certain period. The community dynamics demonstrate
sensitivity to decreasing environmental rates, where the system temporarily follows unstable
trajectories before transitioning to more stable configurations or extinction. The initial
community density is set at the LP point within region @ (taken from under the constant
environment setup). The parameter values remain consistent with those used in the positive
environmental rate scenario, namely: r = 0.6, a = 0.2,d = 0.2, ¢ = 045, m = 0.1, p = 0.1,
and & = 0.5. These findings highlight the system’s dynamic response to environmental decay,
offering insights into resilience and tipping points within ecological systems. The subplot in
the bottom left corner of this figure shows the time series of prey pollution for the same
values of u, with the dashed line indicating the corresponding critical transition time.

Therefore, exploring the influence of negative environmental rates on community dynamics
becomes essential alongside positive fluctuations. This subsection investigates the impact of decaying
environmental rates (1 < 0) on species interactions and community structure. As with the positive
rates of p, we do not examine scenarios where the community starts from low-density initial
conditions. Instead, we focus on coexisting states characterized by higher density values for both prey
and predator populations. For this reason, we set the initial condition near a healthy population
structure at v = 1.36. Under constant environmental conditions at this parameter value, the
community exhibits periodic coexistence.

Starting with a low negative rate of environmental change (u = —0.0005), we run the system
simulation (magenta curve starting from region @ in Figure 6). The community does not significantly
deviate from the dynamics observed in the constant environment scenario. Species densities continue
to exhibit oscillatory behavior during the initial phase. However, near the SN bifurcation point, the
time series shows minor deviations compared to the constant environment. Notably, no transient
states or unstable state-tracking phenomena are observed at this low negative rate of environmental
change of . As we increase the negative rate of environmental change to u = —0.0002 (black curve in
Figure 6), noticeable deviations emerge. Although no unstable states are present, the community
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maintains its oscillatory behavior. This contrasts with the constant environment case, where a
supercritical Hopf bifurcation stabilizes the coexisting state. Over time, the deviation becomes more
pronounced, and the system eventually tracks the stable prey-only state, E,,,. For a higher negative
rate of ¢ = —0.0005 (green curve in Figure 6), transient phenomena persist for a longer duration
compared to lower values of y. The time series eventually tracks the prey-only state E,,,, but the
transient phase is extended.

Interestingly, while keeping the same initial conditions, the system maintains its coexistence
behavior under these negative rates. However, changing the initial values dramatically alters the
dynamics. With different starting conditions, negative environmental fluctuations can directly collapse
the community, leading it to follow the extinction state (see yellow curve in Figure 6). Over an
extended period, as basin stability diminishes, the system may suddenly transition to the prey-only
state, particularly at low values of v (e.g., v = 1.035).

Our findings reveal that negative environmental fluctuations can increase the duration of
coexistence in a transient phase or drive the predator community to extinction, depending on the
initial abundance of the community. These results highlight the complex and often unpredictable
effects of environmental decay rates on community stability, emphasizing the need to consider both
positive and negative environmental variations when analyzing long-term ecological dynamics.

5.2. Effects of environmental fluctuations on the consumption rate of predators

For the consumption rate (p) of the predator community, we also explore the environmental variation
under both increasing rate and decreasing w (when the intensity of prey cooperation is constant, i.e.,
u = 0and w # 0). The tracking phenomenon is not different as compared to the exploration of the
parameter v. Therefore, we have not replicated the same things here, although in Figure 7, we briefly
described the environment fluctuation results.
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Figure 7. Rate-dependent dynamics in model (2.3) under i = 0 for both increasing (w > 0)
and decreasing (w < 0) environmental rates: Figure 7(a) illustrates the system’s response to
positive changes in w, while Figure 7(b) depicts the dynamics under negative rates of w. The
transient dynamics observed in both scenarios remain consistent with the outcomes obtained
when starting from the same initial conditions near the LP point.
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5.3. Basin stability

Our exploration is of the rate-dependent environment, i.e., the tracking phenomenon of our
considered system (2.3) mainly on the bistable or tri-stable regions @, @, and @), respectively, for
both the positive and negative values of ¢ as well as w. All the tracking phenomena or persistence of
the transient state are dependent on the initial conditions. Then one question in our mind is that the
representation of these outcomes may not be unique from the ecosystem perspective. We answer this
question through basin stability from both constant and variable environments for each case as
follows:

