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Abstract: The movement of intracellular cargo transported by molecular motors is commonly marked
by switches between directed motion and stationary pauses. The predominant measure for assessing
movement is effective diffusivity, which predicts the mean-squared displacement of particles over long
timescales. In this work, we considered an alternative analysis regime that focused on shorter timescales
and relied on automated segmentation of paths. Due to intrinsic uncertainty in changepoint analysis, we
highlighted the importance of statistical summaries that were robust with respect to the performance of
segmentation algorithms. In contrast to effective diffusivity, which averaged over multiple behaviors,
we emphasized tools that highlighted the different motor-cargo states, with an eye toward identifying
biophysical mechanisms that determined emergent whole-cell transport properties. By developing a
Markov chain model for noisy, continuous, piecewise-linear microparticle movement, and associated
mathematical analysis, we provided insight into a common question posed by experimentalists: how
does the choice of observational frame rate affect what is inferred about transport properties?
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1. Introduction

Intracellular transport has been studied widely to understand the movement and emergent organization
of organelles and vesicles within biological cells [1-7]. A variety of single particle tracking (SPT)
techniques have been developed to capture individual microparticle trajectories as they evolve over
time, both in vitro and in vivo [8,9], using methods that are shaped by a balance between emerging
technological capabilities and the biological constraints of particular systems of interest. These methods
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have produced and will continue to produce fundamental insights into how micro- and nano-scale
interactions [10-14] accrue to produce whole-cell phenomena [4, 15-18].

For intracellular transport mediated by processive molecular motors [19,20], the motion of biomolec-
ular cargo is marked by switches between stationary and motile states. In this work, we use the term
stationary not in the strict sense of the term from stochastic process theory, but rather in the colloquial
sense that the cargo has not moved significantly over a notable period of time. The lack of movement
may be due to an anchoring motor that is not stepping, or due to multiple directionally-opposed motors
that are active but engaged in a “tug-of-war” that results in little net movement. Time spent in either
state can be affected by the propensity of motor proteins to either bind or unbind from microtubules,
and their ability to process along microtubules when bound. The switches in behavior occur on a time
scale of seconds, but transport of individual cargoes across a cell may require minutes, hours, or days.
As a result, the temporal resolution at which location observations are made, or simply the frame rate,
has a profound impact on how trajectories are perceived. If a motor-cargo complex switches states on
the order of once per second, then it is necessary to capture images at least 10-20 times per second
to resolve the different behaviors. On the other hand, if the frame rate is on the order of once per 10
seconds or more, then switching is not evident and paths can look effectively Brownian.

Essential to these investigations are an array of mathematical models that link the transient and
rapidly changing microscale interactions to stable features at the whole-cell scale. Two of the most
popular ways to learn the parameters of these mathematical models are through segmentation analysis
and mean-squared displacement (MSD). Segmentation analysis [21-24] is typically used for trajectories
observed at “fast” frame rates where the hope is that the multitude of motor-cargo (or microparticle)
behaviors are highly resolved and can be distinguished reliably [25-28]. On the other hand, MSD
analysis [29-32] dispenses with the interest in fine-scale behavior and seeks to fit parameters that
produce patterns observed at larger timescales [33—-38]. However, both modes of investigation are prone
to different types of systematic error. For MSD analysis, the inferred MSD curves are, by definition,
averaging over multiple behaviors. It can happen that multiple fine-scale stochastic models can produce
similar emergent MSD profiles. For segmentation analysis, the segmentation step itself is highly
vulnerable to bias due to the choice of algorithm, or collection of humans, that do the work.

In the work that follows, we focus on segmentation analysis, with an emphasis on identifying the
impact of frame rate and the segmentation algorithm on different statistical summaries. Through analysis
of simulated and experimental data, we demonstrate a statistical resilience that exists in identifying the
proportion of time spent in different states. However, we highlight the limits of the method through
a bias-variance tradeoff that emerges across different frame rates. As a consequence we show that,
in terms of inference reliability, there is a real difference between two different notions of the term
“speed distribution” and identify what appears to be a reliable metric for faithfully characterizing and
comparing distinct populations of noisy, continuous, piecewise-linear trajectories.

1.1. Background and experimental context

In a typical SPT experiment, the microscope camera captures the positions of a particle over time
at a defined number of frames per second (frame rate), which are combined to form a trajectory.
Traditionally the frame rate has been decided by the size of target particles, biophysical constraints of
the experimental system, the microscope’s focal depth, and limitations on the duration of observation
windows [9, 32, 34,35]. It is natural to assume that experiments should be run at the fastest possible
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frame rates, but important tradeoffs exist.

The primary tradeoff we will study here arises when there are a limited number of observations that
can be made of a single path. Accurate segmentation analysis requires fine enough temporal resolution
that state transitions are identifiable, but if trajectories are too short, then too few transitions will be
captured and faithful characterization will not be possible. One of the most common techniques in
SPT, fluorescence microscopy, is fundamentally limited in this way due to photobleaching [39—41].
Heuristically, particles of interest are labeled with fluorophores that emit photons when excited by
a light source. This light exposure ultimately damages the fluorophores preventing fluorescence. In
terms of frame rate, if an experimentalist increases the frequency of observation to resolve finer time
scales, the overall lives of fluorophores are shortened, leading to shorter trajectories. Experimentalists
sometimes describe this as a “photon limited” process.

A second example of a frame-rate/path-length tradeoff exists in the segmentation algorithms them-
selves. The complexity of the task in identifying change points can grow with the square of the path
length, and without proper penalization, substantial numbers of false positives emerge [42]. Moreover,
as more biophysical detail becomes visible, it can become a significant challenge to identify relevant
state changes without chasing nuisance phenomena that emerge at the fastest frame rates. This was
highlighted in work by Feng et al. [43] in which the authors tracked individual molecular motor heads
using gold nanoparticles at 1000 frames per second, see Figure 3 in particular. The data is illuminating
for studying individual motor steps and the propensity of motor heads to bind to microtubules when
diffusing locally, but state-switches between stationary and motile phases are rarely observed at this
timescale and difficult to identify (See also, [44]).

However, experiments conducted with slower frame rates have their own tracking issues. Many
imaging techniques are intrinsically two-dimensional in their observation and rendering. So, when
particles move in the z-direction, they move in and out of the microscope’s focal plane. This results in
incomplete or broken trajectories, and cases where multiple individual particle trajectories are incorrectly
combined. This phenomenon was considered explicitly by Wang et al. [45] when attempting to conduct
a “census” of fast and slow diffusing particles. The authors showed that a naive count of paths leads to
an overcount of fast-moving particles in the system. In another study, Lee et al. [10] considered the
impact of frame rate on capturing molecules diffusing on a membrane, exhibiting switches between
fast, intermediate, and immobile states. The authors opted for “intermediate” choices of 12 ms/frame
(~ 83 Hz) and 35 ms/frame (~ 28.5 Hz). Interestingly, the authors found that the signal-to-noise ratio
was lower at 83 Hz, but molecules were lost by the tracker more frequently, especially in high-density
regions. This led to a systemic challenge in estimating effective diffusivity. Some of these issues
were addressed by Hansen et al. [46] in the development of their SpotOn tool. Instead of using MSD
techniques that rely on long particle trajectories, the authors developed an inference framework that
pools together information from many short trajectories. They were able to robustly infer effective
diffusivity across a range of fast frame rates (50-200 Hz) by explicitly accounting for particles moving
in and out of the focal plane, motion-blur as a result of fast-diffusing molecules emitting photons over
multiple pixels, tracking errors due to high particle densities, and under-counting of particles due to
photobleaching.

In the work we present here, the motivating datasets capture the movement of lysosomes in different
types of cells. In [47], lysosomes were captured at a frame rate of 0.3 s/frame (3.33 Hz) when studying
the impact of diameter on intracellular transport. The authors estimated effective diffusivity from
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the slope of ensemble-averaged (MSD) curves and showed that increased lysosome diameter led to
decreased effective diffusivity. However, the properties of active transport were not affected by lysosome
diameter. This raises the challenge of developing a protocol that can identify whether reduced effective
diffusivity is due to shorter periods of motility, or if motile durations were similar in length but relatively
fewer compared to periods of stationarity. In a different experimental setting, we addressed this question
when considering lysosomal transport in different regions of the cell [48]. Using a faster frame rate (20
Hz) and employing Bayesian inference through a Markov chain model for state-switching, we were
able to show that a regional difference in effective diffusivity was due to longer periods of stationarity
(and not a difference in transport speeds or run lengths). This later led to a novel observation of an
interaction between lysosome transport and the endoplasmic reticulum of cells [49].
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(a) One experimental lysosome trajectory in the periphery (b) A trajectory simulated at 25 Hz using the Base parameter
of a cell from [48]. set in Table 1.

Figure 1. Each subfigure depicts the panel of trajectory analysis for a respective trajectory.
The black line denotes the trajectory; in the x-y coordinate plane as well as the time series for
each coordinate. The blue line in each figure represents the inferred anchor position described
in Section 2. In subfigure (b), the orange line denotes the actual anchor position. After
implementing the change point algorithm on each trajectory, the right panel in each subfigure
shows the state segments for each time series. Each green panel denotes a Motile segment
and each red panel denotes a Stationary segment. The shaded gray panel in subfigure (b)
denotes the differentiating overlap of the inferred vs actual segment panels, i.e., the inference
gap detailed in Section 3.1.1. In the segment duration versus speed plot, the blue points in
both subfigures denote the inferred segments and the orange points in subfigure (b) denote the
actual simulated segments.

