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Abstract: In this article, we proposed a simplified mathematical model of primary tumor growth
that involves four cell populations: Two types of cancer cells with different levels of immunogenicity,
and the immune response in its two components, innate and adaptive. By varying the proliferation
rate of non-immunogenic cancer cells and the innate immune stimulation parameter, and applying
biparametric numerical continuation techniques, we identified distinct stability regions that revealed
scenarios of tumor escape and latency. A closed curve of supercritical Hopf bifurcation points was also
detected, delineating the parameter region in which limit cycles emerged. By examining the population
maxima of each cell type at steady state, we identified parameter values at which both immunogenic
and non-immunogenic tumor cell populations remain in stable equilibrium at modest levels, sustained
by an immune response that does not escalate to intensities associated with immunological damage.
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1. Introduction

When a cancerous tumor emerges, the phenotypic characteristics of tumor cells are not
homogeneous [1, 2]; for example, cell morphology, metabolism, angiogenic factors, and antigen
expression can vary, and this genetic instability is an obstacle to the immune response. The
immunogenicity of a cancer cell refers to its ability to activate the immune response, which depends
on the expression of tumor antigens and the release of danger signals that alert the immune system.
This is a key factor in the development of immunotherapies for cancer, as non-immunogenic cells
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evade immune activation by failing to release the necessary molecules to induce an effective
response [3]. In other words, these suppress antigen presentation or modulate their microenvironment
to prevent activation.

Research in cancer immunotherapy has established that primary tumors can be recognized and
eliminated without external therapeutic intervention [4, 5]. The recognition of malignant cells is
mainly due to antigens, in this case, in immunogenic cells; however, due to genetic alterations several
variants of tumor cells with low immunogenicity can appear, which in their accumulation become
non-immunogenic tumors [6, 7]. The transition from one type to another is a common phenomenon in
these biological processes; it also occurs with immune response cells, which can develop conditions
that promote tumor growth. For example, the polarization of macrophages between M1 and M2
phenotypes studied in [8] enables that the M1 phenotype produces suppressor molecules while M2
macrophages produce protumoral factors and promote angiogenesis. Similarly, polarization occurs in
cytotoxic T cells and natural killer (NK) cells [9, 10].

The characteristics and composition of the tumor microenvironment determine whether a tumor
remains immunogenic or becomes non-immunogenic, thereby complicating the effectiveness of
therapeutic responses. To investigate tumor growth, experimental investigation has been
complemented by mathematical modeling with the aim to quantify and predict these dynamics.
Mahlbacher et al. (2019) [11] emphasized the importance of mathematical modeling for
understanding the complex interactions between tumor and immune cells, highlighting the diversity
of approaches, such as those based on systems of ordinary differential equations. In this context, the
literature reports models that capture the essential features of the phenomenon, for
example [1, 12–15]. In this work, we study the model presented in [1], which comprises a system of
four nonlinear ordinary differential equations. The model incorporates the configuration of the
immunogenic tumor phenotype to investigate the effectiveness of the immune system in response to
tumor heterogeneity.

Building on this framework, we propose a simplified system in which we conduct a local stability
analysis of the equilibrium points and demonstrate the occurrence of a supercritical Hopf bifurcation.
Furthermore, we construct a bi-parametric numerical continuation curve of Hopf points and analyze
the resulting dynamic scenarios. By simplifying the system, it can be expressed in terms of
dimensionless parameter combinations, which facilitates sensitivity analysis since instead of varying
many original parameters, and the effect of a few parameters that concentrate the dynamics could be
studied. Consequently, the results presented in this work rely on a qualitative mathematical analysis
under specific structural and parametric assumptions. These assumptions are intended to highlight the
fundamental dynamic mechanisms of the system without aiming to capture the full complexity of the
oncological process or to account for all biological variables involved in cancer.

The contents presented in the article are organized as follows: In Section 2, we introduce the
model for the evolution of the tumor and derive the dimensionless system. Section 3 is dedicated to
the analysis of the local dynamics, where the existence conditions and the stability characteristics for
the equilibrium points are studied. Moreover, the emergence of a Hopf bifurcation is demonstrated. In
Section 4, bi-parametric numerical continuation techniques are employed to construct a continuation
curve of Hopf points, considering variations in the proliferation rate of non-immunogenic cancer cells
and the innate immune stimulation parameter. Along this curve, the dynamics of the first Lyapunov
coefficient and the transversality condition are analyzed. In Section 5, the population maxima in
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steady state are studied; additionally, numerical simulations are presented to illustrate the behavior of
the system under the different dynamic scenarios identified, exploring the sensitivity of relevant
parameters. Finally, in Section 6, we discuss the results obtained, their biological relevance, and the
possible implications of the model for future research.

2. Model description

Alvarez et al. (2019) [1] formulated a tumor cell dynamics model that considers interactions
between tumor cells and the immune response, involving four cell populations. We denote the
immunogenic tumor population by T1 and the non-immunogenic tumor cells by T2. Similarly, E1

corresponds to the innate immune response effector population, and E2 represents the adaptive
immune response cells. The immunogenic tumor cell population is governed by Eq (2.1).

Ṫ1 = aT1(1 − T1
k ) − µE1T1 − βE2T1 − νT1T2. (2.1)

In Eq (2.1), the first term describes the logistic growth of T1, limited by the carrying capacity k. The
term −µE1T1 corresponds to the elimination of T1 mediated by the effector population E1, which is
justified by the direct cytotoxic action of the innate immune response. Similarly, −βE2T1 reflects the
elimination of T1 induced by E2, representing the contribution of the adaptive immune response, since,
in this context, the E2 population is recruited in response to the presentation of antigens derived from
T1. Finally, the term −νT1T2 models the competition between the tumor populations T1 and T2 as a
simplified representation of competition for space and nutrients.

Eq (2.2) is formulated for T2 based on the same principles that govern the dynamics of T1,
incorporating the characteristics associated with the non-immunogenic nature of this population and
its lower proliferative capacity.

Ṫ2 = aρT2(1 − T2
k ) − µqE1T2 − rνT1T2. (2.2)

In Eq (2.2), the logistic growth of T2 is constrained by the same carrying capacity k. This assumption
is made because both tumor populations proliferate within the same microenvironment and therefore
compete for common resources such as nutrients, oxygen, and space. The proliferation rate of T2 is
defined by ap (0 < p < 1). The term −µqE1T2 represents the elimination of T2 mediated by the
effector population E1, where parameter q satisfies 0 < q < 1. Biologically, non-immunogenic tumor
cells exhibit immune evasion mechanisms that reduce the effectiveness of the innate response. It is
important to note that T2 is not susceptible to the action of E2 due to its non-immunogenic nature and
the inability of the adaptive immune response to recognize it through antigen presentation. Regarding
the competition between tumor populations, the dynamics of T2 include the term −rvT1T2, where r is
introduced to account for the possibility that the two populations may experience different competitive
pressures due to differences in their angiogenic potential, nutrient consumption efficiency, or ability to
colonize the available microenvironment.

