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Abstract: Boars, being one of the most widely spread ungulates worldwide, have a widely recognized
important role in the balance of natural environment and forests. Since large boar populations severely
damage crops and cause serious traffic accidents, they are widely hunted, thereby also representing a
relevant economic resource. In the model presented here, the species is at times considered ravaging,
enabling it to be kept in check, while on the other hand, it must be preserved from extinction as a
protected species. We considered an idealized, relatively simple situation in which rangers of the park
where the boars are hosted manage this animal population size when they extrude into the surrounding
areas through the woods perimeter. Modeling this situation involves considering not the whole boar
population, but only those that are involved in the spillover, i.e., those living in proximity of the
woods edge. The theoretical investigation and the simulations revealed the existence of a transcritical
bifurcation relating the two viable equilibria, coexistence, and the ranger-free point. Also, the possible
onset of persistent oscillations via a Hopf bifurcation is shown, leading to periodic recalling of rangers
to contain the spillovers. On the other hand, a better regime was obtained by reducing the environment’s
resources for the wild boars, which stabilized the the boar population at constant level, with a reduced
presence of the rangers, reducing the costs of their periodic recalling.
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1. Introduction

Boars are of great importance in the natural environment and forests, as they play a multi-faceted
role in the balance of the ecosystem; they empty and replenish the soil by rubbing and moving it while
searching for food in natural places. This contributes to better aeration of the soil and the distribution
of organic matter in it. Boars also help disperse plant seeds and replenish biodiversity when they eat
fruits and plants, and then excrete these seeds in different areas of the environment. They are also an
important source of food for predators, such as wolves and vultures, thus contributing to the balance
of the food chain. Additionally, they can control insect populations by consuming insects and larvae.
However, their impact can vary depending on the environment and on the presence of other species.

In the last few years, boars have become one of the most widely spread ungulates in the world [1,2].
Their spread has been linked to their biological traits that include their highly varied trophic spectrum,
great adaptability to variable food resources and ecological conditions, and, finally, an ability to adapt
their spatio-temporal behavior to local conditions [3–5].

Studies have further illuminated the complex dynamics of wild boar populations and management
challenges. Stillfried et al. [6] demonstrated how urban environments create ecological traps that alter
natural population dynamics. Jori et al. [7] documented effective management strategies in
Mediterranean protected areas, while the researchers [8] quantified the economic impacts of wild boar
damage in agricultural systems. These studies collectively highlight the critical need for quantitatively
informed management approaches that balance ecological preservation and agricultural protection.

The presence of boars helps create an ecological balance in the forest, as their numbers are naturally
controlled; therefore, their impact on the environment is controlled. In many countries, boars are
widely hunted and constitute an important economic resource. The negative effects of increases in
wild boar populations include damage to crops and traffic accidents [3, 5, 9].

In Italy, rampaging boar have caused 120 million euros of damage to Italian agriculture over the
last seven years, as reported by the environmental protection and research institute ISPRA [2, 10]. In
addition, boars are responsible of the transmission of diseases such as brucellosis, tuberculosis, and
swine fever [11]. Some of these diseases can cause direct or indirect economic losses. On the other
hand, the role of boars in the environment must be balanced, so that increasing their numbers does
not lead to the destruction of biodiversity or to a negative impact on surrounding farms. This further
highlights the delicate balance that boars bring to ecosystems. Thus the boar population needs to be
carefully monitored and suitably managed to maintain and balance the environment.

Here, we consider a model for a situation in which a species is at times considered damaging, and
therefore curbed, while in the long term, it must be preserved. In the last few decades, boars in Italy
have fallen in this category. When their population size increases, these animal tend to become ravagers
of crops. In these periods, hunting them is permitted. At other times, they become a protected species.

In this study, we address three key questions:

1) How do perimeter-mediated boar-ranger interactions affect long-term population stability?
2) Under what conditions do management strategies (resource reduction vs. ranger deployment)

prevent destructive oscillations?
3) Can transcritical and Hopf bifurcations provide actionable thresholds for wildlife managers?

The paper organization is as follows. In Section 2, we present a hypothetical problem setting, give
the model equations, and establish the positivity and boundedness for solutions of system (2.1). The
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equilibria and their feasibility analysis are provided in Section 3, while in Section 4, we discuss their
stability. In Section 5, we present an analytic investigation of the possible bifurcations in the system.
Numerical simulations are carried out in Section 6. A final discussion concludes the paper, and an
Appendix is provided for supplementary results.

2. Mathematical model

2.1. Basic features

We begin by describing the hypothesized situation and explain the meaning of the variables.
We assume that, in general, boars B live in woods in natural parks, with carrying capacity W, away

from humans. However, they may extrude into the surrounding areas and in such cases, they may be
hunted by rangers, R, to avoid possible interference with tourists or damage to properties and crops.

In particular, we assume that B represents the boar population in the woods, and those escaping are
proportional to the extent of the wood perimeter. Thus, the boar population in the wood and the one
drifting outside are related to the relationship between the wood extension, a two dimensional manifold,
and its perimeter, which is a one dimensional one. Hence, the boars found outside are proportional to√

B in the limit. Models of this kind have appeared in the literature, starting with [12]. In suitable
circumstances, these models show extinction in finite time, but suffer from the loss of uniqueness at
B = 0, as remarked in [13]. Here, we propose an alternative formulation to avoid this problem.

As for rangers, we assume that R represents those on site. If they spot boars outside the woods, they
chase them and possibly remove them from circulation. In the case when extruding animals grow to
large numbers, the recall rate of rangers increases with the number of observations up to a maximal rate.

2.2. Model equations

We consider a minimal model to mathematically describe the situation presented in the
previous section:

dB
dt
= rB

(
1 −

B
W

)
− h

R
p + R

Ψ(B), (2.1)

dR
dt
= −bR + g

R
p + R

Ψ(B).

Note that the first equation states that the boars living in the woods would thrive undisturbed at the
woods carrying capacity, expressed by the logistic term. If they come out of their environment, they are
chased by the rangers in that spot of the park, which grows to a maximal recruitment rate, if necessary.
The constant h denotes the boar removal rate in the open range.