We choose the tri-stable region from our analysis, focusing on three specific parameter
configurations to illustrate the stability dynamics: (1) For v = 1.3, p = 0.1, three stable steady states
exist: the extinction state Ey, the prey-only state E,,,,, and the predator-prey coexistence state E,,. (2)
For v = 1.36, p = 0.1, three stable states are observed: the extinction state Ey, the prey-only state E,,,,,
and a stable oscillatory state around the unstable equilibrium E,,,. These dynamics can be visualized
in regions @ and @ of Figures 3, 5 and 6. (3) For v = 1.3, p = 0.15, three stable states include the
extinction state E,, the prey-only state E,,,, and a stable oscillatory state around the unstable
equilibrium, E,,,. These dynamics are represented in region @ of Figures 4 and 7.

(AJv=13,p=0.1 (b)v=1.36,p=0.1 (c)v=1.3,p=0.15

- Extinction state - Prey-only state - Coexisting state - Oscillatory state

Figure 8. Basin stability: we randomly select 1000 initial points to evaluate the survival
probabilities of particular steady states under a constant environmental rate (where both u
and w are zero). In Figure 8(a), we focus on region @, where all states Ey, E,,,, and E,, are
stable under different initial conditions. However, in Figures 8(b),(c), we examine region Q),
where the state E., becomes unstable, and stable oscillatory dynamics emerge around the
unstable state E,,,.

To further explore these states, we select 1000 initial conditions (xy,yo). The initial conditions
Xxo and y, were independently and uniformly sampled each from the interval (0,4) to ensure broad
exploration of the phase space.

e First, when v = 1.3, p = 0.1, Figure 8(a) shows that approximately 55% of the trajectories
converge to the prey-only state Ej, 40% lead to extinction, and only 5% remain in the
co-existence state.
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e Second, for v = 1.36, p = 0.1, Figure 8(b) reveals that 36% of the trajectories go to the prey-only
state Eg, 51% lead to extinction, and 12% exhibit oscillatory behavior.

e Third, in the case of v = 1.3, p = 0.15, Figure 8(c) shows that 31% of the trajectories remain in
the prey-only state E,,,, 58% lead to extinction, and 11% exhibit oscillatory dynamics.

These results validate our analysis of transient dynamics and tracking phenomena, demonstrating
that such dynamics can occur under various environmental changes. The interplay between initial
conditions and environmental parameters highlights the complex behavior of ecological systems,
providing critical insights into community resilience and stability.

6. Exploring bi-parameter influence over system dynamics

6.1. Bi-directional performance of our model under a constant environment

To explore more complex dynamics, we create two-parameter bifurcation diagrams concerning v
versus p. In Figure 9(a), the LP curve, Hopf curve, and LPC curve partition the bifurcation diagrams
into four distinct regions. In Figure 9(a), with a moderate consumption rate of the predator p,
gradually increasing the degree of partial cooperation leads the system into region (D, where a
prey-only equilibrium state is observed.
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Figure 9. This figure illustrates the bidirectional parameter dependency on the community
dynamics of our model (2.3) under a constant environment. Figure 9(a) depicts the dynamical
findings, showing that parameter variation in the v vs. p plane divides the space into four
distinct regions. Figure 9(b) presents the phase portrait of system (2.3) at the intersection of
the dotted line in Figure 9(a). The trajectories are color-coded to represent different initial
conditions, with the green curve highlighting the basin separation boundary.

As the parameter v is slowly increased, the system crosses the LP curve and transitions into
region @, where bi-stability emerges between the co-existing equilibrium state and the prey-only
equilibrium state. After crossing the Hopf curve, the co-existing equilibrium becomes unstable,
giving rise to limit cycle oscillations. Consequently, in region ), we observe bi-stability between the

Mathematical Biosciences and Engineering Volume 22, Issue 8, 2120-2151.



2139

prey-only equilibrium and the limit cycle oscillations. At higher values of v, the system crosses the
LPC curve, causing the limit cycle oscillations to disappear through homoclinic bifurcation. This
transition leads the system into region @, where it becomes unstable due to heightened conflict
between prey and predator. A phase portrait of the particular point in the v vs. p plane is depicted in
Figure 9(b).