To model the proliferation of E1 in response to the tumor, a Michaelis-Menten type mechanism is
incorporated, represented by the positive functional defined in Eq (2.3). The parameter s (0 < s < 1)
modulates the lower capacity of T2 cells to induce the innate immune response.

c4(T1 + sT2)E1

c5 + T1 + T2
. (2.3)
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Thus, as shown in Eq (2.4), the dynamics of the innate immune cell population are governed by the
balance between activation, proliferation, and elimination processes. Parameter c1 represents a basal
source of cells E1, while −c2E1 models their natural death. The recruitment of innate cells is inhibited
by the presence of the tumor through the term −c3(T1 + T2)E1.

Ė1 = c1 − c2E1 − c3(T1 + T2)E1 +
c4(T1 + sT2)E1

c5 + T1 + T2
. (2.4)

Equation (2.5) is proposed to describe the dynamics of the adaptive immune response cell population.
The term d1T1E1 represents the activation of E2, which is directly linked to the activity of the innate
population E1. These cells are responsible for transmitting the activation signal by presenting antigens
derived from immunogenic tumor cells T1. Conversely, the term −d2T1E2 models the inhibition of E2

under an immunogenic tumor burden and represents mechanisms of immune evasion and deactivation
of the adaptive response. Finally, the term −d3E2 represents the natural death of adaptive effector cells.

Ė2 = d1T1E1 − d2T1E2 − d3E2. (2.5)

Table 1. List of parameters for the model (2.6).

Par. Description Units Value
a Proliferation rate of T1 cells day−1 2.202 × 10−1

k Carrying capacity of tumor T1, T2 cells cell 2.0 × 106

µ Elimination rate of T1 cells by E1 cell−1day−1 1.101 × 10−7

β Elimination rate of T1 cells by E2 cell−1day−1 1.101 × 10−7

ν Intensity with which T2 cells affect T1 cell−1day−1 5.15 × 10−8

c1 Basal level of the innate immune response E1 cell−1day−1 4.404 × 10−1

c2 Death rate of innate immune response cells E1 day−1 9.909 × 10−2

c3 Inactivation rate of E1 by T1 and T2 cells cell−1day−1 3.422 × 10−10

c4 Stimulation rate of innate immune cells E1 day−1 9.909 × 10−1

c5 Saturation threshold for immune response cell 2.0 × 106

d1 Activation rate of adaptive cells E2 cell−1day−1 1.1 × 10−7

d2 Inactivation rate of E2 by T1 cells cell−1day−1 3.42 × 10−10

d3 Death rate of adaptative cells E2 day−1 2.0 × 10−2

ρ ρa: proliferation rate of T2 cells 0.6
q qµ: elimination rate of T2 cells by E1 0.1
r rν: intensity with which T1 cells affect T2 1.5
s Relative weight of T2 in the modulation of E1 2.222 × 10−3

Based on the dynamics described in Eqs (2.1)–(2.5), we formulate a system of coupled ordinary
differential equations that integrates all interactions among the cell populations. Formally, the
dynamics of the four cell populations is given by Eq (2.6), with initial conditions T1(0), T2(0), E1(0),
and E2(0). In the model (2.6), host tissue cells are not represented as an explicit population; their
effects are incorporated indirectly through the carrying capacity parameter, k, and the logistic growth
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terms. Wilkie and Hahnfeldt (2017) [12] employed this approach in their model, using the carrying
capacity as a simplified mechanism to capture the influence of healthy tissue on tumor dynamics,
summarizing limitations such as space, nutrient availability, and vascular support.

Ṫ1 = aT1(1 − T1
k ) − µE1T1 − βE2T1 − νT1T2,

Ṫ2 = aρT2(1 −
T2

k
) − µqE1T2 − rνT1T2,

Ė1 = c1 − c2E1 − c3(T1 + T2)E1 +
c4(T1 + sT2)E1

c5 + T1 + T2
,

Ė2 = d1T1E1 − d2T1E2 − d3E2.

(2.6)

All parameters involved in the model (2.6) are positive values. Table 1 details the physical
interpretation of each parameter and a configuration of values taken from [1]. System (2.6) is framed
within cancer immunology analysis and differs from the models formulated in [16–18] by not
including interactions with host cells, by dividing malignant cells into two groups according to their
level of immunogenicity, and by studying separately the dynamics of the innate and adaptive immune
responses. Alvarez et al. (2019) [1] described how to obtain the equilibrium points in the model (2.6)
and mentioned the emergence of a Hopf bifurcation, which leads to the formation of stable limit
cycles. Based on the model (2.6), Kanatnikov and Starkov (2023) [19] applied the method of compact
invariant set localization and identified a globally attracting set. They established mathematical
conditions under which the tumor evolution converges to the elimination scenario and showed that
reducing complexity by eliminating certain variables or restricting the dynamics to invariant
subspaces preserves the stability of the equilibria and the conditions for cancer eradication. This
suggests that the structure of the system enables a simplified representation without losing the essence
of its dynamic behavior.

2.1. Dimensionless model

To simplify the analysis of the system dynamics described by Eq (2.6), it can be reformulated in
terms of dimensionless parameter combinations. We assume that the parameters k, a, µ, and β are the
constants given in Table 1, and we propose the rescaling described in Eq (2.7), which yields four ODEs
for x1, x2, x3, and x4, representing the dimensionless variables for T1, T2, E1, and E2, respectively.

t′ =
t
a
, T1 = kx1, T2 = kx2, E1 =

a
µ

x3, E2 =
a
β

x4. (2.7)

We substitute the proposed rescaling in Eq (2.7) into system (2.6). After operating appropriately and
simplifying, we obtain the following system

ẋ1 = x1 (1 − x1) − x1x3 − x1x4 − α1x1x2,

ẋ2 = ρx2 (1 − x2) − qx2x3 − rα1x1x2,

ẋ3 = α2 − α3x3 − α4 (x1 + x2) x3 +
α5 (x1 + s x2) x3

η + x1 + x2
,

ẋ4 = ρ1x1x3 − ρ2x1x4 − ρ3x4,

(2.8)
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where
α1 =

ν

k a
, α2 =

c1 µ

a2 , α3 =
c2

a
, α4 =

c3

k a
, α5 =

c4

a
,

ρ1 =
d1β

k a µ
, ρ2 =

d2

k a
, ρ3 =

d3

a
, η = c5 k.

(2.9)

The new parameters used in system (2.8) are generated through the equalities of Eq (2.9). After
nondimensionalization, the model is expressed in terms of dimensionless parameters representing
ratios of comparable quantities; in other words, it represents relationships between rates or timescales
than absolute values with units. Since k, a, µ, and β are assumed to be constant, the analysis focuses
on the sensitivity of the system to the proliferation rate of non-immunogenic tumor cells and to the
parameter of innate immune stimulation, represented by ρ and α5, respectively. It is worth noting that
the simplified model preserves the essential dynamic mechanisms of the original system, namely
tumor proliferation, inter population competition, and immune response activation. An important
aspect of the dimensionless system described by Eq (2.8) is that it reduces the complexity of the
model by concentrating the original biological parameters into a smaller set of combinations. This
simplification makes analytical and numerical studies, such as sensitivity and bifurcation analyses,
easier because it highlights the parameters that drive the dynamics. From the set of parameters in
Table 1 and Eq (2.9), the dimensionless values presented in Table 2 are determined. These values are
used to study the evolution of tumor dynamics and its sensitivity to variations in parameters ρ and α5.

