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Abstract: The vascular tumor growth model proposed by Pinho et al. has gained attention in studies
of the effect of anti—angiogenic therapy. In the present work, we extend Pinho’s model to a reaction-
diffusion model with different cell growth behaviors to evaluate the individual and combined effects
of chemotherapy, anti—angiogenic therapy, and immunotherapy across different stages of vascular can-
cer. Analysis of the model includes the existence and stability of up to six different equilibria with
bifurcations that define the transitions between them. By establishing conditions for the stability of the
cancer-free equilibrium, we numerically explore different dynamics of cancer relapse. This includes
examining the timing and frequency of relapse and identifying thresholds for critical treatment param-
eters. Furthermore, the numerical simulations of the extended model show that in the advanced stages
of cancer, the integration of chemotherapy, immunotherapy, and anti—angiogenic therapy is essential
for effective control of vascular cancer and reduces the overall duration of treatment.
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1. Introduction

Growth and treatment of tumors present significant challenges in medical research, as cancerous
cells not only proliferate rapidly but also interact dynamically with the surrounding tissues and the
body’s response mechanisms [1]. Over the past two decades, mathematical models have become es-
sential tools in optimizing cancer treatment, simulating complex tumor dynamics, assessing treatment
efficacy, and possibly refining therapeutic protocols [2]. These models are often based on ordinary,
stochastic, partial, or delay differential equations (ODE, SDE, PDE, or DDE) for exploring complex


https://www.aimspress.com/journal/mbe
https://dx.doi.org/10.3934/mbe.2025109

2945

interactions among cancer cells, treatments, and immune responses [2, 3].

Vascular cancer, or angiosarcoma, is a rare and aggressive tumor that originates in the blood or
lymphatic vessels [4]. It can develop in various organs, including the skin, liver, and spleen [5]. Due
to its rapid spread and resistance to treatment, vascular cancer is challenging to manage, requiring
early detection and a multi-modal approach, including surgery and chemotherapy [6]. Numerous mod-
eling efforts have been devoted to understanding the dynamics of vascular cancer and evaluating the
effectiveness of various treatment strategies. Table 1 provides a summary of recent models of tumor
growth and their key findings. For instance, the study by Sadeghi et al. [7] demonstrated that an
adaptive fuzzy sliding mode controller, optimized with a genetic algorithm, can reduce chemotherapy
dosage by nearly 96% while achieving complete cancer cell elimination within 30 days. Hanum et
al. [8] proposed reducing the chemotherapy dosage, increasing angiogenic dormancy, and adjusting
infusion rates to manage glioma cases more effectively. Sujitha et al. [9—11] found that radiotherapy
and chemotherapy combinations could reduce tumor growth and enhance glial cell proliferation. Ad-
ditionally, Kaviyan et al. [12] and Sharma et al. [13] identified effective interactions between cancer
cells and immunotherapy, while Ghasemabad et al. [14] demonstrated that anti—angiogenic treatments
can reduce side effects and boost treatment efficacy even with patient-specific uncertainties. A more
detailed version of Table 1 is available in the appendix.

In addition to the above-mentioned models, Pinho et al. [15] developed an ODE model to simulate
the interactions among normal cells, vascular cancer cells, endothelial cells, a chemotherapeutic agent,
and an anti—angiogenic agent during tumor growth. Their results demonstrate how anti—angiogenic
therapy can enhance the effectiveness of chemotherapy in controlling tumor progression. This model
has recently gained considerable attention for its ability to capture key therapeutic dynamics in vascular
tumor development. Building on the work of Pinho et al., the present study seeks to advance the under-
standing of vascular cancer progression under therapeutic interventions, with particular focus on sce-
narios involving tumor regrowth. Specifically, we extend their ODE framework to a reaction—diffusion
(RD) model that incorporates heterogeneous cell growth behaviors. We show that the extended model
offers valuable insights into the role of spatial dynamics and therapy-induced heterogeneity in influ-
encing treatment outcomes and the likelihood of vascular cancer relapse.

The remaining parts of this paper are organized as follows. Section 2 introduces the extended
model, including its formulation and underlying assumptions. Section 3 presents a detailed analysis
of the model, encompassing the existence and stability of six distinct equilibrium solutions, with ex-
plicit stability conditions derived for each case. This section also includes a global sensitivity analysis,
which is critical for guiding the numerical simulations. Section 4 offers a numerical investigation of
numerical bifurcations emerging from the model, explores potential scenarios of cancer relapse, and
evaluates the predicted efficacy of various treatment combinations, including chemotherapy, antiangio-
genic therapy, and immunotherapy. Finally, Section 5 discusses the key findings, acknowledges the
study’s limitations, and outlines directions for future research.
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Table 1. Overview of recent modeling and simulation approaches for analyzing tumor pro-
gression and treatment efficacy.

Author, year Key research objective and outcomes References

De Luca et al., Analyzes the dynamics of blood vessel formation and its impact on [16]

2025 tumor growth.

Lampropoulos Evaluates treatment effects on tumor progression and vascular dy- [17]

et al., 2025 namics.

Kuznetsov et Suggests that the efficacy of antiangiogenic therapy depends on tu- [18]

al., 2025 mor size.

Sujitha et al., Models chemo-radiotherapy in brain tumor treatment, assessing its [11]

2024 effectiveness in tumor reduction.

Kaviyan et al., Demonstrates therapeutic effects and interaction between cancer [12]

2023 cells and immunotherapy.

Hernandez- Stochastic predictive modeling of tumor growth, enhancing treat- [3]

Rivera, 2023 ment adaptability and effectiveness.

Hanum et al.,, Studies impact of chemotherapy and anti-angiogenic therapy on [8]

2023 drug resistance in glioma growth.

Sujitha et al., Combined therapy and minimal impact of time delays can improve [10]

2023 glioma treatment.

Santurio et al., Chimeric antigen receptor T (CAR-T ) cell therapy dynamics high- [19]

2022 light on-target, off-tumor effects, particularly in neuronal loss.

Ghasemabad  Designs effective drug delivery in the treatment of vascular cancer [14]

et al., 2022 tumors using a genetic algorithm tool.

Khalili et al., Studies optimal control methods for drug delivery in cancerous tu- [20]

2021 mours via anti—angiogenic therapy and chemotherapy.

Sadeghi et al., Designs a fuzzy control for drug dosage delivery in cancer treatment. [7]

2021

El Haout et al., Compares several drug intervention strategies, including indepen- [21]

2021 dent and combined treatments

Urenda- Analyzes the synergistic effects of chemotherapy and oncolytic vi- [22]

Cazares, 2020  rotherapy on tumor growth.

Samanta et al., Combined or pulsed therapies improve tumor control, reduce ses- [23]

2017 sions, and enhance survival.

Rodrigues et Examines how continuous low-dose chemotherapy can inhibit tumor [24]

al., 2016 growth by targeting the tumor vasculature.

Lietal., 2016* Provides insights into how angiogenesis influences tumor growth and [25]
response to therapies.

Guiraldello et Evaluates the efficacy of the maximum tolerated dose and metro- [26]

al., 2016* nomic chemotherapy strategies.

Pinho et al, Simulates tumor growth dynamics, showing how anti—angiogenic [15]

2013 agents enhance chemotherapy’s effectiveness.

Note: * PDE and DDE models. All other cases proposed or used ODE models.
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2. The extended model

We consider a bounded three-dimensional spatial domain (Q c R®) representing vascular tumor and
its adjacent tissue environment, within which transport, growth, and vascular interactions are modeled.
Then the proposed model of vascular cancer dynamics is formulated by the following set of reaction—
diffusion (RD) equations.

8c1 : 1y
= a1 =) — - 2.1
o aic) (1 —c)" —qicicn p](c3’w)a1 o (2.1)
dcy , o |7 Coy )
—ac?|1 = - - , + D,V-cs, 2.2
o - 16 [ %70, q2c102 — pa(c3 w)az T o 2V (2.2)
0
ﬁ = (1’36‘;3(1 - C3)S3 +ﬁC2 - P3c3® + D3V2C3, (2.3)
ot as +¢3
dy dici drcy 2
—=0-|&+ + + D4V=y, 24
ot [f a+c; a+o Y vy 24
ow d3C3 2
—=¢—|n+ + DsViw, 2.5
ot ¢ [U as + c3 « sV @ ( )

where the variables c(x, 1), c2(X, t), and c3(X, f) represent the concentrations of normal cells, cancer
cells, and endothelial cells at location x and time ¢ > 0 scaled by their corresponding carrying
capacities, respectively. The variable y(x, ) denotes the concentration of the chemotherapy agent,
while w(X, 7) indicates the concentration of the anti—angiogenic agent. The first terms on the right-hand
side of Eqgs (2.1)—(2.3) correspond to cells’ growth behaviors, which is an extended version of the
standard logistic growth model [27]. Parameters r; and s; control the lag and stationary phase of
cell growth [27]. The rest of the parameters are described in Table 2. Note that the parameters are
normalized values mostly derived from Pinho’s study [15]. Additionally, some of the parameters are
assumed within a reasonable range to explore model behavior under varying conditions in our study
in Table 2. The proposed model incorporates diffusion terms and extends the classical logistic growth

model to enrich the dynamics of the model originally proposed by Pinho et al. [15].

For i = 1,2,3, according to Peleg’s model [27], the parameter r; governs exponential growth
behavior, where r; < 1 suppresses exponential growth, indicating a limited growth capacity, and r; > 1
exceeds exponential growth. Similarly, the parameter s; > 1 reflects heightened sensitivity to resource
depletion, leading to population decline, while s; < 1 indicates reduced sensitivity, allowing a more
resilient population to stabilize near the carrying capacity.