The second equation describes the ranger dynamics found on the critical points where boars come
out of the woods. If no animals show up, they leave to go to other places. When boars are spotted, they
are recalled with a variable rate, that saturates at level g, the more there are, the larger the number of
boars spotted.

The function Ψ(B) must have two features. For large numbers of boars, it must approach the boar
population drifting into the open; as discussed in Section 2.1, it should asymptotically behave like the√

B. On the other hand, if just a few boars are spotted, they come out at a very few specific points, and

Mathematical Biosciences and Engineering Volume 22, Issue 11, 2780–2806.



2783

in such cases, the interaction with rangers would be of type one-to-one and should, therefore, be linear.
Combining these remarks, we have

lim
B→0+
Ψ(B) = c0B, lim

B→+∞
Ψ(B) = c∞

√
B, (2.2)

where c0 and c∞ denote suitable positive constants. The particular function we choose, that satisfies
these requirements, is

Ψ(B) = c0Be−B + c∞
√

Be−
1
B . (2.3)

In particular, for simplicity, we set
c0 = 1, c∞ = 1. (2.4)

Note that the function Ψ(B) is C2 and increasing for all B > 0 (see Appendix A).

2.3. Positivity and boundedness

We now establish two fundamental properties of system (2.1): the non-negativity of solutions
(positivity) and their confinement within a bounded region (boundedness). These are formalized in
the following lemmas.

Lemma 1 (Positivity). All solutions of system (2.1) with non-negative initial conditions (B(0),R(0)) ≥
(0, 0) remain non-negative for all t > 0.

Proof. Consider the right-hand side of system (2.1):

F(B,R) =

rB
(
1 − B

W

)
− h R

p+RΨ(B)
−bR + g R

p+RΨ(B)

 .
When B = 0:

dB
dt

∣∣∣∣∣
B=0
= 0 ≥ 0.

When R = 0:
dR
dt

∣∣∣∣∣
R=0
= 0 ≥ 0.

The system is well-defined and Lipschitz continuous in R2
+ except possibly at B = 0, where Ψ(B) is

smooth by construction (2.3). Since the vector field points inward along the axes (FB ≥ 0 when B = 0
and FR ≥ 0 when R = 0), the positive quadrant is invariant. □

Lemma 2 (Boundedness). There exists M > 0, such that for any solution (B(t),R(t)) of system (2.1)
with initial conditions in R2

+:

lim sup
t→∞

B(t) ≤ M and lim sup
t→∞

R(t) ≤ M

.

Proof. Consider P = gB + hR. Then:

dP
dt
= grB

(
1 −

B
W

)
− hbR.
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For η > 0 with b > η:
dP
dt
+ ηP ≤ g

(
−

r
W

B2 + (r + η)B
)
.

The maximum of the right-hand side is:

K(η) = g ·
W
4r

(r + η)2.

Thus:
lim sup

t→∞
P(t) ≤

K(η)
η
.

Therefore:

lim sup
t→∞

B(t) ≤
W(r + η)2

4rη
,

lim sup
t→∞

R(t) ≤
gW(r + η)2

4rhη
.

Choose M = max
(
W(r + η)2

4rη
,

gW(r + η)2

4rhη

)
. □

3. Equilibria feasibility

The model is seen to have at most three equilibria, as the situation with no boars cannot arise,
in view of the second equation of (2.1). This makes sense since if no “danger” arises, the rangers
would leave.

As for the remaining equilibria, we find the origin E0 = (0, 0) (E0 is degenerate due to Ψ(B)
singularity at B = 0, thus biologically irrelevant as confirmed by asymptotic analysis:
limB→0+

dB
dt > 0), the ranger-free point E1 = (W, 0) in which the boars stay in the woods and possibly

coexist. We turn now to the investigation of the latter.
The first equilibrium equation can be solved in terms of R giving a function χ(B):

R = χ(B) =
gr
bh

B
(
1 −

B
W

)
, (3.1)

while from the second one, we obtain

R = θ(B) =
g
b
Ψ(B) − p. (3.2)

The coexistence equilibrium would be given by the points in the B − R plane where these two curves
intersect. Recalling (2.2), it is seen that the function θ is asymptotic to

√
B for large B. It crosses the

vertical axis at R = −p < 0, and in view of its continuity and steady increase, it must have a zero B0,
defined by

B0 = Ψ
−1

(
bp
g

)
.

Here, Ψ−1 exists because Ψ is strictly increasing and continuous on R+ with Ψ(0) = 0 and
lim
B→∞
Ψ(B) = ∞.
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The function χ is instead a kind of kinked parabola, that maintains the roots of the logistic equation,
0 and W. It is positive only in the interval defined by the latter abscissae. Thus, a necessary condition
for the intersection among χ and θ is that the point B0 lies to the left of W, namely

B0 ≤ W. (3.3)

This condition is also sufficient to ensure at least one such intersection. However, depending on the
behavior of both (3.1) and (3.2), more could exist, but always an odd number. This comes from the
fact that

0 = χ(0) > θ(0) = −p, +∞ = lim
B→+∞

θ(B) > lim
B→+∞

χ(B) = −∞.

Since the curves interlace and are continuous, the result follows from Bézout’s theorem.

Figure 1. Intersection of the curves χ(B) (red) and θ(B) (blue). (a): For the parameters given
in (3.4) and (3.5), the intersection lies in the fourth quadrant, and the coexistence equilibrium
is unfeasible. (b): For the parameters given in (3.4) and (3.6), the intersection lies in the first
quadrant, and coexistence is feasible.

In Figure 1, we show both situations. On subfigure (a), the intersection exists but lies in the fourth
quadrant: thus, that coexistence is unfeasible. On subfigure (b), it has a positive height, for which
both populations coexist. The figure is obtained with the following hypothetical parameter choice. The
reference values are

r = 0.2, W = 100, h = 0.2, p = 10, g = 0.05 (3.4)

and
b = 0.3 (3.5)

in case of unfeasibility, and, for a feasible intersection,

b = 0.003. (3.6)
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The equilibria discussed in the previous sections can be achieved. Choosing the parameters as given in
(3.4) and (3.5), the equilibrium E1 is feasible, substantiating the claim of the transcritical bifurcation
connecting this point with the coexistence equilibrium. The result is shown in Figure 2(a).
For the parameters given in (3.4) and (3.6), coexistence is obtained as shown in Figure 2(b).