Table 2. Dimensionless parameters for model (2.8).

Parameter Value Parameter Value
ρ 0.6 α1 4.6776 × 10−1

q 0.1 α2 1.0000 × 10−6

r 1.5 α4 3.1081 × 10−3

η 1.0 ρ1 9.9909 × 10−2

α3 0.45 ρ2 3.1063 × 10−3

α5 4.5 ρ3 9.0827 × 10−2

s 2.2222 × 10−3

3. Local dynamics of tumor growth

3.1. Equilibrium points

We define the vector field f = [ẋ1, ẋ2, ẋ3, ẋ4]t with ẋ1, ẋ2, ẋ3, ẋ4 given by (2.8). The fixed points of
f and its stability conditions under variation of the parameters ρ and α5 are exposed next. To classify
each fixed point P of the field f , we use the following convention:

Stability classification: For the equilibrium point P, let J(P) be the jacobian matrix of f at that point.
We compute the eigenvalues of the matrix at each point.

• NE: All eigenvalues are real and negative.
• FE: All eigenvalues have negative real components, and there are at least two conjugate complex

eigenvalues.
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• NS: All eigenvalues are real and nonzero, and at least one of these (but not all) is positive.
• FS: There are at least two complex conjugate eigenvalues, all eigenvalues have nonzero real

component, and at least one (but not all) has a positive real part.
• Z: There is an eigenvalue equal to zero, and the others with a nonzero real part.
• H: There are two conjugate complex eigenvalues with zero real part, while the others have

negative real component.

3.1.1. Tumor eradication

P1 =
[
0, 0, α2

α3
, 0

]
is an equilibrium point of system (2.8) where the tumor cell population becomes

extinct, the adaptive immune response is deactivated, and an innate immune response level remains
in the microenvironment as a defense mechanism. Constructing the matrix J (P1) to analyze the local
behavior of P1, we obtain the eigenvalues λ1 = −α3, λ2 = −ρ3, λ3 = ρ −

α2
α3

q and λ4 = 1 − α2
α3

. Based
on these eigenvalues, P1 will be asymptotically stable if α2 > α3 and ρ < α2

α3
q hold. With the parameter

configuration from Table 2, P1 is NS with a two-dimensional stable manifold. The stable manifold is
defined by the variables x1 and x2, meaning convergence to P1 occurs only under perturbations in x3 or
x4, in the absence of a tumor. Under these conditions, the elimination scenario will not be feasible in
the dynamics of system (2.8). By varying the parameter ρ, we reach the value

ρ = ρc1 =
α2

α3
q = 2.222 × 10−7, (3.1)

where λ3 = 0 and P1 is a point Z.

3.1.2. Interaction between innate immune response and non-immunogenic cells

Subsystem x1 = 0: Assuming x1 = 0, it is necessarily required that x4 = 0, leading to the subsystem

ẋ2 = ρx2 (1 − x2) − qx2x3,

ẋ3 = α2 − α3x3 − α4x2x3 +
α5sx2x3

η + x2
.

(3.2)

In system (3.2), there are two feasible equilibrium points (x2, x3 ≥ 0) for the interaction between the
non-immunogenic tumor population x2 and the innate immune response x3. The first is the projection
of P1, P∗1 =

[
0, α2
α3

]
, and the second can be expressed as P∗2 =

[
x̂2,

p
q (1 − x̂2)

]
, where x̂2 is a root of

the equation of degree three R3x3
2 + R2x2

2 + R1x2 + R0 = 0, such that 0 ≤ x̂2 ≤ 1. The coefficients
Ri are determined as a function of the parameters of system (3.2), in particular R0 = η (α2 q − α3 ρ).
Thus, if condition (3.1) is verified, the root x̂2 = 0 appears and the points P∗1 and P∗2 collide; moreover,
P∗2 is feasible for ρ > ρc1 . When crossing the critical value given by Eq (3.1) the equilibrium points
P∗1 and P∗2 exchange their stability, leading to a transcritical bifurcation that satisfies the conditions of
Sotomayor’s theorem [20]. The jacobian matrix of system (3.2) at point P∗2 has the form

B =
[

b11 b12

b21 b22

]
, (3.3)

so that its eigenvalues are the solutions of the equation

λ2 − Tr(B)λ + Det(B) = 0. (3.4)
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In the trace vs determinant diagram shown in Figure 1, for ρ ∈
(
ρc1 , 1

)
and α5 ∈ (0, 9), the stability

characteristics of equilibrium P∗2 are distinguished. Specifically, under the variation of these
parameters, Eq (3.4) always has two real negative solutions. Furthermore, in the phase plane of
system (3.2) (see Figure 1), which was constructed using the parameters from Table 2 with ρ = 0.63
and α5 = 0.5, asymptotic convergence to the equilibrium point P∗2 = [0, 1] is observed. This scenario
shows tumor escape within this subsystem.
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Figure 1. Trace vs Determinant diagram with matrix B defined in Eq (3.3), for the dynamics
of point P∗2 in subsystem (3.2), with ρ ∈

(
ρc1 , 1

)
, α5 ∈ (0, 9), and the other parameters fixed at

the values in Table 2. Internally, the phase plane x2, x3 is shown for the values ρ = 0.63 and
α5 = 0.5.

Complete system: The dynamics summarized in Figure 1 correspond to subsystem (3.2); however, if
we consider system (2.8), P2 =

[
0, x̂2,

p
q (1 − x̂2) , 0

]
, and the jacobian matrix

J (P2) =


a11 0 0 0
a21 b11 b12 0
a31 b21 b22 0
a41 0 0 a44

 ,
whose eigenvalues are

λ1 = 1 −
p
q
+

(
p
q
− α1

)
x̂2, λ2 = −ρ3,

and λ3,4 the solutions of Eq (3.4). λ1 > 0 when ρ ∈
(
ρc1 , 1

)
and α5 ∈ (0, 9), therefore P2 is NS. With

these characteristics, point P2 has a three-dimensional stable manifold and, due to the presence of a
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positive eigenvalue, a one-dimensional unstable manifold. In this sense, if the initial condition lies
within the stable manifold, the trajectory will converge to equilibrium as shown in the phase plane in
Figure 1. However, any perturbation of the initial condition along the unstable manifold direction will
cause the system trajectory to diverge from equilibrium, revealing a drastic change in the dynamics.
The transcritical bifurcation in subsystem x1 = 0 is not valid in the complete model (2.8) because,
although the collision between the equilibrium points P1 and P2 occurs, there is no evidence of an
exchange of stability, and only the dimension of the stable manifold is modified.