The novelty of the model is described as follows. For Eq (2.1), the dynamics of normal cells
include the modified logistic growth based on Peleg’s generalized model (first term), competition with
cancer cells (second term), and death induced by chemotherapy and anti—angiogenic agents (third
term). Diffusion is excluded for ¢; based on the biological reasoning that normal cells often remain
stationary due to strong cell adhesion, which anchors them to their environment, wereas detached
normal cells typically undergo anoikis (a programmed cell death mechanism) thus eliminating the
need for a diffusion term. In Eq (2.2), the first term is the modified logistic growth based on Peleg’s
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generalized model influenced by angiogenesis (through yc3), experience competition with normal cells,
and are targeted by chemotherapy and anti-angiogenic agents. The diffusion term D,V?c, captures
their spatial spread due to metastatic behavior. Cancer cells c,(X, #) diffuse widely due to their loss of
adhesion properties, enabling them to invade tissues, enter the circulatory system, and metastasize to
distant parts of the body, as described by Letellier et al. [28]. In Eq (2.3), the first term is the modified
logistic growth based on Peleg’s generalized model, and the second term is the endothelial cells that are
stimulated by cancer cells ( the term Sc,) and suppressed by anti—angiogenic agents. Their movement
is modeled by diffusion D;V?cs, representing local vascular remodeling, which represents their ability
to diffuse within the body as demonstrated in Figure 3 of [29]. Diffusion terms for endothelial cells
are included to model their localized movement within the tumor environment, capturing their role
in forming blood vessels to support tumor growth. Equation (2.4) represents the chemotherapy agent
introduced via the infusion rate ¢ and degraded by washout ¢ and interactions with normal and cancer
cells. The term inside the brackets models saturation effects via Holling-type functional responses. In
Eq (2.5), the anti—-angiogenic agent is infused at a rate ¢ and eliminated through washout n and uptake
by endothelial cells. The variables w(Xx, ¢) and y(X, ¢) represent drugs within the system that are subject
to diffusion due to their role in transporting therapeutic agents throughout the body.

Table 2. Description, baseline values, and range of model parameters with the references.
These values are used for model simulations in Section 4.

Parameter Description Value Range of values References
ay NCs’ proliferation rate 0.0068 (6.8 x 1074, 0.0143) [15]
s CCs’ proliferation rate 0.01 (1.0 x 1073, 0.0210) [30]
3 ECs’ proliferation rate 0.002 (2.0 x 107, 0.0042) [31]
q Competition coefficient for NCs()-? 0.00702 (7.02 x 1074, 0.0147) [15]
a0 Competition coefficient for CCs(? 0.00071 (7.2 x 107, 0.0015) [15]
y Proportion of ECs® due to angiogenesis'" 0.1615 (0.0162, 0.3392) [15]
B Rate of creation of CCs due to ECs"® 0.00371 (3.71 x 1074, 0.0078) [15]
a Saturation rate of the agent on NCs(V-?) 1.10 (0.1100, 2.3100) [15]
a Saturation rate of the agent on CCs"-® 4.6205 (0.4621, 9.7030) [15]
a Saturation rate of the agent on ECs)-® 4.6667 (0.4667, 9.7999) [15]
d, Rate at which CAs® combines with NCs"?  0.0002 (2.0x 107, 4.2x 107 [15]
> Rate at which CAs® combines with CCs"®  0.032 (0.0032, 0.0672) [15]
ds Rate at which AAs combines with ECs® 0.032 (0.0032, 0.0672) [32]
Pio Killing rate of CAs on NCs()? 12x107 (1.2x1078, 252%x1077) [15]
D20 Killing rate of CAs on CCs"-® 0.2051 (0.0205, 0.4307) [33]
D3 Killing rate of AAs on ECs)-® 1.7143 (0.1714, 3.6000) [15]
pii Rate of ECs’ assistance of CAs for NCs("®  42x107% (4.2x107°, 8.82x107%) [15]
P Rate of ECs’ assistance of CAs for CCsV®  0.00431 (4.31 x 1074, 0.0091) [15]
P12 Rate of AAs’ assistance of CAs for NCs(>®  1.0x 1077 (1.0x 1078, 2.1 x1077)  [15]
2% Rate of AAs’ assistance of CAs for CCs)-®  19.4872 (1.9487, 40.9231) [15]
0 Chemical infusion rate 33x 107 (3.3x107%, 0.0069) [34]
& Chemical washout rate 0.01813 (0.0018, 0.0381) [35]
¢ Anti—angiogenic infusion rate 24x107*  (24x1075, 5.04x 107  [34]
Anti—angiogenic washout rate 0.136 (0.0136, 0.2856) [36]

Note: U The actual parameter value has been scaled by the corresponding carrying capacity (see [15] for more details). ® NC = normal
cells ¢1(x,1), CC = cancer cells c,(X,t), EC = endothelial cell c3(x,t), CA = chemotherapy agents y(X,t), and AA = anti-angiogenic
agents w(X, 1).

In the present work, we will utilize the model for studying the simultaneous impacts of three
therapies. Key model parameters representing therapeutic mechanisms include ¢ for chemother-
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apy, ¢ for anti-angiogenic therapy, and r, for immunotherapy. Chemotherapy targets cancer cells
across all growth phases, inducing cell death and dormancy [8, 23, 34]. However, the emergence
of chemotherapy-resistant cells can lead to relapse through renewed growth [2, 34, 37, 38]. Anti—
angiogenic therapy delays tumor growth by inhibiting blood vessel formation, particularly in the lag
and stationary phases, though tumors may adapt by revascularizing [18, 32, 39]. Immunotherapy is
most effective during the exponential growth phase, targeting rapidly proliferating cancer cells with
immune-recognizable markers, like PD-L1, though it may also affect healthy cells with similar mark-
ers [9,40].

3. Model analysis
In this section, we establish the conditions for the existence and stability of equilibrium solutions.

3.1. Existence of and stability equilibria

As shown below, in the absence of diffusion, our model exhibits various types of cancer-free equi-
librium (CFE) in addition to cancer-persistent equilibrium (CPE).

a. Baseline equilibrium. CPE!" = (cEO], c[ZO], cgo], y% I This is the baseline equilibrium, which

represents the resistance of cancer. This can happen for various reasons, such as tumor resistance
[38], vascular structure [41], tumor microenvironment [42], drug delivery issues [42], or targeted
therapy limitations [43].

b. CFE Type 1. CPE'"l = (c[ll], 0, cgl], y!!!, ') This equilibrium corresponds to a cancer-free state
with drugs and endothelial cells. If p; = p; = 0, then c[ll] = cgl] = landif py, p3 > 0, then c[ll] >0

and cg” > ( exist. These are conditions for this equilibrium to exist.

c. CFE Type 2. CPEP = (cm, 0, cm, 0, w?") This equilibrium represents a cancer-free state with
yp 1 3 q p
no chemotherapy agent. In this case, = 1, and the equilibrium (cm, 0, C[Z]’ 0, wi!y exists if ps
py ag 1 q 1 3
is sufficiently small.

d. CFE Type 3. CPEP = (c[l3 1o, cgﬂ,ym, 0) This equilibrium represents a cancer-free state with
no anti-angiogenic agent. A real positive root exists for (¢}, 0, ¢}, 3%, 0), provided that p; is
sufficiently small.

e. CFE Type 4. CPE™ = (c!%,0,cl",0,0) This equilibrium represents a cancer-free state with no

drugs. If 6[24] =yl = wi*l = 0, then 654] = Cg” =1.

f. CFE Type 5. CPEL! = (c[ls],O, 0,yP!, W) This equilibrium corresponds to a cancer-free
state with no endothelial cells. Assuming that p;y = p;; = 0, then 055] = 1. Thus,
(5 Sy Wbl = (1,0,0,y81, 2),

g. Trivial equilibrium. TE = (0,0,0,0,0) This is the trivial equilibrium and it is biologically
irrelevant. Note that T E exists only when ¢ and ¢ are zero, which is unrealistic.

For all types of equilibrium solutions, we will establish conditions for their stability. The Jacobian
of Corollaries 1-5 are simplified versions of the Jacobian of the baseline equilibrium. Different
variables have been used to represent each component of the Jacobian matrix. The specific functions
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in the Jacobian have been included in the appendix.

The following theorems and corollaries address the stability of steady states in the absence of dif-

fusion.

Theorem 1 (Stability of cancer-persistent equilibrium). The cancer-persistent equilibrium is locally
asymptotically stable if the following conditions are satisfied:

i b4>0,

b; >0, b,>0, by >0, by>0,

ii b4b3b2 > b% + bibl’ and
iii  (bsby — bo)(bsb3by — b% - bibl) > bo(bsbs — by)* + b4bg.