1.2. Summary of work

In this manuscript, we develop a model and inference protocol for in vivo intracellular cargo transport
inspired by observed populations of lysosome trajectories. We model motor-cargo movement using a
continuous-time Markov process that features switching between Stationary and Motile periods. The
molecular motor is assumed to move in a piecewise deterministic manner, with random velocities that
have magnitudes based on the current state and direction that are biased by the state and direction of
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the preceding segment. The cargo is assumed to rapidly fluctuate about the motor position, and our
observations are of the sequence of cargo positions. In contrast to hidden Markov models that have been
developed for intracellular transport [50,51], we do not assume that motor velocities are drawn from a
prescribed finite number of values. Rather, motivated by the observations published in [48], we assume
that the speed distribution is a continuous one.

In Figure 1 we display one experimentally observed particle (i.e., lysosome) trajectory and another
trajectory simulated from a parameter set intended to mimic lysosome data (the Appendix Section A.1
contains additional various trajectories and their respective analyses). In each case our segmentation
algorithm Continuous Piecewise Linear Approximation with Stochastic Search (CPLASS) [52] has been
applied and the inferred “anchor process” is shown in blue. Throughout this work we label segments
with inferred speed greater than 100 nm/s as Motile and label others as Stationary. This is a threshold
that is useful for visualization but does not play a role in the segmentation algorithm. For the lysosome
trajectory, time segments associated with inferred motile states are shaded with light green and inferred
stationary states are shaded pink. For the simulated data, we know the actual state at every time point
and so we can assess the validity of the inferred state. Time steps that are correctly inferred to be motile
are shaded with a green background while correctly identified stationary time steps are shaded red. The
remaining time steps are periods of incorrect state inference. We will refer to the percentage of time
spent incorrectly identified as the inference gap.

Once segmentation of paths is fixed, it is natural to discuss a population’s speed distribution [48,
53,54]. A typical objective is to compare the speed distribution of transport by two different motors,
which requires a robust characterization of the data and quantification of uncertainty. However, as we
observe below, studying velocity distributions in terms of segment counts can be very sensitive with
respect to the behavior of segmentation algorithms and the experimental frame rate. In Section 3.2 we
discuss a different notion of speed distribution that is robust with respect to segmentation assessment.
This alternative characterization focuses on proportion of time spent at or below given speed levels, and
to emphasize the distinction, we call this the cumulative speed allocation (CSA). If we view transport
speed as a function of time and use the terminology of non-Markovian stochastic process theory, the
CSA is the invariant measure of the speed time-series. We can therefore calculate the long-term CSA of
our model using the renewal-reward theory [55] (Section 3.2). We subsequently report the performance
of the CSA in Section 3.3, both in its capacity to robustly differentiate between distinct parameter
sets, and in its utility in being able to find a parameter set that replicates in vivo data. Moreover, in
Section 3.4, we contrast the CSA results with reports on the performance of the more standard MSD
analysis of intracellular transport.

2. Model development and numerical methods

Organelles, vesicles, and other intracellular cargo are often bound to one or more microtubules
simultaneously through multiple molecular motors [13,56]. Rather than model these cargo-motor-
microtubule interactions explicitly, we treat the motor-microtubule connections through a solitary
phenomenological anchor process. We model the anchor as switching between Stationary and Motile
phases. Each of these categories represents a collection of distinct biophysical states, but based on prior
observations of in vivo transport, we assume they are too numerous to distinguish and treat separately.

We constructed cargo trajectories by first simulating the sequence of anchor states, each of of which
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consists of a state J; (1 for Motile and O for Stationary), and a jointly distributed segment velocity
Vi € R? and segment duration 7, > 0, where k € Z,. The transition probabilities are described
below. With the sequence of anchor segments established, there is a natural translation to a continuous-
time Markov chain process {J (t),ff(t), V(t)},zo. The observed cargo locations are then a sequence of
independent Gaussian random variables centered about the anchor positions evaluated over a uniformly
discretized sequence of times {ty, t1,. .., ,}.

When the segment velocities and segment durations are not independent, the continuous-time
process {J(t),X(t), \7(1‘)}20 is non-Markovian. This is because the durations will be non-exponential.
Consequently, it is necessary to either compute an invariant measure for the process {J(#)};»o or to
simulate a burn-in period to allow the system to approach an invariant measure. We opted for the latter
throughout this work. Based on renewal-reward analysis described in Section 3.2, we computed the
expected cycle time (the time from the beginning of one Stationary state to another), and we ran a
burn-in time that allows for at least five cycles. We validated the success of this initialization when
computing the CSA (see below) and observing that the time spent in the Stationary state approximately
matched the expected value.

2.1. Definition of the anchor segment process

In our model, we assume that anchor states depend solely on the previous state value. We define the
0-1 stochastic process {Jy}x>0 to have the following transition probabilities:

Stationary — Motile : P(Jiy1 = 1|J, =0) = p;
Stationary — Stationary : P(Jiy1 =0y =0)=1-p;
Motile — Stationary : P(Jiy1 =0|Jy =1) =g;

Motile — Motile : P(Jiy =1|Jy=1)=1-4q.

(2.1

We initialized the burn-in period by sampling from the distribution P(J, = 1) = ﬁ’ which is the
steady-state distribution of the transition matrix defined by (2.1). Given an initial anchor location
A_)(to) = (ay, by), we sampled the initial direction 6, ~ Unif(0, 27r). Subsequent directions depend on
the previous direction and current state. In choosing new states, if the new state is stationary, then
the direction is left unchanged. If the new state is motile, then there are three possibilities: (1) with
probability P.se the new direction is the reverse of the previous one; (2) with probability P oninues
the anchor is continuous in the same direction, but with a different velocity; and (3) with probability
I — Preverse — Peontinues the new direction is chosen from Unif(0, 27) independent of previous state
information. The first two options are typical of tug-of-war models for molecular-motor-based transport,
assuming that there are velocity changes along a microtubule. The third option stems from motors
associated with a cargo switching to a different microtubule in the cytoskeletal network and assuming
processive dominance. Each of these outcomes were observed in the data collected for [48] and [49]
and our parameter sets contain qualitative matches to what was observed.

The speed and duration of each of the state segments were defined conditionally on the current state.
For any state such that J; = 0, we have that the speed is S = 0, with duration 7 randomly selected from
the distribution Exp(1/0); see Table 1. If J; = 1, then the speed satisfies S, ~ Gamma(a, 8). For each
parameter set, it must be specified whether the segment durations are assumed to be independent of the
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speed, or to have the following structure:

| Exp(Sx/D), Dependent Model,
Tile ~ _
s Exp(E(S4)/D), Independent Model.

In the gamma-distributed model we use E(S ) = a/B, the mean of a gamma distribution. With the speed
and the direction of a state, we have the state velocity \7k = (v, v,yc) = (S cos(y), S sin(6y)).

The continuous time parameterization of the anchor position and velocity (X(t), V(t)), t > 0 follows
naturally from a given initial anchor position and sequence of segment velocities and durations. Let N(r)
be the number of transitions that have occurred as of time . We denote the transition times (7, 75, ...)
where Ty, — Ty = 7. Then,

N(1t)
A—}(l‘) = C_l)() + Z(l AT —tA Tk)‘_/)k- (2.2)
k=0

where ¢ A s := min(t, ).

The discretized anchor locations d, = (a,, b,) that form the basis of the observations then have the
following form:

an, = ((ti—tic); by = (1 — i), (2.3)

i=1 =

—_

fori = 1,...,n, where t; denotes the time step and v;, and v,, denote the anchor speed in the x or y
directions at time #,. The cargo observations are then assumed to be independent Gaussian fluctuations
around a sequence of anchor locations:

X;=a; + Vo-cargofl'(X)’ Yi = b; + Vo-carg06,~(y), (2.4)

where {(el.(x), csl.(y))};?:1 are a sequence of independent and identically distributed 2D standard normal
random variables with the identity matrix as a covariance. Returning to our use of the term “stationary”,
we note that, conditioned on the event that the anchor process is in the state J = 0, the observations
of cargo locations are indeed drawn from a stationary distribution in the standard sense of stochastic
process theory. Most simulated paths were generated to have a fixed number of 200 observations.
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Table 1. Parameter “Base” denotes the parameters used to model simulated lysosome tra-
jectories at any frame rate. “Contrast” denotes the parameters used to model kinesin-1 in
vitro transport. “Mimic” denotes the parameters used to model 20 Hz experimental lysosome

trajectories.
Parameter | Base Contrast | Mimic Description
n 200 200 200 Number of Observations
p 1 1 1 Probability Stationary to Motile
q 0.5 0.5 0.5 Probability Motile to Stationary
a 8 16 0.5 Speed Shape Parameter
B 0.02 0.02 0.005 Speed Rate Parameter
D 300 nm | 900 nm | 200 nm Average Distance Traveled
o Ss 3s Is Average Stationary Duration
Preverse 0.3 0.3 0.3 Probability of reversal
P ontinue 0.3 0.3 0.3 Probability of same direction
O cargo 0.1 0.1 0.1 Noise magnitude of Cargo
A {0.001,0.01,0.04,0.05,0.1, 1}s | Time Step
Iy nA ‘ nA ‘ nA Final simulation time

In this work, we used three parameter sets for our simulations, summarized in Table 1. The base
parameter set is qualitatively similar to parameters inferred from the lysosomal transport data, but with
a clear separation from zero in the speed distribution. The contrast parameter set was selected to make
the separation between stationary and motile phases even more clear, and to emulate kinesin-1-based
transport in vitro as described in Jensen et al. [21]. The mimic parameter set was selected to match the
CSA empirically observed from peripheral lysosomes in the data collected for [48]. Here, the separation
between the stationary and motile states is not clear. In the Appendix information, we display simulated
trajectories at various frame rates.