Figure 2. (a): For the parameters given in (3.4) and (3.5), the ranger-free equilibrium is
obtained. (b): For the parameters in (3.4) and (3.6), feasible coexistence is achieved.

4. Equilibria stability

The Jacobian of (2.1) is

J =
 r − 2rB

W − h R
p+RΨ

′(B) −hΨ(B) p
(p+R)2

g R
p+RΨ

′(B) −b + g p
(p+R)2Ψ(B)

 . (4.1)

4.1. Stability of the trivial equilibrium point E0 = (0, 0)

Theorem 1. The trivial equilibrium point E0 = (0, 0) is unstable.

Proof. The analysis of E0 = (0, 0) requires special attention due to the singularity in the Jacobian when
B = 0. Specifically, the term Ψ′(B) in the Jacobian (4.1) is undefined at B = 0 because:

lim
B→0+
Ψ′(B) = lim

B→0+

[
c0e−B(1 − B) + c∞e−1/B

(
1

2
√

B
+

1
B3/2

)]
→ ∞.

This singularity prevents standard linearization techniques. We therefore employ the following
rigorous approach:

1) Dominant balance approximation: For (B,R) ≈ (0, 0), we retain only leading-order terms in
the vector field. Applying this methodology, we consider the system behavior as (B,R)→ (0, 0):

dB
dt
= rB

(
1 −

B
W

)
− h

R
p + R

Ψ(B)
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= rB + O(B2) − hR
[
Ψ(B)

p
+ O(R)

]
∼ rB −

h
p

RΨ(B) as (B,R)→ (0, 0).

Since Ψ(B) ∼ c0B as B→ 0+ by (2.3), we obtain:

dB
dt
∼ rB −

hc0

p
RB = B

(
r −

hc0

p
R
)
. (4.2)

Similarly, for the R-equation:
dR
dt
∼ −bR +

gc0

p
RB. (4.3)

2) Asymptotic analysis: Now, we examine systems (4.2) and (4.3) behavior in the limit B → 0+

using asymptotic expansions. The dominant systems (4.2) and (4.3) reveal that:
• When R < rp

hc0
, dB

dt > 0 for B > 0.
• When R > rp

hc0
, dB

dt < 0 for B > 0.
• dR

dt < 0 when B < bp
gc0

.
3) Direction field inspection: We analyze the flow directions near the origin in each quadrant.

To confirm instability, we consider initial conditions (B(0),R(0)) = (ϵ, 0) with 0 < ϵ ≪ 1:
dB
dt

∣∣∣∣∣
t=0
∼ rϵ > 0

dR
dt

∣∣∣∣∣
t=0
= 0

The solution immediately enters the region B > 0, R > 0, where dB
dt > 0 initially. This demonstrates

that E0 is unstable. □

Remark 2. This approach is justified by the singular perturbation theory [14] and boundary layer
analysis [15]. The dominant balance approximation captures the essential dynamics near the
singularity.

Remark 3. In this case, the R population would vanish, and B goes to W.

4.2. Stability of the ranger-free point E1 = (W, 0)

Theorem 4. The ranger-free point E1 = (W, 0) is stable for W < Ψ−1
(

bp
g

)
and unstable for W >

Ψ−1
(

bp
g

)
.

Proof. For the ranger-free point E1 = (W, 0), the two eigenvalues of J(E1) are explicit: −r < 0 and

−b +
gΨ(W)

p
.

Stability of E1 requires that

−b +
gΨ(W)

p
< 0,

that is:

W < Ψ−1
(
bp
g

)
. (4.4)

□
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4.3. Stability of the equilibrium point E∗ = (B∗,R∗)

Theorem 5. The equilibrium point E∗ = (B∗,R∗) is stable if and only if

r
(
1 −

2B∗
W

)
< min

{
hΨ′(B∗);

R∗
p + R∗

(hΨ′(B∗) + b)
}
. (4.5)

Proof. The equilibrium point E∗ = (B∗,R∗) exists if the converse of (4.4) holds. Its eigenvalues are the
roots of the quadratic equation:

λ2 − tr(J(E∗))λ + det(J(E∗)) = 0

with

tr(J(E∗)) = r
(
1 −

2B∗
W

)
−

R∗
p + R∗

(hΨ′(B∗) + b), (4.6)

and

det(J(E∗)) =
bR∗

p + R∗

[
−r

(
1 −

2B∗
W

)
+ hΨ′(B∗)

]
. (4.7)

Its eigenvalues have roots with negative real part if and only if

tr(J(E∗)) < 0 and det(J(E∗)) > 0. (4.8)

Thus E∗ is stable if and only if the condition (4.5) is satisfied.
Since Ψ′(B∗) > 0 (see Appendix A), it is seen that if

B∗ ≥
W
2
, (4.9)

then r
(
1 − 2B∗

W

)
≤ 0 < min

{
hΨ′(B∗); R∗

p+R∗
(hΨ′(B∗) + b)

}
. Hence, the above condition (4.5) is verified.

The condition (4.9) represents a sufficient condition for the stability of E∗. □

5. Bifurcations

In this section, we study the possible onset of bifurcations.

5.1. Transcritical bifurcation

To investigate the transcritical bifurcations, we use Sotomayor’s theorem (see [16]).
In this section, let us denote F(B,R) the right hand side of (2.1), thus

F =
 rB

(
1 − B

W

)
− h R

p+RΨ(B)
−bR + g R

p+RΨ(B)

 .
Theorem 6 (Transcritical bifurcation at E1). Consider system (1) with equilibrium E1 = (W, 0). Let b
be the bifurcation parameter and define the critical value:

b∗ =
g
p
Ψ(W). (5.1)

When b = b∗, the system undergoes a transcritical bifurcation at E1 if the following conditions hold:
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1) Nonhyperbolicity: The Jacobian matrix J(E1, b∗) has a simple eigenvalue λ = 0 with right
eigenvector v =

(
h
pΨ(W),−r

)T
, left eigenvector w = (0, 1)T , and

wT ∂F
∂b
|(E1,b∗) = 0. (5.2)

2) Transversality:

wT ∂
2F
∂b∂x

∣∣∣∣∣
(E1,b∗)

v , 0,

where x = (B,R).
3) Nondegeneracy:

wT ∂
2F
∂x2

∣∣∣∣∣
(E1,b∗)

(v, v) , 0.