Proof. The Jacobian matrix evaluated at CPE is given by

m; mp 0 my ms
Vi Vo V3 V4 V5
JCPE)=10 g & 0 gs]. (3.1
i 0 fi O
0 0 zz 0 zs

This leads to the following characteristic polynomial:

by =

P+ 2+ b+ b2 +bA+by=0 (3.2)

—fa—g—my —vy—2s,

by = fagz — fima + famy + g3my — fova + favo — 823 + g3Vo + faZs + 8375 — 8523

+ mvy —mpvy + mizs + vaZs,

by = fig3my — fagzmy + fr83v4 + fagav3 — fag3Va — fag3Zs + f48573

= fimavy + fimgva + fomyvy — fomgvy — famvy + famav,
+ gaMmyv3 — g3m vy + g3maVy + fimazs — famizs — g3mzs + gsm 23

+ f2vazs — favazs + €2V3Zs — §2Vs523 — 83Vals + g5VaZ3 — M VaZs + MoViZs,

by = figomavs + fig3mavs — fi183mava — fag3mva + fog3mavy — fagamvs

+ fag3m vy — fag3mpvy — f183Mazs + f185mazz + fagzmizs — fagsmiz3
— }283v4Zs5 + f285Vaz3 — fag2V3Zs + [482Vs523 + fag3Vals — fag5V2z3
+ fimavazs — fimgvazs — famvazs + famavizs + famivazs — famayvizs

— 82M1V3Z5 + §2M V523 — 82MsV1Z3 + 83MVaZs — 83N V1Zs — 85M V23 + 85N V23,

by = fi182mavsz3 — f182muv3Zs — f182Ms5Vaz3 — f183MavaZs + f183M4VaZs

+ f185M2V4z3 — f185M4Vaz3 + f283M1V4Zs — f283M4Vv125 — f285M1V423
+ f285mavi23 + fagamiv3zs — fagamVszz + fagamsvizz — fag3mvazs

+ fag3maVviZs + fagsmivazz — fag5MaVi23.

By the Routh—Hurwitz criterion, the CPE is locally asymptotically stable. This completes the proof.
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Remark 1. The stability conditions outlined in Theorem 3.1 are sensitive to the values of system pa-
rameters. It is worth noting that the violation of these conditions can occur in multiple, non-unique
ways. In particular, the inequalities specified in the theorem can be violated through a variety of pa-
rameter combinations, all of which may result in a loss of stability of the steady states. This underscores
the importance of a thorough parameter sensitivity analysis when applying these results.

We have the following corollaries.
Corollary 1 (Stability of CFE Type 1 equilibrium). Let p; > 0 and ps > 0. Assume that
(Hy) a3 =0andd, =0,
(H,) (my +v,) <0, and
(H3) (mva — mavy) > 0.

Then the cancer-free equilibrium (Type 1) CPEW = (CEI], 0, cgl],y[”, wM) is locally asymptotically
stable.

Proof. 1t can be shown that c[ll] > 0 and ¢

evaluated at the CFE Type 1 is given by

[3” > 0, provided py,p; > 0, and the Jacobian matrix,

m; mp 0 nmy ms
Vi %) 0 0 0
JCPEM) =10 g g 0 gs]|. (3.3)

i 00 f» O
00Z30Z5

Also (H;) guarantees that y'!! > 0 and w!'! > 0. Hence, CPE! = (c[ll],O, cg”,y[”,w[”) exists. The
Jacobian matrix J(CPE™) in (3.3) has the following characteristic polynomial.

Z3(flg5m4(V2 —A) = (fs = D(gamsvy + gs(my — D)(v, — A) — gsmzvl))
+ (83 = D(zs = V(fima(d = v2) + (fs = D((my = D(v2 = 1) = moy))

Under Hypothesis 1 (H;), where a3 = 0 and d; = 0, we have f; = 0 and z3 = 0. Substituting these
into the characteristic polynomial gives rise to

(83 = Dl(zs = D(fa = D) ((my = D(v2 = ) —mvy) .

There are five eigenvalues as follows:

A =83
A =25
=/

The remaining two eigenvalues are the roots of the following quadratic polynomial:

- (my + v)Ad + (myvy — movy).
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As shown in Section B of the appendix, g3 < 0, zs < 0, and f; < 0. Hence, the first three
eigenvalues are negative.

For the quadratic part, we have
A = (my +v2)Ad+ (myvy, — myvy),
the roots have negative real parts under assumptions (H,) and (H3).

Thus, under the conditions specified in H,, H,, and H3, all eigenvalues have negative real parts, and
the cancer-free equilibrium (Type 1) is locally asymptotically stable.

Corollary 2 (Stability of CFE Type 2). The cancer-free equilibrium (Type 2) exists if cEz] = 1and
if ps is sufficiently small. Moreover, this equilibrium is locally asymptotically stable if the following
conditions are satisfied:

() q+>0, ¢3>0, ¢>0, ¢ >0, qo>0;
(ii)  quqg3q2 > 45 + 43915
(iii)  (qaq1 — 90)(4a9392 — 45 — 4341) > q0(qaq3 — G2)* + Gaq;.
Proof. The existence of CPE®! = (1?1, 0, cgz], 0, w!?') is guaranteed since ¢\! = 1 and p; is sufficiently

small, leading to positive components of CPE'?!, The Jacobian matrix evaluated at the CFE Type 2 is
given by

m; mp 0 ny 0
vi v» 0 0 O
JCPEPh =0 g g 0 g (3.4)
0 0 0 f, O
0 0 zz 0 zs

The characteristic polynomial from the Jacobian matrix is given as

/15 + Q4/l4 + Q3/l3 + C]Q/l2 + ql/l +qo = 0

where the coefficients are

Ga = fa+ g3+ my +vy+2zs,
qs = — (fags + famy + favo + fazs + gamy + g3va + €325 — g523 + myvy + mzs — myvy + vaZs),
g2 = fagsmi + fag3va + f18325 — fagszz + famuva + famizs — famavi + favazs
+ 83m vy + g3m s — §3MaVy + 3ValZs — §5M 123 — §5V223 + M VaZs — MV s,
q1 = — (fagzsmivy + fag3mizs — fagzmavi + f483v225 — fagsmi23 — fa85V273
+famivazs — famavizs + gamsviZ3 — g3M1VaZs + g3Mav1Zs + §sMivaZs — g5MaVizs)

qo = —f182msVv123 + f483mVaZs — f483mMaviZs — fagsmivaza + fagsmaviza.

By the Routh—Hurwitz criterion, the CFE Type 2 is locally asymptotically stable.
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Corollary 3 (Stability of CFE Type 3). The cancer-free equilibrium (Type 3) exists if p; is sufficiently

small, and it is locally asymptotically stable if these conditions are satisfied:
(i) t; > 0;

(ii) t3 > 0;

(iii) 11t > t3,

where
t=—(m +vy+ fs)

ty = = (fimg —myvy — famy — favy +myvy)

13 = fimgvy — famyva + famyvy.

Proof. The Jacobian matrix evaluated at the CFE Type 3 is a simplified version of (6)

nmp mp 0 my Mms

Vi 1%} 0 0 0

JCPEP) =10 g g 0 g
fi 0 0 fi O

0 0 0 0 =z

The characteristic polynomial is given by
(83 = D(zs = ) (fima(Ad = v2) + (fa = D) ((my = DH(v2 = ) = mpvy))
As shown in Section B of the appendix, the first two eigenvalues are negative:
A= g3
Ay =25
This reduces the polynomial to
(fims(A = v2) + (fa = D) ((my = D(v2 = ) — 1)),

which is simplifies to
-2
+ (I’I’ll + vy + f4)/12
+ (f]l’l’l4 — nyvy — f4m1 - f4V2 + I’I’lzvl)/l
+ (=fimgvy + famyvy — famovy)

Thus, the cubic characteristic polynomial becomes

(3.5)

2+ (my + vy + )+ (fimg — myvy — famy — fiva + mavy) A+ (= fimgvy + famyvy — famyvy)

Multiplying through by —1 for the standard form, we have

/13+l‘1/12+l2/1+t320

By the Routh—Hurwitz criterion, the CPE Type 3 is locally asymptotically stable under Assumptions

(i), (ii), and (iii).
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Corollary 4 (Stability of CFE Type 4). The cancer-free equilibrium (Type 4) is locally asymptotically
stable if the following conditions are satisfied:

(i) v, <0 and
(ii) myv; < 0.

Proof. Note that ¢}'! = y* = wi*l = 0, which implies ¢\"! = ¢} = 1. Hence, the Jacobian matrix

evaluated at the CPE™ = (c54], 0, cg‘], 0,0) is given by

0 my 0 my 0
Vi WV 0 0 0
JICPE¥hY=[0 g 0 0 gs (3.6)
0 0 0 f, O
0 0 0 0 gz

The characteristic polynomial is given by
(fs = Dzs = DA = 2 + mpvi )
As shown in Section B of the appendix, the first two eigenvalues are negative:
A= fa
A =25
The remaining cubic polynomial is given by
- vz/lz — moviAd

By the Routh—Hurwitz criterion the CPE Type 4 is locally asymptotically stable.

Corollary 5 (Stability of CFE Type 5). The cancer-free equilibrium (Type 5) is locally asymptotically
stable if the following conditions are satisfied:

(i) by >0, b3>0, b, >0, b;>0, b0>0;
(ll) bsbsby > b% + bibl;
(lll) (b4b1 — bo)(b4b3b2 - b% — bibl) > bo(b4b3 - b2)2 + b4b%

Proof. Assuming pig = pi» = 0, then ¢! = 1. Thus, (¢}, 5", ¢§, ¥, ) = (1,0,0,y8, 2) with

y131' > 0. The Jacobian matrix evaluated at the CFE Type 5 is given by

m my 0 my ms
vi w» 0 0 0
JCPEPH) =10 g g 0 0 (3.7)
fir 00 fu O
0 0 zz 0 zs

The coefficients of the characteristic polynomial are
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by=—f1—g —m —vy —zs,

by = fag3 — fima + famy + gzmy + favo + g3v2 + fazZs + €335
+mvy — npvy + myZs + VaZs,

by = figama — fagzmi — fag3va — fag3Zs + fimavy — famvy
+ fampvy — g3myva + g3mavy + fimazs — famizs — g3mzs
— favazs — 3vazs — mivazs + mavizs,

by = fagzmiva — f183mava — fagamavi — f183Mazs + fag3mizZs
+ f483vazs — fimavazs + famivazs — famaviZs
— 82Ms5V1Z3 + 3MVaZs — §3M7 V125,

by = f183maVvazs + fagamsvi23 — fag3mivaZs + f1g3mMaV1Zs.

