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Abstract: Adaptive immunity, performed by T and B lymphocytes, seeks total virus elimination
through specific recognition of viral antigens. It has been shown that innate or adaptive immune
response regulation variations are associated with an excessive immune response, leading to tissue
damage with an increased risk of complications and death. This article is a novel contribution focused
on models that represent pathogenic interactions with humans. In our case, the objective was to build
and analyze a mathematical model for SARS-CoV-2 infection in the human host, including elements of
respiratory cell dynamics, viral particles, and immune-responding cells. The methodology developed
considered modeling by means of ordinary differential equations, validation by comparing referenced
studies, and sensitivity analysis with respect to the variables considered. Finally, a comparison of
simulation models was performed, verifying that an increase in viral particles increases the response
of some adaptive immune system cells in the human host.
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1. Introduction

Mathematical models have been standardized to understand the dynamics of viral infections at the
cellular level [1]. Most models fall into the limited target cell model category with some variations.
In the case of viral infections, initial cellular interaction models include: 1) uninfected susceptible
target cells, corresponding to epithelial cells in the present work, located in the airways of the nasal,
tracheal, bronchial, and alveolar mucosa [2–4]; 2) virus-infected cells, where the virus replicates and
is subsequently released if cell lysis occurs [5–7].
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Understanding the immune response to viral diseases infection is essential as the number of
infected patients increases. Currently, there is a lack of clarity about the biological and genetic factors
responsible for the severity of the disease, leading to little knowledge about post-infection
immunity [8].

The process of viral RNA replication, producing copies of messenger RNA (mRNA), begins when
the genetic material of RNA viruses, such as influenza virus, respiratory syncytial virus (RSV),
rhinovirus, and coronaviruses including SARS-CoV-2, enters the host cell, serving as templates for
the generation of virions that will be used for the formation of new viral particles. After a period of
time, the infected cell loses its ability to maintain physical integrity and undergoes cell lysis, leading
to the release of new virions [9–11].

It has been suggested that partially neutralizing antibodies and TCD4+ and TCD8+ lymphocyte
responses may be associated with the severity of viral diseases, with age being an important risk
factor [11, 12].

Reviews of humoral and cellular immunity to SARS-CoV-2 in humans have been conducted,
providing background to understand the dynamics of B and C cell responses, as well as information
on the duration of immunity to viral infection, which could lead to the development of new
treatments [13–15].

Currently, a large number of papers have formulated mathematical models considering contagion
dynamics between organisms; however, a significantly smaller number of investigations have dealt
with the spread of the virus within the host [16–18]. These models aim to predict the rate of viral
propagation with varying degrees of complexity in susceptible cells [19, 20], which, in the case of
SARS-CoV-2 infection, correspond to the cells of the respiratory epithelium, and represent the amount
of infecting virus or viral antigens. Some of these models may also involve components of the cellular
or humoral immune response [1].

Mathematical modeling can help anticipate both the behavior of the viral infection and the
subsequent immune response in the human host [21]. A key feature of most models is that they
exhibit a behavioral threshold at which the number of people infected by the infection will either
decline on its own or become epidemic [22–24].

In addition, changes in the behavior of virus propagation between cells, as a result of different
therapeutic interventions (e.g., vaccinations) or the occurrence of genetic variations that modify the
characteristics of the virus, can be included in the analysis through mathematical modeling [25], which
allows different scenarios of infection that currently cannot be addressed by direct experimentation.

This work makes a novel and distinctive contribution to the modeling of the dynamics of viral
diseases at the intra-host level. In the mathematical modeling process, we have considered the
activation of T-helper lymphocytes (Th) as a starting point. In this line, the purpose of this work is to
build a mathematical model of SARS-CoV-2 viral infection in host cells, involving the effect of
components of the immune system response. This model will allow a better understanding of the
importance of each component in an efficient and balanced immune response and help determine the
changes that lead to a deficient or excessive immune response, with the consequent appearance of
health complications.

Mathematical Biosciences and Engineering Volume 22, Issue 11, 2807–2825.



2809

2. Materials and methods

2.1. Overview of the model

Mathematical models related to viral dynamics in the host generally include the interaction of
variables that quantify the number of susceptible cells, infected cells, and pathogenic
particles [18, 19, 26], improving the understanding of these interactions and allowing human
intervention to moderate their effects [27].