In this study, the impact of environmental variation on the bi-parameter effect is primarily examined
to capture changes in the sustainability period of species coexistence within the ecosystem. Through
two-parameter variation analysis, we forecast the coexistence of asymptotic stable or oscillatory stable
regions. By comparing two bi-parameter planes, we find that the v vs. p plane offers more suitable
parameter pairs than others. Therefore, in the bi-parameter study with time-varying environmental
parameters, we proceed by focusing on the selection of p in conjunction with v.

6.2. Environmental effect on a bi-parameter scenario and tracing ghost attractors

The results discussed above align with the existing concepts of the “tracking unstable state”
phenomenon [1], demonstrating how the rate of environmental changes and initial conditions can
shape species’ long-term dynamics and potentially mitigate extinction risks. However, these findings
also introduce an ambiguous conclusion: in the presence of extinction states as stable steady states,
and in the absence of any coexistence states within the region of study, species extinction becomes an
inevitable outcome. In such cases, irrespective of the initial conditions or the rate at which
environmental changes influence the ecosystem, coexistence cannot be retained for a long time period.

While this scenario holds true for some species, recent studies suggest that global climate change
can impose adverse conditions that accelerate extinction. However, the overall narrative reveals a more
nuanced perspective. Although prolonged global climate change indeed increases extinction risks,
species can adopt strategies to enhance their chances of survival in the interim. For example, during
adverse climatic conditions, both prey and predator species may experience a decrease in metabolic
rates, resulting in a decline in their gut-brain axes efficiency [20]. This metabolic decay could hinder
prey species from efficiently acquiring resources individually, prompting them to exhibit more herd
behavior. Such grouping tendencies may, in turn, help predators locate prey more easily, enhancing
predation success rates [17,26]. Conversely, reduced predator metabolism may increase handling time,
thereby lowering predation pressure as a simultaneous environmental effect [19,43]. Additionally, as
global warming drives prey species to adopt new foraging times or territories to avoid resource scarcity,
predators may respond by increasing predation rates or seeking alternative resources. These adaptive
behaviors could restore ecosystem balance and improve sustainability prospects [26].

Inspired by these biological insights, we aim to capture the effects of global climate
change-induced prey grouping or herding behavior (modeled through the parameter v) alongside
simultaneous variations in predation rates (modeled through the parameter p). To maintain the
biological rationality of this interaction, we alternate the signs of y and w in our model for each
scenario, reflecting the dynamic interplay between environmental factors and species adaptation.

In Figure 10, we divide the entire range of the parameter v (spanning (1, 2)) into three overlapping
clusters. This fragmentation is necessary because, at different population densities and under varying
rates of environmental influence on v (denoted by u), different rates of variation in predation rate p
(denoted by w) are required to delay extinction. Accordingly, we analyze (2.3) under the condition
that both u # 0 and w # 0. Since both v and p vary over time, the trajectory cannot wholly track any
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one-parameter bifurcation state. Therefore, plotting time-series trajectories over a single-parameter
bifurcation diagram would be impractical. However, fragmenting the domain of v improves
visualization and provides a rough estimate of the ultimate steady state that the trajectory may
approach. The primary objective here is to enhance the sustainability of coexistence within the entire
range of v.
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Figure 10. Rate-induced bi-parameter effect on species abundance: This figure illustrates
the effects of environmental variation by dividing the entire range of v into three
critical segments. The middle panel (Figure 10(b)) captures species abundance when the
environmental variation affects only the cooperation strength (with w = 0). In contrast,
Figure 10(a) represents population dynamics within the range of v € (1,1.38), and
Figure 10(c) shows dynamics within the range of v € (1.38,2), both considering variable
environment-induced adaptive changes in the predation rate. In comparison to Figure 10(b),
where predators remain unaffected by the environmental fluctuation rate (i.e., w = 0), the
scenarios in Figure 10(a),(c) demonstrate a significant improvement in predator-prey survival
when predators adapt their own predation strategies to environmental changes (i.e., w # 0).
This adaptation leads to a notable increase in survival chances for both species, highlighting
the importance of adaptive responses to dynamic environmental changes.
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The middle panel of Figure 10(b) illustrates that when the environmental effect is not considered
for the predation rate (i.e., w = 0), and u = 0.00001, both species coexist up to approximately
v = 1.38. Eventually, the system transitions to a predator-free equilibrium, sustaining this state until
about the 1 = 4550 time point (as discussed previously). However, as w increases, the survival time
extends proportionally. At w = 0.000003, the species’ trajectories exhibit new dynamics,
unobservable and unpredictable via one-dimensional or two-dimensional bifurcation analyses.
Specifically, the trajectories (both prey and predator) initially converge toward a stable state up to
around ¢ = 5000. Subsequently, with increasing oscillations, they appear to cross a super-critical Hopf
bifurcation point, following an oscillatory path up to approximately r = 18,000. At this stage, the
trajectory mimics crossing an invisible sub-critical Hopf bifurcation, transitioning to a stable steady
state. Near the ¢+ = 19,200 time point, the trajectories leave the stable coexistence state, heading
toward the predator-free equilibrium and eventually merging into it.

