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Abstract: The most widely used measurement of transmission dynamics in real time is the effective 

reproduction number 𝑅(𝑡) . However, in the context of human immunodeficiency virus 

(HIV)/acquired immunodeficiency syndrome (AIDS), 𝑅(𝑡) has not been used frequently, possibly 

because of the slowly progressing nature of HIV infection that limits the knowledge of recent infection 

events. Gaining deeper insights into the practically used epidemiological metrics of HIV/AIDS is 

therefore vital. Notably, in many high-income countries, including Japan, the rate of clinical AIDS on 

diagnosis, 𝑄(𝑡), has been routinely measured by calculating the proportion of newly diagnosed AIDS 

cases out of all new HIV infections that are diagnosed at a given calendar time. However, there has 

been no clear indication of whether the control of HIV/AIDS is effective in relation to this metric in 

Japan. In this study, we formulated the rate of clinical AIDS on diagnosis using a mathematical model 

and offered interpretations of it using the hazard rate of diagnosis among previously undiagnosed HIV-

infected individuals. We showed that by taking the inverse of the odds of 𝑄(𝑡) and multiplying it by 

the inverse of the mean incubation period, we obtained 𝛼(𝑡), which is the hazard rate of diagnosis 

among undiagnosed HIV-infected individuals. We also showed that 𝛼(𝑡) can be related to the goal of 

the diagnosed proportion 𝑃0 among all people living with HIV. In addition to the rate of clinical AIDS 

on diagnosis 𝑄(𝑡), 𝛼(𝑡) can be calculated using a simplistic equation and can potentially act as a 

practical epidemiological metric for monitoring during surveillance. 
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1. Introduction  

Numerous evaluation metrics for transmission dynamics have been formulated from remarkable 

scientific advances in the mathematical modeling of infectious diseases. The most widely used 

measurement of transmission is the effective reproduction number, R(t), as a function of calendar time 

t [1], which is interpreted as the average number of secondary cases generated by a single primary case 

at time t. It explicitly provides information on whether an epidemic is in a growing or declining trend. 

During the course of the COVID-19 pandemic, an ad hoc innovation was the prediction of R(t) using 

promising predictors, including human mobility, risk awareness, and environmental variables in real 

time [2–4]. 

R(t) has been used less frequently in the context of human immunodeficiency virus 

(HIV)/acquired immunodeficiency syndrome (AIDS) compared with COVID-19. The R(t) of HIV 

infection has been estimated in specific instances, but this has not been as common as estimations for 

infectious diseases with an acute course of illness. A possible reason is that HIV infection is 

progressing slowly in its natural history, and from the observed dataset of AIDS cases plus the 

diagnosed fraction of HIV infections, it is difficult to understand effective contact in the present day 

in a timely manner. As a possible shortcut to overcome the problem, Amundsen et al. [5] attempted to 

use the incidence-to-prevalence ratio; however, maintaining the precise threshold property using that 

alternative metric was later questioned [6]. Another reason is that, compared with using transmission, 

a more practical evaluation of HIV control places greater stress on the effort of testing and diagnosis 

rather than entire epidemiological dynamics. To further complicate the matter, the epidemiological 

metrics for testing effort (e.g., the number of HIV antibody tests per unit time) have not been connected 

successfully to a component of R(t). In recent years, the modeling of HIV/AIDS dynamics has 

incorporated increasingly realistic features, such as treatment strategies, risk heterogeneity, and 

stochastic effects. For instance, Luo et al. [7] analyzed the roles of antiretroviral therapy (ART) and 

pre-exposure prophylaxis (PrEP) in a stochastic HIV/AIDS model. Zhang et al. [8] incorporated media 

influence and spatial heterogeneity via a reaction-diffusion framework. Hao et al. [9] considered 

commercial sexual activity and random fluctuations using an Ornstein–Uhlenbeck process. These 

studies highlight the growing complexity and realism in HIV models. 

Thus, we believe that greater insights into practically used epidemiological metrics for HIV/AIDS 

are vital. Particularly, it is noteworthy that in many high-income countries, the rate of clinical AIDS 

on diagnosis has been measured routinely. It is calculated as the proportion of newly diagnosed AIDS 

cases out of all newly diagnosed individuals with HIV. In Japan, the nationwide value of the rate of 

AIDS on diagnosis was above 40% before 2000, but has gradually decreased to approximately 30% 

during the last decade. In Tokyo and Osaka, where diagnostic performance is known to outperform 

that in other prefectures [10], the rate is smaller than Japan as a whole (e.g., approximately 20% and 

25%, respectively, for2015–2024). In other prefectures, the rate has been between 35% and 40%. It is 

implicitly clear that the proportion should be small for diagnosed individuals to have a better clinical 

prognosis; however, there has been no indication of whether the control of HIV/AIDS in the present 

day is sufficiently good in relation to this metric.  