The mathematical approach of this work considers a first model proposed by [28], which shows the
interaction between a replicating virus and the host cells through the following system of differential
equations: 

E′ = λ − dE − κEV,
I′ = κEV − αI,
V ′ = νI − µV,

(2.1)

where referring to an instant t, E = E(t) is the number of susceptible cells [Cells], I = I(t) is the
number of infected cells [Cells] activated by the virus to initiate viral replication, and V = V(t) is the
number of free viral particles [copies/mL].

To introduce the parameters of System (2.1), we begin by referring to the conceptual model
illustrated in Figure 1. In this schematic, free viral particles together with epithelial cells, assuming
mass action encounters, produce infected cells at a rate κEV , where κ is the number of epithelial cells
that one unit of viral concentration infects per unit of time. Each infected cell increases the
concentration of viral particles at a rate ν. Epithelial cells are assumed to be generated at a constant
rate λ from a pool of precursor cells.

Epithelial cells, infected cells, and free viral particles decrease at unit rates d, α, and µ, respectively.
In addition, the ratio ν/α represents the rate of generation of free viral particles per infected cell,
adjusted per unit time.

Figure 1. Conceptual model in the absence of immune response associated with the state
variables E, V , and I, and System (2.1) parameters. Modified from [28].
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Note that without the presence of viral load, we have E(t) = λ/d + (E0 − λ/d)e−d(t−t0), where E0 =

E(t0). Then E → λ/d if t → ∞, i.e., you would expect to find the system stabilized in epithelial cells.
In order to establish the conditions under which the virus does not spread during t > 0 (i.e., after

infection time t = 0), the reproductive number in the host is defined. The reproductive number for cell
models R0 is defined as the number of newly infected cells that are generated from a first infected cell
when the virus is introduced into a population of susceptible cells (epithelial cells) [26].

In this sense, a first infected cell releases viral particles at a rate ν, generating a viral concentration
for an average time α−1. These particles can infect susceptible epithelial cells that regenerate at a rate
λ and degrade at a rate d, leading to an average epithelial load λ/d. Thus, the expected number of new
infected cells is R0 = κ(λ/d)(ν/µ)α−1, which represents the basic viral reproduction number.

In case R0 < 1, it is assumed that the infection is eliminated, i.e., the virus cannot reproduce,
resulting in a viral load that tends to zero. Therefore, on average, each virus-infected cell produces,
less than one new infected cell. It is then predicted that the infection will disappear from the population
or that the virus will be eliminated from the individual, so that the infection cannot spread, and the
system returns to the uninfected state [15].

When R0 > 1, the infection progresses, and the virus can invade the susceptible cell population. The
magnitude of R0 is also used to measure the risk of an epidemic or pandemic in an emerging infectious
disease [29–31], as it has been important in understanding different viral outbreaks and diseases in the
past, such as severe acute respiratory syndrome (SARS) [32–34], new influenza strains [35–37], West
Nile virus [38], and others.

The innate immunity mechanisms provide the initial defense against infection and consist of
barriers that prevent pathogens from entering the body. If a pathogen (or antigen) crosses these
barriers, adaptive immune responses arise and require the activation of T helper lymphocytes
(Th) [39], which respond to the antigen and produce cytokines.

Once the Th lymphocytes are activated, they secrete cytokines that contribute to the activation of B
and cytotoxic T lymphocytes (Tc). They can also activate various phagocytic cells, allowing them to
destroy microorganisms more effectively. This type of cell-mediated immune response is particularly
important in ridding the host of bacteria, viruses, and protozoa contained in infected host cells [40].
Then, to address the modeling of Th lymphocyte activation, a base model of activation is proposed, as
shown in System (2.2). 

E′ = λ − dE − κEV,

I′ = κEV − αI − βThI,

V ′ = νI − µV − τThV,

T ′h = b − cTh + γITh,

(2.2)

where, in addition to the variables defined in (2.1), Th = Th(t) are the activated helper lymphocytes
generated at a constant rate b from a pool of precursor lymphocytes that decrease at a rate c.

In System (2.2), adaptive immunity is induced by specific interactions of T lymphocytes with
antigens presented by antigen-presenting cells (APCs). Peptide antigens presented by the major
histocompatibility complex (MHC) are exposed to Th cells [40] at a rate that depends on the amount
of I and γ.
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Th lymphocytes act via cytokines to promote other immune reactions. The Th1 lymphocyte response
initiates inflammation and immunity by activating macrophages and Tc lymphocytes [40, 41] at a rate
of βThI.