These dynamics reveal how incorporating environmental effects across multiple parameters can
significantly enhance species survivability. They also hint at the possible existence of “ghost attractors”
in time-varying systems. Interestingly, further increases in w begin to reduce species’ chances of
survival once more. To explore the backward dynamics depicted in Figure 10, we set u = —0.00001
and analyze three scenarios with w = 0.0, w = 0.000001, and w = 0.000005. In the first two cases,
changes in w have negligible effects. However, in the third case, with w = 0.000005, both species
revive into the system and persist throughout the backward domain of v (i.e., when v € (1, 1.37)).

Bi-parameter changes indicate that suitable variations significantly enhance species survivability.
However, the dependence of dynamics on initial parameter values remains ambiguous regarding
robustness. While previous simulations focused on species persistence, we ask: What happens if a
random initial condition is chosen from the basin space? The next subsection addresses this for both
constant and variable environments.

6.3. Basin stability when both parameters change under environmental variation

We investigate the impact of environmental changes driven by both positive rates, 4 and w, on
community dynamics, a concept that remains relatively unexplored. Following a similar setup to the
constant environment scenario, we randomly select 1000 initial conditions (xg, yp) from the interval
(0,4). In this rate-induced environment, no steady state exists, meaning the system continuously tracks
different states depending on time. To analyze the time-dependent behavior, we examine the survival
probabilities of the community over a broad time range as depicted in Figure 11.

First, we examine case (1), where v = 1.3 and p = 0.1 under a variable environment (see Figure 11).
At early time points 7 = 200, 7 = 500, and T = 2000, the probability of coexistence remains
relatively stable at around 7%, closely resembling the constant environment scenario. However, a
notable trend emerges: the probability of transitioning to the prey-only state increases from 48% at
T = 200 to 51% at T = 2000, indicating a gradual shift in system dynamics over time. This trend
culminates at 7 = 5000, where the coexistence state disappears entirely. At this point, 57% of
simulations converge to the prey-only state (E,,,), while the remainder lead to the extinction state E.
This sudden transition of the coexistence state between 7 = 2000 and 7 = 5000 is clearly visible in
the pie diagrams (iii) and (iv) in Figure 11. To better understand this transition, we further simulate the
system at intermediate time points 7 = 3000, T = 3200, and 7' = 3500 (see subfigures (a) to (c) in the
inset of Figure 11). At T = 3000, the coexistence probability slightly declines to 5%; at T = 3200, it
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drops further to 2%; and by 7' = 3500, the coexistence state vanishes entirely. These results indicate a
smooth and continuous erosion of the coexistence basin, driven by persistent environmental variability.
Overall, this analysis suggests that under this parameter configuration, gradual dual environmental
changes erode the stability of the coexistence state. Over time, the system tends to favor either the
prey-only state or total extinction, highlighting the vulnerability of community coexistence to sustained
environmental fluctuations.

whenv=1.3,p=0.1

T=200 T =500 T =2000 T=5000
(i) (ii) (iii) (iv)
(a) (b) (c)
T=3000 T=3200 T=3500

Figure 11. Panels (i—iv) illustrate the basin stability of system (2.3) at selected time points
under varying environmental conditions, where p # 0 and w # 0. The specific time points are
indicated below each corresponding pie diagram. The color scheme remains consistent with
Figure 8, ensuring visual continuity and facilitating comparison across figures. For further
details, refer to the main text.