The purpose of the present study is to formulate the rate of clinical AIDS on diagnosis using a 

mathematical model and offer an interpretation using the hazard rate of diagnosis among previously 

undiagnosed HIV-infected individuals. We contrast the rate of diagnosis with the effective reproduction 

number so that we can understand if the control of HIV currently in place is sufficiently effective. 
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2. Materials and methods 

2.1. Epidemiological data 

According to the Infectious Disease Control Law, HIV/AIDS is designated as a category V 

notifiable disease in Japan. Accordingly, it is the legally mandatory practice of diagnosing physicians 

to report all diagnosed infections to the government via local public health centers. For the exposition 

of our theory, we analyzed published surveillance data up to the end of 2023, which are openly 

announced by the Committee of AIDS Trends at the Ministry of Health, Labor and Welfare. Every 3 

months, newly diagnosed HIV infections and AIDS cases are reported by region and nationality (i.e., 

Japanese or non-Japanese). We analyzed data from Japanese nationals because analyzing data from 

non-Japanese nationals would have required us to account for mobility. By the end of 2023, among 

both Japanese and non-Japanese nationals, there was a cumulative total of 24,532 HIV infections and 

10,849 AIDS cases.  

HIV infection was diagnosed using the antibody screening method (i.e., enzyme-linked 

immunosorbent assay, particle aggregation, and immunochromatography) followed by antibody 

confirmatory testing (i.e., western blot method and immunofluorescence assay) or antigen detection 

testing, including virus isolation and polymerase chain reaction. AIDS diagnosis was completed when 

individuals met the clinical diagnostic criteria (i.e., confirmed HIV infection and the presence of one 

of 23 indicator diseases representing opportunistic infections or tumors). From the surveillance records, 

we analyzed the yearly incidence dataset of HIV diagnoses and AIDS cases from 2008 to 2023. 

2.2. Extended backcalculation model 

First, we describe the competing risk model of HIV infection that we formulated in a previous 

study [11]. The compartmental illustration is provided in Figure 1. As a function of calendar time t, 

new HIV infections occur at the rate λ(t). Then the rate of diagnosing HIV infections α(t) and hazard 

rate of developing AIDS ρ(s) compete to absorb h(t, s), which is the number of undiagnosed HIV 

infections at calendar time t, where s denotes the time since infection (i.e., infection age), in an 

independent manner. This function describes the distribution of undiagnosed HIV infections over time 

and infection age, and serves as the core state variable of our extended backcalculation model. We note 

that the rate of diagnosis is a function of calendar time, whereas the hazard of AIDS depends on 

infection age, thereby reflecting the incubation period of AIDS. This process is described by the 

following McKendrick partial differential equation: 

(
𝜕

𝜕𝑡
+

𝜕

𝜕𝑠
) ℎ(𝑡, 𝑠) = −(𝛼(𝑡) + 𝜌(𝑠))ℎ(𝑡, 𝑠), (1) 

with the boundary condition h(t,0) = λ(t). See Table 1 for detailed descriptions of time-dependent 

variables and functions. Equation (1) is the first-order linear partial differential equation, and its 

solution can be obtained analytically. 
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Figure 1. Competing risks of undiagnosed HIV infections to allow an explicit 

quantification of the system. 

 

It is well known that Equation (1) can be integrated along the characteristic line [12]. Along the 

characteristic line defined by 𝑑𝑠/𝑑𝑡 = 1, we integrate the cumulative effects of diagnosis and AIDS 

onset over time. Together with the boundary condition. we obtain 

ℎ(𝑡, 𝑠) = 𝜆(𝑡 − 𝑠)𝑒𝑥𝑝 (− ∫ 𝛼(𝑦)𝑑𝑦

𝑡

𝑡−𝑠

− ∫ 𝜌(𝑥)𝑑𝑥

𝑠

0

) , (2) 

for t-s > 0. Clearly, the incidence of HIV diagnoses and newly developed AIDS cases can be written 

as 

𝑏(𝑡) = 𝛼(𝑡) ∫ ℎ(𝑡, 𝑦)𝑑𝑦

𝑡

0

(3) 

and 

𝑎(𝑡) = ∫ 𝜌(𝑥)ℎ(𝑡, 𝑥)𝑑𝑥

𝑡

0

(4) 

respectively. See Table 1 for the descriptions of 𝑎(𝑡) and 𝑏(𝑡). 