The Th2 lymphocyte response stimulates antigen-exposed B lymphocytes to differentiate into
antibody-producing plasma cells, which are soluble proteins that interact with specific antigens and
provide targets for the action of complement system proteins, resulting in the neutralization and
elimination of viral particles [40, 41] at a τThV rate.

This is shown in the conceptual model in Figure 2.

Figure 2. Conceptual model of the presence of immune response associated with
System (2.2), complementing Figure 1.

2.2. Model analysis

An equilibrium point of steady state variables in time is stable if all trajectories starting in its vicinity
remain in that environment; otherwise, the equilibrium point is unstable. Furthermore, an equilibrium
is asymptotically stable if it is stable, and all nearby solutions tend in the future toward equilibrium [42].

To preserve the biological sense, the variables of System (2.2) must be non negative, since they
represent unit accounting. It must be shown that E(t) ≥ 0, I(t) ≥ 0,V(t) ≥ 0 and Th ≥ 0, for all t ≥ 0.
Assuming non negativity, then, the states are in the positively invariant region Ω = R4

+, and generation
and elimination are defined as a function of the population N = E + I with λ = Ed + Iα, where d = α.
Then, λ = (E + I)α defining D = (E + I)α, we have λ = D and b = Thc.

The initial conditions of System (2.2) are assumed to be a healthy steady state before the infection
time t = 0, i.e., V(t) = 0, I(t) = 0,Th(t) = Th0 , and E(t) = E0, for all t < 0. At time t = 0, a small
number of virions enter the host organism.

From System (2.2), three equilibrium points are obtained:

1) The infection-free equilibrium denoted by x0, which represents the state reached in the absence
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of viral infection, i.e., it shows the values toward which cell populations tend in the absence of
infection (I = V = 0), i.e., x0 = (E0, 0, 0,Th0)

t where E0 = λ/d and Th0 = b/c;
2) The equilibrium with viral infection denoted by x1, i.e., assuming Th = 0 and b = 0, then x1 =(

αµ

κν
, κλν−αdµ
ακν
, κλν−αdµ
ακµ
, 0

)t
; and

3) The equilibrium with lymphocyte activation response Th, denoted by x2 = (x21, x22, x23, x24)t.

The basic reproductive number associated with System (2.2) will be denoted by R∗0. Importantly,
the equilibrium of either viral infection or lymphocyte activation response Th will not be locally
asymptotically stable when R∗0 < 1. Consequently, if an individual is at risk of acquiring the disease,
but satisfies R∗0 < 1, then infection is not established in the organism. The above is developed in
Theorems 1 and 2, in whose proofs the classical eigenvalue sign theory, the Routh-Hurwitz criterion,
and Descartes’ method [42] are used.

Given an initial condition of System (2.2) with V0 = V(t0) > 0, we say that the virus spreads in
the host organism from t0 if there exists at least one t∗ > t0 such that V(t∗) > V0. On the other hand,
the virus does not spread if V(t) is strictly decreasing for all t > t0, whether or not the virus reaches a
maximum. This is a crucial difference between acute and chronic infection models [19, 26, 27].

The relationship between the reproductive number, R∗0, at the time of infection and the ability of the
virus to spread is established by the following theorem.

Theorem 1. Let (2.2), defined on Ω and with initial time-state condition (t0, (E0, I0,V0,Th0)), with
E0,V0, and Th0 positive. Then, if R∗0 < 1, the virus does not spread from t0. That is, the viral infection-
free equilibrium is locally asymptotically stable.

Remark 1. Theorem 1 states that if a person is at risk of becoming infected with SARS-CoV-2, but
satisfies R∗0 < 1, then the viral infection is not established in their body, i.e., it cannot spread, and the
system returns to the uninfected state.

Proof. To derive the expression for the reproductive number R∗0, the next generation matrix method [43]
is used in System (2.2).

This system is first ordered so that the infections appear in the first two equations, as shown in
the equation: 

I′(t) = κEV − αI − βThI,

V ′(t) = νI − µV − τThV

E′(t) = λ − dE − κEV,

T ′h(t) = b − cTh + γITh.