3.1.3. Interaction between immunogenic cells and immune response

Subsystem x2 = 0: If x2 = 0, we obtain the subsystem

ẋ1 = x1 (1 − x1) − x1x3 − x1x4,

ẋ3 = α2 − α3x3 − α4x1x3 +
α5x1x3

η + x1
,

ẋ4 = ρ1x1x3 − ρ2x1x4 − ρ3x4.

(3.5)

By calculating the equilibrium points of system (3.5), we obtain P∗∗1 =
[
0, α2
α3
, 0

]
and P∗3 = [x̂1, x̂3, x̂4]

with
x̂3 =

α2

α3 + α4 x̂1 −
α5 x̂1
η+x̂1

, x̂4 =
ρ1 x̂1 x̂3

ρ3 + ρ2 x̂1
,

where x̂1 is one of the solutions of the degree four equation

S 4x4
1 + S 3x3

1 + S 2x2
1 + S 1x1 + S 0 = 0. (3.6)

0 1 2 3 4 5 6 7 8 9

0
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1

NE FE

Figure 2. Steady state population dynamics of system (2.8) as a function of parameter a5

under the condition x2 = 0.
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The coefficients S i in Eq (3.6) are defined as a function of the system parameters (3.5), in
particular the term S 0 = ηρ3 (α3 − α2). Note that the equations of system (3.5) are independent of ρ,
so their stability is as well. According to the fundamental theorem of algebra, Eq (3.6) has up to four
roots, but for P∗3 to be feasible it must be verified that 0 ≤ x1 ≤ 1. By varying the parameter
α5 ∈ (0, 9), and the other parameters fixed at the values in Table 2, only one root satisfies the required
condition. Then, the equilibrium P∗3 always exists in the parameter configurations analyzed, and there
are no collisions of this equilibrium with other equilibria; nevertheless, its stability properties vary.
Figure 2 shows that although P3 is always stable for α5 ∈ (0, 9), there exists a critical value
α5 = α5c = 0.97412 at which it changes from NE to a FE. This figure shows an intersection point
between the population densities of the immunogenic tumor and innate effector cells (x1 = x3 ≊ 0.41),
where a maximum in the density of the adaptive immune response is also generated. It should be
noted that from this point on, in steady state, the cancer cell population decreases, being controlled by
an immune response that does not reach high values. As shown in the figure, when the adaptive
immune response remains below 0.1, the tumor population can be controlled over time, stabilizing at
low levels.

Complete system: For system (2.8) P3 = [x̂1, 0, x̂3, x̂4], and the jacobian matrix

J (P3) =


J11 J12 J13 J14

0 J22 0 0
J31 J32 J33 0
J41 0 J43 J44

 .
If we compute the eigenvalues of the matrix J (P3), we get

λ2 = ρ − qx̂3 − rα1 x̂1, (3.7)

and the eigenvalues λ1,3,4, which are solutions of the characteristic equation λ3 + L1λ
2 + L2λ

2 + L3 = 0,
where L1 = −Tr(C), L2 =

1
2 [Tr2(C) − Tr(C2)], and L3 = − det(C), with C being the submatrix

C =


J11 J13 J14

J31 J33 0
J41 J43 J44

 .
In the subsystem, x2 = 0, which yields the matrix C, so an equilibrium point is obtained. This point
is an attractor (NE or FE) as shown in Figure 2. Now, in the complete model (2.8), the local stability
properties of point P3, using the parameters from Table 2 while varying ρ ∈

(
ρc1 , 1

)
and α5 ∈ (0, 9),

fully agree with the results of stability presented in Figure 2. This agreement arises because in J (P3),
the eigenvalue associated with the x2 direction, λ2 given by (3.7), remains consistently negative in the
region of interest. In this context, the scenario where P3 is stable may be relevant, as the eradication of
non-immunogenic cells x2 combined with the interaction of the immune response with immunogenic
cells x1 could represent a desirable state in terms of tumor dynamics. When analyzing the steady state,
the population dynamics depend on the value of α5 as illustrated by the curves drawn in Figure 2. In
the region where P3 is NE (α5 ∈

(
0, α5c

)
), the level of immunogenic cells approaches its maximum

capacity, leading to a tumor escape state, which is an unfavorable scenario for tumor control. This
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behavior is also evident in the temporal evolution (see Figure 8(a)). On the other hand, when P3 is FE
and α5 takes higher values, the level of x1 cells remains low, but the threshold of the innate immune
response increases significantly (see Figure 2 and Figure 8(b)).

3.1.4. Nontrivial coexistence

The nontrivial equilibrium points of model (2.8) are obtained by solving the system

1 − x1 − x3 − x4 − α1x2 = 0, (3.8)
ρ(1 − x2) − qx3 − rα1x1 = 0, (3.9)

α2 − α3x3 − α4(x1 + x2)x3 +
α5(x1 + sx2)x3

η + x1 + x2
= 0, (3.10)

ρ1x1x3 − ρ2x1x4 − ρ3x4 = 0. (3.11)

From Eq (3.11), it will be obtained that x4 =
ρ1 x1 x3
ρ3+ρ2 x1

. Solving Eq (3.9) in x2 and substituting in (3.8)
gives the following results

1 −
(
1 +

rα2
1

q

)
x1 − (1 + α1ρ) x3 −

ρ1x1x3

ρ3 + ρ2x1
= 0,

from which

x3 =

1 −
(
1 +

rα2
1

q

)
x1

1 + α1ρ +
ρ1x1

ρ3 + ρ2x1

.

The obtained expressions are substituted into Eq (3.10) generating an equation of sixth degree in
the variable x1, whose coefficients are defined in terms of model (2.8) parameters. These coefficients
have an extensive and complex form, so it is decided not to write them here; however, in the light of
the fundamental theorem of algebra, it can be guaranteed that the maximum number of equilibrium
points is six. With the parameter configuration from Table 2, there will be a single feasible nontrivial
equilibrium point P4 = (x̄1, x̄2, x̄3, x̄4) (x̄i > 0, i = 1, 2, 3, 4). By varying the parameters ρ ∈

(
ρc1 , 1

)
and

α5 ∈ (0, 9), the existence and stability conditions of P4 have been studied numerically as summarized
in Table 3 and Figure 3. These results indicate that P4 is feasible in regions R9 (FE), R10 (H), R12
(FE), and R13 (FS). Conditions where P4 is feasible and stable are of great interest, as it represents a
coexistence scenario between immunogenic cells x1, non-immunogenic cells x2, and the innate x3 and
adaptive x4 immune responses, where all involved populations persist at constant levels over time. In
the context of tumor dynamics, the stability of P4 is interpreted as a state in which the immune system
ensures partial tumor control, maintaining the number of cancer cells at a fixed level. This is observed
in clinical situations, such as tumors that remain in latent phases or under immune surveillance, where
the presence of cancer is contained without significant progression.
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Figure 3. Tumor dynamics for system (2.8) summarized in 13 regions (R1–R13) with ρ ∈(
ρc1 , 1

)
, α5 ∈ (0, 9), and the other parameters fixed at the values in Table 2. It is constructed

by performing a numerical continuation of the eigenvalues of the jacobian matrix of system
(2.8) at the equilibrium points P1, P2, P3 and P4, over the region of parameters under study,
and applying the stability classification described above.