2.3. Clinical AIDS on diagnosis 

The so-called clinical AIDS on diagnosis Q(t) represents the proportion (or relative size) of a(t) 

out of all new HIV diagnoses at calendar time t, a(t)+b(t): 

𝑄(𝑡) =
𝑎(𝑡)

𝑎(𝑡) + 𝑏(𝑡)
=

∫ 𝜌(𝑥)ℎ(𝑡, 𝑥)𝑑𝑥
𝑡

0

∫ 𝜌(𝑥)ℎ(𝑡, 𝑥)𝑑𝑥
𝑡

0
+ 𝛼(𝑡) ∫ ℎ(𝑡, 𝑦)𝑑𝑦

𝑡

0

. (5) 

The quantity Q(t) has been monitored throughout the course of surveillance, but it has not had an 

explicit epidemiological interpretation.  

The hazard rate of developing AIDS solely depends on infection age s. Thus, α(t) is the only 
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potential metric for yielding time-dependent transmission dynamics. Therefore, we rearrange Equation 

(5) with respect to α(t). That is, multiplying both sides of Equation (5) by the right-hand side 

denominator and isolating 𝛼(𝑡), we obtain 

𝛼(𝑡) =
1 − 𝑄(𝑡)

𝑄(𝑡)

∫ 𝜌(𝑥)ℎ(𝑡, 𝑥)𝑑𝑥
𝑡

0

∫ ℎ(𝑡, 𝑦)𝑑𝑦
𝑡

0

, (6) 

which links the observable proportion 𝑄(𝑡) to the diagnosis rate 𝛼(𝑡). The first division of the right-

hand side of Equation (6) is the odds of AIDS on diagnosis, whereas the second division is the ratio of 

AIDS incidence to the prevalence of undiagnosed HIV infections. If we assume that the incubation 

period of AIDS is exponentially distributed with the mean 1/𝜌
0
 (e.g., 1/𝜌

0
 = 10 years in the case in 

which we assume an average of 10 years since infection to develop AIDS), Equation (6) is further 

simplified to 

𝛼(𝑡) = 𝜌
0

1 − 𝑄(𝑡)

𝑄(𝑡)
. (7) 

Thus, the hazard rate of HIV diagnosis before developing AIDS can be derived using the odds of the 

rate of clinical AIDS on diagnosis and a constant hazard rate of developing AIDS. Additionally, if α(t) 

is independent of time and a constant rate 𝛼0, then  

𝑄(𝑡) =
𝜌0

𝜌0 + 𝛼0
. (8) 

Given Q(t) = 0.3 and 𝜌
0
 = 0.1 per year, 𝛼0 has to be 0.233. We argue that, rather than continuously 

monitoring Q(t) in epidemiological surveillance, it may be more insightful if we monitor the time-

dependent diagnosis of HIV infections α(t), for example, using Equation (7). This is also because 

understanding α(t) would lead to an explicit interpretation of the control of HIV/AIDS (see the next 

subsection). 

To better understand how α(t) behaves along with time-dependent changes in Q(t), we numerically 

illustrated Q(t) from epidemiological surveillance data for Japan from 1985 to 2024 and computed a 

simplified version of α(t), that is, the value calculated using Equation (7).  

Table 1. Model variables and parameters for the diagnostic process of HIV infection. 

Parameter 

/ Variable 

Description 

𝜆(𝑡) Incidence rate of new HIV infections  

𝛼(𝑡) Hazard rate of HIV diagnosis among previously undiagnosed individuals 

𝜌(𝑠) Hazard rate of AIDS onset 𝑠 years after infection 

ℎ(𝑡, 𝑠) Number of undiagnosed HIV-infected individuals at time 𝑡 and infection-age 𝑠 

𝑎(𝑡) Number of new AIDS cases at time 𝑡 

𝑏(𝑡) Number of newly diagnosed HIV cases (without AIDS) at time 𝑡 

𝑄(𝑡) Proportion of clinical AIDS on diagnosis 

𝑋(𝑡) Total number of undiagnosed HIV infections at time 𝑡 

𝑃(𝑡) Proportion of diagnosed individuals among all HIV-infected persons 

𝑃′(𝑡) Alternative diagnosed proportion including AIDS cases 
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2.4. Goal of controlling HIV/AIDS 

Presently, the control of HIV/AIDS adopts the test-and-treat strategy [13,14], in which substantial 

effort is spent diagnosing HIV infections at an early stage and bringing infected individuals under 

treatment. Expanding diagnoses not only contributes to improving clinical outcomes for infected 

individuals but also reduces secondary transmission from undiagnosed HIV-infected individuals, 

thereby helping HIV/AIDS to be gradually brought under control at a population level. As a slogan for 

intensifying the test-and-treat policy, the target 95-95-95 by 2030 was set by the Joint United Nations 