Now using the Routh—Hurwitz criterion given in the hypotheses of the corollary, the CFE Type 5 is
locally asymptotically stable.

3.2. Stability analysis in the presence of diffusion

In this section, we perform an analytical investigation of the full reaction—diffusion model to assess
its potential for diffusion-driven instability, commonly known as Turing pattern formation. We denote
the cancer-persistent equilibrium by CPE”! both in the absence and presence of diffusion. This is justi-
fied because the equilibrium point arises from solving the steady-state condition, which is independent
of the diffusion terms. That is, diffusion affects the dynamics but not the location of the spatially
homogeneous steady state.

We consider the general form of the reaction—diffusion system as follows:

’2—? =F(u) + DV?u,
where u = (cy, ¢z, ¢3,y,w)" is the vector of model variables, and D = diag(0, D5, D3, Dy, Ds) is the
diagonal matrix of diffusion coeflicients. The function F(u) encodes the nonlinear reaction kinetics.

We linearize the system around the spatially homogeneous steady state

[0y _ (.01 o1 .01 . [o1 , [0]
CPE —(c1 10y 5 C3 LY, W )

by introducing small perturbations of the form
u(x, 1) = u* + eWye cos(kx),

where € < 1 and k is the spatial wavenumber. Substituting into the PDE system and linearizing yields
the eigenvalue problem:
AW, = (J - K’D)W,,

where J is the Jacobian matrix evaluated at w* = CPE'”! and J, := J — k2D is the diffusion-modified
Jacobian.
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The Jacobian matrix (CPE!") takes the form
Vi Vo V3 V4 Vs
J=10 & g 0 g
O O 23 0 25

and the diffusion-modified Jacobian becomes

m my 0 my ms
Vi vy — Dyk? V3 Va4 Vs
Jk =J- kzD =10 &2 g3 — D3k2 0 85 . (38)
fi f 0 Ja = D4k 0
0 0 3 0 5 — Dsk2

The characteristic polynomial of J; is given by
det(Al — J) = 2 + A + b2 + 9% + b2 + B = 0,
where the coeflicients bgk] depend smoothly on the diffusion terms and can be written as
b = b; + DK,
with D;k> > 0,i=0,1,2,3,4, Dy = 0, and b; as defined in the non—diffusive case.
Solving the characteristic equation yields the dispersion relation A(k), which determines the growth

or decay of perturbations with the spatial wavenumber k. The linear stability is determined by the sign
of Re[A(k)] as follows:

(a) If Re[A(k)] < O for all k > 0, the system is linearly stable.

(b) If Re[A(k)] > 0O for some k > 0, then the system is unstable to spatial perturbations and may
exhibit Turing instability.

Building on the stability results established in Section 3.1, we demonstrate that diffusion-driven
instability does not occur in our setting. On the contrary, diffusion exhibits a stabilizing effect, thereby
reinforcing the validity of the stability results in the presence of diffusion.

Theorem 2 (Stability of CPE!”! with diffusion). Assume that the non—diffusive equilibrium is locally
asymptotically stable; that is, the original coefficients by, bs, by, by, by satisfy the following Routh—
Hurwitz conditions:

(i) by>0, b3>0, by>0, b; >0, by>0;
(ll) b4b3b2 > b% + bibl;
(lll) (b4b1 - bo)(b4b3b2 - b% — bibl) > b()(b4b3 - b2)2 + b4b(2)
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Then for all k € R, the diffusion-modified equilibrium CPE™ remains locally asymptotically stable.
That is, all eigenvalues A of J, have negative real parts.

Proof. Let bl[k] = b; + D;k* fori = 0,1,2,3,4, where each D;k> > 0 represents the contribution from
diffusion. Since the first variable does not diffuse, we set Dok> = 0. We have

by=—fs—g —m —vy—2s,
by = fags — fimg + famy + gamy — fova + favy — gov3 + g3va + faZs + 8325 — 8523
+ mvy — mpVy + myzs + VaZs,
by = figsma — fagsmi + f283va + [fa82V3 — fag3v2 — fag3Z5 + fa85%3
= fimavy + fimgva + fomivy — fomgvy — famyvy + famavy
+ gmiv3 — g3m vy + g3mavy + fimazs — famizs — g3mizs + gsm 2z
+ favazs — favazs + 82V3Zs — §2VsZa — §3Vals + g5VaZ3 — MiVaZs + MaViZs,
by = figamyvs + f183mavs — f183mava — f2g3miva + fr83mavi — fagamyvs
+ fagamiva — fagamavy — f183mazs + figsmazs + fagamizs — fagsmiza
— 283vazs + f285vaz3 — fag2v3zs + fagavsis + fag3vals — fags5vais
+ fimavazs — fimavazs — famivazs + fomavizs + famvazs — famavizs
— 82M1V3Z5 + §2M1Vs5Z3 — §2M5V123 + §3MVaZs — £3MaV1Zs — §5M1 V223 + §5MaVi3,
by = fi182muvsz3 — f182mav3Zs — f182M5Vaz3 — f183M2VaZs + f183M4V2Zs
+ f185mMavazz — f185Mavaz3 + fo83mM1VaZs — fo83maviZs — fogsmivazs
+ f285maviz3 + fagamv3zZs — fagamivszz + fagomsvizz — fagzmivazs

+ [483MuVv125 + f485M1V223 — f485MaV123.

Given that all baseline coefficients b; > 0 by assumption, it follows that bl[.kJ > ( for all £k > 0.
Therefore, the first Routh—Hurwitz condition (i) remains satisfied in the presence of diffusion. The
Routh—Hurwitz conditions (ii) and (iii) depend continuously on the coefficients bl[k], which increase
monotonically with k? due to the non-negative diffusion contributions D;k*> > 0. Since b; satisfy these
inequalities, the added diffusion terms strengthen them.

Hence, the Routh—-Hurwitz conditions remain satisfied for all £ > 0. Consequently, all eigenvalues
of the characteristic polynomial remain negative, ensuring stability.

This result rules out the possibility of diffusion-driven (Turing-type) instability near the cancer-
persistent equilibrium. The stability analysis of the cancer-free equilibrium with the presence of diffu-
sion can be found in Section E of the appendix.

3.3. Global sensitivity analysis of the model

Given the importance of the parameters r; and s; in stability and numerical bifurcation analyses of
the model, we first investigated the effects of these parameters. Figure 1(a) shows that increasing the
value of r; delays the divergence from the unstable trivial steady state, whereas increasing the value
of s; delays the convergence to the stable positive steady state. Hence, r; and s; can define numerical
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bifurcation thresholds, which will be numerically investigated in the next section. Due to the computa-
tional burden of including all combinations of the logistic exponents r; and s; in the global sensitivity
analysis, we assumed these exponents to be equal to 1, reducing the model to Pinho’s formulation [15].
This allowed for a tractable sensitivity analysis focused on other parameters. To compensate, we sub-
sequently performed a dedicated numerical bifurcation analysis to investigate the effects of varying the
logistic exponents, thereby complementing the sensitivity findings (see Section 4.1).

To assess the influence of the model’s parameters (other than r; and s;) on the stable cancer-free
state, we conducted a global sensitivity analysis (GSA) using the classification and regression tree
(CRT) method. The analysis identified key independent variables contributing to the classification of
the cancer-free state and provided insights into their relative importance. The CRT-based classifica-
tion model demonstrated an overall predictive accuracy of 77.5%, with higher accuracy for the “No”
class (80.4%) compared with the “Yes” class (66.9%). This suggests that while the model effectively
identifies cases with an unstable cancer-free state, it has moderate performance in classifying cases
that are stable. The cross-validation risk estimate (0.448 + 0.003) closely aligns with the resubstitution
estimate (0.440 + 0.003), indicating a valid model performance. Furthermore, the resulting classifi-
cation tree contained 63 nodes, with 32 terminal nodes and a maximum depth of 5. The inclusion of
24 independent variables in the final model suggests that multiple interacting parameters contribute
to the stable cancer-free state. The model structure, combined with the parameters’ importance rank-
ing, provides insights into which biological and treatment-related factors significantly affect long-term
remission outcomes.
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Figure 1. Effects of model parameters. (a) The lag and stationary phases of cell growth
are increased with larger values of r and s, respectively. (b) Bar chart of normalized model
importance. Parameters with less than 5% importance are combined into “Other”.

Figure 1(b) provides the bar chart of the normalized importance of model parameters. It can be seen
that the top three parameters influencing the stability of the cancer-free steady state are the competition
coefficient g; for normal cells (NCs), the chemical washout rate &, and the chemical infusion rate 6.
These parameters play a critical role in determining whether the system maintains a healthy equilibrium
or transitions toward a cancer-dominated state. The high sensitivity to these parameters suggests that
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therapeutic strategies aimed at modulating chemical exposure and enhancing the competitive advantage
of NCs could be effective in sustaining remission and preventing relapse. The lower-ranked variables,
while included in the model, contribute minimally to classification, suggesting possible redundancy or
secondary effects in the system’s dynamics.

4. Numerical simulations

4.1. Numerical bifurcation analysis
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Figure 2. Bifurcation simulations when r; > 1 and r; > 1 but s; = s3 = 1. (a) Increasing
r3 significantly boosts healthy cell growth. The density of healthy cells increases when r3
exceeds values near 1. When r; exceeds a critical value near 6, then the diagram will be
independent of r; values. The reverse of (a) happens in (b): when r; is greater than 1 and
ry > 6, the cancer cells die. However, (c) shows that higher cancer densities lead to increased
immune response, but there is no significant impact on chemotherapy and anti—angiogenic
concentration when r; and r; are increased. A fifth panel for anti-angiogenic concentration
was not included because it is almost identical to the fourth panel.