Proof. We verify each condition using Sotomayor’s theorem [16]:

1) Nonhyperbolicity: The Jacobian at E1 is:

J(E1, b∗) =
−r − h

pΨ(W)
0 −b∗ + g

pΨ(W)

 = (
−r − h

pΨ(W)
0 0

)
,

with eigenvalues λ1 = −r < 0 and λ2 = 0, satisfying condition (5.1). For this choice, the left w
and right v eigenvectors of J(E1, b∗) are found

wT = (0, 1), vT =

(
h
p
Ψ(W),−r

)
.

Moreover,
∂F
∂b
|(E1,b∗) =

(
0
−R

)
|(E1,b∗) =

(
0
0

)
.

Then,

wT ∂F
∂b
|(E1,b∗) = (0, 1)

(
0
0

)
= 0.

2) Transversality: The second step consists of evaluating at first the Jacobian of the partial derivative
with respect to the bifurcation parameter calculated above. We find that the mixed derivative
matrix is:

∂2F
∂b∂x

=

(
0 0
0 −1

)
.

Evaluating the expression:

wT ∂
2F
∂b∂x

∣∣∣∣∣
(E1,b∗)

v = (0, 1)
(
0 0
0 −1

) ( h
pΨ(W)
−r

)
= (0, 1)

(
0
r

)
= r , 0.

3) Nondegeneracy: Finally, we need to evaluate all second derivatives of the right hand side with
respect to the dependent variable, to evaluate

wT (
∂2F
∂x2

∣∣∣∣∣
(E1,b∗)

)(v, v).
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This expression simplifies since the first component of w vanishes, so that it becomes the second
derivative bilinear form, which is:

wT ∂
2F
∂x2

∣∣∣∣∣
(E1,b∗)

(v, v) =
∂2F2

∂B2 v2
1 + 2

∂2F2

∂B∂R
v1v2 +

∂2F2

∂R2 v2
2,

where v = (v1, v2). At (E1, b∗):

∂2F2

∂B2 =
gRΨ′′(B)

p + R

∣∣∣∣∣
(W,0)
= 0,

∂2F2

∂B∂R
=

gpΨ′(B)
(p + R)2

∣∣∣∣∣
(W,0)
=

g
p
Ψ′(W),

∂2F2

∂R2 = −
2gpΨ(B)
(p + R)3

∣∣∣∣∣
(W,0)
= −

2g
p2Ψ(W).

Substituting:
(0, 1)D2F(v, v) = −2r

g
p2Ψ(W)

[
hΨ′(W) + r

]
< 0 , 0.

Since all conditions are satisfied, the transcritical bifurcation occurs at b = b∗.

□

Remark 7. The bifurcation diagram (Figure 3(a)) shows the characteristic exchange of stability:

• For b < b∗, E1 is unstable and the coexistence equilibrium E∗ is stable
• For b > b∗, E1 is stable and E∗ is unstable (or infeasible)

This explains the management tradeoff: low ranger departure rates (b < b∗) permit coexistence, while
high rates (b > b∗) lead to uncontrolled boar populations.

5.2. Hopf bifurcation

Furthermore, we discuss the possibility of finding persistent oscillations via a Hopf bifurcation. In
view of the fact that both the trace (4.6) and the determinant (4.7) explicitly depend on the population
values at equilibrium, which are not known, it is not possible to analytically assess the Hopf bifurcation.
However, in order for it to exist, we must annihilate the trace.

Theorem 8 (Hopf bifurcation at coexistence equilibrium). Consider system (2.1) at the coexistence
equilibrium E∗ = (B∗,R∗). Let µ be a bifurcation parameter (e.g., carrying capacity W). The system
undergoes a Hopf bifurcation at µ = µc if:

1) Nonhyperbolicity: The Jacobian J(E∗, µc) has purely imaginary eigenvalues λ = ±iω (ω > 0),
equivalent to:

tr(J(E∗)) = 0 and det(J(E∗)) > 0.

2) Transversality:
d

dµ
ℜλ(µ)

∣∣∣∣∣
µ=µc

, 0.
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3) Nondegeneracy: The first Lyapunov coefficient ℓ1(µc) , 0.

Proof. We verify the conditions using standard Hopf bifurcation theory [17]:

1) Nonhyperbolicity: The characteristic equation at E∗ is:

λ2 − τ(µ)λ + δ(µ) = 0,

where τ = tr J(E∗) and δ = det J(E∗) from Eqs (4.6) and (4.7). Purely imaginary roots occur
when:

τ(µc) = 0, (5.3)
δ(µc) > 0. (5.4)

Equations (5.3)–(5.4) equivalent to

r
(
1 −

2B∗
µc

)
=

R∗
p + R∗

(hΨ′(B∗) + b),

−r
(
1 −

2B∗
µc

)
+ hΨ′(B∗) > 0.

Thus,  p + gr
bh B∗

(
1 − B∗

µ c

)
gµc
bh B∗

(
1 − B∗

µ c

)  (µc − 2B∗) = hΨ′(B∗) + b, (5.5)

B∗ <
µc

2
. (5.6)

Conditions (5.5) and (5.6) represent useful guidelines for helping in determining persistent
oscillations in the simulations.

1) Transversality: Differentiate the eigenvalue equation:

dλ
dµ
=

1
2

(
dτ
dµ
±

1
√
τ2 − 4δ

(
τ

dτ
dµ
− 2

dδ
dµ

))
.

At µ = µc (τ = 0), this simplifies to:

d
dµ
ℜλ

∣∣∣∣∣
µc

=
1
2

dτ
dµ

(µc) , 0.

2) Nondegeneracy: The first Lyapunov coefficient is given by:

ℓ1(µc) =
1

2ω
ℜ

[
⟨p,C(q,q, q̄)⟩ + 2⟨p, B(q, J−1B(q, q̄))⟩ + ⟨p, B(q̄, (2iωI − J)−1B(q,q))⟩

]
,

where:

• q,p are eigenvectors of J and JT at iω,
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• B,C are multilinear functions of the vector field.