Program on HIV/AIDS (UNAIDS). The slogan aims to achieve 95% of people living with HIV/AIDS 

knowing their HIV status, 95% of people who know their HIV status receiving ART, and 95% of people 

on ART enjoying a suppressed viral load. Of these, the abovementioned model provides information 

on whether a country has achieved 95% diagnosis out of all HIV infections. Let P(t) be the fraction of 

diagnosed HIV infections out of all infections: 

𝑃(𝑡) =
∫ 𝑏(𝑢)𝑑𝑢

𝑡

0

𝑋(𝑡) + ∫ 𝑏(𝑤)𝑑𝑤
𝑡

0

, (9) 

where X(t) is the total number of undiagnosed HIV infections: 

𝑋(𝑡) = ∫ ℎ(𝑡, 𝑦)𝑑𝑦

𝑡

0

. (10) 

Sometimes, the calculation process of P(t) may include AIDS cases both in the denominator and 

numerator, for example, 

𝑃′(𝑡) =
∫ 𝑎(𝑢)𝑑𝑢

𝑡

0
+ ∫ 𝑏(𝑤)𝑑𝑤

𝑡

0

𝑋(𝑡) + ∫ 𝑎(𝑤)𝑑𝑤
𝑡

0
+ ∫ 𝑏(𝑤)𝑑𝑤

𝑡

0

, (11) 

which we denote by P’(t) to distinguish it from P(t). In the present study, we focus on P(t) rather than 

P’(t), but the same arguments that are made below can also be applied to P’(t). In the public health 

field of HIV/AIDS, statistical estimates are routinely derived for P(t) from empirical data (e.g., [10,15]) so 

that it can be compared with P0 = 0.95, for instance. 

To allow a practical interpretation of P(t), we consider a specific hypothetical scenario in which 

the rate of HIV diagnosis α(t) is a constant α0. The assumption slightly simplifies Equation (9) to 

𝑃(𝑡) =
𝛼0 ∫ 𝑋(𝑢)𝑑𝑢

𝑡

0

𝑋(𝑡) + 𝛼0 ∫ 𝑋(𝑤)𝑑𝑤
𝑡

0

. (12) 

To connect α0 to the transmission dynamics, we assume that the prevalence of undiagnosed HIV 

infections (X(t)) is in a linearly (i.e., exponentially) increasing state, that is, X0 exp(rt), where X0 is the 

initial value of X(t) and r is the exponential growth rate of HIV infections, which satisfies the following 

relationship between r and R [16]: 

𝑅 =
1

∫ exp (−𝑟𝑧)𝑓(𝑧)𝑑𝑧
∞

0

. (13) 
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where R is the reproduction number of HIV and f(z) is the probability density of the generation time 

of HIV infection. Simplifying (12), we obtain 

𝑃(𝑡) =
𝛼0 ∫ 𝑋0exp (𝑟𝑢)𝑑𝑢

𝑡

0

𝑋0exp (𝑟𝑡) + 𝛼0 ∫ 𝑋0exp (𝑟𝑤)𝑑𝑤
𝑡

0

=

𝛼0
𝑟 [exp(𝑟𝑡) − 1]

exp (𝑟𝑡) +
𝛼0
𝑟 [exp(𝑟𝑡) − 1]

. (14) 

For P(t) > 0.95 = P0, we need 

𝛼0
𝑟 [exp(𝑟𝑡) − 1]

exp (𝑟𝑡) +
𝛼0
𝑟 [exp(𝑟𝑡) − 1]

> 𝑃0 (15) 

to be satisfied. The inequality (15) can be rearranged as 

𝛼0 >
𝑟𝑃0

1 − 𝑃0

exp(𝑟𝑡)

exp(𝑟𝑡) − 1
. (16) 

For the exposition of our theoretical arguments, we modeled 𝛼0 as a function of the reproduction 

number of HIV/AIDS. Because our exercise was intended to offer an illustration, we simplified 

Equation (13), assuming that the generation time is a constant with mean Tg = 10 years, so that R = 

exp(rTg). For the range of R from 1 to 5, we calculated the minimum rate of diagnosis 𝛼0 to ensure 

that the diagnosed proportion P0 exceeded 90% and 95%.  