In this section, we investigate the influence of the parameters r; and s; in shaping the tumor growth
dynamics. We examine the effects of how different values of the parameters r; and s; on the healthy

and cancer cell populations at the stable steady states. In Case 1, where r; and r; are greater than 1,
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increasing r3 significantly enhances healthy cell growth, especially when r; > 6, also leading to the
decline of cancer cells (see Figure 2). This bifurcation behavior aligns with biological mechanisms
targeted by therapies that prolong the cancer cells’ lag phase by inducing cell cycle arrest [44, 45].
Similarly, increasing s; also promotes healthy cell growth (see Figure 3), though its effects are less
pronounced than those of r;. This is a good addition to the bifurcation diagrams by Pinho et al., since
different values for r and s were not previously explored.
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08 0.025
4 07 R
S 1™ 54 0.02
@ @ 0.015
05
2 0.01
04
0.005
5 03 5
0 2 4 6 8 0 2 4 6 8 10
s1-axis s1-axis
(a) Healthy cells (b) Cancer cells
%10%
8 . 7
6 6
6 5 : 0.1805
g 4 g 4
4 3 ® 0.18
15} ®3
[ w
2 2
2 1 0.1795
1
0
0 0
0 2 4 6 8 10 0 2 4 6 8
s1-axis s1-axis
(c) Endothelial cells (d) Chemotherapy agent

Figure 3. Bifurcation simulations when s; and s3 > 1 but r; = r; = 1. Increasing s3
significantly boosts healthy cells’ growth. Healthy cells increase when s3 > 0.4 and s, > 4.
The reverse of (a) happens in (b) the r; and r; combination is more effective in cancer cells’
death. Part (c) shows that higher cancer densities lead to an increased immune response,
but there is no significant impact on chemotherapy and anti—angiogenic concentration when
s1 and s3 are increased. A fifth panel for anti-angiogenic concentration was not included
because it is almost identical to the fourth panel.

We also find that maintaining r; < 2 is essential for preventing healthy cells’ collapse, while r, > 1
is effective in suppressing cancer cell proliferation when r; > 4.6. The effect of r, > 1 justifies why
r, > 1 enables the therapies to be more effective, especially anti—angiogenic therapy and immunother-
apy. These results are illustrated through numerical bifurcation diagrams provided in Section C of the
appendix (Figures A1 and A2). Finally, comparing the influence of the parameter r- and s, we find that
the parameter r exhibit a stronger capacity to destabilize the cancer-dominated steady state and pro-
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mote healthy cells’ recovery, while increased cancer cell densities generally elevate immune responses
without significantly affecting the chemotherapy concentration.

4.2. Cancer relapse
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Figure 4. Relapse analysis for the cases r = 2 and s = 1. (a) and (b) Relapse after 700 and
1000 days, respectively; (c) relapse due to partial cancer treatment; (d) bistable equilibrium
solutions lead to relapse or successful treatment, depending on the initial cancer cell densities.

Using Matlab ODE and PDE solvers, we numerically explored the possibility of cancer relapse
based on the parameters from Pinho’s paper and the range of values presented in Table 2. Figure 4
demonstrates the dynamics of cancer relapse in the absence of diffusion. Panels (a) and (b) show re-
lapse scenarios in which the tumor re-emerges after extended periods (700 and 1000 days). In contrast,
Panels (c) and (d) show bistable tumor dynamics, emphasizing the system’s sensitivity to the initial
conditions and treatment parameters. Using Matlab pdepe solver, we numerically investigated the
solutions of the reaction—diffusion model under Dirichlet boundary conditions and various sets of pa-
rameter values. Figure 5 illustrates the progression of cancer relapse at two different time points. Panel
(a) shows a moderate tumor size after 50 days, while Panel (b) indicates significant tumor regrowth
after 200 days, highlighting the long-term potential for relapse.
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Figure 5. Numerical simulations of the reaction—diffusion (RD) model indicate that cancer
relapse may occur in tissues or organs that previously exhibited no detectable tumor growth
but are located in close proximity to the primary tumor site.

4.3. Predicted efficacy of treatments

A general overview of vascular cancer progression and corresponding treatments synthesized from
the existing literature and medical sources is shown in Table 3. The classification of vascular cancer
stages is based on tumor size, progressing from smaller (0.8 inches) to larger tumors (2 inches or
more). Treatment strategies evolve accordingly, beginning with chemotherapy for smaller tumors and
advancing to a combination of chemotherapy, anti—angiogenic therapy, and immunotherapy for more
advanced stages. This classification acknowledges the complex nature of vascular cancers, where
treatment approaches must be adapted according to tumor progression and individual patient responses.

Table 3. Summary of vascular cancer stages, associated therapies, and the corresponding
tumor sizes and treatment durations used in model simulations.

Stage Tumor size and treatment duration Types of therapy References
Stage | < 2 cm (0.8 inches); 4-6 weeks Adjuvant chemotherapy [46,47]
Stage 11 2-5 cm (0.8-2 inches); 6—8 weeks Chemotherapy [46]

Stage III > 5 cm (2 inches); 3—6 months Chemotherapy and anti—- [46]

angiogenic therapy
Stage IV Tumor size widely varies; ongoing treat- Chemotherapy and anti— [48,49]
ment lasting months to years angiogenic therapy, and
immunotherapy,

As shown in Figure 6, at Stage 1, with a tumor size less than 2 cm, chemotherapy alone was effec-
tive in significantly reducing tumor volume over a 50-day period. Without chemotherapy, the tumor
exhibited substantial 38% tumor growth in the same time frame. At Stage 2, with tumor sizes ranging
between 3 and 5 cm, chemotherapy continued to demonstrate effectiveness, achieving successful tu-
mor reduction in 60 days. However, without chemotherapy, the tumor size increased by approximately
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30%. As tumors exceed 5 cm in Stage 3, simulations of the RD model showed that a combination of
chemotherapy and anti—angiogenic therapy led to full tumor regression within 110 days, highlighting
the potency of this dual approach at advanced stages (see Figure 7). When chemotherapy was adminis-
tered without anti—angiogenic therapy, a reduction was observed initially, but the tumor size plateaued
after 160 days. In cases where only anti-angiogenic therapy was applied without chemotherapy, the
tumor grew by 209%, showing the importance of chemotherapy as a primary treatment agent in cancer
treatment. Without any therapeutic intervention, the tumor size increased drastically by 421%, which
is consistent with expected rapid tumor growth at this advanced stage.
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Figure 6. The tumor size dynamics in Stages 1 and 2, with or without chemotherapy. For
Stage 1, (a) chemotherapy results in a significant 94% reduction in tumor size over a 50-day
period; (b) without chemotherapy, the tumor growth increases by approximately 38%. Panels
(c) and (d) show similar results for Stage 2 with chemotherapy. There is a 97% reduction in
tumor size after 60 days in (c) and in (d) without chemotherapy, and there is a 30% increase
in tumor area.
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Figure 7. Predicted outcomes of chemotherapy and anti—angiogenic therapy on tumor
growth in Stage 3, where tumor size is greater than 5 cm over a 200-day period. (a) The
combination of chemotherapy and anti—angiogenic therapy results in nearly a 100% reduc-
tion in tumor size after 150 days. (b) Chemotherapy alone reduces the tumor area by 84%
after 200 days; (c) anti—angiogenic therapy alone is not effective and leads to a 209% in-
crease in tumor size; (d) in the absence of both therapies, the tumor size increases by 421%,
demonstrating the rapid progression of cancer without any intervention.

In Stage 4, where tumor size varies widely, the combination of chemotherapy, immunotherapy, and
anti—angiogenic therapy proved to be the most effective, achieving full tumor reduction in approx-
imately 200 days (see Figure 8). When chemotherapy was excluded and both immunotherapy and
anti—angiogenic therapy were retained, tumor size reduced by 76% over a span of 730 days. Compar-
atively, chemotherapy combined with immunotherapy without anti—angiogenic therapy led to an 84%
reduction, while the pairing of chemotherapy and anti—angiogenic therapy excluding immunotherapy
achieved an 87% reduction. In the absence of any intervention, tumor growth was excessive, reflecting
the expected aggressive nature of untreated Stage 4 cancer (see Figure A3).
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Figure 8. Tumor response to combined therapies in Stage 4 cancer. (a) Combined effect
of chemotherapy, immunotherapy, and anti—-angiogenic therapy, resulting in complete tumor
regression within 200 days; (b) predicted outcome when chemotherapy is absent, leading
to a 76% decrease in tumor size; (c) the effect of chemotherapy and immunotherapy with-
out anti—angiogenic therapy, resulting in 84% tumor size reduction; (d) the combination of
chemotherapy and anti—angiogenic therapy, without immunotherapy, leading to a 87% re-
duction in tumor size.