For system (2.1), explicit computation yields:

ℓ1(µc) = −
gh

4ω2 p2Ψ
′(B∗)

(
hΨ′′(B∗) +

2r
W

)
+ O(R∗),

which is generically nonzero.

□

The rigorous derivation of ℓ1(µc) and its generic non-zero value is provided in Appendix B.

Remark 9. The Hopf bifurcation explains the emergence of persistent oscillations (Figure 4):

• ℓ1 < 0 implies supercritical bifurcation (stable limit cycles).
• Parameter regions with τ(µ) > 0 are unstable.
• Oscillation period T ≈ 2π/ω matches ranger deployment cycles.

Corollary 10. The analytical value of the first Lyapunov coefficient is derived in Appendix C; for the
reference parameters (6.2), with µ = W and µc ≈ 8.2:

dτ
dW

(µc) = 0.057 > 0, ℓ1(µc) = −2.3 × 10−3 < 0,

confirming a supercritical Hopf bifurcation.

6. Simulations

In this section, we present numerical simulations to complement the analytical results derived
above. The simulations serve to illustrate the bifurcation structures of the system, in particular the
transcritical and Hopf bifurcations, and to highlight the emergence of persistent oscillations under
suitable parameter regimes. We further perform sensitivity analyses with respect to key parameters,
investigate the transient dynamics during regime shifts, and compare the adopted interaction function
Ψ(B) with the classical

√
B formulation. These numerical experiments not only validate the

theoretical findings but also provide deeper insight into the ecological implications of
management strategies.

For the parameters in (3.4), the critical threshold for the bifurcation parameter b is

b∗ = 0.049502. (6.1)

Using the parameters

r = 0.045, W = 10, h = 0.2, p = 10, b = 0.003, g = 0.05, (6.2)

two types of bifurcations are shown in Figure 3. The transcritical one appears on the left, for the
parameter values given in (3.4). On the right, the Hopf bifurcation diagram in terms of the bifurcation
parameter W is shown, obtained for the parameter values (6.2).
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Figure 3. (a): Transcritical bifurcation diagram in terms of the parameter b using the
reference parameter values in (3.4); note that the bifurcation occurs near the value 0.05,
as indicated in (6.1). (b): Hopf bifurcation diagram in terms of the parameter W using the
reference parameter values in (6.2).

Persistent oscillations are discovered arising from a Hopf bifurcation shown in Figure 4 for the
parameter values in (6.2).

Figure 4. Persistent oscillations arise using the reference parameter values in (6.2). Note that
B never reaches zero, since B = 0 is an equilibrium for the dynamics of B. If it did vanish, it
would not increase again.

To validate our choice of Ψ(B) against the classical
√

B formulation, we present a comparative
analysis in Figure 5.
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Figure 5. Comparison of Ψ(B) (solid blue) and
√

B (dashed red) functions. (a): Behavior
near B = 0 showing finite derivative of Ψ(B) versus singularity in

√
B. (b): Relative

difference over B ∈ [0, 10] with shaded region indicating < 5% error for B > 1. Parameters:
c0 = 1, c∞ = 1.

This comparison reveals two critical advantages of our approach:

1) Behavior near zero: For small B values (B < 0.5),
√

B exhibits a vertical tangent (d
√

B/dB→ ∞
as B → 0+), causing numerical instabilities in simulations. In contrast, Ψ(B) maintains a finite
derivative Ψ′(0) = c0 > 0 (here c0 = 1), ensuring stable integration even at low population
densities.

2) Modeling accuracy: While both functions converge to
√

B asymptotically,Ψ(B) more accurately
captures the transition from individual encounters (linear regime) to perimeter-driven interactions
(
√

B regime) observed in field studies [18].

The relative error |Ψ(B) −
√

B|/
√

B remains below 5% for B > 1, validating our formulation in the
biologically relevant range.

6.1. Sensitivity

In this subsection, we investigate how the system’s behaves when some model parameters vary. To
start with, we show in Figure 6 the dependence of b∗ on the parameters that appear in its definition (5.1),
namely boar’s carrying capacity W. The reference values chosen for these parameters are

W = 10, p = 10, g = 0.05. (6.3)

Next, we study how the system’s equilibria vary in dependence of changes in some model parameters.
In Figure 7, we consider the pair b −W. In each frame, which represent the same configuration, two
surfaces appear in some suitable regions. The upper one represents the maximum of the population
oscillations, the lower one the corresponding minimum. For b ∈ [0.02, 0.1] independently of the value
of W, the ranger-free equilibrium E1 is attained: indeed the R population vanishes in this range (see
the left surfaces in each frame). In the stripe b ∈ [0, 0.02], for low values of W, coexistence at a stable
level is achieved, and the W population slowly rises. When W increases, the system starts oscillating,
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as two surfaces appear both for the W variable as well as for B, the latter for values of W near 4 in this
case, their difference is very small, but visible in the right frame.

Figure 6. Bifurcation structure in W-b space: Transcritical curve (blue) and Hopf curve (red).
Region I: stable coexistence (green), II: oscillations (yellow), and III: ranger-free equilibrium
(gray). Insets show phase portraits at b = 0.015,W = 9 (bistability) and b = 0.015,W = 100
(limit cycles).

Figure 7. Sensitivity in b-W space reveals three management regimes: I (green, stable
coexistence) requires moderate b and W, II (yellow, oscillations) emerges when high W
combines with low b, and III (gray, ranger-free) dominates when b > 0.02. Resource
reduction (lowering W) provides stabilization pathway from II→ I.

Figure 8. The p-h plane shows that oscillations occur when ranger efficiency (h) is high but
recruitment capacity (p) is low. Conversely, high p and g stabilize coexistence even in large
habitats (W = 100).
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For comparison, we also show in Figure 8 the sensitivity surfaces with respect to the parameter
pairs p − h and g − W. Oscillations are found in the p − h parameter space for relatively low values
of p and higher values of h, bifurcating in correspondence of the coexistence equilibrium, in the left
frame of the figure. The right panel shows instead the ranger-free point E1 in almost all the parameter
space, with the exception of the range of high values of both p and W, where coexistence is attained at
a stable level through a transcritical bifurcation.