We extended this analysis to two additional cases previously considered under constant
environmental conditions. Interestingly, the results were contrasting and revealed new dynamics
under dual environmental changes. Detailed descriptions and findings are presented in
Figure 12(a),(b). In Figure 12(a), the upper four pie charts represent the same time scale as Figure 11.
Here, the selected parameter values fall within region @ under a constant environment. In this region,
the coexisting equilibrium point E,,, is unstable, and a stable oscillatory dynamic exists around the
unstable state E.,. When both parameters v and p vary over time due to environmental changes, the
probability of tracking the unstable state in the oscillatory medium diminishes completely by the third
time frame (see pie diagram (iii) in Figure 12(a)). Interestingly, the probability of prey species’
survival continues to increase, similar to the case of Figure 11. For the third parameter setup, the first
three pie diagrams are identical to those in Figure 11. However, as time progresses, the tracking
probability for prey species decreases, while the extinction probability gradually rises. This suggests
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that when environmental rates vary and the predator consumption rate becomes higher, the
cooperative strategy of the prey plays a critical role in determining the community’s fate. If the prey
fails to adapt effectively, the entire community may face extinction under non-constant environmental
changes. These results highlight the importance of dynamic adaptability and cooperation strategies in
prey species for maintaining ecological stability in the face of varying environmental conditions.

whenv=1.36,p=0.1

T=200 T =500 T=2000 T =5000
(i) (ii) (iii) (iv)
(a)

whenv =1.3, p=0.15

T=200 T=500 T=2000 T=5000
(i) (ii) (iii) (iv)
(b)
Figure 12. In this figure, we illustrate the time-dependent basin stability for the remaining

two cases discussed earlier in the main text, and the color scheme used is consistent with that
of Figure 8.

7. Discussion and conclusions

Environments continually evolve, reshaping species dynamics in complex and often unpredictable
ways. Understanding species persistence and resilience requires examining both individual and
community-level interactions alongside the impacts of environmental changes on biological
traits [4, 28]. Fluctuating environments can push ecosystems toward new steady states or even
extinction, depending on factors like initial population densities, species strategies, and environmental
variation intensity. These abrupt transitions, known as regime shifts, are crucial in ecology as they
often signal system collapse [44]. Environmental fluctuations frequently disrupt community stability,
leading to transient states where species densities temporarily follow unstable trajectories [1,42]. A
significant focus of this study is rate-induced tipping (R-tipping), where rapid environmental changes
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surpass a community’s adaptive capacity, causing system instability [31]. Unlike bifurcation-induced
tipping (B-tipping) or noise-induced tipping (N-tipping), R-tipping does not require critical thresholds
or stochastic perturbations.

Most studies on regime shifts focus on abrupt changes, overlooking the rate of environmental
variation [5,28]. Our findings demonstrate that under identical resource conditions, species can reach
different states solely due to environmental change rates. Rapid variation increases can trigger system
collapse [16,44]. Species typically track stable and unstable states sequentially, but as environmental
variations intensify, tracking stable states weakens, accelerating transitions between ecological
states [4]. Beyond the rate-dependent environmental effects, this study also investigates how
cooperation-associated costs evolve in time-varying systems and their impact on long-term species
dynamics. Before analyzing time-dependent models, it is crucial to first understand system behavior
under constant environmental conditions. Our findings reveal that in the presence of cooperative
interactions, both overcrowding and undercrowding can drive the ecosystem toward extinction [32].
Additionally, depending on the initial population density, species may settle into either a predator-free
equilibrium or an extinction state [45], aligning with our model dynamics. It is well known that
increasing cooperation intensity among prey enhances coexistence stability, facilitating predator
reintroduction into the ecosystem. The dynamical results of our model not only capture these complex
interactions but also reveal tristability, where the system progresses through oscillatory stable states
before culminating in a homoclinic bifurcation. The presence of homoclinic and saddle-node
bifurcations makes the system particularly intriguing under continuous environmental changes, as
these transitions can induce tipping points or even ecosystem collapse [46]. Our findings suggest that
both excessively low and high cooperation intensities can be detrimental to ecosystem stability.
Moreover, an increasing degree of partial cooperation indicates that selective and heterogeneous
cooperation strategies may impose greater costs than benefits, influencing species survival. Even in
the absence of a stable coexistence state, the system retains multistability, with species fluctuating
between predator-free equilibrium and total extinction.

