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Abstract: In this article, we focused on the study of codimension-one Hopf bifurcations and the
associated Lyapunov stability coefficients in the context of general two-dimensional reaction-diffusion
systems defined on a finite fixed-length segment. Algebraic expressions for the first Lyapunov
coeflicients are provided for the infinite-dimensional system subject to Neumann boundary conditions.
As an application, a diffusive predator-prey system modeling competing populations with a Holling
type-II functional response for the predator was analyzed and studied under Neumann boundary
conditions. Our main goal is to perform a detailed, local stability analysis of the proposed model,
showing the existence of multiple spatially homogeneous and non-homogeneous periodic orbits,
arising from the occurrence of a codimension-one Hopf bifurcation.

Keywords: reaction-diffusion system; Lyapunov coeflicients; predator-prey system; spatially
homogeneous bifurcation; spatially non-homogeneous bifurcation; finite-length segment

1. Introduction

Dynamic models describing interactions between populations whether competitive, cooperative, or
predator-prey are fundamental tools in mathematical ecology. They play a crucial role in
understanding, predicting, and managing biological systems in both natural and engineered
environments. In microbiology, these models shed light on key interactions such as bacterial
competition, virus-host dynamics, and microbial predation, which are central to understanding
infection spread, community assembly, and antibiotic resistance. By analyzing how population
parameters and their variations affect species development, these models help describe, predict,
regulate, and control evolutionary dynamics.
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The origins of these models trace back to the early 20th century, notably to the independent work
of Lotka (1925) and Volterra (1926), who introduced a system of differential equations to capture
predator-prey dynamics. The Lotka-Volterra framework has since been widely adapted in microbial
systems to study phenomena such as bacteriophage predation on bacteria, competition between
antibiotic-sensitive and resistant strains, and interactions within microbial communities in biofilms or
the human gut. Over time, many extensions of the classical Lotka-Volterra model have been
developed to incorporate ecological complexities like carrying capacity, functional responses, and
time delays (see [1-3]). In particular, reaction-diffusion models have become essential for studying
how spatial heterogeneity and movement affect population dynamics. Studies [3] have shown how
spatial interactions and environmental feedbacks can generate complex behaviors such as pattern
formation, spatial chaos, and spatiotemporal oscillations. For microorganisms, reaction-diffusion
models have been used to investigate bacterial colony expansion, the effects of antibiotic gradients,
and the diffusion of quorum-sensing molecules regulating collective behaviors.

The classical Lotka-Volterra model aims to quantify intra- and interspecific interactions and their
relationship with the environment by examining the temporal evolution of populations. However, time
and space are inseparable in ecological systems. A comprehensive understanding of population
dynamics requires accounting for spatial variation in predator and prey densities. Classical models
often assume uniform population densities, a simplification rarely met in nature. In reality,
populations are spatially heterogeneous, and both predators and prey adapt their movement and
survival strategies in response to this variability. These spatial differences result in diffusion processes
that generate population movement patterns, profoundly influencing ecosystem dynamics.
Incorporating diffusion into predator-prey models is thus both more realistic and essential to capturing
the full range of population behaviors observed in nature. = Mathematically, this leads to
reaction-diffusion systems, which combine local reactions (birth, death, predation) with spatial
movement. In microbiology, diffusion is central to the transport of nutrients, signaling molecules,
antibiotics, and viruses, shaping competition, cooperation, and the emergence of resistance. Diffusion
describes the displacement of individuals across a medium, from molecules and bacteria to larger
organisms, and even collective phenomena like epidemics or rumor spread. This movement occurs
within a spatial domain €, typically an open subset of R”, with n > 1. Diffusion arises in nonliving
particles, like molecules in solution, and in living organisms, whose movements are often driven by
resource seeking or predator avoidance. The resulting spatial patterns reveal the influence of diffusive
processes, as seen in examples like insect tunnels, snail trails, fungal fairy rings, mussel bed patterns,
animal coat markings, and leaf arrangements. In microorganisms, striking patterns include bacterial
swarms, fungal colony rings, and the heterogeneity of biofilms or microbial mats.