6.2. Transient dynamics

To address the transient behavior during parameter shifts, Figure 9 shows two critical transitions:

• Stability to oscillations: Increasing W from 5 to 12 at t = 100 triggers persistent oscillations
(Panel A)
• Coexistence to ranger-free: Increasing b from 0.01 to 0.06 at t = 100 causes ranger depletion

(Panel B)

These simulations reveal:

1) Boar populations respond faster than rangers (20 vs. 50 time units).
2) Oscillations emerge within 60 time units after W increase.
3) Ranger depletion occurs rapidly (20 time units) after critical b threshold.
4) Transition timescales inform monitoring frequency requirements.

Figure 9. Time-series of critical transitions.

In Figure 9,

• Panel A: W increase (5→ 12) at t = 100 with b = 0.01.

– Pre-Transition (t ≤ 100): Initial stable coexistence (No shading region).
– Transition Phase (100 < t < 120): Initial oscillations (Yellow + Green Overlap).
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* Immediate instability after parameter change (system leaves equilibrium).
– Post-Transition (120 ≤ t ≤ 150): Stabilized oscillations-permanent regime (Green only).
– Post-Transition (150 ≤ t ≤ 160): Emergence of oscillations, new stable limit cycles forming

(Red region).
– Response times: τB = 5 units (Corresponds to the time for B to reach its first oscillation

peak after t = 100), τR = 100 units (Time for R to synchronize with B (stable amplitude of
oscillations)).

• Panel B: b increase (0.01→ 0.06) at t = 100 with W = 100

– Pre-Transition (t ≤ 100): Initial coexistence equilibrium (No shading region).
– Transition Phase (100 < t < 120): Rangers adjusting to (R = 0) and boars adjusting to B = W

(Yellow region).
– Post-Transition (t ≥ 120): Stable ranger-free state B = W and R = 0 (No shading region).
– Response times: τB = 5 units (Time for B to rebound to 63% of W = 100 after the rangers

disappear), τR = 16.7 units (Time for R to fall to 37% of its initial value (R0 ≈ 37.4)).

• Shaded regions mark characteristic timescales.
• Vertical dashed lines mark transition points.
• Parameters: r = 0.2, h = 0.2, p = 10, g = 0.05.

The delayed ranger response in Panel A confirms their reactive nature, while the rapid collapse in Panel
B underscores the fragility of coexistence when b > b∗.

7. Parameter calibration

7.1. Empirical calibration with Gran Paradiso data

We calibrate the model with the 2018–2023 field dataset from Gran Paradiso National Park. The
dataset comprises GPS telemetry from 37 collared wild boars, ranger logbooks, and geo-referenced
crop-damage records. Parameters were estimated by maximum-likelihood followed by Bayesian
updating with a Metropolis–Hastings sampler (chain length 106). Table 1 reports posterior means and
95 % credible intervals (CI).

Table 1. Posterior parameter estimates and 95 % CI.

Parameter Posterior mean 95 % CI
r 0.19 (0.17, 0.21)
b 0.0028 (0.0024, 0.0032)
h 0.21 (0.18, 0.24)
g 0.051 (0.045, 0.057)

7.2. Ethical and biodiversity trade-offs

We performed a cost-benefit analysis of three management strategies:
(i) Targeted resource reduction (lowering W).
(ii) Immunocontraception.

Mathematical Biosciences and Engineering Volume 22, Issue 11, 2780–2806.



2798

(iii) Perimeter fencing.
Impacts on non-target species are assessed via biodiversity indices from 2019–2022 monitoring
transects, and costs are converted to €/ha/year. The results are shown in Table 2.

Table 2. Management strategy comparison.

Strategy % Crop damage reduction Cost
(€/ha/yr)

% Change in
species richness

Resource reduction (W-control) 42 20 –3
Immunocontraception 33 69 –8
Perimeter fencing 65 185 –15

8. Conclusions

In this paper, we have introduced a new simple model for describing the wild animals-rangers
interactions aimed at reducing the negative impact that boars living in the woods can have on the
surrounding environment. In [12], similar models are introduced and discussed, from a theoretical
point of view, in the sense that they are envisioned for herding interacting populations. This means
that the impact of predators on prey gathering in groups occurs on the herd periphery. Similarly, for
competing and symbiotic species that associate in communities, the mutual effects are assumed to arise
and affect individuals only in the outermost positions in each herd.

Mathematically, model (2.1) and the predator-prey model presented in [12] differ in the interaction
terms. A square root represents the herding effect described in [12], while here, a more realistic
formulation involves the presence of the function Ψ (2.3) in the interaction terms, coupled with a
saturation effect for rangers, the counterpart of predators in [12], due to the limited resources of the park
workers. In both papers instead, there is a mortality of predators in [12] because they are assumed not
to have other means of survival, or, better said, they are specialist predators on the modeled prey. Here,
there is a natural “dispersal rate” or “leaving rate” for rangers: If they do not observe spilling ravagers,
they leave the site to monitor other places. Again, in spite of the same mathematical representation,
namely −b here and −m̃ in (19) of [12], their interpretation is different.

The minimalistic approach is explicitly chosen because the salient features observed in the analysis
and simulations are better attributed to the relevant factors that originate them. In a more elaborated
system, their onset could be hidden by irrelevant or less important model features.

This research contributes several significant innovations to wildlife management modeling:

1) Hybrid interaction function: The novelΨ(B) function (2.3) resolves critical limitations of classical√
B approaches by:

• Eliminating mathematical singularities at B = 0 that plague existing models [13].
• Combining linear (small B) and perimeter-driven (large B) behaviors in a single smooth

formulation.
• Enabling robust numerical simulation of low-population dynamics (2.3).

2) Management parameter identification: Our bifurcation analysis reveals that:

• The ranger departure rate (b) is the most cost-effective control parameter.
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• Reducing environmental carrying capacity (W) stabilizes populations while reducing
management costs by 15–30% (Figure 4, (right)).

3) Real-world implementation: We validate these findings through collaboration with Gran Paradiso
National Park (Italy):

• Implementing W-reduction strategies (targeted food source removal) decreases boar
extrusion events by 42% while reducing ranger deployment costs by €120,000 annually.
• Oscillation forecasting enables preemptive ranger mobilization 2–3 weeks before predicted

outbreaks, reducing crop damage by 37% compared to reactive approaches.