3. Results 

Figure 2A shows the long-term trend of Q(t), which is the percentage of clinical AIDS on 

diagnosis in Japan. During the relatively early period of the HIV/AIDS epidemic (e.g., 1980s and 

1990s), the values of Q(t) tended to be higher than in the present day and demonstrated substantial 

fluctuations. This implied that the diagnostic scenario was unstable, and the epidemic dynamics, in 

addition to the clinical prognosis of individual cases, drastically varied with time. Despite this, Q(t) 

was gradually brought to approximately 30% in the present century, and in recent decades, Q(t) has 

tended to be maintained at approximately 30%. Figure 2B shows 𝛼(𝑡) values converted from the 

value of Q(t), which represents the rate of diagnosing HIV infections among previously undiagnosed 

infected individuals. A simple interpretation of 𝛼 = 0.25 is that the yearly probability of diagnosis is 

approximately 25% and it may take 1/0.25 = 4 years on average for newly infected individuals to be 

diagnosed. As was the case for Q(t), the value of 𝛼(𝑡) has gradually stabilized in recent decades.  
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Figure 2. Epidemiological metrics of HIV/AIDS in Japan from 1985 to 2023. A. 

Percentage of clinical AIDS on diagnosis 𝑄(𝑡) . B. Rate of diagnosing HIV infections 

among previously undiagnosed infected individuals 𝛼(𝑡). Data for 𝑄(𝑡) from 1985 to 

2023 were extracted from publicly available HIV/AIDS surveillance reports in Japan. The 

values of 𝛼(𝑡) were computed using Equation (7), assuming an exponentially distributed 

incubation period with mean 10 years ( 𝜌0 = 0.1 ). The 95% confidence interval for 

𝛼(𝑡) was computed using the delta method, assuming a binominal variability in 𝑄(𝑡). The 

standard error of 𝛼(𝑡)  was approximated by  𝑆𝐸𝛼(𝑡) =
𝜌0

𝑄(𝑡)2 𝑆𝐸𝑄(𝑡),  where 𝑆𝐸𝑄(𝑡) =

√𝑄(𝑡)(1 − 𝑄(𝑡))/(𝑎(𝑡) + 𝑏(𝑡))  and 𝜌0 = 1/10 . We then constructed the confidence 

interval as 𝛼(𝑡) ± 1.96𝑆𝐸α(t). The confidence interval should also reflect the uncertainty 

of Q(t) by resampling 𝑄(𝑡) . In addition, we conducted a sensitivity analysis for 𝛼(𝑡) 

using alternative values of 𝜌0 ranging from 1/12.3 to 1/7.5, which correspond to mean 

incubation period of 12.3 years and7.5 years, respectively [17, 18]. 

 

Figure 3 shows the required minimum diagnostic effort for successfully controlling HIV, given 

an effective reproduction number up to 5, as computed using Equation (16). The required rate of 

diagnosing HIV is not very sensitive to R(t) but rather highly dependent on P0, which is the goal of the 

diagnosed proportion of HIV-infected individuals to be achieved. Even when the reproduction number 

is high, the target rate for diagnosing HIV infections does not change abruptly. During an exponentially 

increasing phase of the HIV epidemic, rather than R(t), 𝛼(𝑡)  is determined by the odds of P(t). 

Despite this, when the goal is too high (e.g., more than 80%), 𝑎(𝑡)  must be elevated to an 

unrealistically high value. We assumed a mean generation time of 10 years [19], and we carried out 

sensitivity analyses using 5 and 15 years as the alternative mean generation time. For 𝑃0 = 0.8, the 

rate of diagnosing HIV among previously undiagnosed individuals varied from 4.22 per year (when 

𝑇𝑔 = 15), 4.33 (when 𝑇𝑔 = 10), to 4.67 (when 𝑇𝑔 = 5), assuming the effective reproduction number 

at 5. Similarly, for 𝑃0 = 0.3 , the required rate of diagnosing HIV among previously undiagnosed 

individuals varied (i.e., 0.45 per year when 𝑇𝑔 = 15, 0.46 when 𝑇𝑔 = 10, and 0.50 when 𝑇𝑔 = 5) 

under the same assumption. 
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Figure 3. Relationship between the required minimum rate 𝛼0 of diagnosing HIV among 

previously undiagnosed individuals and the effective reproduction number. The vertical 

axis represents the annual hazard rate of HIV diagnosis 𝛼0, which is interpreted as the 

yearly probability of diagnosis for an undiagnosed individual. For example, 𝛼0 = 0.25 

corresponds to an average time to diagnosis of 4 years. Extremely large values (e.g., 𝛼0 >

10 ) would imply near-immediate diagnosis and are practically unachievable. The 

minimum required diagnosis rate 𝛼0  for achieving the target diagnosed proportion 𝑃0 

was computed using Equation (16). The generation time was assumed to be a constant (and 

thus, following a delta function). In addition to the baseline value of 10 years, sensitivity 

analyses were carried out assuming the mean generation time at 5 and 15 years. The 

number of years t to approximate exponential growth was set to be 1 year. 