Table 3. Tumor dynamics for system (2.8) summarized in 13 regions (R1–R13) with ρ ∈(
ρc1 , 1

)
, α5 ∈ (0, 9), and the other parameters fixed at the values in Table 2. We use the

symbol→ to indicate a qualitative change in stability. Regions R1–R13 correspond to those
outlined in Figure 3.

Region Feasible equilibrium Stability
R1 P1, P3 Z,NE

R2 P1, P3 Z,NER1 → FER3

R3 P1, P3 Z, FE

R4 P1, P2, P3 NS ,NS ,NE

R5 P1, P2, P3 NS ,NS ,NER4 → FER11

R6 P1, P2, P3 NS ,NS ,NER4 → FIR12

R7 P1, P2, P3 NS ,NS ,NER4 → FIR12

R8 P1, P2, P3 NS ,NS ,NER11 → FIR12

R9 P1, P2, P3, P4 NS , FS , FI, FE

R10 P1, P2, P3, P4 NS ,NS , FI,H

R11 P1, P2, P3 NS ,NS , FE

R12 P1, P2, P3, P4 NS ,NS , FI, FE

R13 P1, P2, P3, P4 NS ,NS , FI, FI
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Table 3 and Figure 3 summarize the characterization of existence and stability conditions of the
feasible equilibrium points of system (2.8) under the variation of parameters ρ and α5. In regions
R1–R3, where ρ = ρc1 , equilibrium points P1 and P3 are feasible; P1 is a Z point, and the stability
of P3 depends on the critical value α5 = α5c transitioning from NE in R1 to FE in R3. For α5 < α5c

and ρ > ρc1 , region R4 (see Figure 3) consists of three equilibrium points: P1, P2 (NS) and P3 (NE).
The convergence of the trajectories to P3 in R4 implies that the immunogenic cancer cells x1 reach
their maximum capacity, while the populations x2, x3 and x4 become extinct. This result shows the
tumor progression and the escape scenario (see Figure 7 and Figure 8(a)). As observed in Table 3 and
Figure 3, regions R4, R5, and R11 contain three feasible equilibrium points: Two of type NS (P1, P2)
and P3, which changes stability at the critical value α5c transitioning from NE in R4 to FE in R11.
Region R6 is defined by the parameter values α5 = α5c and ρ > ρc2 = 0.96118. In regions R4, R6,
and R12, the number of equilibrium points varies with the critical value α5c , since at α5 = α5c the
nontrivial equilibrium point P4 emerges with an FE structure. These regions contain P1 and P2 (NS),
while equilibrium point P3 transitions from NE in R4 to FS in R12 (whenever x1 , 0 and x2 , 0).
Region R7 is characterized by α5 = α5c and ρ = ρc2 , where R4, R5, R6, R8, R11, and R12 intersect.

According to Table 3 and Figure 3, region R8 marks the boundary between regions R12 and R11,
and beyond this threshold, the nontrivial equilibrium point P4 becomes feasible. Within R12, in
addition to P4 (FE), the equilibrium points P1, P2 (NS), and P3 (FS) also exist. In this region, the
system trajectories converge to the nontrivial equilibrium where all interacting populations remain at
constant levels in the steady state. Conversely, in region R13, the equilibrium points P1, P2 (NS), P3

(FS), and P4 (FS) are present. Consequently, in R13, the trajectory of the system does not converge to
an equilibrium point, but instead evolves toward a limit cycle, as will be demonstrated in Section 4. In
region R11, three trivial equilibrium points are guaranteed, P1, P2 (NS), and P3 (FE). Moreover, there
are four equilibrium points in region R9: P1 (NS), P2, P3 (FS), and P4 (FE). The points that define the
curve R10 correspond to Hopf bifurcation points at P4, this will be demonstrated in Section 4. Table 3
and Figure 3 provide a comprehensive summary of the local dynamics and define the robustness map
of system (2.8). Each region in Figure 3 corresponds to a unique stable equilibrium point, with the
exception of R13, where no stable equilibria are present. Thus, for any initial condition, the system
trajectories converge asymptotically to the associated stable equilibrium point or, in the case of R13,
to a limit cycle.

3.2. Periodic tumor dynamics and immune regulation

By varying the parameters ρ and α5, a transition in the equilibrium states is observed around the
equilibrium point P4, from the region R12 to the region R13 (see Table 3 and Figure 3). To calculate
the eigenvalues of the matrix J (P4), we obtain the characteristic equation

λ4 + L1λ
3 + L2λ

2 + L3λ + L4 = 0, (3.12)

where the coefficients Li are defined directly by the matrix J (P4). A Hopf bifurcation occurs when
the solutions of (3.12) are two nonzero real numbers and two pure imaginary roots defined of the form
λ1 = ω i, λ2 = −ω i, with ω > 0. Assuming the existence of such solutions and substituting λ1 or λ2

into Eq (3.12), we must ensure that both the real and imaginary parts vanish. Then, the conditions for
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the existence of a Hopf bifurcation in system (2.8) are derived; these are presented below.

L2
1 − L1L2L3 + L2

1L4 = 0, ω2 =
L3

L1
> 0.

With the parameter configuration given in Table 2, it is obtained the equilibrium point
P4 = [0.18980, 0.71220, 0.39511, 0.08196]. By varying the parameter α1 we reach the critical value
α10 = 0.72921 where a point H appears, whose coordinates are
P4H = [0.17971, 0.62123, 0.30698, 0.06031]. There the eigenvalues for the jacobian matrix J (P4)
are

λ1 = 0.31068 i, λ2 = −0.31068 i,
λ3 = −0.10472, λ4 = −0.53913,

then, two pure imaginary eigenvalues and two negative real ones. The numerical continuation of the
equilibrium point P4 under the variation of α1 and the behavior of the real and imaginary components
of the eigenvalues in the neighborhood of the point P4H are shown in Figure 4. The emergence of point
H at α10 is observed, along with a positive transversality condition.
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Figure 4. Numerical continuation of equilibrium point P4 with respect to α1, with parameters
from Table 2. Stability classification and verification of the Hopf transversality condition
are shown.

Numerically, for a Hopf bifurcation parameter µ with a critical value µ0, the transversality condition
can be obtained using the discretization

d =
ℜ(λ(µ0 + ∆)) −ℜ(λ(µ0 − ∆))

2∆
, (3.13)

with ∆ = 0.01 and λ as an eigenvalue associated with the bifurcation. We use (3.13) with µ0 = α10 ,
and d = 0.17468 is obtained, which satisfies the requirement for the existence of a Hopf bifurcation.
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By employing the Matcont software [21], the first Lyapunov coefficient (see [22]) is computed as
l1 = −6.393036 × 10−2 < 0. The numerical results shown for the existence of a purely imaginary
eigenvalue pair and the transversality condition are the requirements for the existence of a Hopf
bifurcation, according to Hopf’s theorem [23]. Then, we have the proof of the following theorem.