2.2. Segmentation algorithm

Our analysis proceeds by segmenting each path under the model assumption presented in the previous
section. In parallel work, we have developed a segmentation algorithm called CPLASS [52]. Essentially,
we assume a linear Gaussian model for the data and perform regression in the space of piecewise-linear
functions in two dimensions. For each proposed set of change points, we associate to segments the
maximum likelihood vector of velocities. To compare two change point vectors we have a score function
that is equal to the log-likelihood of each proposed change point-velocity-vector pair minus a penalty for
complexity and for physically implausible speeds. There are two user-selected parameters: a complexity
penalization parameter Scpra and a speed threshold parameter scppa. The stochastic search aspect of the
algorithm is that we perform a Metropolis-Hastings search for the maximum score, effectively assuming
that there is a Gibbs measure on the space of all possible change point vectors. The results presented
in this paper are based on selecting the change point vector with the highest score that is encountered
during 5000 steps of a Metropolis-Hastings walk.
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2.3. Approach to visualizing and quantifying uncertainty

As we will see below, the primary tool we use for comparing populations is the CSA, which is
a function constructed from inferred segment speeds and durations. While we are not prepared to
provide a definitive statistical test for comparing CSA curves, we did take a bootstrap approach for
displaying uncertainty in the functional inference. To do this, we resampled paths with replacement,
and for each resampling of an ensemble of paths, we computed a CSA curve. So, for example, if a
dataset consisted of 200 particle trajectories, we might resample the 200 trajectories (with replacement)
1000 times, compute the CSA for each bootstrapped collection of 200 trajectories, and then display the
CSA curves as a collection in a plot. Similarly, for statistics like the false positive/negative rates, the
estimated proportion of time spent motile, and the “inference gap” described in Section 3, we resampled
ensembles of trajectories, computed the summary statistic for each resampled ensemble and then used
the 0.025- and 0.975-quantiles to report a 95% confidence interval. Importantly, this confidence interval
does not include uncertainty due to variation in the change point algorithm, which is computationally
too intensive to include at this point.

3. Motor transport summaries and observation frame rates

The classical method for summarizing the movement of microparticles is MSD. If {X,,,}f‘,f:1 is a set of
trajectories, with shared observation times {7, ¢, . . .} that are uniformly spaced with common duration
0 = t;;1 — t;. The paths may be of varying lengths, denoted {n,,}. Then we write the pathwise MSD

1 o S
Mu(6)) = P Z 1X(t:: ) — Xt 3.1
" i=0

To average over the paths at each time point, let M; be the number of paths that have increments of size
6j and let {m; } be an enumeration of these paths. Then we can write the ensemble MSD

MG = 7 3 M, 6. (2)
Mj mj '

MSD is a useful tool for describing long-term movement of particles, but does not capture the
short-term behaviors that give rise to the long-term transport. This is because, for trajectories that
arise from state-switching mechanisms, the quantity M(¢dj) (j small) is averaged over many different
movement modalities. As detailed in the Introduction, the use of segmentation algorithms allows
for the decomposition of paths into distinct modes of transport. Given this segmentation framework,
the question arises whether there is a useful summary statistic, separate from MSD, that is robust in
characterizing populations of particles.

In previous work [48, 49], we have advocated for reporting transport properties in terms of the
proportion of time spent in different states. In this work we generalize this principle to a sliding
scale of values that we will call CSA. Adopting the statistical convention of using “~ " for inferred
quantities, suppose that a set of trajectories have been decomposed into (State, Duration, Velocity)-
triplets: { Ju, % Vk}le. Then we define the inferred CSA to be the function

K K

W(s) = (Z?kﬂnmoo)(s))/( Z?k)'

k=1 k=1
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In other words, for every s > 0, the CSA is the inferred proportion of time spent at speeds less than or
equal to s.

In Section 3.1 we offer some motivation for this choice of statistic. In Section 3.1.1 and Section 3.2,
we assess its sensitivity to observational frame rate. For contrast, in Section 3.4, we present a method
for estimating MSD from segmented data, but when looking at the impact of frame rate, we demonstrate
a need for improved theory.

3.1. Distribution of speeds versus allocation of time

While segmentation allows for a more refined assessment of the mechanistic underpinnings of
molecular motor transport, there remains the challenge of finding summary statistics that are (1) robust
to measurement methods and (2) sensitive enough to reveal differences between qualitatively distinct
populations. One natural mode of analysis is to look at the distribution of inferred speeds [53]. However,
this turns out to be a surprising example of non-robustness with respect to segmentation algorithm.

Switchy Assessment Less Switchy Assessment

15

-1 — Longitudinal Direction (um) © o — Longitudinal Direction (um) switchy ASSeSSment

— — Transverse Direction (um) — — Transverse Direction (um)
s=05|s=15

F(s) | 025 1.00
P(s) | 03 1.00

Less Switchy
s=05|s=15
F(s) | 05 1.00
P(s) | 033 | 1.00

Transverse Direction (um)

Time (s) Time (s)

Figure 2. Robustness with respect to segmentation. In this figure we conduct a thought
experiment concerning the method of summarizing segment properties. The displayed path
is a quantum dot transported along a microtubule in vitro [21]. Left and center panels show
possible segmentations by algorithms that have two different sensitivity levels. Blue segments
are labeled Motile, while red segments are labeled Stationary. Theoretical summaries of an
empirical CDF for speed F(s) and the inferred CSA @(s) are presented in the table at right.

Consider the following thought experiment, depicted in Figure 2. An observed microparticle moves
at roughly 1 micron per second for ten seconds, and then is Stationary for the next five seconds. A
highly sensitive segmentation algorithm might decompose the path into numerous short segments, while
a less sensitive algorithm might correctly assess the path as having two state segments. Define the
empirical speed cumulative distribution function (CDF) as follows:

_ 1 &
F(s) = 2 ) Lo (). (3.3)
k=1

From a modeling point of view, this is the CDF of the distribution of anchor speeds, assuming all states
are motile. We see in our thought experiment that the ratio of segments with speeds above 0.5 um/s to
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those below 0.5 um/s changes from 3:1 to 1:1 when we shift from a sensitive “switchy” assessment to a
“less switchy” one. By contrast, the ratio of time spent above 0.5 um/s to time spent below 0.5 um/s is
roughly 2:1 in both cases.

The difference in the reporting methods can also be observed in light of varying frame rates. Let
F(s) denote the empirical CDF of segment speeds conditioned on the event that the speed is greater
than 0.1 um/s. We can think of this as the speed distribution of the Motile state. In Figure 3 we display
F, u(s) for simulated ensembles of two parameter sets (see Table 1), observed at five different frame
rates. The true Motile state speed distributions are given in red. We see that there is a substantial gap
regardless of the frame rate. By contrast, in the right panel, we display estimates for time spent above
0.1 um/s for the same simulated datasets and the same segmentation by CPLASS. For frame rates faster
than 10 Hz, the true proportion falls within 95% bootstrap confidence interval.

Inferred Motile State Speed Distribution Estimated proportion of time spent motile
1.00 —
—e— Base
Contrast
— Base, 1Hz 0.6
0.75 -+ Base, 10Hz
LL J—
o Base, 25Hz c
) - - Base, 100Hz 9 oad T
= £ 0.4
S os0 -~ Base, 250Hz S
= 8
IS Contrast, 1Hz a
w Contrast, 10Hz - maml +___“—“:+ ===
0.25 Contrast, 25Hz 0.21
Contrast, 100Hz
Contrast, 250Hz
0.00 0.04
0.0 05 1.0 15 2.0 1 10 100
Speed (um/s) Frame Rate (Hz)

Figure 3. Simulated data, speed counts vs time allocation. (Left) Empirical CDFs for segment
speeds during inferred Motile states. The red curves indicate the CDF used during simulations
for two distinct parameter sets. Substantial disparities exist between the true and inferred
CDFs for both parameter regimes across all frame rates. (Right) Estimates for proportion
of time spent Motile across multiple frame rates using a 100 nm/s for a Stationary/Motile
threshold. We see our first instance, a bias/variance trade-off in selecting frame rates.

We do note a first occurrence of a bias-variance tradeoff in the segmentation analysis, though. There
exists substantial bias in the slow frame rate toward overestimation of time spent in the motile state.
Meanwhile, at faster frame rates, the bootstrap confidence interval (computed by resampling paths with
replacement) is consistently larger. We explore the causes of each in the next section.