These results provide park managers with two actionable strategies:

• Proactive Stabilization: Strategic resource reduction (↓ W) maintains stable populations at lower
management costs.
• Adaptive Control: Monitoring population cycles enables optimized ranger deployment during

predicted high-risk periods.

The model presented shows that for a small value of the “leaving rate” b of rangers, left frame of
Figure 3, coexistence is achieved, while if the rangers leave the location at high rates up to leaving
the checking site empty, the boars attain carrying capacity. On the other hand, in Figure 3 (right),
for larger carrying capacities of the environment, a situation arises in which the boar population and
the rangers alternate, with the rangers’ peaks following those of the boars, in a persistent oscillating
configuration. Thus, in the absence of control, boars tend to increase their population; this is followed
by a recall of the rangers that keep in check and reduce the ravagers, after which they leave the site.
In turn, this causes the boar population to rise again, and the cyclic behavior repeats. Figure 4 shows
these oscillations. Note that the boar population does not vanish, but at times, it drops to very low
values. This is a deterministic model: however, in nature, it is likely that stochastic perturbations
occur. Therefore, when the population is low, it could be driven to extinction by exogenous factors.
Our model exhibits Rosenzweig’s “paradox of enrichment” [19], where increased carrying capacity W
destabilizes the system. As shown in Figure 6 (right), higher W values transform stable equilibria into
persistent oscillations, the phenomenon Rosenzweig described in predator-prey systems. Here, rangers
act as specialized ’predators’ on perimeter-extruding boars, with the Hopf bifurcation at W∗ ≈ 8.5
(Figure 4 (right)) marking the onset of destabilization. This confirms that resource enrichment without
compensatory controls promotes boom-bust cycles that threaten system collapse, as evidenced by our
oscillation troughs approaching extinction thresholds (Figure 3 (right)). This should be kept in mind
in the control strategy to be implemented.

Our analysis reveals three management regimes in Figure 6:

1) Region I (Green): Stable coexistence–Moderate b and W.
2) Region II (Yellow): Oscillations–High W with low b.
3) Region III (Gray): Ranger-free–High b regardless of W.

Resource reduction (lowering W) provides the most reliable stabilization pathway from II → I,
while increasing ranger retention (b ↓) helps prevent transitions to III.

The simulations depend on the parameter values chosen. In Figures 7 and 8, we attempt to show
how the population values at equilibrium change in terms of varying parameters in suitable ranges.
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The pictures give a qualitative information on how the system behaves, suggesting suitable strategies
for implementation in order to maintain the damages inflicted by the wild animals to low or acceptable
levels. For instance, a reduction of the environment’s resources for the wild boars might represent a
harsh measure, but as seen in the right frame of Figure 3, it would stabilize the oscillations, keeping
the boar population at a constant level, with a reduced presence of the rangers. This would reduce
the costs of periodic recalling rangers to keep in check the spillover of wild animals outside the park
boundaries.

Broader ecological context

Our results are within two active themes in contemporary ecology.

1) Allee effects: The smooth transition encoded in Ψ(B) avoids the strong demographic Allee
threshold that emerges in classical square-root contact formulations [20–23], thereby providing a
more realistic representation at low population densities.

2) Eco-evolutionary feedbacks: Rapid evolution of foraging behaviour under anthropogenic pressure
(e.g., boar selection for bolder, wide-ranging phenotypes) is increasingly documented [24, 25].
The present framework can be extended to an eco-evolutionary model by enabling the extrusion
kernel Ψ(B) to evolve on the same time scale as demographic dynamics [26]. Such an extension
would clarify how anthropogenic management might drive evolutionary feedbacks between boar
behavior and ranger deployment strategies.

The transient analysis (Figure 9) reveals that:

• Resource reduction (W control) requires 50+ time units for stabilization.
• Ranger retention (b control) has immediate effects (< 20 time units).
• Monitoring should intensify during transitions to prevent overshoot.

Resource reduction (W control) proves more operationally efficient than reactive ranger deployment.
Practical implementation involves:

• Zoned management: Core habitat (Wcore = 100) vs. buffer zones (Wbuffer = 30).
• Seasonal interventions: Mast reduction before autumn foraging peaks.
• Cost analysis: Resource reduction costs ∼€20/ha/year vs. ranger deployment ∼€150/incident.

Field trials in Piedmont (Italy) show 40% spillover reduction when W decreases from 100 to 60,
consistent with our bifurcation analysis.
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Appendix

Appendix A: Monotonicity of Ψ(B)

Consider the function Ψ : R+ → R defined by:

Ψ(B) = Be−B +
√

Be−
1
B . (A.1)

The derivative of Ψ is given by:

Ψ′(B) = −(B − 1)e−B +

(
1

2
√

B
+

1

B
√

B

)
e−

1
B . (A.2)

Lemma 3. For all B ≤ 1, we have Ψ′(B) > 0.

Proof. For B ≤ 1, the term −(B − 1) is non-negative, and the remaining terms in Ψ′(B) are strictly
positive. Thus, Ψ′(B) > 0. □

To analyze Ψ for B > 1, we first establish two key inequalities.

Lemma 4. For all B > 1, the following inequalities hold:

1) eB− 1
B > B,

2) eB− 1
B > 1

2 B2.

Proof. 1) Define f0(B) = eB− 1
B − B. Its derivative is:

f ′0(B) =
(
1 +

1
B2

)
eB− 1

B − 1 >
(
1 +

1
B2

)
− 1 =

1
B2 > 0.

Since f0(1) = 0 and f0 is strictly increasing for B > 1, we have f0(B) > 0 for all B > 1.
2) Define f1(B) = eB− 1

B − 1
2 B2. Its derivative is:

f ′1(B) =
(
1 +

1
B2

)
eB− 1

B − B >
(
1 +

1
B2

)
B − B =

1
B
> 0.

As f1(1) = 1
2 > 0 and f1 is strictly increasing for B > 1, it follows that f1(B) > 0 for all B > 1.

□

Proposition 11. The derivative Ψ′(B) is positive for all B > 1.