Population growth depends not only on reproduction or predation but also on spatial movement.
Simple models without mobility assume equal interaction probability regardless of location, useful
in confined systems like small lakes or laboratory environments. However, most ecosystems involve
movement across larger, variable territories, affecting reproduction, foraging, and survival. Models
that account for spatial distribution and movement in one, two, or three dimensions are therefore more
realistic for example, fish in the ocean, animals on the savannah, or insects in vegetation. In microbial
systems, such models explain infection spread across tissues, microbial colony expansion on agar, and
the spatial organization of consortia in environments like soil, wastewater, or the human microbiome.

Because all species live in spatial environments, their movement is key to growth and distribution.
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A fundamental ecological principle is that organisms tend to move from high-density to low-density
regions, promoting expansion and reducing resource competition. Consequently, spatial models are
increasingly used to analyze predator-prey interactions. Migration and dispersal often expose
organisms to survival challenges, and predator pressure drives prey to relocate to safer areas.
Predators, in turn, adapt by tracking prey movements. Mobility thus shapes both individual survival
and long-term population dynamics. For detailed discussions on spatial effects, see [4, 5]. In
microorganisms, mobility includes bacterial chemotaxis, phage diffusion, and plasmid transfer
processes critical for survival under environmental stress, infection propagation, and horizontal
gene transfer.

In this paper, we study the effect of diffusion on predator-prey dynamics, focusing on a
codimension-one Hopf bifurcation with environmental carrying capacity as the bifurcation parameter.
Our main contribution is to derive an explicit formula for the first Lyapunov coefficient, which
determines the direction and stability of emerging periodic solutions. Biologically, this predicts
whether small oscillations near equilibrium will amplify (leading to persistent cycles) or decay
(leading to stable coexistence). This has practical importance, for example, in understanding whether
systems like lynx-hare or pest-natural enemy populations stabilize or cycle. Our analysis clarifies the
role of space and movement in generating oscillatory patterns and provides a concrete criterion for
predicting qualitative behavior near the bifurcation point.

To address the need for models incorporating both temporal and spatial variation, we begin by
outlining Hopf bifurcation methods for general reaction-diffusion systems. We apply this framework
to a predator-prey system with two predator species and one prey species, deriving the first Lyapunov
coefficient as a function of system parameters, with particular attention to carrying capacity.
Biologically, including two predator species captures interspecific competition and niche
differentiation, while the carrying capacity reflects environmental support for the prey population,
indirectly influencing predator persistence. Our results offer insights into how environmental
constraints and predator interactions shape ecosystem dynamics, with potential applications in
biodiversity conservation and pest management. This coefficient is key to identifying whether the
Hopf bifurcation is supercritical or subcritical and assessing the stability of the resulting
periodic solutions.

It is worth noting that a related analysis was conducted in [6] for n-dimensional ordinary differential
equation (ODE) systems, where expressions for the first four Lyapunov coefficients were derived.
Following this approach, we review the method proposed in [7] (see also [8, 9]) to compute the first
Lyapunov coefficient in nonlinear autonomous reaction-diffusion systems. With minor modifications,
this method can be extended to calculate higher-order Lyapunov coefficients; for details on the second
coeflicient, see [9]. Finally, similar analyses can be performed on domains Q ¢ RY (N = 1,2,3),
which is relevant for studying how dimensionality affects reaction-diffusion models. Ecologically,
extending to higher dimensions enables the modeling of realistic habitats with complex topography or
fragmented landscapes, improving our understanding of how spatial structure influences biodiversity
and population persistence. We leave this analysis for future work, as it lies beyond the scope of
this paper.

As an application of the Hopf bifurcation formula, we analyze the occurrence of aodimension-1
Hopf bifurcation in a predator-prey interaction model with diffusion, which constitutes a restricted
version of a reaction-diffusion model for competing populations, represented by the following system
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of partial differential equations (PDEs):

u,:dluxx+yu(1—%)—m1Lv—m2 Ly, xeQ, >0,

ay+u ar+u
vy :dgvxx+m1a]’fruv—/31v, xeQ, >0, (L.1)
w, = dswy, + mzaz’iuw — Bow, xeQ, t>0.