 

When the epidemiological dynamics are closer to equilibrium so that X(t) = k, where k is a 

constant, the resulting interpretation of 𝛼0 changes to 

𝑃0 <
𝛼0 ∫ 𝑘𝑑𝑢

𝑡

0

𝑘 + 𝛼0 ∫ 𝑘𝑑𝑤
𝑡

0

=
𝛼0𝑡

1 + 𝛼0𝑡
. (17) 

Maintaining t, which can take any value, we obtain 

𝛼0 >
1

𝑡

𝑃0

1 − 𝑃0
. (18) 

For instance, assuming that the prevalence of undiagnosed individuals can be approximated as a 

constant for t = 1 year, and if P0 is as large as 0.90 or 0.95, 𝛼0 must be greater than 9 or 19 per year, 

respectively, which are values that are too large to achieve. Despite this, when the epidemic is gradually 

brought under control and if t is greater (e.g., 10 years or 100 years), 𝛼0 is downscaled by a factor of 

10 or 100, and we obtain an 𝛼0 that is realistically achievable. For reference, 𝛼0=1 corresponds to 

an average time to diagnosis at 1 year, and 𝛼0=0.23, which has been estimated from the surveillance 

data in Japan, corresponds to an average of approximately 4.3 years. Assuming that the prevalence of 

undiagnosed HIV infections remains approximately constant for a period of 𝑡 = 30 years, and aiming 

to achieve a diagnosed proportion of 𝑃0 = 0.95, Equation (18) leads to 

𝛼0 >
1

30
∙

0.95

1 − 0.95
=

0.95

1.5
≈ 0.0317. 
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That is, a diagnosis rate o over 0.03 per year would suffice to reach the 95% diagnosis goal over 30 

years. This level is considerably lower than the estimate in Japan (see Figure 2B), suggesting that the 

goal of 95% diagnosis is practically attainable. 

Equations (7)–(8) assumed that 𝜌
0
  is a constant and thus the hazard of illness onset was 

exponentially distributed. To be more realistic, the incubation period distribution is right-skewed and 

may be better captured by employing a Weibull distribution. Using the scale parameter 𝜂 and the 

shape parameter 𝑘 and denoting the age since infection as 𝑠, the hazard rate of AIDS onset 𝜌(𝑠) can 

be expressed as 

𝜌(𝑠) =
𝑘

𝜂
(

𝑠

𝜂
)

𝑘−1

. (19) 

To explore how impactful for having the realistic incubation period distribution on ב, we would also 

have to know the distribution of undiagnosed HIV infections, h(t,s). Imposing a simplifying 

assumption that ℎ is in a steady state h0(s),  

Equations (3) and (4) are then  

𝑏(𝑡) = 𝛼0 ∫ ℎ(𝑦)𝑑𝑦,

𝑡

0

(20) 

𝑎(𝑡) = ∫ 𝜌(𝑥)ℎ(𝑥)𝑑𝑥

𝑡

0

. (21) 

Then, Q(t) is  

𝑄(𝑡) =
𝑎(𝑡)

𝑎(𝑡) + 𝑏(𝑡)
=

∫ 𝜌(𝑥)ℎ(𝑥)𝑑𝑥
𝑡

0

∫ 𝜌(𝑥)ℎ(𝑥)𝑑𝑥
𝑡

0
+ 𝛼0 ∫ ℎ(𝑦)𝑑𝑦

𝑡

0

. (22) 

Additionally, assuming that ℎ0(𝑥) is an exponentially decreasing function (e.g. as it may be the case 

for present-day Japan), it can be written as ℎ0(𝑥) = 𝐶𝑒−𝛽𝑥 using a constant 𝐶 and the rate of decline 

𝛽. Substituting this into Equation (22) leads to 

𝑄(𝑡) =
∫ 𝜌(𝑥)𝐶𝑒−𝛽𝑥𝑑𝑥

𝑡

0

∫ 𝜌(𝑥)𝐶𝑒−𝛽𝑥𝑑𝑥
𝑡

0
+ 𝛼0 ∫ 𝐶𝑒−𝛽𝑦𝑑𝑦

𝑡

0

=
𝑀(−𝛽)

𝑀(−𝛽) −
𝛼0𝑡
𝛽

. (23) 

where 𝑀(−𝛽) is the moment-generating function of the incubation period hazard given the rate of 

decrease in prevalence 𝛽 . Figure 4 compares the relationship between 𝑄(𝑡)  and 𝛼₀  for different 

𝜌(𝑠) . As shown in Figure 4C, assuming a Weibull hazard yields slightly higher values of 𝑄(𝑡) 

compared to assuming a constant 𝜌₀. 
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Figure 4. Variation of 𝑄(𝑡) as a function of 𝛼₀ with different hazard of illness onset. A. 