(2.3)

Thus, if X = (I,V, E,Th), we have X′ = F+(X) − F(X), with:

F+ =


κEV

0
0
0

 and F =


αI + βThI

µV + τThV − νI
dE + κEV − λ
cTh − γITh − b

 .
Mathematical Biosciences and Engineering Volume 22, Issue 11, 2807–2825.
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The variations of the entries of matrices F+ and F are:

DF+ =


0 κE κV 0
0 0 0 0
0 0 0 0
0 0 0 0


and

DF =


α + βTh 0 0 βI
−ν µ + τTh 0 τV
0 κE d + κV 0
−γTh 0 0 c − γI

 ,
which, evaluated in x0, are as follows:

DF+(x0) =


0 κλ/d 0 0
0 0 0 0
0 0 0 0
0 0 0 0


and

DF(x0) =


α + β(b/c) 0 0 0
−ν µ + τ(b/c) 0 0
0 κ(λ/d) d 0

−γ(b/c) 0 0 c

 .
Then,

F =

(
α + β(b/c) 0
−ν µ + τ(b/c)

)
,F+ =

(
0 κλ/d
0 0

)
and

F −1 =

 c
αc+bβ 0

c2ν
αbcτ+b2βτ+αc2µ+bcβµ

c
bτ+cµ

 ,
matrix F+F −1 then represents the matrix of the next generation. Each entry (i, j) of this matrix
represents the expected number of secondary infections in compartment i produced by an infected cell
introduced into compartment j. The spectral radius of this matrix (ρ(F+F −1)), i.e., the modulus or the
maximum absolute value of its eigenvalues, defines the reproductive number R∗0.

For System (2.2), the matrix of the next generation is given by

F+F
−1 =

κλ

d

(
ν

{α+β(b/c)}{µ+τ(b/c)}
1

µ+τ(b/c)

0 0

)
,

therefore, the reproductive number R∗0 is given by:

R∗0 =
κλν/d

{α + β(b/c)}{µ + τ(b/c)}
< R0, (2.4)

because R∗0 = R0 · Λ with

Mathematical Biosciences and Engineering Volume 22, Issue 11, 2807–2825.



2814

Λ =
αµc

{α + β(b/c)}{µ + τ(b/c)}
< 1. (2.5)

Note that, compared to the base model of System (2.1), one has R∗0 < R0, since it is easy to prove
that Λ < 1.

To analyze the local stability of the equilibria, we proceed by spectral analysis of the Jacobian
matrix J(x), x = (E, I,V,Th). Let us note that

J(x) =


−(d + κV) 0 −κE 0
κV −(α + βTh) κE −βI
0 ν −(µ + τTh) −τV
0 γTh 0 γI − c

 .
Then the Jacobian matrix evaluated on x0 is given as follows:

J(x0) =


−d 0 −κλ/d 0
0 −{α + β(b/c)} κλ/d 0
0 ν −{µ + τ(b/c)} 0
0 γb/c 0 −c

 . (2.6)

In order to find the eigenvalues of J(x0), we have that J(x0) − z · I4 equals to
−(d + z) 0 −J13 0

0 −(J22 + z) J23 0
0 J32 −(J33 + z) 0
0 J42 0 −(c + z)

 ,
where J13 = κλ/d, J22 = α + β(b/c), J23 = J13, J32 = ν, J33 = µ + τ(b/c) y J42 = γb/c. Note
their positivity.

Then, the characteristic polynomial of J(x0) defined by P(z) = det(J(x0) − z · I4) is:

P(z) = (d + z)(c + z)[(J22 + z)(J33 + z) − J23J32].

Thus, the eigenvalues of J(x0) are: z1 = −d, z2 = −c and the roots of the quadratic polynomial are
Q(z) := z2 − T z + D, where

T = −(J22 + J33) and D = J22J33 − J23J32.

Let us note that the roots of Q(z) are real since its discriminant T 2−4D, equal to [J22−J33]2+4J23J32,
is a positive number. These roots will be negative if D > 0. That is, J22J33 > J23J32. In terms of the
original parameters, {α + β(b/c)}{µ + τ(b/c)} > κλν/d, which is equivalent to R∗0 < 1. Then, if this is
the case, it is verified that the viral infection-free equilibrium, x0, is locally asymptotically stable.

□

Theorem 2. Given System (2.2), defined in the positively invariant region Ω at the onset of infection,
i.e., E(0) = E0 > 0, I(0) = 0,V(0) = V0 > 0 and Th(0) = Th0 > 0. Then, a sufficient condition for the
virus to spread is given by R∗0 > 1, which indicates that the equilibrium with viral infection is locally
asymptotically stable if and only if R∗0 > 1.