3.1.1. Quantifying the inference gap

For simulated data, we can directly assess what proportion of the time the inference protocol
yields mislabeled states. We call the percentage of mislabeled time steps the Inference Gap. To be
precise, from the inferred segment triplets (Tk,?k, Vi) we can assign a triplet to every observation time
(f(ti),?(ti), V(ti)). If we set s, to be a threshold speed above which a segment is labeled Motile, then we
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can define the inference gap of a single path to be

n

100 -~
Inference gap (Pathwise) := - Z 1{J(@;) # J(@)}.
i=1

In Figure 4, we display a summary of the segmentation/classification protocol applied to simulations
of the base parameters set observed at different frame rates. For both the base and contrast datasets,
the average pathwise inference gap (red dots) decreases as the frame rate increases from 1 to 100 Hz.
For both parameter sets, the average inference gap is larger at 250 Hz than at 100 Hz, indicating some
optimal frame rate in between (if minimal inference gap is the objective). It is important to note that
each set of simulations has the same number of observations. Significant results occur due to the inferred
properties of individual path segments. If an inferred segment is mislabeled, this can greatly affect the
proportion of time that the path spends motile. This affect is greater as the frame rate increases.

Inference Gap per path, Base Inference Gap per path, Contrast False Positive/Negative Rates

30
100

—e— Base False Negative
—A— Base False Positive
75 Contrast False Negative
20 Contrast False Positive

10

I 1 “f” |

1 10 100 1 00 1 10 100
Frame Rate (Hz) Frame Rate (Hz) Frame Rate (Hz)

Inference Gap
3
Misidentified percentage of time

Figure 4. Inference Gaps Simulated datasets: Base (Left) and Contrast (Center). The path-
by-path distribution of the percentage of time spent misidentified in the Stationary/Motile
dichotomy with speed threshold s, = 0.1 um/s. (Right) Ensemble averages for the percentage
of mislabeled time steps, broken down in terms of false positives and false negatives. Error
bars computed from bootstrap resampling of paths.

The inference gap statistic can be seen as the sum of the two canonical types of statistical error: false
positive time points, which the segmentation-and-classification algorithm has been labeled Motile when
they are truly Stationary, and false negative time points, which have been labeled Stationary when they
truly Motile. This breakdown is informative when we see phenomena like the inference gap being twice
as large for the contrast parameter set compared to the base parameter set, when both are observed at 1
Hz. In the righthand panel of Figure 4, we see that the culprit is a high rate of false positives. False
positive time can occur if there is a short motile segment that interrupts a period of stationarity. The
displacement that occurs can cause an entire one-second time step to be labeled motile, when in fact
the majority of the time step was stationary. There is also a natural way for false negatives to occur:
through reversals. During a one-second time step, a motor might be Motile in one direction half of the
time step, and then Motile in the other direction for the other half-step. The total displacement would be
negligible, inferred as a period of stationarity, but in truth the motor was Motile the full time step.
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A close inspection of false positive and false negative rates reveals a spectrum of ways that segmen-
tation/classification algorithms will inevitably mislabel motor behavior. For real motors, there may be
incorrect labeling because the velocities of segments are not as constant as the model would present
them to be. A piecewise constant model would fail to capture continuously varying speeds. This is
particularly an issue for small frame rates (large time steps) when displacements are emerging from a
sum of (possibly) varying velocities. On the other hand, high frame rate observations can lead to the
algorithm “chasing noise” instead of true state signals. This is due to the relative size of fluctuations we
compared to the smaller true displacement that occurs during time steps. This leads to false positive
time points where 1) the segmentation algorithm associates the large amounts of noise with significant
changes between too many consecutive short segments, or 2) segments with large jumps in the noise
between the change points are averaged together.

3.2. CSA, Y(s): Theory

All of the analysis in the preceding section was presented for a speed threshold s, = 0.1 ym/s but
much of the same logic applies for other choices of the threshold. Rather than picking a handful of
thresholds and considering them individually, the Cumulative Speed Allocation (CSA) essentially makes
the Stationary/Motile assessment across all choices of s, simultaneously. However, more than being just
a generalization of Stationary/Motile classification, the application of the renewal-reward theory [55]
permits a predictive analysis of the CSA for a given parameter set. In this section we present our main
mathematical result, which is the theoretical CSA for trajectories generated by the model described in
Section 2.

As a reminder, we write trajectory in terms of a sequence of anchor states {(J;, 7;, V;)} and the
associated continuous-time anchor position, velocity, and state: {J(¢), X(t), V(t)},zo, where A and V are
understood to be vectors at each time point. For every speed s > 0, we define the theoretical CSA as
follows:

¥(s) = lim P(V()| < 5). (3.4)

In other words, it is the long-term (or, informally, “steady-state”) probability that a motor is in transport
with a speed less than a given value s. By ergodicity, we can equivalently define the CSA in terms of a
long-term running average:

1T
¥(s) = lim — fo 1 s 2. (3.5)

This time-average perspective is amenable to analysis via renewal-reward theory. The key insight is to
decompose the trajectory into regenerative cycles that are independent and identically distributed, and
then apply a functional central limit theorem [55, 57].

Theorem 3.1 (CSA). Let a sequence of state-duration-velocity triplets be defined according to the model
framework of Section 2, and let {J (1), ff(t), ‘7(t)} be the associated continuous-time state-position-velocity

triplet. Define 3
oqa
= — 36
P 3D (3.6)
where

(3.7)

s=l @ 1, Dependent segment speed and duration;
B a  Independent segment speed and duration.
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Then,
_T(s;a.p)+p

P(s) s

(3.8)

where U (- ; a,B) is the CDF of the anchor speed distribution, which is assumed to be Gamma(a, 3).

Proof. 1f we define the random variable AT to represent the random time between regenerations and A/
to be the time spent during a cycle with speed less than s, then the theory presented in [55] implies that

_ E(AL)
~ E(AT)

Y(s) (3.9)

We first consider E(AT'), where AT is the regeneration time for the moments when we enter the
Stationary state. That is to say, AT = 7, + 7, if the sequence of states is Stationary, Motile, Stationary
and AT = 1| + 7, + 73 if the sequence of states is Stationary, Motile, Motile, Stationary, etc. Recall
from Table 1 that o is duration of a Stationary state, and let T denote the expected duration of a Motile
state. Since the number of consecutive Motile states before returning to Stationary is geometrically
distributed with a success probability g (recall Table 1), the expected regeneration duration is

EAT) =0+ <
q

where o = E(1;]J; = 0) and T = E(1;|J; = 1). The expectation of the duration depends on which model
assumption we are using. If T depends on the segment speed S, then (assuming o > 1 and recalling
from Table 1 that D is the average distance traveled per segment), we have that

7= f ) E(t]s)p(s)ds = f TD B g = £D (3.10)
0 o sT(a) a-—1

If 7 is independent of the speed,

T =

2|5

This shows that if we choose a motor’s speed to have a shape parameter ¢ < 1, then we need to
choose the duration independent of speed. Otherwise, the motor would spend essentially all of its time
(asymptotically) in near-Stationary states (Motile with very small velocity).

Now, Al, the time spent during a cycle with a speed less than s um/sec, can be written

Aly=7+ Y Til{IV] < 5).

Taking expectations, we must compute E(7;1{v; < v*}) under the two assumptions concerning the
dependence of segment duration on speed.

Let E;(X) = E(X|J = j) denote that we are taking the expected value of a segment quantity
conditioned on the state of the particle during that segment, recalling that J = 0 indicates a Stationary
motor and J = 1 indicates a Motile motor.
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If 7 is independent of the speed V|, then

E\(t1{|V| < s}) = Ey(v) Ex(1{|V] < s))

D -
~Plp 1< 9)
«
BD f" B a1 g
/= 7 a vd
« J; F(a)v e"dv
D
= P2 rs: ).
a—-1
If 7 depends on the speed, then

E\(r1{|V| < s}) = Ey(v1{IV] < s})

:fo E\1{|V| < s}[IV] = v)y(v; a,B)dv

(o] 5 ﬁa/ _1 B
= E\(t|V| = v)=—v*tePdy
fo 1 [(a)
S D a
=f b A v le P dy
o vI(a)
N a—1
= D,Br(a/ —D P yarb=lo=Br gy,

[a) Jo T(@—-1)

= %V(S; a+1,B)
a

3.3. CSA, Y(s): Inference

With the main CSA theorem in hand, we can assess the quality of this summary statistic from multiple
perspectives on performance: (1) whether we can infer model parameters from an experimental dataset
and then use the parameters to create simulations that faithfully reproduce CSA curves; (2) assessing
the quality of uncertainty quantification in service of distinguishing between ensembles generated from
different parameter sets, and (3) assessing robustness with respect to frame rate of observation.