We also computed the mean areas under the curve (AUC) for each cancer stage, providing a detailed
view of the therapy’s effectiveness over time. Figure 9 illustrates the impact of chemotherapy and
anti—angiogenic therapy on tumor progression across different cancer stages. In both Stage 1 and
Stage 2, the presence of chemotherapy significantly reduces tumor area, while its absence leads to
tumor growth. The advanced stage results further emphasize that combined chemotherapy and anti—
angiogenic therapy lead to complete tumor regression, whereas the absence of one or both therapies
results in substantial tumor growth. A summary of these findings is presented in Table 4. For additional
details, please see Table A2 in section D of the appendix.
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Figure 9. Area under the curve (AUC) plots showing changes to tumor volume across dif-
ferent stages and treatments. Panels (a) and (b) show Stages 1 and 2: Chemotherapy reduces
tumor area by 94% and 97%, while the absence of treatment leads to tumor growth. Panel
(c) highlights the critical role of chemotherapy and anti—angiogenic therapy in Stage 3, with
untreated cases showing up to a 421% increase in tumor size. Panel (d) shows how effec-
tive chemotherapy, immunotherapy, and anti—angiogenic therapy are in cancer treatment in
Stage 4.

Table 4. Predicted efficacy of cancer therapies across different stages of vascular cancer. The
associated model parameters are shown in parentheses. Mean AUC values, tumor volumes
before and after treatment, and volume reductions (as percentages) are shown.

Stage, Treatment (Parameters) Pretreatment Post-treatment

Stage I: Chemotherapy () AUC=0.0874,V AUC = 0.0052, V =
=0.0194 cm® 0.0003 cm? (-94.1%)

Stage II: Chemotherapy (6) AUC =0.1634,V AUC = 0.004, V =
= 0.0499 cm® 107%cm?® (-97.8%)

Stage III: Chemotherapy (6) and anti-  AUC = 0.2472 AUC=0.0001, V = 107°

angiogenic (€) V =0.092 cm? cm’ (-99.9%)

Stage IV: Chemotherapy (), anti— AUC =0.3931, AUC=10"°%V=10"°

angiogenic (£), and immunotherapy (r;) V =0.1858cm®  cm?® (-99.9%)
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5. Discussion

This study represents a further advancement in cancer modeling aimed at measuring the efficacy
of various therapies across different stages of vascular cancer. The numerical bifurcation analysis in
this study revealed that increasing the parameter r significantly boosts healthy cells’ growth and can
lead to eradication of cancer cells when exceeding critical values. The cell growth dynamics were not
captured by Pinho’s model because the parameters r and s were restricted to 1. The modified logistic
growth model based on Peleg’s generalized model gave better insights into how changes in the param-
eter values for r and s give another perspective on the cell growth dynamics. The extended model,
through both simulation and analytical results, corroborates the findings of Pinho et al. [15], while
offering additional insights into the effectiveness of various interventions when implemented individu-
ally or in combination. The simulation results in Section 4.3 emphasize the paramount importance of
chemotherapy, particularly when combined with anti—angiogenic therapy and immunotherapy, in ef-
fectively managing tumor growth across various cancer stages. The assessment of the different stages
of cancer is based on the simulations of the RD model and the specific parameters of this paper. These
results suggest that treatment efficacy varies significantly across different stages of cancer. Early-stage
tumors respond well to chemotherapy alone, whereas advanced tumors benefit the most from combi-
nation therapies. However, the effectiveness of these treatments is highly dependent on the specific
parameters used in the simulations.

Dirichlet boundary conditions were used in the simulations to represent fixed concentrations
of cell populations and therapeutic agents at the boundary, simulating the presence of a constant
microenvironment or external regulation at the tumor’s margin [50-52]. To assess the sensitivity of
the model to boundary conditions, we also conducted simulations using no-flux Neumann boundary
conditions for selected cases. While Neumann conditions are often considered to be more biologically
realistic, particularly in enclosed tissue environments, we observed that the overall dynamics of the
system remained largely consistent across both boundary condition types. This robustness can be
attributed to the sufficiently large spatial domain used in the model, which minimizes the influence of
boundary effects on interior behavior. These findings suggest that the key qualitative behaviors of the
system are not significantly dependent on the specific choice of boundary conditions, supporting the
broader applicability of our results. Beyond the current model, the literature supports the evolution
of cancer models toward greater biological realism [53, 54]. For instance, advanced ODE-based
models incorporate drug pharmacokinetics, tumor shrinkage rate constants, and immune-cancer inter-
actions (e.g., cytotoxic T lymphocytes dynamics during immunotherapy) [55]. Moreover, emerging
approaches using fractional calculus have gained traction due to their ability to capture memory
effects and anomalous diffusion behaviors, offering improved fidelity in simulating tumor growth and
treatment response [56-58]. In particular, the work by Unni and Seshaiyer [59] demonstrates the
impact of immune system components such as natural killer cells, dendritic cells, and CD8+ cytotoxic
T cells in modulating tumor dynamics, providing further motivation for integrative modeling that
accounts for complex biological feedback mechanisms.

Some limitations of are study is that we do not specifically define parameter ranges or offer thorough
biological explanations for the stability conditions determined using the Routh—Hurwitz criteria in
the explorations of stability in Section 3.1. This restricts the results’ direct relevance to particular
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tumor situations. This is due to the complexity of the Jacobian matrix and the associated characteristic
polynomials. Furthermore, even though our model incorporates some spatial components through
reaction—diffusion terms, we have not conducted a thorough analytical analysis of how spatial patterns
like wavefronts or instabilities originate. In order to improve the model’s mathematical and biological
insight, future research will concentrate on determining the analytical circumstances under which such
spatial patterns might emerge. As part of our future research direction, we intend to calibrate and
validate the model using available patient-derived datasets due to the in silico nature of our findings.

In conclusion, by examining the dynamic interplay between healthy and cancerous cells under var-
ious therapeutic regimes, the extended model offers insights for the design of personalized, stage-
specific cancer treatments.
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Appendix

A. Recent cancer models

Table A1 presents a comprehensive overview of recent cancer modeling studies, systematically cat-
egorized by model type. It highlights the primary objectives, methodologies, and key findings of each
model, providing insights into their applications in tumor’s growth dynamics, treatment strategies, and
disease progression. This summary serves as a reference for comparing different modeling approaches
and understanding their respective contributions to cancer research.

Table A1. Summary of recent cancer studies, their key findings, and model types.

Authors (year published)

Main result

Nonlinear ODE models
Pinho et al. (2013) [15]

El Haout et al. (2021)
[21]

Sadeghi et al. (2021) [7]

Hernandez-Rivera, et al.
(2023) [3]

Sharma et al. (2013) [13]

Hanum et al. (2023) [8]

Sujitha et al. (2024) [11]
Sujitha, et al. (2023) [9]
Kaviyan et al. (2023)

[12]
Liu et al. (2021) [60]

A five-equation model simulates tumor’s growth dynamics, showing
how anti-angiogenic agents enhance chemotherapy’s effectiveness.

The combination of immunotherapy and chemotherapy decreased tumor
growth, with Heun’s method providing the closest accuracy to the true
value given by the Runge—Kutta output.

The design is such that the volume of the cancerous tumor sharply
reaches zero in finite time. Additionally, the chemotherapy injection
rate was reduced by about 97%, and after a short period, the number of
healthy cells returned to normal.

Modeling tumor growth can provide valuable insights into tumors’ be-
havior, and it is crucial to incorporate sources of uncertainty to ensure
that the models accurately capture tumor behavior.

The optimal control is more effective in reducing the number of tumor
cells to near zero.

Reducing glioma endemicity among sensitive cases requires decreas-
ing chemotherapy expenditure, increasing angiogenic dormancy, and
adjusting chemotherapy infusion rates.

Numerical simulations of the model incorporating different treatment
methods reveal the therapy’s impact.

Radiotherapy treatment lowers tumor development while enhancing
glial cell proliferation, according to simulation results.

The mathematical model shows the interplay between most cancer cells
and immunotherapy.

The chaotic dynamics obtained in the model through equilibria analysis
demonstrate the existence of chaos by calculating the Lyapunov expo-
nents and the Lyapunov dimension of the system.

Continued on next page
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Khajanchil et al. (2022)
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(2017) [66]

Rodrigues et al.
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(2013)

The hybrid approach in this research produces a potent minimization of
cancer. The application of sliding mode controller (SMC). It is used as
optimal control for normal and immune cells boosting in addition to es-
calated tumor minimization to ensure that the normal cell concentration
stays well above the critical threshold, making a continuous treatment
dose viable.

Simulation results and comparison studies show that adding anti-
angiogenic treatment not only reduces chemotherapy’s side effects and
also that the proposed robust sliding mode controller provides faster and
stronger treatment in the presence of patient-related parametric uncer-
tainties.

If an optimal controller could be designed to mix the advantages of both
methods, the solution could widely be used to optimize drug injection
rates and predict the system’s dynamics in cancer treatment.
Intervention practices involving periodically pulsed chemotherapy yield
a better result in controlling tumor growth.

Anti-angiogenesis therapy cannot completely eliminate tumor cells;
however, immunotherapy can eradicate tumor cells. Combined therapy
achieves better therapeutic effects.

Chemotherapy can be applied while mitigating the side effects of drugs
on neuron death. Infusion values were found for minimizing cancer’s
lifetime with less toxicity.

The analysis suggests that the optimal drug and virus combination cor-
responds to half their maximum tolerated doses.

Analytical solutions were obtained in implicit form for a tumor cell pop-
ulation differential equation with a strong Allee effect.
Immunotherapeutic drug control alone does not significantly alter tu-
mor growth, but chemotherapeutic control alone does. Combining both
yields rapidly reducing tumor cell populations.

Continuous and pulsed chemotherapy can kill glioma cells with minimal
neuron loss.

Large drug administration for targeted therapies should be combined
with normalization for simultaneous access to both the tumor’s rim and
center.

The Monte Carlo approximate Bayesian computation (ABC) algorithm
correctly selects the model and estimates the parameters used to gener-
ate the simulated measurements.

Chemotherapy is less effective for tumors at plateau growth levels; a
combination with surgical treatment yields better outcomes.