Mathematical Biosciences and Engineering Volume 22, Issue 11, 2807–2825.
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Remark 2. Theorem 2 states that if a person is at risk of SARS-CoV-2 infection, and satisfies R∗0 > 1,
then viral infection is established in their body. Therefore, viral infection progresses and SARS-CoV-2
can invade the epithelial cell population in the following two scenarios: 1) without activating the Th

lymphocyte response; 2) by activating the Th lymphocyte response.

Proof. To analyze the stability of the equilibrium with viral infection and without Th lymphocyte
activation, the Jacobian matrix evaluated in x1 is given by matrix (2.7).

J(x1) =


− κλν
αµ

0 αµ

ν
0

κλν
αµ
− d −α αµ

ν

βdµ
κν
−
βλ

α

0 ν −µ dt
κ
− λνt
αµ

0 0 0 γλ

α
− c − γdµ

κν

 , (2.7)

Remark: If Th = 0 ∀t then b = 0, thus in Eq (2.4), one has

R∗0 =
κλν

dµα
= R0.

Assuming that

R∗0 =
κλν

dµα
> 1,

if and only if
κλν − dαµ > 0,

on the other hand, in terms of R∗0, matrix (2.7) is rewritten as shown in matrix (2.8)

J(x1) =


−dR∗0 0 αµ

ν
0

d
(
R∗0 − 1

)
−α αµ

ν
−
βλ(R∗0−1)
αR∗0

0 ν −µ
d(t−R∗0)
κ

0 0 0 γλ

α
− c − γλ

αR∗0

 , (2.8)

whose characteristic polynomial is Q(z) = Q1(z) · Q2(z), with:

Q1(z) = −z3 − z2(α + dR∗0 + µ) − zdR∗0(α + µ) + dαµ(R∗0 − 1)

and

Q2(z) = −z +
γλ

α

(
1 −

1
R∗0

)
− c.

The eigenvalues of matrix (2.8) are z1 = {γλ/α}(R∗0−1)/R∗0−c, taking into account that the condition
of eigenvalue is that

z1 = γ
λ

α

(κλν − αdµ)
κλν

− c < 0,

then
κλν − αdµ <

cακν
γ

which leads to having
αdµ(R∗0 − 1) <

cακν
γ

Mathematical Biosciences and Engineering Volume 22, Issue 11, 2807–2825.
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which implies that

1 −
1
R∗0
<

cα
γλ
,

therefore, z1 < 0 or, equivalently, 1 − 1
R∗0
< cα
γλ

and the solutions of Eq (2.9)

0 = Q2(z) = z3 + Az2 + Bz +C, (2.9)

whose coefficients are:
A = α + µ + dR∗0, B = dR∗0(α + µ) and C = αdµ

(
R∗0 − 1

)
. Since A > 0, using the Routh-Hurwitz

criterion, the solutions of Eq (2.9) have a negative real part if AB −C > 0.
We know that

1 <
(α + µ)2

αµ
therefore

1 −
(

1
α
+

1
µ

)
(α + µ) < 0

since

1 −
(

1
α
+

1
µ

) (
α + µ + dR∗0

)
<

1 −
(

1
α
+

1
µ

)
(α + µ) < 0,

it is concluded that AB −C > 0, and then

AB −C = αdµ(1 − R∗0)
[
1 −

(
1
α
+

1
µ

) (
α + µ + dR∗0

)]
.

Thus, it is shown that AB −C > 0.
Finally, the equilibrium with viral infection, x1, is locally asymptotically stable if and only if z1 < 0

or, equivalently, 1 − 1
R∗0
< cα
γλ

.
□

The equilibrium set with Th lymphocyte activation response, x2, is of the form
x2 = (x21, x22, x23, x24)t, being determined by the following algebraic steps:

1) Solving for I in terms of Th from the second equation of System (2.2):

γITh = cTh − b

I =
cTh − b
γTh

(2.10)
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2) Replacing Eq (2.10) in the third equation of System (2.2):

0 =
cν
γ
−

bν
γTh
− (µ + τTh)V. (2.11)

3) Isolating E from the first equation of System (2.2):

E =
λ

d + κV
(2.12)

4) Replacing Eqs (2.10) and (2.12) into the second equation of System (2.2):

0 =
β(b − cTh)
γ

+
α(b − cTh)
γTh

+
κλV

d + κV
. (2.13)