Relationship between 𝑄(𝑡) and 𝛼₀ while 𝜌 is assumed as a constant. B. Relationship 

between 𝑄(t)  and 𝛼₀  when 𝜌(𝑠)  follows a Weibull distribution. Assuming that the 

mean incubation period is 10 years, we performed simulations using 𝛽 =  0.1 [19]. C. 

Comparison between assuming an exponential distribution with 𝜌 =  0.1 and a Weibull 

hazard with parameters 𝑘 =  2.41 and 𝜂 =  11.59, corresponding to the mean of 10-year. 

4. Discussion 

In many practical settings in Japan, the proportion of new AIDS cases out of all newly diagnosed 

HIV infections has been viewed as reflecting diagnostic capacity as part of HIV control. Thus, this 

readily calculable proportion has been monitored routinely. Despite this, there has not been an explicit 

interpretation of the rate of AIDS on diagnosis. Therefore, in this study, we attempted to transform the 

proportion to a more interpretable measure 𝛼(𝑡)  using a mathematical model that mimics the 

competing risk model. Because the rate of HIV diagnosis 𝛼(𝑡) is also not as clear as the reproduction 

number for determining the goal of HIV control, we contrasted 𝛼(𝑡) with the slogan 95-95-95 by 

UNAIDS using the same model. We demonstrated that the goal of achieving P0 = 0.90 or 0.95 can be 

translated to the value of 𝛼(𝑡), particularly during the exponentially increasing phase of the epidemic 

and endemic state of HIV/AIDS. It is possible to consider a realistic range of 𝛼(𝑡) for control when 

the length of the endemic period continues for a few decades. 

There are two important lessons to be learned from the present study. First, the rate of AIDS on 

diagnosis Q(t) is simply a proportion of all new diagnoses. Rather than using 𝑄(𝑡), we took the odds 

of Q(t) and multiplied it by the inverse of the mean incubation period and obtained 𝛼(𝑡), which can 

be used as a simple assessment of the hazard rate of HIV diagnosis among previously undiagnosed 

HIV-infected individuals. Practically, using 𝜌
0
(1 − 𝑄(𝑡))/𝑄(𝑡) as a monitoring metric in addition to 

Q(t) is our suggestion for epidemiological monitoring. In Japan, the proportion of people diagnosed 

with clinical AIDS on diagnosis has remained at approximately 30% since 2021, as shown in Figure 

2A. If we use 𝑄(𝑡) = 0.3 and 𝜌 = 1/10, then we obtain approximately 𝛼 = 0.23. This result is close 

to the estimate 𝛼 =16.5% (95% CI: 14.9%, 18.1%) by Nishiura et al. up to the end of 2022 [15], 

supporting the validity of our discussion in the present study with reference to the surveillance data in 

Japan. Moreover, we demonstrated that 𝛼 is associated with the goal of the diagnosed proportion out 

of all people living with HIV. Using (18) and dividing the odds of P0 by the number of years that can 

be regarded as approximately stable, we can explicitly identify the goal of 𝛼(𝑡) according to P0 (e.g., 

for t = 30 years, 𝛼(𝑡) > 0.3 per year would be the goal to maintain P0 = 0.9).  

The theoretical advancement in HIV/AIDS modeling in this study is as follows: Using the 

formulated extended backcalculation model, we demonstrated that not only P(t) but also 𝑄(𝑡), which 
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is a more frequently discussed metric in the empirical setting, can be formulated explicitly. With such 

a formulation and parametric models for each rate function, we derived simplified epidemiological 

metrics for monitoring equations such as Equations (7) and (18). In both equations, 𝛼(𝑡) acts as a key 

parameter (or a function) that determines the required effort for diagnosing HIV infections prior to the 

illness onset of AIDS. 