Mathematical Biosciences and Engineering

Continued on next page

Volume 22, Issue 11, 2944-2987.



2976

Authors (year published)

Main result

Rodrigues et al.
[24]

(2016)

Santurio et al.
[19]

(2022)

Urenda-Cazares et al.
(2019) [22]
Paradji et al. (2021) [68]

Metronomic schedules are more effective in eliminating tumor cells due
to their impact on endothelial cells, with more frequent, low-dose regi-
mens increasing patient’s survival time.

The model highlights CAR-T cell therapy’s dynamics, providing in-
sights into the consequences of “on-target” “off-tumor” effects, particu-
larly in neuronal loss.

Combined therapy may reduce chemotherapy sessions, leading to better
outcomes in glioma treatment.

Mathematical analysis provides conditions for successful chemotherapy
in terms of the mathematical relationships among parameters.

PDE & DDE models

Berezansky, et al. (2016)
[69]
Sujitha, et al. (2023) [10]

Guiraldello, et al. (2016)
[26]

Li (2016), et al. [25]

Discusses the potential of continuous or impulse therapy to eradicate
tumor cells and suppress angiogenesis.

The analysis suggests that combination therapy could lead to tremen-
dous success in treating gliomas.

The metronomic protocol is more effective than maximum tolerated
dose (MTD) in prolonging patient’s life. Uniform drug delivery com-
bined with the metronomic protocol is the most efficient strategy to re-
duce tumor density.

Time delay is harmless for the local and global dynamical properties of
the model.

B. Components of the Jacobian matrix

The Jacobian matrix evaluated at the baseline equilibrium CPE is given by

m; mp 0 nmy ms
V1 Vo V3 Vg4 Vj5

JCPE)=|0 g g 0 gs
h 0 fi O
0 0 zz 0 zs

(B.1)

The components of the general Jacobian matrix of the proposed model are given by

-1 -1
mp = a [71011 (1 =c)" =ci'si(1 = c)" ] —q1C2

nmpy = —qi1€1

_ pi(e3wcy

m4 = ap+c
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C. Further details on the numerical bifurcation analysis

Figure A1 presents the results of numerical bifurcation analysis results under varying values of
the parameters r; and r,, which influence cell proliferation and cancer cell death, respectively. The
figures illustrate the spatial distributions of (a) healthy cells, (b) cancer cells, (c) endothelial cells, and
(d) the chemotherapy agent. The model demonstrates greater sensitivity to r; than to r,; specifically,
healthy cells are eliminated when r; > 2, while cancer cell death becomes more pronounced when
r; > 4.6 and r, is low. The immune response increases as cancer cells’ density rises, yet chemotherapy
concentrations remain relatively unchanged within the tested parameter range.

Figure A2 explores the influence of the parameters s; and s, on tumor dynamics. The figures show
the distributions of (a) healthy cells, (b) cancer cells, (c) endothelial cells, and (d) the chemotherapy
agent. Increasing s, leads to a reduction in healthy cells, while the model exhibits limited sensitivity to
5. Compared with to the r,—r, pair, the s;—s, combination is less effective in suppressing cancer cells.
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An increase in immune activity with higher cancer densities is again observed. Similar to Figure A1,
chemotherapy concentrations are minimally affected by parameter variations within the range tested.

Figure A3 depicts tumor progression in the absence of all treatments—chemotherapy, immunother-
apy, and anti—angiogenic therapy—under Stage 4 cancer conditions. The tumor exhibits unchecked
growth, highlighting the aggressive nature of advanced-stage cancer and the critical importance of
therapeutic intervention.
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Figure A1. The model shows greater sensitivity to the values of r; than r,. Specifically, r;
values must remain below 2 to prevent the death of healthy cells; r,, which promotes cancer
cells’ death, becomes more impactful when r; exceeds 4.6. Furthermore, higher cancer cell
densities lead to an increase in the immune response, which is expected. However, on a
scale of 0.155-0.185 on the color bar, the concentration of the chemotherapy agent does not
significantly change when r; and r, increase.
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Figure A2. As s; increases, healthy cells decrease, and the model is less sensitive to s,.
The r; and r, combination is far more effective at eliminating cancer cells than the s, and s,
combination. Specifically, cancer cells die when r; > 4.6 and r, < 1. There is an expected
increase in immune response with higher cancer cell densities. According to the color bar
scale of 0.16-0.18, there is no significant impact on the concentration of the chemotherapy
agent when s, and s, increase.
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Figure A3. This figure shows the progression of the tumor with no treatment (no chemother-
apy, no immunotherapy, no anti—angiogenic therapy), where the tumor increases signifi-
cantly, indicating the severity of Stage 4 cancer without any intervention.

D. Simulations of different stages of cancer

Table A2. Summary of key findings from spatio—temporal model simulations associated
with different stages of cancer.

Treatment Outcome

Stage 1 (tumor < 2 cm)

With chemotherapy The area under the curve shows a decrease throughout the 50 days. Tu-
mor size significantly reduces after 50 days. After 32 days, the tumor
size falls below 1% of its original size.

Without chemotherapy The area of the tumor grows by 38%. The area of the tumor increases
as time increases.

Stage 2 (tumor 3-5 cm)

With chemotherapy Slower decline in the tumor size compared with Stage 1. After 60 days,
there was a successful reduction in the tumor size. After 35 days, the
tumor size falls below 1% of its original size.

Without chemotherapy The tumor grows by 30%, emphasizing the need for chemotherapy in
this stage.

Stage 3 (tumor > 5 cm )

With chemotherapy and After 61 days, the tumor size falls below 1% of its original size and there
anti—angiogenic therapy s full recovery after 110 days.

With chemotherapy and There is a reduction for the first 160 days, but after that, the tumor size
no anti-angiogenic ther- stays the same as its size.

apy

Continued on next page
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Stage Outcomes

Only anti—angiogenic The tumor grows by 209% with only anti—angiogenic therapy, indicating
therapy the crucial role of chemotherapy.

no therapy Without intervention, the tumor grows by 421%, which is expected at

an advanced stage.

Stage 4 (varying sizes)

With chemotherapy, im-
munotherapy, and anti—
angiogenic therapy

With immunotherapy and
anti—angiogenic therapy
With chemotherapy and
immunotherapy

With chemotherapy and
anti—angiogenic therapy

No therapy

After 132 days, the tumor size falls below 1% of its original size. There
is full recovery after about 200 days.

Tumor size decreases by 76% by the 730 days.

Tumor size decreases by 84% after 724 days. The effect of this combi-
nation on the tumor size is more effective than the previous combination.
Tumor size decreases by 87% after 718 days, demonstrating that
chemotherapy and anti—angiogenic therapy are more effective than the
other combinations.

Without any intervention, the tumor grows excessively, which is ex-
pected, as this is the most severe stage of cancer without treatment.

E. Stability of analysis with the presence of diffusion for the five CPE types of equilibria

Corollary 6 (Stability of CFE Type 1 with diffusion). Let p; > 0 and p; > 0. Assume the following:

(Hl) as = 0andd1 = O,
(Hy) my + v, <0, and
(H3) myvy, —movy >0

In this case, in the presence of diffusion, the cancer-free equilibrium (Type 1) CPE!Y =
(CE”, 0, c[31], Yy !y remains locally asymptotically stable for all k € R.

Proof. Under Hypothesis H;, we have f; = 0 and z3 = 0, which simplifies the characteristic polynomial
of the Jacobian to
(&3 — Dl(zs — D(fa — D) ((my — H(v2 — ) —mvy) .
With diffusion, the Jacobian becomes J, = J(CPEtypel) — kD, where D is the diagonal

matrix of the diffusion coefficients. This modifies the characteristic polynomial where g3 becomes
g3 — D3k?,zs = zs — Dsk?, fu = fu — D4k?, and vy = v, — Drk>.

Thus the modified characteristic polynomial becomes
(g3 = D3k* = D(zs = Dsk* = D(fa = Duk® = ) ((m1 = V(v = Dok’ = ) = myvy).

The first three eigenvalues are
Ay =25 — Dsk?,

A = g — D3k, A3 = fi — D4k’

Since g3, z5, f4 < 0 by assumption, and D; > 0, these eigenvalues remain negative for all k > 0.
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The last two eigenvalues come from the quadratic
A% = (my + vy — Dok*)A + (my(va — Dok?) — myvy).

The new coeflicients still satisfy the Routh—-Hurwitz conditions:

The trace (m, +v,—D,k> < 0) for all k, because m; +v, < 0 by (H,), and subtracting D,k*> > 0
preserves negativity.
The determinant becomes

my(vy — Dzkz) — mvi.

Since D,k*> > 0 and m;(v, — D>k*) < m;v,, the term is slightly reduced. But the original
expression m;v, — mpvy > 0 by (H3), so for a sufficiently small D,, this remains positive.
Hence, both eigenvalues retain negative real parts.

Therefore, all five eigenvalues have negative real parts and the equilibrium CPE!"! remains locally
asymptotically stable in the presence of diffusion for all £ € R.