Theorem 1. In system (2.8), a supercritical Hopf bifurcation occurs above the nontrivial equilibrium
point P4 when parameter α1 crosses the critical value α10 .

Figure 4 shows that the equilibrium point P4 loses stability at the critical value α10 . According to
Theorem 1, a stable limit cycle then emerges, representing oscillatory dynamics among the four
cellular populations. This behavior illustrates scenarios in which the immune response fails to sustain
continuous control over tumor growth, leading to alternating phases of expansion and
immune regulation.

4. Bi-parametric continuation of the Hopf bifurcation

Theorem 1 guarantees the existence of a Hopf bifurcation in system (2.8), and enables us to
identify the point P4H, which is a nontrivial equilibrium. In particular, this point is obtained for
ρ = 0.6 and α5 = 4.5. Since P4 depends continuously on parameters ρ and α5, and the eigenvalues of
the matrix J (P4) also vary continuously with respect to these parameters, it is possible to analyze
their evolution. In this context, by varying the values of ρ and α5, and considering the continuity of
system (2.8), it is possible to determine configurations that lead to points H. As a bi-parametric
continuation methodology, Algorithm 1 is implemented, and the result obtained is the closed curve
R10 plotted in Figure 3.

Algorithm 1. Continuation curve of H points in codimension two.

1) The parameters of system (2.8) assume the values from Table 2, except for ρ, which is taken in the
interval (0.55, 0.7), and α5, which varies in the interval (4, 8.3).

2) The interval for each parameter is partitioned into 2000 equidistant points, and the cartesian
product (4, 8.3) × (0.55, 0.7) is considered.

3) For each pair
(
α5i , ρi

)
from the cartesian product constructed in step 2, the equilibrium point P4

is computed, along with the jacobian matrix J (P4) and its eigenvalues.
4) Using a tolerance of 1 × 10−6, pairs (α5, ρ) are selected where the matrix J (P4) has two purely

imaginary eigenvalues, λ1 = ω i, λ2 = −ω i, with ω > 0.
5) The pairs (α5, ρ) obtained in step 4 are drawn in the plane α5ρ.

Through Algorithm 1, we examine the region of parameters where point P4 is feasible (violet region
of the Figure 3), identifying pairs of values (α5, ρ), where P4 is point H. In this sense, the points of
the curve R10 (see Figure 3) are H points and delimit the region R13 in which periodic orbits emerge.
Within R13, the system does not converge to an equilibrium point but instead evolves oscillatory,
reflecting a recurrent interaction between tumor growth and the immune response. To analyze the
dynamics of the first Lyapunov coefficient l1 at the points of curve R10, the Matcont software [21] is
used. For this, once point P4H is identified, the numerical continuation of H points in codimension two
is carried out, thus obtaining coefficient l1, corresponding to each point of the curve.
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As shown in Figure 5, coefficient l1 takes negative values at each H point on the R10 curve. This
indicates that the curve is associated with a supercritical Hopf bifurcation, regardless of the
configuration selected (α5, ρ). In addition to the first Lyapunov coefficient, the dynamics of the
transversality condition at the Hopf bifurcation points is examined. For this, considering λ (α5) as an
eigenvalue of the matrix J (P4), such thatℜ(λ(α5H)) = 0, the derivative

d1 =
∂

∂α5
ℜ(λ(α5))

∣∣∣∣
α5=α5H

,

is computed numerically using the discretization given by Eq (3.13) with µ0 = α5H. In the same sense,
for the variation of parameter ρ

d2 =
∂

∂ρ
ℜ(λ(ρ))

∣∣∣∣
ρ=ρH
.
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Figure 5. Dynamics of the first Lyapunov coefficient l1 for the Hopf bifurcation at the H
points of curve R10 defined in Figure 3.

As an example, the values for d1 and d2 are presented for the representative points highlighted in
Figure 6. For the red point, with ρH = 0.63 and α5H = 4.126497, d1 = 0.01018 is obtained. For the
green point, where ρH = 0.63 and α5H = 8.08535, d1 = −0.00628 was found. Similarly, at the yellow
point, with ρH = 0.56245 and α5H = 5.8, d2 = 3.19579 × 10−4 was obtained; while with ρH = 0.68288
and α5H = 5.8 (cyan point), the resulting value is d2 = −1.90284 × 10−4. These derivatives can
be calculated for any point on the R10 curve which allows verification of the transversality in each
particular configuration (α5, ρ). Although in region R13, the real component of the eigenvalue λ is
close to zero, on a scale of 1 × 10−3, as observed in Figure 6, a nonzero crossing speed is evident. The
analysis of the dynamics of the transversality condition and the first Lyapunov coefficient developed in
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this section ensures that supercritical Hopf bifurcations occur along curve R10. As a consequence, the
emergence of stable periodic orbits in region R13 is guaranteed.
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Figure 6. Dynamics for the transversality condition at four representative points. Top: Curve
R10. Bottom left: Trajectory of the real component of eigenvalues for ρ = 0.63 and varying
α5. Lower right: Trajectory of the real component of eigenvalues for α5 = 5.8 and varying ρ.
The other parameters in Table 2 must be taken into account as well.

5. Numerical simulations of tumor evolution

In this section, we analyze the evolution of cell populations and the interaction between the tumor
and the immune response, examining the dynamic scenarios described in Table 3 and Figure 3, from
states of escape equilibrium or tumor dormancy to periodic behaviors associated with Hopf
bifurcation. We show how the dynamic behavior of model (2.8) depends on the rate of proliferation of
non-immunogenic cells and the rate of stimulation of the innate immune response.

5.1. Population maxima

Section 3.1.2 showed that in the parameter domain under investigation, the condition x1 = 0 implies
convergence to a tumor escape equilibrium, namely the point P2 = [0, 1, 0, 0]. Similarly, the condition
x2 = 0 leads to convergence toward the equilibrium point P3, which may display either an NE or an FE
structure as summarized in Figure 2. On the other hand, for initial conditions xi > 0, i = 1, 2, 3, and 4,
Figure 3, with the summary in Table 3, indicate the convergence of trajectories as a function of the
parameter pairs (α5, ρ) under analysis; moreover, system (2.8) does not exhibit bistability scenarios,
as explained in Section 3.1.4. The only possible variation, depending on the initial conditions and
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integration time, arises in region R13, where periodic orbits emerge. Furthermore, Figure 2 illustrates
that, depending on the chosen value of parameter α5, the population densities may converge to different
steady state values. In this sense, since the dynamics do not depend exclusively on the initial conditions,
we arbitrarily adopt the initial condition given in Eq (5.1) to study the joint influence of parameters
α5, ρ on the dynamics of the maximum value in steady state for each of the populations x1, x2, x3,
and x4.

Algorithm 2. Population maxima in steady state.

1) The parameters of system (2.8) assume the values of Table 2, except ρ, which is taken in
(
ρc1 , 1

)
and α5, which varies in (0, 9).

2) The interval for each parameter is partitioned into 2000 equidistant points, and the cartesian
product (0, 9) ×

(
ρc1 , 1

)
is considered.