3.3.1. Toward parameter inference and faithful simulation

The first of these concerns is addressed briefly in Figure 5 and will be more addressed more
systematically elsewhere. In the left panel of Figure 5, we display the result of applying the CPLASS
segmentation algorithm to 200 trajectories randomly chosen from the perinuclear region and periphery
of cells studied by Rayens et al. [48]. Each member of the CSA curve ensembles — (light blue for the
perinuclear region and gray for the cell periphery) — is the inferred CSA calculated from a bootstrap
resampling of the 200 paths. The clear gap between the CSA ensembles shows that the CSA is able to
distinguish paths in the two regions, and their primary difference is in the proportion of time that their
lysosomes are moving at speeds 0.5 um/s or slower. This is consistent with the conclusions of this and
the follow-up effort [49] that lyosomes near the endoplasmic reticulum spend significantly more time in
Stationary or near-Stationary states.
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In Vivo Lysosomal Transport Simulation: Mimic
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Figure S. CumuLaTIVE SPEED ALLocATION (Left.) CSA curves inferred for lysosomal transport
in the perinuclear region (light blue) and periphery (gray) of cells observed by Rayens et
al. [48]. The significance of the difference is illustrated by the distribution of CSA curves
computed for bootstrap resamples of the respective trajectory ensembles. (Right) Theoretical
CSA, and CSA curves of bootstrap resampled trajectory ensembles, for simulated motor-cargo
complexes generated from the mimic parameter set and observed at 20 Hz (matching the
lysosomal data). Gray curves are the target distribution of CSA curves, corresponding to
lysosomes in the periphery of observed cells.

In order for a summary statistic to move beyond simply being descriptive, it must be possible to build
a stochastic model that will generate simulated ensembles for which the application of CPLASS will
result in similar CSA curves as the target data. In Figure 5, we display the results of a proof-of-concept
numerical experiment. Using ad hoc methods, we found the collection of parameters in the mimic
parameter set (Table 1) tracked reasonably with peripheral lysosomes from the Rayens et al. study.
The dark gray curve shows it is the theoretical CSA for the mimic parameter set, calculated using
Theorem 3.1, and the overlap of the bootstrapped CSA ensemble (light blue) shows that these paths are
not significantly different from the periphery lysosomes from a CSA-perspective (as we note also in the
Discussion, there are a host of other properties that we do not attempt to match here. In particular, we
leave model selection and precise inference of the joint distribution of consecutive segment velocity
directions for future work).

3.3.2. Grappling with small-speed statistical artifacts

In the preceding section, we analyzed what we called the base and contrast parameter sets. These are
distinguished from the mimic dataset in that there is a clear separation between Stationary and Motile
states. This is common, for example, when studying in vitro data, particularly for cargo transported by
kinesin-family motors. The separation between Stationary and Motile states is in evidence in Figure 6.
Both the theoretical CSA curves (dark gray) and the bootstrapped ensembles of CSA curves (orange for
base, and yellow for contrast) are essentially flat for small speeds. This means that Motile segments
that are less than 0.25 um/s (Base) or 0.5 um/s (Contrast) rarely appear. The gray curves showing the
bootstrapped CSA-ensemble for peripheral lysosomes shows no such absence of slow Motile segments.
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We do note that there is an overlap of all CSA curves for very small velocities. This is a statistical
artifact that will arise from most segmentation algorithms, and is important to understand when de-
veloping theoretical models. The CPLASS algorithm returns a set of inferred segments and assigns a
maximum likelihood (MLE) speed to each of them. The MLE speed is never zero, so even if a segment
has exactly zero motor velocity, the observational noise will produce a nonzero MLE speed. Our focus
on these two parameter sets was motivated in part by a desire to understand the difference between the
theoretical CSA and the inferred CSA for motors with clear Motile/Stationary state separation. The
clear difference between the simulated sets and the lysosomal CSA curves indicates that the distribution
of speeds in vivo genuinely fill out a full speed distribution from very slow to roughly 0.6 ym/s.
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Figure 6. Base aND CoNTRAST siMULATIONS. CSA computation for a set of 250 simulated
trajectories each of the parameter sets in Table 1, observed at 25 Hz. The gray line overlaying
the orange and yellow denotes the theoretical CSA of each parameter set and the gray lines
underneath the orange and yellow curves are the computed CSA for experimental lysosome
trajectories in the periphery region of the cell from [48]. The orange and yellow curves are
CSA curves for bootstrapped subsamples of the respective path ensembles.

3.3.3. Bias vs. variance again

In Figure 7, we investigate one more instance of the Bias-Variance tradeoff that has been evident
throughout our study. Using the base parameter set, we simulated paths to be observed at 1, 25 and 250
Hz, with 250 trajectories in each ensemble. To emphasize the degree of variation, for each frame rate,
we created 100 subsample-ensembles consisting of 50 paths each. For each subsample, we calculated a
CSA given the exact motor (anchor) position at all times (blue curves), and a CSA based on particle
locations and the application of the CPLASS algorithm (green curves).

Calculating CSA curves from the true motor position allows us to distinguish two sources of error
in CSA estimation. First, due to the fixed number of observations across different frame rates, there
is less parameter-related information contained in high frame rate date. Paths observed at 250Hz
contain relatively few switches, which yields fewer speed observations and less information about
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average segment durations. Note, moving right to left in Figure 7, the blue curves become more
concentrated around the true CSA as paths become longer. This is because the anchors explore a full
and representative set of behaviors in the time provided during the dataset. However, observation of the
anchor behavior is compromised at 1 Hz. For reasons detailed in Section 3.1.1, there is a substantial
bias toward underestimating speeds in 1 Hz data, and the CSA is biased toward incorrectly large values.
On the other hand, inference on 100 and 150 Hz data is very good. The CSA curves inferred from paths
closely mirror the information provided by the anchor positions. The variation that is present is due to a
lack of ground truth to work with. This is the root of the the bias-variance tradeoff first observed for
Stationary/Motile classification in Figure 3.
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Figure 7. CSA Bias anp VARIANCE. CSA ensembles generated from different Base parameter
set in Table 1. We simulated three sets of trajectories at the frame rates of 1, 25, and 250
Hz. The black line in each plot denotes the theoretical CSA computed using the derivation in
Section 3.2. The green lines in each plot denote the inferred CSA computations for each set
of simulated trajectories. The blue lines denote CSA bootstrap samples of the true simulated
trajectories.

3.4. MSD

The analysis would not be complete without addressing the implications of choosing different frame
rates on the evaluation of MSD. While we do not advocate for using MSD as a general tool, it remains
an effective method for communicating information about the “transport scale” of intracellular cargo
movement. For paths that switch between stationary and ballistic states, the MSD curve should display
a transition: for small lags, the MSD is effectively constant, dominated by stationary segments that have
constant variance; and then there should be a turnover to a linear phase with a slope that equals the
effective diffusivity, an averaging of the two states [58].

From a modeling perspective, there are multiple approaches to computing effective diffusivity
[8, 55, 59-62], but many of these concepts do not translate into methods for statistical inference.
Consider, for example, the ensembles of MSDs in Figure 8 that show the intrinsic difficulty in estimating
effective diffusivity by way of pathwise MSDs. Depending on the frame rate, a transition to the final
slope may not be evident. Only in the 1 Hz simulation data do we see the asymptotically linear state.
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However, the individual path MSDs are noisy, and there are ambiguities in what range of time lags to
use for a linear fit.

The renewal-reward framework, introduced for intracellular transport by Krishnan et al. [61] and
implicitly used by Popovic et al. [62], and further developed by Ciocanel et al. [S5], presents an
opportunity for a statistical inference method that can be applied to segmented paths. If we assume that
the directions of consecutive segments are independent (which is not actually the case for our simulated
models), then Ciocanel et al. [55] showed that the asymptotic diffusivity can be written

2

Deg = % (3.11)
The AX and AT averages are computed directly from segment information, and this formula was used
in [48] to estimate the effective diffusivity of lysosomes in different regions of a cell. While there is
some agreement between this method and the more traditional approach employed in [47], we can use
our simulated system to show that estimation of diffusivity can be affected by the choice of frame rate.
In [47], the frame rate was 1 Hz, which yielded MSD slopes that were amenable to linear fit, while
in [48], the frame rate was 20 Hz.

Lysosomes Simulation: Base
0.10

0.100

o J

0.001

Mean Squared Displacement
Mean Squared Displacement

. 4—/

0.1 03 1.0 3.0 0.1 0.3 1.0
Time (t) Time ()

(a) Experimental MSD (b) 25 Hz MSD

Simulation: Base Simulation: Base

1.00

0.30
0.010 ,f_—/—‘ww

0.10

Mean Squared Displacement
Mean Squared Displacement

0.008
0.03

0.007

1 3 10 30 0.01 0.03 0.10
Time (t) Time (t)

(c) 1 HzMSD (d) 250 Hz MSD

Figure 8. The pathwise MSD of 250 simulated trajectories using the base parameter set in
Table 1 for frame rates 1, 25, and 250 Hz. Subfigure (a) contains the MSD analysis of the
experimental lysosome trajectories in the periphery from [48]. The gray curves denotes the
pathwise MSDs and the red curve denote the ensemble average MSD.
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In Figure 9, we show estimates for the effective diffusivity at different frame rates using Eq 3.11
and bootstrap resampling of paths. Notably, the bootstrap confidence intervals mostly fail to overlap.
Establishing the “true” effective diffusivity is more difficult to establish than one might think. The
correlations in the model between consecutive angles make the approximation (3.11) inaccurate. We
elected to use a simulation approach and found this method to be unreliable as well. We simulated 250
paths for 10,000 seconds and calculated the mean-squared displacement for each. The variation in the
calculated values is displayed in the box on the left.
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Figure 9. Diffusivity Comparisons. Estimated diffusivity of 250 simulated trajectories using
the base parameter set in Table 1 at frame rates of 1, 10, 25, 100, and 250 Hz. The box plots
show the variance in the estimated diffustivities of the trajectories simulated at various frame
rates. The Large-time Simulations estimate was generated by simulating 250 anchor-position
paths for 10,000 seconds and computing the squared displacement divided by the total path
duration. The takeaway is that MSD is a noisy statistic with poorly understood biases that can
lead to inaccurate characterization of data.