The presence of a saddle-node bifurcation supports the theory of catastrophic collapse, as in a
time-varying environment, a system moving in a particular direction may become unable to retrace its
trajectory through the unstable state once it has passed a stable equilibrium. This forces the
population into an irreversible transition to a new state [4, 5, 34]. Additionally, in the presence of
multistability, the ultimate state of the system depends strongly on both the rate of environmental
change and the initial conditions. Our results, particularly those examining decreasing cost-associated
cooperation, capture similar biological dynamics, reinforcing the robustness of our numerical
findings. Notably, such a dynamical outcome in a single-patch system remains an unexplored aspect
of ecological modeling. This study also highlights that, under certain initial conditions, prey species
that are initially prone to extinction at low cooperation intensity may experience a shift in survival
probability as environmental variation intensifies. As cooperation declines more rapidly over time,
predator populations, benefiting significantly from prey cooperation, are also severely affected. Since
prey species incur substantial costs from cooperation, as observed in constant environments [27], both
prey and predator densities decline sharply in response to increasing environmental variation. At an
optimal rate of decline, when predator population density decreases more rapidly, prey species may
gain an opportunity to recover within the ecosystem. More intriguingly, Figure (6) reveals a
compelling dynamic where a trajectory initially near the homoclinic bifurcation first moves toward
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extinction by passing through region D, where typical prey trajectories with nonzero density tend to
stabilize at the predator-free state. However, instead of following this expected path, the trajectory
temporarily heads toward extinction before reversing and converging to a predator-free state. Such a
rare yet possible phenomenon in a varying environment aligns with the well-known feed-forward
mechanism [47]. This form of reversal dynamics remains relatively unexplored in studies on
continuously changing environmental conditions, offering new insights into ecological resilience
under dynamic constraints.

In realistic ecosystems, persistent stressors—such as global warming or elevated toxicity—can
simultaneously weaken predator attack efficiency and reduce overall resource availability [20]. In
response, prey may adopt intensified cooperative strategies like group foraging or sentinel behavior to
enhance survival [19, 43], leading to cascading shifts across multiple traits. To capture this coupled
response, we develop a novel eco-mathematical framework where two key parameters—the prey’s
cost-associated cooperation intensity (v) and the predator’s attack rate (p)—co-evolve under slow,
irreversible environmental forcing. Unlike classical tipping studies focused on single-parameter
changes, our dual-rate model reveals more nuanced, nonlinear transitions driven by predator-prey
feedback. While constant-environment scenarios provide limited insight into long-term coexistence
stability, our rate-induced basin stability analysis (applied here for the first time) shows how joint
variation in v and p governs the system’s persistence. Notably, when both parameters vary in the same
direction, the coexistence state gradually erodes, culminating in extinction (Figure 11); whereas
reciprocal changes in v and p can help sustain coexistence (Figure 10). Moreover, even under mild
oscillations, a high predator attack rate combined with moderate prey cooperation sharply increases
the likelihood of tipping toward extinction (Figure 12), underscoring the importance of adaptive
dynamics in shaping ecosystem resilience. Variation in the same positive direction simultaneously
intensifies both the predator attack rate and prey cooperative intensity, which, after crossing a certain
threshold, incurs significant cooperation costs [27]. This dynamic places the persistence of prey—and
consequently the predator—at risk. Maintaining this biological rationale, our results clearly show that
while coexistence may persist temporarily, the long-term dynamics ultimately lead to total extinction
beyond a critical tipping point.

In conclusion, the findings of this study illuminate how environmental fluctuations reshape species
interactions, influencing persistence, stability, and extinction risks. This study highlights how
rate-dependent environmental changes drive species toward different states, with rapid shifts
potentially triggering collapse. Cooperative behaviors, while beneficial, can impose costs that vary
with environmental intensity, leading to nontrivial survival dynamics. The presence of homoclinic and
saddle-node bifurcations underscores tipping points and regime shifts affecting ecosystem stability.
Understanding rate-induced tipping (R-tipping) is crucial for predicting species resilience.
Exploration of environmental variation over a multi-parameter framework provides deeper ecological
insights into the species’ persistence mechanism. The findings pave the way for future research that
integrates more complex ecological and environmental factors, ultimately contributing to more
effective conservation strategies and ecosystem management.