3) Integration time: [0, 15000] with step size ∆t = 0.4.
4) System (2.8) is solved numerically with the initial conditions

x1(0) = 0.13957, x2(0) = 0.70628 x3(0) = 0.29975, and x4(0) = 0.04565. (5.1)

and using the ODE45 integrator of Matlab with relative and absolute tolerances of 1 × 10−6.
5) Steady state: For each pair (α5, ρ), the initial condition (5.1) is taken, and the temporal evolution

of each state variable is obtained. The last 3000 points of the temporal evolution are taken as
steady state.

6) Maxima: For each pair (α5, ρ), the absolute maximum in the steady state of the temporal evolution
for each state variable is obtained.

Figure 7 is generated based on the implementation of Algorithm 2 to visualize the variability of
max(xi) as a function of these parameters α5 and ρ, facilitating the identification of different regions
where significant changes are evident. The dynamics of the maximum in each population respond
differently to variations in these parameters. For the pairs (α5, ρ) that define region R13 (see Figure 3),
which is characterized by the presence of stable periodic orbits, the tumor cell population x2 reaches a
maximum greater than 0.8, while the maximum of population x1 remains below 0.3. Moreover, for the
innate immune response x3, the maximum reached is between 0.4 and 0.7, and in the adaptive immune
response cell population x4, the maximum is between 0.06 and 0.08. This scenario is unfavorable in
tumor dynamics, as a high proportion of non-immunogenic tumor cells can enhance immune system
evasion, promoting tumor progression and making its control and eventual elimination more difficult.

The dynamics observed in Figure 7(b) reveal regions where the concentrations of active immune
response cells reach elevated levels at steady state, with x3 approaching approximately 0.9. Such an
intense activation may reflect scenarios of excessive immune stimulation, which, although initially
favorable for tumor control, could compromise tissue integrity in the long term. Another unfavorable
outcome is observed in region R4, where the tumor population x1 reaches its maximum capacity
(Figure 7(a)), leading to tumor progression and immune escape, since x3 and x4 become extinct in the
steady state (Figure 7(b)). Conversely, in region R11, Figure 7(a) indicates a modest tumor burden;
however, Figure 7(b) shows a significant increase in one of the immune cell populations. Based on
Figure 7, it is possible to identify parameter configurations that minimize tumor burden while
ensuring that the immune response population does not exceed a critical risk threshold. This threshold
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may vary depending on the patient’s condition and other factors associated with the type of cancer.
For the purposes of our study and the analysis of the obtained results, as an illustrative example of the
procedure for minimizing tumor burden, we set the threshold based on the dynamics shown in
Figure 2, namely x3 < 0.45 and x4 < 0.1. This range is interpreted as a biologically relevant scenario
in which the immune system effectively constrains tumor growth without triggering chronic
inflammation or functional exhaustion of effector cells.

(a) (b)

Figure 7. Dynamics of the maximum value in steady state with ρ ∈
(
ρc1 , 1

)
, α5 ∈ (0, 9), and

the other parameters fixed at the values in Table 2. The color scales show the normalized
density of each population in a steady state relative to the maximum value obtained from
all possible combinations. a) Populations x1 and x2. b) Populations x3 and x4. This
representation is obtained using Algorithm 2.

Based on the considered assumptions, the heat map proposed in Figure 7 indicates that, under
nonzero initial conditions for all state variables, the most favorable scenario corresponds to the tumor
latency state determined by the values of the parameters α5 = 3.39494 and ρ = 0.40801. The main
criterion for defining this state as the most favorable is that the adaptive immune response x4 remains
below 0.1 and x3 remains below 0.45. Additionally, within this set of solutions, a configuration is
selected that minimizes the total tumor load (x1 + x2) and the total immune response (x3 + x4). Under
these conditions, in the steady state, the trajectory converges to the equilibrium point given in
Eq (5.2), which can be interpreted as a state in which the organism coexists with the disease without
evidence of aggressive progression. At this point, the system maintains a dynamic balance in which
the tumor neither disappears nor grows uncontrollably. This regime may represent a window of
stability and long-term control in the course of the disease, establishing a biologically relevant
scenario of tumor latency,

P4 = [0.20495, 0.34116, 0.44634, 0.09993] . (5.2)
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5.2. Temporal evolutions and bifurcation diagram

Figure 8 presents examples of temporal evolutions that illustrate the dynamics characterized by the
results discussed in previous sections. According to Table 3 and Figure 3, an asymptotic convergence
to the equilibrium P3 is reached in region R4. Figure 8(a) shows the tumor escape scenario where the
population of immunogenic cancer cells x1 grows until it reaches its maximum carrying capacity at
steady state, while the innate immune cells x3 and the adaptive immune cells x4 approach values close
to zero. This indicates a complete suppression of the immune response favoring tumor proliferation.
In the dormant tumor scenario for immunogenic tumor (Figure 8(b)), the system converges to
equilibrium P3 with a FE structure. In this case, a high load of immune cells is able to contain the
immunogenic tumor (x2 = 0), keeping it in an immunological latency state that prevents uncontrolled
growth, but without achieving its elimination. An example of tumor evolution in region R12 is
presented in Figure 8(c), where convergence to the nontrivial equilibrium point P4 given by (5.2) is
observed. This represents the most favorable scenario according to the analysis conducted in
Section 5.1.

On the other hand, in region R13, the system evolves toward a stable limit cycle. As shown in
Figure 8(d), this dynamic is characterized by periodic oscillations in which tumor populations and
immune cells fluctuate over time. This behavior results from the supercritical Hopf bifurcation
discussed in section 4, implying that system (2.8) recurrently alternates between phases of tumor
growth and reduction without reaching an equilibrium point. To analyze the dynamics of the periodic
orbit in region R13, some bifurcation diagrams are constructed, and these are presented in Figure 9.
Specifically, in Figure 9 (a) the parameters are set according to the values in Table 2, except for the
two of interest: ρ = 0.63 and α5, which varies within the interval (0, 9). The results obtained confirm
the dynamics shown in Figures 3 and 7. In particular, it validates the tumor escape scenario in region
R4, the presence of a tumor in a latent state in R11 and R12, and the emergence of a one-periodic
orbit in R13. No high period orbits or chaotic dynamics are identified within the parameter
region R13.