4. Discussion

We have developed a protocol for analyzing and simulating noisy, continuous, and piecewise-linear
microparticle trajectories. This movement paradigm is widely observed in single particle tracking
experiments for molecular motor transport of intracellular cargo, both in vivo and in vitro. The modeling
and analysis flows through the decomposition of paths into distinct segments of constant velocity with
uniform iid Gaussian noise. Ensemble behavior is reported in terms of an estimate for the CDF of the
invariant distribution of the (non-Markovian) motor speed process. We call this statistical summary the
CSA. In terms of modeling and faithful simulation, we show that the CSA contains enough information
to distinguish between qualitatively distinct motor-cargo populations, and allows for customization
of simulations via experimentally-tuned parameters to mimic qualitative different movement regimes.
Moreover, we have demonstrated a general need to emphasize inference methods that are robust with
respect to choice of frame rate and segmentation algorithm.

Throughout this work, we have highlighted a surprising bias-vs-variance tradeoff that occurs across
different frame rates. For example, we observed a bias in the estimation of time spent Motile for
slow frame rates, but a general increase in the uncertainty for faster frame rates. We investigated this
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phenomenon by comparing the true state of simulated segments to inferred states and were able to
quantify the causes of the inference gaps found at each frame rate. Similarly, estimates for effective
diffusivity depended on frame rate in an unexpected way, without a clear answer for what frame rate
yields the best estimate. For these reasons, we believe the notion of “optimal” frame rate bears further
investigation, noting that it ultimately depends on the statistical characterization of interest.

The work we have presented here is fundamentally about the compromise of collecting ever more
precise data concerning molecular motor transport, but encountering fundamental physical limits. Any
in vivo observation technique risks disrupting the process it seeks to observe and there are hard physical
limits to the amount of information that can be gained about profoundly small objects being observed
over extremely brief windows of time. There are ongoing technology improvements that will affect
assumptions underpinning this work, but we believe that tradeoffs of the kind described here are intrinsic
to all micro- or nano-particle tracking.

There are many ways in which the model we consider can be modified and improved. For example, we
do not thoroughly address the issue of correlation/anti-correlation between the velocities of consecutive
segments. Our model includes a probability of reversal and a probability of pausing but then continuing
in the same direction, but a systematic study of how to parameterize velocities and directions remains
unfinished. This is because the inference of switch rates is profoundly affected by the tendencies of
different segmentation algorithms. A “switchy” algorithm will break up single motile runs, for example,
resulting in an inference of shorter run lengths, but higher correlation between consecutive segments.
We conducted an preliminary study to this effect, which informed our parameter set choices, but the fit
is qualitative in this respect.

Another unresolved modeling issue relates to whether we should consider the speed and duration of
segments to be dependent. There is a purely physical rationale for why duration could scale inversely
speed: when microtubules are short or the microtubule network is dense, faster-moving motor-cargo
complexes will have shorter run lengths [56,63—65]. Qualitatively, this inverse relationship between
segment speed and duration was observed for the lysosome trajectories studied in [48], Figure S8.
However it is not clear how much of the relationship is due to biophysical considerations and how much
is merely a statistical artifact of segmentation algorithms. The theory we have presented in this work
addresses both cases, but data that explicitly shows the microtubule network underlying motor transport
may help clarify the segment speed-duration relationship for different motors in various environments.
Of course, robust joint cargo-motor-microtubule observation data would invite the use of even more
realism in simulations, [56]. The CSA provides a new tool for quantifying qualitative changes in
transport due to environment factors and a more complete inference/simulation protocol could inform
predictive analysis of how motor transport might respond to changes in the supporting microtubule
network.

Finally, further consideration should be given to the observation process itself. There is strong
evidence that fast frame rates can lead to noisier inference of particle locations [66—69]. In this study
we summarized both the cargo fluctuations about the anchor and the measurement error by a single
parameter . We expect that the determination of an “optimal” frame rate will be affected by frame-rate
dependent noise.

Taken all together, the work we have presented calls for continued simultaneous modeling of
biophysical processes and explicit detail for the techniques used to observe them. If the goal of the
applied mathematician is to provide insight across scales, then it is necessary for models to address the
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challenges that arise in accurately assessing essential micro-scale details.
Use of Al tools declaration

The authors declare they have not used Artificial Intelligence (Al) tools in the creation of this article.
Acknowledgments

This research was supported by the NSF-Simons Southeast Center for Mathematics and Biology
(SCMB) through NSF-DMS 1764406 and Simons Foundation-SFARI 594594.

Conflict of interest

The authors declare there is no conflict of interest.

References

1. S. S. Mogre, A. 1. Brown, E. F. Koslover, Getting around the cell: physical transport in the
intracellular world, Phys. Biol., 17 (2020), 061003. https://doi.org/10.1088/1478-3975/aba5e5

2. J. Tinevez, N. Perry, J. Schindelin, G. M. Hoopes, G. D. Reynolds, E. Laplantine, et al., Track-
Mate: An open and extensible platform for single-particle tracking, Methods, 115 (2017), 80-90.
https://doi.org/10.1016/j.ymeth.2016.09.016

3. S. Neumann, R. Chassefeyre, G. E. Campbell, S. E. Encalada, KymoAnalyzer: a software
tool for the quantitative analysis of intracellular transport in neurons, Traffic, 18 (2017), 71-88.
https://doi.org/10.1111/tra.12456

4. K. Barlan, M. J. Rossow, V. I. Gelfand, The journey of the organelle: teamwork
and regulation in intracellular transport, Curr. Opin. Cell Biol., 25 (2013), 483-488.
https://doi.org/10.1016/j.ceb.2013.02.018

5. B. Grafstein, D. S. Forman, Intracellular transport in neurons, Physiol. Rev., 60 (1980), 1167-1283.
https://doi.org/10.1152/physrev.1980.60.4.1167

6. B. W. Guzik, L. S. B. Goldstein, Microtubule-dependent transport in neurons: steps towards an
understanding of regulation, function and dysfunction, Curr. Opin. Cell Biol., 16 (2004), 443—450.
https://doi.org/10.1016/j.ceb.2004.06.002

7. N.P. Staff, E. E. Benarroch, C. J. Klein, Neuronal intracellular transport and neurodegenerative
disease, Neurology, 76 (2011), 1015-1020. https://doi.org/10.1212/WNL.0b013e31821103f7

8. P. C. Bressloff, J. M. Newby, Stochastic models of intracellular transport, Rev. Mod. Phys., 85
(2013), 135-196. https://doi.org/10.1103/RevModPhys.85.135

9. J.Suh, M, Dawson, J. Hanes, Real-time multiple-particle tracking: applications to drug and gene
delivery, Adv. Drug Delivery Rev., 57 (2005), 63-78. https://doi.org/10.1016/j.addr.2004.06.001

10. Y. Lee, C. Phelps, T. Huang, B. Mostofian, L. Wu, Y. Zhang, et al., High-throughput, single-particle
tracking reveals nested membrane domains that dictate KRasG12D diffusion and trafficking, eLife,
(2019), e46393. https://doi.org/10.7554/eLife.46393

Mathematical Biosciences and Engineering Volume 22, Issue 10, 2595-2626.



2617

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

J. P. Caviston, E. L. F. Holzbaur, Microtubule motors at the intersection of trafficking and transport,
Trends Cell Biol., 16 (2006), 530-537. https://doi.org/10.1016/j.tcb.2006.08.002

S. Klumpp, R. Lipowsky, Cooperative cargo transport by several molecular motors, PNAS, 102
(2005), 17284—-17289. https://doi.org/10.1073/pnas.0507363102

M. J. 1. Miiller, S. Klumpp, R. Lipowsky, Tug-of-war as a cooperative mechanism
for bidirectional cargo transport by molecular motors, PNAS, 105 (2008), 4609-4614.
https://doi.org/10.1073/pnas.0706825105

M. J. 1. Miiller, S. Klumpp, R. Lipowsky, Bidirectional transport by molecular motors: En-
hanced processivity and response to external forces, Biophys. J., 98 (2010), 2610-2618.
https://doi.org/10.1016/j.bpj.2010.02.037

Q. Ba, G. Raghavan, K. Kiselyov, G. Yang, Whole-cell scale dynamic organization
of lysosomes revealed by spatial statistical analysis, Cell Rep., 23 (2018), 3591-3606.
https://doi.org/10.1016/j.celrep.2018.05.079

S. Balint, L. V. Vilanova, A. S. Alvarez, M. Lakadamyali, Correlative live-cell and superresolution
microscopy reveals cargo transport dynamics at microtubule intersections, PNAS, 110 (2013),
3375-3380. https://doi.org/10.1073/pnas.1219206110

M. L. M. Jongsma, I. Berlin, R. H. M. Wijdeven, L. Janssen, G. M. C. Janssen, M. A. Garstka, et
al., An ER-associated pathway defines endosomal architecture for controlled cargo transport, Cell,
166 (2016), 152-166. https://doi.org/10.1016/j.cell.2016.05.078