5) Isolating V from Eq (2.13)

V =
d(α + βTh)(cTh − b)

κ(α(b − cTh) + Th(bβ + γλ − βcTh))
. (2.14)

Thus, the equilibrium point x2 as a function of T ∗h is of the form:

x21 =
α(b − cT ∗h) + T ∗h(bβ + γλ − βcT ∗h)

dγT ∗h
,

x22 =
cT ∗h − b
γT ∗h

,

x23 =
d(α + βT ∗h)(cT ∗h − b)

κ[α(b − cT ∗h) + T ∗h(bβ + γλ − βcT ∗h]
,

x24 = T ∗h ,

where T ∗h is a solution of:

(cTh − b)(αbκν − αTh(cκν + dγ(µ + Thτ))) =
Th(βcκνTh − bβκν + γ(βdµTh − κλν + βdT 2

hτ))

which implies that T ∗h is a solution of the polynomial A3T 3
h+A2T 2

h+A1Th+A0 = 0,where the coefficients
of the above equation are of the form:

A0 = αbκν, A1 = bβκν − αdγµ − αcκν + γκλν, A2 = −βdγµ − βcκν − αdγτ, A3 = −βdγτ.
Assuming T ∗h = b/c implies the existence of the viral infection-free equilibrium; however, this is

not relevant to the paper since it has been studied before in x0. Then, A3 < 0, A2 < 0, A1 real and
A0 > 0, by Descartes’ method, there is a unique T ∗h > 0 such that P(T ∗h) = 0

3. Results and discussion

Some studies suggest that viral load in the lower respiratory tract may peak in the second week
after symptom onset [16,27,44]. However, serial measurement of this type of biomarker is complex in
practical terms.
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Viral load at any given time after diagnosis or detection tends to be similar between asymptomatic
and symptomatic patients [45]. However, studies show a tendency for a longer duration of viral
shedding in more severe cases and older patients [46–48].

Despite the detection of viral particles in samples from some individuals several weeks after of
symptoms onset, these virions are usually not present for more than 8–14 days [49–51].

Authors such as Ejima et al. [52], Gonçalves et al. [13] and Challenger et al. [53] took into account
different studies to represent the decrease in viral load after symptoms onset. They found that viral
samples testing negative for SARS-CoV-2 are set at 1 copy viral/mL; also, the mean viral load was
calculated for each day, showing that from day 20 onward, more than half of the samples recorded on
each of these days were below the limit of detection.

Mathematical modeling of virus dynamics in the host has been carried out using available
virological and immunological information from previously studied infections, such as influenza,
hepatitis B, HIV infection, and some coronaviruses [19, 27, 52].

However, as the pandemic has unfolded, new virological and immunological studies have added
additional information regarding the behavior of the viral infection [54,55]. In addition, aspects of the
immune response that differentiate SARS-CoV-2 infection from other respiratory infections are also
being elucidated [8, 56].

Given the above, values of variables and parameters sourced from published literature and
summarized in Table 1 were selected to ensure that the resulting viral load aligns with reported values
in the literature, particularly in the context of Th lymphocyte activation. The resulting dynamics under
different scenarios are illustrated in Figure 3.

Numerical simulations were performed using R Software version 4.1.2.

Table 1. Estimates of model parameters and variables.
Description / Variables Symbol Rank Value System (2.1) Value System (2.2) Reference
Epithelial cells E0 [1.36 × 104 − 4.81 ×

1010]
5 × 106 5 × 106 [3, 4]

Infected cells I0 — 0 0 —
Free viral particles V0 [1 − 6.6 × 108] 8 × 105 1 × 105 [4, 53, 56]
Activated T -helper lymphocytes Th0 [4.5 × 106] — 5 × 105 —
Epithelial cell generation rate [day−1] λ — 25 × 105 5 × 105 —
Epithelial cell death rate [day−1] d — 0.5 0.1 —
Probability of epithelial cell infection per viral particle
[mL/(copies*day)]

κ [0.03 − 13.5] × 10−8 0.035 × 10−8 1 × 10−7 [3, 4, 10, 53]

Infected cell death rate [day−1] α — 0.5 0.1 —
Lysis effect on infected cells [day−1] β — — 1 × 10−7 —
Replication rate of viral particles
[mL/(copies*day*cell)]

ν [9.3 − 2 × 103] 995 995 [4, 10, 53, 57]