In Figure 9(b), parameter α5 = 5.8, ρ is varied in the interval (0, 1), and the other parameters are set
to the values listed in Table 2. This diagram shows the transition between regions R11, R12, and R13.
In R11 (x2 = 0), while the immune response approaches a threshold of 0.8, the steady state population
x1 remains at a low level. In R12, the system converges to the nontrivial equilibrium point P4, and in
R13, a stable one-periodic orbit emerges. To construct the bifurcation diagrams of the Figure 9, we
follow the methodology of the Algorithm 2 for the analysis of the steady state, but consider one of the
parameters fixed, ρ or α5, and the other as a bifurcation parameter divided into 500 equidistant points.
The integration time, the numerical resolution, and the identification of the steady state defined in
Algorithm 2 are used. From these data, the Poincaré section is constructed by calculating the maxima
and minima of each variable in the steady state. Finally, a two dimensional plot of the bifurcation
parameter versus the extreme values obtained is generated.
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Figure 8. Temporal evolution of the state variables with the initial condition (5.1) and using
the Matlab ODE45 integrator with relative and absolute tolerances of 1 × 10−6. a) Tumor
escape: Convergence to point P3 in region R4, with ρ = 0.63 and α5 = 0.5. b) Latent
immunogenic tumor: Convergence to P3 in region R11 with ρ = 0.15 and α5 = 6. c)
Tumor in a latent state:Convergence to the nontrivial equilibrium point P4 in region R12,
with ρ = 0.40801 and α5 = 3.39494. d) Immune regulation: Stable limit cycle with period
one for ρ = 0.63 and α5 = 6, over region R13.
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Figure 9. Bifurcation diagrams. a) ρ = 0.63 and varying α5. R4 for α5 ∈
(
0, α5c

)
, R11 for

α5 ∈
(
α5c , 1.28

)
, R12 for α5 ∈ (1.28, 4.05) ∪ α5 ∈ (8.34, 9), and R13 for α5 ∈ (4.05, 8.34).

b) α5 = 5.8 and varying ρ. R11 for ρ ∈
(
ρc1 , 0.18

)
, R12 for α5 ∈ (0.18, 0.55) ∪ α5 ∈

(0.68, 1), and R13 for α5 ∈ (0.55, 0.68). For the steady state analysis, we use the methodology
of Algorithm 2. The bifurcation parameter is partitioned into 500 equidistant points; the
integration time and integrator are similar to those in Algorithm 2. The other parameters in
Table 2 must be taken into account as well.

6. Discussion and conclusions

In this article, we formulate mathematical model (2.8) to investigate the dynamics of primary
cancerous tumors, considering two variants of malignant cells based on their level of immunogenicity,
as well as the immune response in its two components, innate and adaptive. The system is expressed
in terms of dimensionless combinations of parameters, which facilitates sensitivity analysis, since
instead of varying many original parameters, the effect of a few effective parameters that encapsulate
the dynamics can be studied. However, relating several original parameters may reduce traceability
regarding which specific biological parameter is responsible for the observed variability. In this
regard, the results presented in this work are based on a qualitative mathematical analysis under
certain structural and parametric assumptions. These assumptions aim to highlight the fundamental
dynamic mechanisms of the system but are not intended to encompass the full complexity of the
oncological process or all biological variables involved in cancer.

The stability theory is applied to system (2.8), and all feasible equilibrium points within the region
of interest are classified. In addition, a closed curve of supercritical Hopf bifurcation points is
detected delineating the parameter region in which limit cycles emerge. Table 3 and Figure 3 provide
a comprehensive summary of the local dynamics and define the robustness map of system (2.8). We
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demonstrate how tumor progression and the coexistence of different cellular phenotypes are
influenced by the proliferation rate of non-immunogenic cancer cells and the stimulation rate of the
innate immune response, as well as promote the occurrence of bifurcations. By varying parameters α5

and ρ defined in Eq (2.9), some of the immune editing scenarios defined in [24] are revealed, such as
tumor escape in region R4, and in subsystem x1 = 0 (see Figure 1). Additionally, the tumor latency
scenario in R11 and R12 is observed, where convergence occurs to equilibrium P3 (x2 = 0) and to the
nontrivial equilibrium point P4, respectively. By applying Algorithm 1, a bi-parametric numerical
continuation is constructed by varying ρ and α5, resulting in the closed curve R10 (Figure 3). These
results confirm that selecting a configuration of values (α5, ρ) within region R13 and a non-trivial
initial condition ensures that the trajectory of system (2.8) converges to a stable limit cycle, where all
four interacting populations coexist. This finding aligns with previous observations in models of
tumor heterogeneity and immune response [1, 17, 18, 25].

The identification of stability regions for non-immunogenic tumors in system (2.8) suggests that
although these cellular phenotypes can evade the immune response, under certain conditions, an
equilibrium is established within the tumor microenvironment. However, the immune response, while
essential for host protection, can also generate collateral effects. In clinical cases, such as Covid-19, a
phenomenon known as the cytokine storm has been observed, characterized by immune activation
that surpasses a critical threshold and leads to severe tissue damage. The concept of an
immunological threshold is useful for understanding the dual nature of the immune response,
protective against infections or tumors, but it can be potentially lethal if it becomes excessive. Chen
and Quach (2021) [26] argue that, in the cytokine storm syndrome, it is not merely immune activation
that determines the clinical outcome, but the crossing of a critical activation threshold. According to
Mangalmurti and Hunter (2020) [27], at this point, the immune response, initially protective, exceeds
its regulatory function. This phenomenon also has direct implications for cancer development. Based
on the characteristics of malignant cell progression, intense immune activation induced by therapies
can trigger a clinically similar cytokine release syndrome, in which crossing an inflammatory
threshold leads to severe patient toxicity [28]. Moreover, uncontrolled inflammation generates a
microenvironment enriched with proinflammatory mediators that promote cell proliferation,
angiogenesis, and the suppression of effective antitumor immune responses [29]. Thus, the same
immunological mechanism that protects against infectious agents, once it exceeds its physiological
threshold, can facilitate malignant transformation and tumor progression.

Based on the above, in this study, we consider x3 < 0.45 and x4 < 0.1 as indicative of a modest
immune response, interpreting this range as a biologically relevant condition in which the immune
system restrains tumor growth without inducing chronic inflammation or effector cell exhaustion.
From this perspective, we find that the most favorable parameter configuration corresponds to
α5 = 3.39494 and ρ = 0.40801, which generate the nontrivial equilibrium point FE given in Eq (5.2).
Under these conditions, in the steady state, the immune response remains at a modest level, and the
tumor burden is minimized. The analysis of system (2.8) was conducted within a dimensionless
framework in order to simplify the mathematical formulation and highlight the qualitative
mechanisms of the model. Consequently, comparison with experimental or clinical data requires
restoring the original units of the variables and parameters, which involves performing the
dimensionalization process again using Eqs (2.7) and (2.9). It is important to note that, for the
interpretation of our results, we adopt certain assumptions regarding the state variables and
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parameters in order to obtain a configuration that minimizes both tumor burden and immune response.
Consequently, we invite the scientific community to interpret our findings with caution, viewing them
primarily as a theoretical framework that provides insights into the dynamics than as direct
quantitative predictions. The value of this analysis lies in the identification of plausible scenarios and
the generation of hypotheses that may guide future experimental and clinical studies. In articles such
as [2, 14], the importance of nonlinear dynamics in cancer treatment planning is emphasized. Owing
to its nonlinear characteristics, model (2.8) may prove useful in designing immunotherapy strategies.
By investigating the dynamics under the variation of other parameters, the model enables the
identification of distinct dynamic regimes. This provides a foundation for future research, in which
these regimes can be explored in greater depth and in relation to specific biological scenarios.
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