This study analyzes prey-predator dynamics under environmental fluctuations, focusing on prey
growth and predator consumption rates. Future research should incorporate stochastic variability to
better understand noise-induced tipping (N-tipping) and species persistence [6]. Extending the model
to multi-species systems and exploring adaptive behaviors like migration or cooperation can reveal
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resilience mechanisms for both ecological and eco-epidemiological scenarios inspired by river
networks under ecohydrological constraints [48]. Applying the framework to real ecosystems and
climate projections may validate predictions and support conservation efforts. Though based on a
simplified single-patch model, this work opens paths for empirical integration. A key next step is
integrating our extinction-tipping framework with data-driven tools like convergent cross mapping
(CCM) [49], which can detect causal links in nonlinear systems. Remote sensing data—especially
long-term vegetation indices [50, 51]—offer promising avenues to validate model-predicted collapse
patterns and cooperation-driven transitions, which also bridge theory with real-world complexity.
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Appendix

Mathematical analysis
Persistence and boundedness

You should verify the boundedness and persistence results from [27], as the reduced dynamics in
this study follow a similar structure.

Equilibrium points classification and their stability

Under a constant environment (i.e., when ¢ = 0 and w = 0), we analyze the critical or equilibrium
points of our system (2.3) as follows:

In the absence of the predator community, two scenarios are possible: (i) the extinction state, Ey =
(0,0), or (i1) the prey-only state, E,, = (x;,0), where x, is/are the positive solution(s) of the equation:

rx;” —ax; —d=0.

Condition for the existence of axial equilibria

Due to the complexity of the model, determining the exact form and locations of the axial equilibria
is challenging. For v = 1, model (2.3) reduces to the classical competitive predator-prey system. We
exclude this case and focus on the interval v € (1,2), where the system has two axial equilibrium
points: one to the left and one to the right of (x|, 0).

Theorem 2. For v € (1,2), the system has exactly two axial equilibria (predator-free equilibria).

Step 1: Finding the number of axial equilibria
For y = 0, from the first equation of system (2.2), we get:

fxp) =rox ™ —ax; —d = 0. (A.1)

The number of equilibria corresponds to the intersections of the prey nontrivial nullcline with the
liney=0.Letve Rand 0 <v—1 < 1. We consider two cases.
Case 1: Rational v € Q

Letv—-1= 2’7’ witho',f € Z, 5" # 0, and o’ < 8. After simplification, Eq (A.1) becomes:

fow) =aw? —rgw” +d =0, wherew = x}/ﬁ,. (A.2)

By Descartes’ rule of signs, the polynomial (A.2) has either two real positive roots or none. The
function f(x;) is continuously differentiable for x; > 0, and we find:

f/(x) =ro(v=1D(=2)x;7 <0 forx; € (0, ),

indicating that f(x;) attains a maximum at x; = x%. Since f(0) < 0 and f(x{) > 0, the prey nullcline
intersects the y = 0 line at exactly two distinct points: (e, 0) and (8, 0), where @ < x; < 8. Hence, the

following conditions hold:

y—2 a y—2
>— > .
@ .
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When f(x]) = 0, the line y = 0 becomes tangent to the curve, resulting in a single axial equilibrium.
This case is analyzed in the bifurcation section.
Case 2: Irrational v e R\ Q
For irrational v, there exist rational numbers m’ and v such that m’ < v < n’. When x; > 1:

roX| —ax; —d <rox{ —ax; —d < rox| —ax, —d, (A.3)

and for x; < 1:

’

roXy , —axy —d > rox) —ax, —d > rox} —ax, —d. (A.4)

Thus, a curve with an irrational power lies between two curves with rational powers. As in Case 1, the
curve intersects the y = 0 line at exactly two points. The conditions (A.3) and (A.4) derived for Case 1
also hold in Case 2, ensuring two axial equilibria for any real v where 1 < v < 2.
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