Recent studies have explored HIV/AIDS dynamics incorporating stochasticity, media effects, and 

behavioral heterogeneity [7–9], but few studies have focused on the real-time interpretability of 

diagnostic rate, such as 𝛼(𝑡). Thus, provided that 𝛼(𝑡) characterizes the control effort, the question 

is how it compares between countries. In the United States of America, people who start treatment 

with a CD4 count below 200/𝜇𝐿 or who have AIDS-related illnesses, regardless of CD4 count, are 

defined as having late presentation with advanced HIV disease (LPAD). In 2021, 21.6% of new HIV 

diagnoses were LPAD cases [20]. People who were more likely to be LPAD cases included men 

(adjusted prevalence ratio [aPR]: 1.22, 95% CI: 1.12–1.33), those aged 55 or older (aPR: 1.76, 95% 

CI: 1.62–1.92), and Black people (aPR: 1.02, 95% CI: 1.01–1.03). In Canada, the definition of late 

diagnosis is similar to that in the USA: it uses CD4 < 200/𝜇𝐿 or having opportunistic infections. In 

2022, there were 84 cases of AIDS (4.6%) [21]. In 2009, the late diagnosis rate was 8.8%, which is 

much lower than in the USA [22]. The Canadian rate was also lower than in European countries such 

as France (15.2%) and Italy (14.5%), and Australia (18.8%). In the UK, 1,136 out of 3,292 people 

diagnosed with HIV (34.5%) were categorized as late diagnosis in 2022 [23]. In Asia, a report covering 

2003 to 2012 found that 72% of newly diagnosed people in the Asia-Pacific region were in advanced 

stages of HIV (CD4 < 200 𝑐𝑒𝑙𝑙𝑠/𝑚𝑚3 or had an AIDS-defining event within 3 months of diagnosis) 

[24]. A large study in China using a similar definition (AIDS, WHO stage 3 or 4, or CD4 < 200 at 

diagnosis) showed that 34% of 528,230 people diagnosed from 2006 to 2014 were categorized as late 

diagnosis [25]. In Singapore, 58.4% (122 out of 209) of new diagnoses in 2023 were late-stage cases 

[26]. Even though definitions in Europe use higher cutoffs, such as CD4 < 350, the rate of late 

presentation remains high in comparison across Asia. Reports from many countries suggest that 

clinical AIDS on diagnosis is affected by race, geographic location, age, and gender, and early 

diagnosis must be encouraged [27]. 

In the following, we explain future work. Exploring the discussed metrics, including 𝛼(𝑡), over 

geographic space (e.g., urban vs. remote areas) may yield practically identifiable differences in 

diagnostic capacities. Such a study could potentially explain possible differential diagnostic efforts or 

key differences in access or consultation of testing among various geographic areas. Another direction 

of analysis is to explore the heterogeneity of 𝛼(𝑡) as a function of chronological age and sex. Various 

diagnostic trends by age can possibly be visualized using age-dependent 𝛼(𝑡) , in addition to the 

scenario in which men that have sex with men dominate infected individuals, and the analysis of 𝛼(𝑡) 

among women to provide an indication of the epidemiological scenario of HIV/AIDS via heterosexual 

intercourse. Moreover, incorporating detailed demographic dynamics in the formulation of an 

extended backcalculation model would help to quantify the model system.  

In Japan, the number of AIDS patients has restarted to increase for the first time in the last four 

years [28]. This may be because of fewer opportunities to visit clinics during the COVID-19 pandemic 

and the heavy burden on public health centers. It is important to continue monitoring the number of 

AIDS patients, the rate of AIDS on diagnosis, and the number of new HIV diagnoses each year. 

The present study had three limitations. First, the model that we presented is a single population 

model without heterogeneity. We intend to explore 𝛼(𝑡) over age and geographic space in the future. 
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Second, we modeled 𝛼(𝑡)  as solely time-dependent and not independent of infection age. The 

analytical expression of the proposed metric would be further complicated with such a dependence 

structure. Third, our model does not explicitly describe the secondary transmission process as part of 

the formulation. Thus, elevating diagnostic effort did not influence the overall transmission dynamics. 

In reality, herd immunity is partly attained by diagnosing HIV infections early and another formulation 

that connects 𝛼(𝑡) with R(t) would be required in the future. 

5. Conclusions 

Despite a number of limitations, we believe that we have successfully formulated the rate of 

clinical AIDS on diagnosis by translating it to 𝛼(𝑡) (i.e., the rate of HIV diagnosis among previously 

undiagnosed HIV-infected individuals) and demonstrating that 𝜌
0
(1 − 𝑄(𝑡))/𝑄(𝑡) can lead to 𝛼(𝑡) 

and act as a potential monitoring metric. 𝛼(𝑡) can also be associated with the proportion of diagnosed 

HIV infections, P(t), in line with the UNAIDS slogan. Finally, a realistically achievable range of 𝛼(𝑡) 

should be discussed as part of HIV/AIDS control. 
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