Corollary 7 (Stability of CFE Type 2 with diffusion). Assume the non-diffusive cancer-free equilibrium
Type 2 (CPE?) is locally asymptotically stable, that is, the coefficients q4, q3, 2, q1, qo satisfy

(l) Q4>0, Q3>0, C]2>0, q1 >0, q0>0,'
(i) q1q3q> > @3 + 42q1;
(iii) (qaq1 — 90)(4a9392 — 45 — 4391) > qo(qaq3 — G2)* + qaq;
where
Gs = fo+ g3 +my + vy + 25,
qz = — (fags + famy + favy + fazs + g3my + g3Vy + €325 — g523 + MV + myZs — mMuvy + VaZs),
Q> = fagzmi + fag3va + fa8375 — fagszz + famiva + famizs — famuvi + f4vozs
+ 83m vy + 83mZs — §3MpVy + 83VoZs — 85M123 — 5V223 + MVals — MaViZs,
q1 = — (fagzsmivy + fag3miZs — fag3mavi + fa83Va25 — f485M 123 — fag5V223
+famvazs — famyvizs + gamsViZ3 — 83 VaZs + 3MaViZs + §5MiVaZs — §5MaVi3) ,
qo = —f182msVv123 + f4g€3mVaZs — f48€3mMav1Zs — fagsmivazs + fagsmavizs.
Then for all k > 0, the diffusion-modified Jacobian J;, = J — k*D has eigenvalues with negative real

parts. That is, CFE Type 2 remains locally asymptotically stable in the full reaction—diffusion system,
and no diffusion-driven instability occurs.

Proof. Let the Jacobian matrix evaluated at CPE™?! = (1,0, cgzl, 0, w'?!) be denoted by

m my 0 my O

Vi Vo 0 0 0
J={0 g g 0 gs
0O 0 O f, O

0 0 zz 0 zs
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Assume that each diffusing component has the diffusion coefficient D; > 0.
We define the diffusion-adjusted characteristic polynomial at each mode k > O as:

PRl qgk]/lA' + q[3k]/l3 + q[zk]/l2 + qgk]/l + qg‘] =0

Each coefficient qg.k] is a continuous and monotonically increasing function of g; with additional
positive terms from the diffusion contributions k*D;. That is

qg.k] =4qg;j+ Djkz, WithDjk2 >0

Because the non—diffusive system satisfies the Routh—-Hurwitz conditions (i)—(iii), and the added
diffusion terms only strengthen the inequalities, the Routh—Hurwitz conditions remain satisfied for all
k > 0. Thus for each q[,.k] > g; > 0, Condition (i) remains true and Conditions (ii) and (iii) involve
polynomial inequalities that are strengthened by the positive additive diffusion terms.

Thus, for all k € R, the eigenvalues of J — kD have negative real parts. Therefore, CPE Type 2
remains locally asymptotically stable in the presence of diffusion.

Corollary 8 (Stability of CFE Type 3 with diffusion). The cancer-free equilibrium (Type 3) exists if p;
is sufficiently small. In the presence of diffusion, the equilibrium

CPE® = (c,0, ¢, y131, 1%
is locally asymptotically stable for all k > 0, provided the following Routh—Hurwitz conditions hold:
(i) >0
(i) >0
(iii) 94 > AN
where the diffusion-modified coefficients are

t&k] = —(my + 2 + fu + DIK* + Dok’ + Dyk®),

tgk] = —(fima = mvy = fumy = fava + myvy) = (D1 Dy + D1 Dy + Dy Dy)K”,

k
t£ V= fimgvy = fimyva + fimyv,

+ KA(Dymyvy + fiDyvs + fimyDy — Dymyvy — fuDyvy — fam Da
+ D4m2v1 + f4D1v1 + f4ﬂ12D2) + D1D2D4k6.

Proof. With diffusion, the Jacobian becomes J; = J(CPEP") — k*D, where
D = dlag(09 D29 D3’ D49 D5)a

CPEM! becomes

m my 0 my ms

Vi Vy— D2k2 0 0 0
Ji=10 82 g3 — Dsk? 0 8s

N 0 0 fa — Dyk? 0

0 0 0 0 75 — Dsk?
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The characteristic polynomial factorizes as
(g3 — D3k? = (zs — Dsk® = 2) - Pi(d),
The first two eigenvalues are
A =g — D5k, A = 75 — Dsk*.

Under the assumptions that g3 < 0,z5 < 0, and D3, D5 > 0, these eigenvalues remain negative for all
k > 0. The remaining cubic is

P = =22 + 922 + 92+ A1,
Multiplying by —1, the cubic takes standard Routh—-Hurwitz form
A+ 92+ 9+ 4,
Since t;,i = 1, 2, 3, the non—diffusive coefficients is assumed to satisfy
nh>0, >0, Hth>t,
With tgk] >t >0 tgk] > t3 > 0. Since tg‘] > 1, the inequality tgk]tg‘] > tgk] continues to hold.
Thus, the Routh—-Hurwitz conditions are preserved under diffusion.

Therefore, the eigenvalues have negative real parts for all k£ > 0, and the CFE Type 3 is locally asymp-
totically stable in the presence of diffusion.

Corollary 9 (Stability of CFE Type 4 with diffusion). The cancer-free equilibrium (Type 4)
4] _ 14 (4]
CPEW = (c;,0,c57,0,0),

is locally asymptotically stable in the presence of diffusion for all k > 0, provided that the following
conditions are satisfied:

(i) (v = D2k*) <0,

(ii) movy <0,
(iii) f4 <0, z5<0, Dy>0, Ds>0.

Proof. At the CFE Type 4, the values c[24] =y = ¥ = 0 imply that both c[14] and c[34] approach
their maximal values which is (assumed to be normalized to 1). Evaluating the Jacobian matrix with
diffusion gives

0 ny 0 ny 0

Vi Vo — D2k2 0 0 0
JW(CPE®) =10 & —D;k? 0 gs

0 0 0  fi— D,k 0

0 0 0 0 5 — l)5k2

The characteristic polynomial factors into

(fs = Dak* — A)(z5 — Dsk* — 2) - Pi(Q),
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where
Pr(d) = 2 = (vy — D2k — mywy A.

A1 = fi — D4k, Ay = 75 — Dsk>.

Given that f; <0, z5 < 0, and Dy, Ds > 0, these eigenvalues are negative for all k£ > 0.

Pr(d) = 2 = (vy — D2k — mywy A.

This simplifies to
/7.2 — (V2 — ngz)ﬂ — npvy.

By the Routh—Hurwitz criterion, it follows that all eigenvalues of the full Jacobian matrix J; have
negative real parts for all k£ > 0.

Hence, the cancer-free equilibrium Type 4 remains locally asymptotically stable in the presence of
diffusion.

Corollary 10 (Stability of CFE Type 5 with diffusion). Assume the non—diffusive cancer-free equilib-
rium (CFE Type 5) is locally asymptotically stable, that is, the characteristic polynomial

P+ + b3+ b2 +bA+by=0
satisfies the Routh—Hurwitz conditions
(i) by >0, b3>0, by>0, b >0, by>0,
(ii) babsby > b3 + biby,
(iii) (baby — bo)(babsby — b3 — biby) > by(bsbs — by)* + bsby.
Then for all k > 0, J, = J(CPEP) — k>D yields a characteristic polynomial of the form
A+ b2+ B2+ b2+ b+ b =0,

where each bl[k] is a continuous, increasing function of k*, due to the non-negative diffusion terms added

to the diagonal entries.
Then all eigenvalues of the Jacobian J; have negative real parts for all k > 0.

Proof. Let the characteristic polynomial be
5 (k] 14 [k] 33 [k] 32 [k] [kl _
A +b, T +b; U +by A" +b"A+b;" =0,

where each bt[.k] is a continuous function of k% with

b =b;+ Dik* and D> >0 forall k>0 and i=0,1,2,3,4.
By assumption, the non—diffusive coefficients b; satisfy the strict Routh—Hurwitz conditions:
(1) ba,b3,by,b1,b > 0,
(ii)  babsby > b3 + biby,
(iii)  (byb) — bo)(byb3by — b — biby) > bo(bsbs — by)* + byby.
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Since D;k* are non-negative and smooth in k, all inequalities remain satisfied for bl[k]. Therefore, the
Routh-Hurwitz conditions hold for all £ > 0, and all eigenvalues have negative real parts.

Hence, the cancer-free equilibrium Type 5 remains locally asymptotically stable under diffusion.

F. Simulation of the stability of the ODE and full PDE systems

To complement the local stability analysis of the spatially homogeneous system, we performed
numerical simulations to investigate the stability behavior both in the absence and presence of diffusion,
specifically the baseline equilibrium. These simulations validate the analytical results by illustrating
the system dynamics for the ODE model and the full reaction—diffusion PDE system.

Figure A4 shows that the eigenvalues of the ODE Jacobian (k = 0) indicate that the homogeneous
equilibrium is locally asymptotically stable, i.e., all eigenvalues have negative real parts.

] Eigenvalues of the ODE Jacobian

0.8 f 8
06 f 8
04 Ff 8
0.2 8
or O o @ ]
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-0.6 8
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Figure A4. Eigenvalues of the Jacobian matrix for the ODE system evaluated at the homo-
geneous equilibrium. All real parts are negative, confirming local stability.

In Figure A5, we plot the real part of the leading eigenvalue as a function of the spatial wavenumber
k (the dispersion relation). The result shows that Re(An.«(k)) < O for all k¥ € [0, 2], thus ruling out
Turing-type instabilities. The system remains linearly stable under spatial perturbations, as shown
analytically.
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%107 Turing Instability: Dispersion Relation

1 1 L 1 I 1 1

0 1 Il
0 0.2 0.4

0.6 0.8 1 1.2 1.4 1.6 1.8 2
Wavenumber k

Figure AS. Dispersion relation showing max Re(A(k)) for k£ € [0,2]. No wavenumber leads
to a positive growth rate, indicating absence of diffusion-driven instability.

These numerical results confirm that the equilibrium is stable both for the ODE and PDE systems.
This strengthens our analytical conclusions and rules out Turing-type dynamics in the biologically

relevant parameter regimes considered.
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