S. Karki, E. L. F. Holzbaur, Cytoplasmic dynein and dynactin in cell division and intracellular
transport, Curr. Opin. Cell Biol., 11 (1999), 45-53. https://doi.org/10.1016/S0955-0674(99)80006-4

R. D. Vale, Intracellular transport using microtubule-based motors, Annu. Rev. Cell Biol., 3 (1987),
347-378.

R. D. Vale, R. A. Milligan, The way things move: Looking under the hood of molecular motor
proteins, Science, 288 (2000), 88. https://doi.org/10.1126/science.288.5463.88

M. A. Jensen, Q. Feng, W. O. Hancock, S. A. McKinley, A change point analysis protocol for
comparing intracellular transport by different molecular motor combinations, Math. Biosci. Eng.,
18 (2021), 8962-8996. https://doi.org/10.3934/mbe.2021442

D. Barry, J. A. Hartigan, A Bayesian analysis for change point problems, J. Am. Stat. Assoc., 88
(1993), 309-319. https://doi.org/10.1080/01621459.1993.10594323

R. Das, C. W. Cairo, D. Coombs, A hidden Markov model for single particle tracks quantifies
dynamic interactions between LFA-1 and the actin cytoskeleton, PLoS Comput. Biol., S (2009),
1-16. https://doi.org/10.1371/journal.pcbi. 1000556

C. Erdman, J. W. Emerson, bcp: an R package for performing a Bayesian analysis of change point
problems, J. Stat. Software, 23 (2008), 1-13. https://doi.org/10.18637/jss.v023.103

S. Yin, N. Song, H. Yang, Detection of velocity and diffusion coefficient change points in single-
particle trajectories, Biophys. J., 115 (2018), 217-229. https://doi.org/10.1016/j.bpj.2017.11.008
J. D. Karslake, E. D. Donarski, S. A. Shelby, L. M. Demey, V. J. DiRita, S. L. Veatch, et al.,

SMAUG: Analyzing single-molecule tracks with nonparametric Bayesian statistics, Methods, 193
(2021), 16-26. https://doi.org/10.1016/j.ymeth.2020.03.008

Mathematical Biosciences and Engineering Volume 22, Issue 10, 2595-2626.



2618

27. Z. Chen, L. Geffroy, J. S. Biteen, NOBIAS: Analyzing anomalous diffusion in single-
molecule tracks with nonparametric Bayesian inference, Front. Bioinf., 1 (2021), 742073.
https://doi.org/10.3389/fbinf.2021.742073

28. F. Persson, M. Lindén, C. Unoson, J. EIlf, Extracting intracellular diffusive states and
transition rates from single-molecule tracking data, Nat. Methods, 10 (2013), 265-269.
https://doi.org/10.1038/nmeth.2367

29. X. Michalet, Mean square displacement analysis of single-particle trajectories with localization
error: Brownian motion in an isotropic medium, Phys. Rev. E: Stat. Nonlinear Soft Matter Phys.,
82 (2010), 041914. https://doi.org/10.1103/PhysRevE.82.041914

30. E. Kepten, A. Weron, G. Sikora, K. Burnecki, Y. Garini, Guidelines for the fitting of anomalous

diffusion mean square displacement graphs from single particle tracking experiments, PLoS One,
10 (2015), 1-10. https://doi.org/10.1371/journal.pone.0117722

31. N. Monnier, S. M. Guo, M. Mori, J. He, P. Lénart, M. Bathe, Bayesian approach to
MSD-based analysis of particle motion in live cells, Biophys. J., 103 (2012), 616-626.
https://doi.org/10.1016/j.bpj.2012.06.029

32. N. Monnier, Z. Barry, H. Y. Park, K. C. Su, Z. Katz, B. P. English, et al., Infer-
ring transient particle transport dynamics in live cells, Nat. Methods, 12 (2015), 838-840.
https://doi.org/10.1038/nmeth.3483

33. M. J. Saxton, K. Jacobson, Single-particle tracking: applications to membrane dynamics, Annu.
Rev. Biophys., 26 (1997), 373-399. https://doi.org/10.1146/annurev.biophys.26.1.373

34. C. Manzo, M. F. Garcia-Parajo, A review of progress in single particle tracking: from meth-
ods to biophysical insights, Rep. Prog. Phys., 78 (2015), 124601. https://doi.org/10.1088/0034-
4885/78/12/124601

35. H. Shen, L. J. Tauzin, R. Baiyasi, W. Wang, N. Moringo, B. Shuang, et al., Single parti-
cle tracking: from theory to biophysical applications, Chem. Rev., 117 (2017), 7331-7376.
https://doi.org/10.1021/acs.chemrev.6b00815

36. 1. M. Sokolov, Models of anomalous diffusion in crowded environments, Soft Matter, 8 (2012),
9043-9052. https://doi.org/10.1039/C2SM25701G

37. H. Qian, M. P. Sheetz, E. L. Elson, Single particle tracking. Analysis of diffusion and flow
in two-dimensional systems, Biophys. J., 60 (1991), 910-921. https://doi.org/10.1016/S0006-
3495(91)82125-7

38. N. Ruthardt, D. C. Lamb, C. Briuchle, Single-particle tracking as a quantitative microscopy-based
approach to unravel cell entry mechanisms of viruses and pharmaceutical nanoparticles, Mol. Ther.,
19 (2011), 1199-1211. https://doi.org/10.1038/mt.2011.102

39. L. Gao, A. Garcia-Uribe, Y. Liu, C. Li, L. V. Wang, Photobleaching imprinting microscopy: seeing
clearer and deeper, J. Cell Sci., 127 (2014), 288-294. https://doi.org/10.1242/jcs.142943

40. R. Diekmann, M. Kahnwald, A. Schoenit, J. Deschamps, U. Matti, J. Ries, Optimizing imaging
speed and excitation intensity for single-molecule localization microscopy, Nat. Methods, 17 (2020),
909-912. https://doi.org/10.1038/s41592-020-0918-5

Mathematical Biosciences and Engineering Volume 22, Issue 10, 2595-2626.



2619

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

M. Lelek, M. T. Gyparaki, G. Beliu, F. Schueder, J. Griffié, S. Manley, Single-molecule localization
microscopy, Nat. Rev. Methods Primers, 1 (2021), 39. https://doi.org/10.1038/s43586-021-00038-x

P. Fearnhead, D. Grose, Cpop: detecting changes in piecewise-linear signals, J. Stat. Software, 109
(2024), 1-30. https://doi.org/10.18637/jss.v109.107

Q. Feng, K. J. Mickolajczyk, G. Y. Chen, W. O. Hancock, Motor reattachment kinetics
play a dominant role in multimotor-driven cargo transport, Biophys. J., 114 (2018), 400-409.
https://doi.org/10.1016/j.bpj.2017.11.016

K. J. Mickolajczyk, E. Geyer, T. Kim, L. Rice, W. O. Hancock, Direct observation of indi-
vidual tubulin dimers binding to growing microtubules, Biophys. J., 116 (2019), 156a-157a.
https://doi.org/10.1016/j.bpj.2018.11.867

Y. Y. Wang, K. L. Nunn, D. Harit, S. A. McKinley, S. K. Lai, Minimizing biases associated with
tracking analysis of submicron particles in heterogeneous biological fluids, J. Controlled Release,
220 (2015), 37-43. https://doi.org/10.1016/j.jconrel.2015.10.021

A. S. Hansen, M. Woringer, J. B. Grimm, L. D. Lavis, R. Tjian, X. Darzacq, Robust model-
based analysis of single-particle tracking experiments with Spot-On, eLife, 7 (2018), e33125.
https://doi.org/10.7554/eLife.33125

D. Bandyopadhyay, A. Cyphersmith, J. A. Zapata, Y. J. Kim, C. K. Payne, Lyso-
some transport as a function of lysosome diameter, PLoS One, 9 (2014), e86847.
https://doi.org/10.1371/journal.pone.0086847

N. T. Rayens, K. J. Cook, S. A. McKinley, C. K. Payne, Transport of lysosomes decreases in
the perinuclear region: Insights from changepoint analysis, Biophys. J., 121 (2022), 1205-1218.
https://doi.org/10.1016/j.bpj.2022.02.032

N. T. Rayens, K. J. Cook, S. A. McKinley, C. K. Payne, Palmitate-mediated disruption of the

endoplasmic reticulum decreases intracellular vesicle motility, Biophys. J., 122 (2023), 1355-1363.
https://doi.org/10.1016/j.bpj.2023.03.001

M. Rdding, M. Guo, D. A. Weitz, M. Rudemo, A. Sarkki, Identifying directional persistence in
intracellular particle motion using Hidden Markov Models, Math. Biosci., 248 (2014), 140-145.
https://doi.org/10.1016/j.mbs.2013.12.008

C. Svensson, K. Reglinski, W. Schliebs, R. Erdmann, C. Eggeling, M. T. Figge, Quantitative
analysis of peroxisome tracks using a Hidden Markov Model, Sci. Rep., 13 (2023), 19694.
https://doi.org/10.1038/s41598-023-46812-7

L. Do, S. A. McKinley, CPLASS Segmentation Algorithm, Avilable from:
https://github.com/Ldo3/CPLASS.

S. E. Encalada, L. Szpankowski, C. Xia, L. S. B. Goldstein, Stable kinesin and dynein assem-
blies drive the axonal transport of mammalian prion protein vesicles, Cell, 114 (2011), 551-565.
https://doi.org/10.1016/j.cell.2011.01.021

H. A. Schroeder, J. Newby, A. Schaefer, B. Subramani, A. Tubbs, M. G. Forest, et al., LPS-binding
IgG arrests actively motile Salmonella Typhimurium in gastrointestinal mucus, Mucosal Immunol.,
13 (2020), 814-823. https://doi.org/10.1038/s41385-020-0267-9

Mathematical Biosciences and Engineering Volume 22, Issue 10, 2595-2626.