Degradation rate of free viral particles [day−1] µ [0.39 − 2.51] 0.5 0.5 [4, 10, 26, 53]
Neutralization effect on free viral particles
[mL/(copies*day*cell)]

τ — — 1 × 10−7 —

Th lymphocyte production rate [day−1] b — — 5 × 104 —
Th lymphocyte death rate [day−1] c — — 0.1 —
Activation effect on Th lymphocytes [day−1] γ — — 1 × 10−7 —

3.1. Simulations

Taking into account the parameters in Table 1, System (2.1) shows the spread of infection once the
viral load is able to replicate; furthermore, epithelial cells (E) are generated at a rate λ [day−1] and
decrease at a rate d [day−1], out of the total cells.

Coronaviruses infect mainly differentiated respiratory epithelial cells [4, 51].
Once cells are productively infected, they release virus at a rate ν [mL/(copies × day × cell)] and

virus particles are degraded at a rate µ [day−1].
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Figure 3. Cell dynamics for a viral infection given by System (2.2) for the parameters in
Table 1. Host cells can be in one of the following states: susceptible (E: blue line) or infected
(I: red line). Viral particles (V: green line) and T-lymphocyte activation (Th: magenta line).
Figure 3a,b,c is given by System (2.2) with R∗0 = 6.0303 × 103,R∗0 = 33.0017, and R∗0 =
19.8920, respectively.

Infected cells are eliminated at a rate α [day−1] as a consequence of biochemical and molecular viral
effects caused during the viral replication cycle. It must be considered that SARS-CoV-2 virus is an
obligate intracellular pathogen, so if there are no susceptible and infected cells, as they eventually die,
it will not be able to replicate, leading to a decrease in viral load.

Thus, in a case without adequate immune response or effective therapeutic intervention, progressive
cell death of host cells in the respiratory tract can occur, and the viral replication machinery in this
model is lost.

In addition, Figure 3a shows the activation of (Th) lymphocytes, which leads to free virus particles
being cleared at a τThV rate.

Infected cells are eliminated at a rate βThI as a result of cell lysis and phagocytosis; however, the
amount of viral load is so high that although a decrease in infected cells is evident at about day 6,
epithelial cells recover until day 30.

Figure 3b shows an increase in the neutralization effect on viral particles, where the decrease in
viral load is evidenced approximately on day 10 after infection onset; in turn, the epithelial cells tend
to recover, given that the immune response acts in a timely manner once the Th lymphocytes are
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activated, and their effector functions act on the viral particles and infected cells.
Figure 3c shows an increase in the effect of cell lysis and phagocytosis (β = 1.1 × 10−7), in the

neutralization free viral particles (τ = 1 × 10−4) and in the proportion of epithelial cell death (d = 0.2).
In addition, the rate of epithelial cell generation (λ = 1×106), the probability of epithelial cell infection
per viral particle (κ = 1×10−8), the initial Th lymphocytes (Th0 = 2×105), and the rate of Th lymphocyte
generation (b = 2 × 104) are decreased.

As a consequence, there is evidence of an increase in viral load and a decrease in viral infection
at approximately day 15, where epithelial cells tend to recover after infection onset, indicating that
although the immune response occurs approximately 5 days later than shown in Figure 3a, it acts on
the system in a timely manner through its effector functions on viral particles and infected cells.

4. Conclusions

Despite the increased effect of cells lysis, phagocytosis, and neutralization on free viral particles,
Th0 lymphocyte depletion delays viral load degradation and epithelial cells recovery; however, this
occurs within a timely range of recovery.

As the effects increase once Th lymphocytes are activated, it is evident (Figure 3a,b,c) that when the
virus is introduced into the susceptible cell population, the number of newly infected cells generated
from a first infected cell tends to decrease.

The estimation of parameters for model validation, such as time and lag periods, antibody curves,
lymphocyte response monitoring, and cytokine concentrations, allow for better estimation and
fine-tuning of the model, leading to a better understanding of the dynamics of viral infection at the
cellular level.

This type of cellular immune response is relevant in respiratory diseases caused by viruses such as
influenza A, respiratory syncytial virus (RSV), rhinovirus, and coronaviruses including SARS-CoV-2,
among others.

Additional elements of the immune response need to be considered in future work, specifically the
components of the humoral and cellular response, as well as the regulatory mechanisms of the immune
response. This type of cell-mediated immune response is relevant in respiratory diseases caused by
viruses such as measles and influenza, among others.
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