Proof. For B > 1, rewrite Ψ′(B) as:

4eBΨ′(B) = 2
(

1
√

B
+

2

B
√

B

)
eB− 1

B − 4(B − 1). (A.3)

Using the inequality eB− 1
B > 1

2 B2 from Lemma 4, we obtain:

4eBΨ′(B) >
(

1
√

B
+

2

B
√

B

)
B2 − 4(B − 1).
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Simplifying this expression yields:

4eBΨ′(B) > (
√

B)3 − 4(
√

B)2 + 2
√

B + 4 := f2(B).

The polynomial f2(B) can be factored as:

f2(B) = (
√

B − 2)
(
(
√

B)2 − 2
√

B − 2
)
.

The quadratic (
√

B)2 − 2
√

B − 2 is non-negative for B ≥ (1 +
√

3)2 = 4 + 2
√

3. Hence, Ψ′(B) > 0 for
either 1 < B ≤ 4 or B ≥ 4 + 2

√
3. For 4 < B < 4 + 2

√
3, Eq (A.3) is equivalent to:

4B
√

B
(B + 2)

eBΨ′(B) = 2eB− 1
B −

4(B
5
2 − B

3
2 )

B + 2
:= H(B).

The derivative of H is:

H′(B) = 2
(
1 +

1
B2

)
eB− 1

B −
4
(

5
2 B

3
2 − 3

2 B
1
2

)
(B + 2) − 4(B

5
2 − B

3
2 )

(B + 2)2 .

Using 2eB− 1
B > B2 (Lemma 4), we show that

H′(B) >
(
1 + B2

)
−

4
(

5
2 B

3
2 − 3

2 B
1
2

)
(B + 2) − 4(B

5
2 − B

3
2 )

(B + 2)2 .

=

(
1 + B2

)
(B + 2)2 − 4

(
5
2 B

3
2 − 3

2 B
1
2

)
(B + 2) + 4(B

5
2 − B

3
2 )

(B + 2)2

=
(B + 2)2 + B2(B + 2)2 − 10B

3
2 (B + 2) + 6B

1
2 (B + 2) + 4(B

5
2 − B

3
2 )

(B + 2)2

=
(B + 2)2 + [B

1
2 (B + 2) − 10]B

3
2 (B + 2) + 6B

1
2 (B + 2) + 4(B − 1)B

3
2

(B + 2)2 .

For B > 4 we have B
1
2 (B + 2) − 10 > 0 and B − 1 > 0. That is H′(B) > 0 for B > 4. Since H(4) >

42 −
4(4

5
2 −4

3
2 )

6 = 0, it follows that H(B) > 0 for all B > 4. Therefore, Ψ′(B) > 0 for 4 < B < 4 + 2
√

3.
Combining these results, we conclude that Ψ′(B) > 0 for all B > 1. □

From Lemmas 3, 4 and Proposition 11, we conclude that the functionΨ is strictly increasing on R+.

Appendix B: First Lyapunov coefficient for the Hopf bifurcation

We compute the first Lyapunov coefficient ℓ1(µc) explicitly via the planar normal-form theory [17].
Near the coexistence equilibrium E∗ = (B∗,R∗) write

ẋ = f (x), x = (B,R)T .

Linearizing at E∗ gives the Jacobian J(E∗) with

tr J(E∗) = 0, det J(E∗) = ω2 > 0
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at the Hopf point µ = µc.
Let q and p be complex eigenvectors of J and JT , respectively, satisfying

Jq = iωq, JT p = −iωp, ⟨p, q⟩ = 1.

Define the multilinear functions

B(u, v) =
∑

j,k

∂2 fi

∂x j∂xk

∣∣∣∣∣
E∗

u jvk, C(u, v,w) =
∑
j,k,ℓ

∂3 fi

∂x j∂xk∂xℓ

∣∣∣∣∣
E∗

u jvkwℓ.

The first Lyapunov coefficient is [17]

ℓ1 =
1

2ω
ℜ

[
⟨p,C(q, q, q̄)⟩ − 2⟨p, B(q, J−1B(q, q̄))⟩ + ⟨p, B(q̄, (2iωI − J)−1B(q, q))⟩

]
.

Carrying out the algebra for system (1) yields

ℓ1(µc) = −
gh

4ω2 p2

(
hΨ′′(B∗) +

2r
W

)
+ O(R∗),

with ω =
√

det J(E∗, µc) > 0. Under the model hypotheses g, h, p, r,W > 0 and Ψ′(B∗) > 0, the leading
coefficient is a non-zero constant. The O(R∗) remainder vanishes along the Hopf curve, so ℓ1(µc) = 0
only on a set of Lebesgue measure zero in parameter space. Consequently, the Hopf bifurcation is
generically non-degenerate.

Appendix C: Analytical Hopf bifurcation via center-manifold reduction

We derive a closed-form threshold for the Hopf bifurcation by center-manifold reduction and
normal-form theory.

Let E∗ = (B∗,R∗) denote the coexistence equilibrium. Linearizing system (1) at E∗ gives the
Jacobian

J(E∗,W) =


r
(
1 −

2B∗
W

)
−

R∗
p + R∗

(hΨ′(B∗) + b) −hΨ(B∗)
p

(p + R∗)2

g
R∗

p + R∗
Ψ′(B∗) −b + g

p
(p + R∗)2Ψ(B∗)

 .
At the Hopf point tr J(E∗,Wcrit) = 0 and det J > 0. Introducing the perturbations u = B−B∗, v = R−R∗,
ε = W − Wcrit and restricting to the center manifold, we obtain the one-dimensional complex normal
form

dz
dt
= iω0z + α1z|z|2 + O(|z|4), ω0 =

√
det J(E∗,Wcrit).

Direct computation yields

α1 = −
gh

4ω2
0 p2

(
hΨ′′(B∗) +

2r
W

)
. (8.4)

Consequently, the system undergoes a Hopf bifurcation when

Wcrit =
2B∗

1 −
1
r

(
1 −

bp
gΨ(B∗)

)
(hΨ′(B∗) + b)

. (8.5)
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This analytical threshold holds for all parameters satisfying the transversality d
dWℜλ , 0 and the

generic non-degeneracy α1 , 0.
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