2620

55. M. Ciocanel, J. Fricks, P. R. Kramer, S. A. McKinley, Renewal reward perspective on linear
switching diffusion systems in models of intracellular transport, Bull. Math. Biol., 82 (2020), 126.
https://doi.org/10.1007/s11538-020-00797-w

56. S. Walcott, D. M. Warshaw, Modeling myosin Va liposome transport through actin filament
networks reveals a percolation threshold that modulates transport properties, Mol. Biol. Cell, 33
(2022), ar18. https://doi.org/10.1091/mbc.E21-08-0389

57. R. Serfozo, Basics of Applied Stochastic Processes, Springer Science & Business Media, 2009.

58. G. A. Pavliotis, Stochastic Processes and Their Applications: Diffusion Processes, the Fokker-
Planck and Langevin Equations, Springer New York, NY, 2014. https://doi.org/10.1007/978-1-
4939-1323-7

59. E. A. Brooks, Probabilistic methods for a linear reaction-hyperbolic system with constant coeffi-
cients, Ann. Appl. Probab., 9 (1999), 719-731. https://doi.org/10.1214/a0ap/1029962811

60. J. Hughes, W. O. Hancock, J. Fricks, A matrix computational approach to kinesin neck linker
extension, J. Theor. Biol., 269 (2011), 181-194. https://doi.org/10.1016/].jtbi.2010.10.005

61. A. Krishnan, B. I. Epureanu, Renewal-reward process formulation of motor protein dynamics, Bull.
Math. Biol., 73 (2011), 2452-2482. https://doi.org/10.1007/s11538-011-9632-x

62. L. Popovic, S. A. McKinley, M. C. Reed, A stochastic compartmental model for fast axonal
transport, SIAM J. Appl. Math., 71 (2011), 1531-1556. https://doi.org/10.1137/090775385

63. S. S. Wijeratne, S. A. Fiorenza, A. E. Neary, M. D. Betterton, Motor guidance by
long-range communication on the microtubule highway, PNAS, 119 (2022), ¢2120193119.
https://doi.org/10.1073/pnas.2120193119

64. T. Kaneko, K. Furuta, K. Oiwa, H. Shintaku, H. Kotera, R. Yokokawa, Different motilities of
microtubules driven by kinesin-1 and kinesin-14 motors patterned on nanopillars, Sci. Adv., 6
(2020), 106063. https://doi.org/10.1126/sciadv.aax7413

65. W. X. Chew, G. Henkin, F. Nédélec, T. Surrey, Effects of microtubule length and
crowding on active microtubule network organization, iScience, 26 (2023), 106063.
https://doi.org/10.1016/].isc1.2023.106063

66. X. Guo, D. Ta, K. Xu, Frame rate effects and their compensation on super-resolution mi-
crovessel imaging using ultrasound localization microscopy, Ultrasonics, 132 (2023), 107009.
https://doi.org/10.1016/j.ultras.2023.107009

67. S. Manley, J. M. Gillette, J. Lippincott-Schwartz, Chapter Five - Single-particle tracking photoacti-
vated localization microscopy for mapping single-molecule dynamics, in Methods in Enzymology,
Academic Press, 475 (2010), 109-120. https://doi.org/10.1016/S0076-6879(10)75005-9

68. H.D.MacGillavry, T. A. Blanpied, Single-molecule tracking photoactivated localization microscopy
to map nano-scale structure and dynamics in living spines, Curr. Protocol. Neurosci., 65 (2013),
2-20. https://doi.org/10.1002/0471142301.ns0220s65

69. A. V. Kashchuk, O. Perederiy, C. Caldini, L. Gardini, A. M. Negriyko, et al., Particle localization
using local gradients and its application to nanometer stabilization of a microscope, ACS Nano, 17
(2023), 1344—1354. https://doi.org/10.1364/OE.16.014561

Mathematical Biosciences and Engineering Volume 22, Issue 10, 2595-2626.



2621

70

71.

72.

73.

74.

75.

76.

7.

78.

M. V. Ciocanel, J. A. Kreiling, J. A. Gagnon, K. L. Mowry, B. Sandstede, Analysis of active
transport by fluorescence recovery after photobleaching, Biophys. J., 112 (2017), 1714-1725.
https://doi.org/10.1016/j.bpj.2017.02.042

J. Hughes, W. O. Hancock, J. Fricks, Kinesins with extended neck linkers: a chemo-
mechanical model for variable-length stepping, Bull. Math. Biol., 74 (2012), 1066-1097.
https://doi.org/10.1007/s11538-011-9697-6

A. Dupont, D. C. Lamb, Nanoscale three-dimensional single particle tracking, Nanoscale, 3 (2011),
4532-4541. https://doi.org/10.1039/CINR10989H

Z. Ye, X. Wang, L. Xiao, Single-particle tracking with scattering-based optical microscopy, Anal.
Chem., 91 (2019), 15327-15334. https://doi.org/10.1039/C8SCO1828F

A.J. Berglund, Statistics of camera-based single-particle tracking, Phys. Rev. E: Stat. Nonlinear
Soft Matter Phys., 82 (2010), 011917.

B. Alberts, D. Bray, J. Lewis, M. Raff, K. Roberts, J. D. Watson, et al., Molecular Biology of the
Cell, Garland New York, 1994.

D. Han, N. Korabel, R. Chen, M. Johnston, A. Gavrilova, V. J. Allan, et al., Deciphering
anomalous heterogeneous intracellular transport with neural networks, eLife, 9 (2020), €52224.
https://doi.org/10.7554/eLife.52224

J. J. Blum, M. C. Reed, A model for slow axonal transport and its application to neurofilamentous
neuropathies, Cell Motil., 12 (1989), 53—65. https://doi.org/10.1002/cm.970120107

A. Mogilner, T. C. Elston, H. Wang, G. Oster, Molecular motors: Theory, in Computational Cell
Biology, (2002), 320-353. https://doi.org/10.1007/978-0-387-22459-6_12

Mathematical Biosciences and Engineering Volume 22, Issue 10, 2595-2626.



2622

Appendix

A.l. Various trajectories and their respective analyses
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Figure A1. Trajectory analysis of the experimental lysosome trajectory in the periphery of a
cell from [48]. The figure depicts the panel of trajectory analysis for a respective trajectory.
The black line denotes the trajectory in the x-y coordinate plane as well as the time series for
each coordinate. The blue line in each figure represents the inferred anchor position described
in Section 2.2 in the main text. After implementing the change point algorithm on each
trajectory, the right panel shows the state segments for each time series. Each green panel
denotes a Motile segment and each red panel denotes a Stationary segment. The segment
duration versus speed plot shows the speed of each respective inferred segment of the trajectory.
Keep in mind that there exist motile to motile state changes and stationary to stationary state
changes that result in side-by-side green panels and red panels.

Mathematical Biosciences and Engineering

Volume 22, Issue 10, 2595-2626.



2623

Simulated Mimic Path

0.0
>-05
-1.0
-1.0 -0.5 0.0 0.5
X

Segments: 9

- Inf. Segments: 3

£ 1.00 Inference Gap: 5.8
g 075
5 050
38 025

@ 0.0 : . . :
0.0 2.5 5.0 7.5 10.0

Segment duration (s)

0.5

0.0

-0.5

-1.0

0.0

>-0.5

-1.0

x— and a— Time Series

l....AAA ALl Al "

%
'v’v\ﬂ' Uy "V

y— and b— Time Series

" il wwr"l'

0.0 25 5.0 7.5 10.0
t

Figure A2. A trajectory simulated at 20 Hz using the mimic parameter set in Table 1 in
the main text. The figure depicts the panel of trajectory analysis for a respective trajectory.
The black line and the blue line are as defined in Figure 1. The orange line in each panel
represents the actual (simulated) anchor position described in Section 2.2 in the main text.
After implementing the change point algorithm on each trajectory, the right panel in each
subfigure shows the inferred states overlapping the actual states. Overlapping green and red
panels become gray, denoting the inference gap (Section 3.1.1. in the main text), or the
difference between the actual simulated segments and those determined by the change point

algorithm.
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Figure A3. A base and contrast trajectory simulated at 1 Hz using the base and contrast

parameter sets in Table 1 of the main text. The figure depicts the actual and inferred trajectory
analysis.
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Figure A4. A base and contrast trajectory simulated at 25 Hz using the base and contrast
parameter sets in Table 1 of the main text. The figure depicts the actual and inferred trajectory
analysis.
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Figure AS. A base and contrast trajectory simulated at 250 Hz using the base and contrast
parameter sets in Table 1 of the main text. The figure depicts the actual and inferred trajectory

analysis.
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