We assume that the functions u, v, and w satisfy the following Neumann boundary conditions and
initial conditions:

u, (0, =v,0,t) =w,(0,0) =0 t>0,
u, (7, 1) =v,(wl,t) =w,(wl,t) =0 t>0, (1.2)
u(x,0) =ug(x),v(x,0) =vy(x),w(x,0) = wy(x) x€Q,

where Q = (0, £rr) is an open connected bounded interval of R with € € R*; u = u(x, 1) is the population
density of the prey, and v = v(x, t), w = w(x, t) are the population densities of two predators competing
for the prey; d,,d,,d; > 0 are the diffusion rates; vy is the intrinsic rate of increase of the prey; K
represents the carrying capacity of the environment that depends on the state x, with respect to the
prey; m; > 0, B; > 0, and @; > 0 are the maximum birth rate, the death rate, and the half saturation
constant, respectively, of the ith predator (i = 1,2). We assume that the functional response funtion
fiw) = 74, fori = 1,2, and 0 < a, < ay, is Holling type II for each predator. A logistic growth of
the prey is assumed if no predator is present. We are particularly interested in studying the stability
of isolated equilibrium populations, where we assume that the prey and predators are diffusing in the
domain Q = (0, {xr), although our calculations can be carried over to higher spatial domains. To ensure
that the equilibrium of systems (1.1)—(1.2) corresponds to that of the related ODE model, we consider
Neumann boundary conditions, which preserve the spatially homogeneous steady states. Other studies
on this type of model can be found in [10-13].

It is worth noting that a detailed bifurcation analysis for the ODE version of models (1.1)—(1.2),
which describes the temporal variation of two predator species competing for a single prey, was given
in [14] (see also [15]). Subsequently, a class of models that describes this competition is proposed
and analyzed in the literature (see for example [16—18]). The ODE dynamics of systems (1.1)—(1.2)
describes the competition of an “r-strategist” and a “k-strategist” for a single regenerating prey species.
We note that an r-strategist is a species that tries to ensure its survival by having a relatively high
growth rate and a k-strategist is a species that consumes less, has a lower growth rate, and can raise
its offsprings on a scarce supply of food. In the following, we present a very brief summary of some
results obtained in [14] for the system

. A u u

u=yu (1 K) my a|+uv m2u2+uw’ >0,

V= mlalL:_uV —ﬁlv, t>0, (1.3)
W =m—=w— Low, >0,

az+u

where the parameters appearing in system (1.3) have the same meaning as those appearing in system
(1.1). The equilibria of (1.3) are

(u,v,w) =1(0,0,0), (u,v,w)=(K,0,0),
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and the points on the straight line segment

Ly = {(u,v,w)€R3: u=1, v>20,w>0 and m—= +m—= —7(1—”—,;)}, (1.4)

ap+A* am+A*
in the positive octant of the (u, v, w)-space, provided we assume that

aifi  @mp

mi —,31 n —,32'

my > By, my > B, and A" = (1.5)

It is easy to see that the eigenvalues of the Jacobian matrix at the equilibrium point (0,0, 0) are
v, =1 and —f,, which implies that the equilibrium point (0,0, 0) is unstable. On the other hand,
since 0 < A* < K and the eigenvalues of the Jacobian matrix at the equilibrium point (K, 0, 0) are
-y <0, %{ -1 >0, and Zﬁf;{ — B> > 0, it follows that the equilibrium point (X, 0, 0) is also unstable.
It is clear that all equilibria on Lg are stable for all K that satisfy the inequality 1* < K < a, +2A4". This
means that if food is scarce, both the r and k-strategists may live together in the long run in a steady
state that depends on the initial values of the species. When a, + 24" < K < a; + 24" (considering
a; > ay) the family of equilibria on the line Lx undergoes a split, and part of Lgx becomes unstable; that

is, there exists a point (1%, &(K), £&,(K)) on Lk such that the equilibria on

Ly = {(1",&1,6) € Ly : & < &u(K)},
are unstable for the flow of (1.3), and the equilibria on
Ly = {(X",&,6) € L : & > é(K)),

are stable.
The point (£1(K), &,(K)) is obtained solving the system

mié mé o y(K=A)
A* A* K ’
mlfﬁﬁ— n?zzg% _ (16)
(a1+/l*)2 (a2+/l*)2 - K-

As K takes on the value a; + 241%, the equilibrium that exists in the (u, v)-plane is stable, while all
other equilibria on Lk lose stability. When K > a; + 21*, all equilibria on Lg become unstable. Note
that as K increases from a, + 21" to a; + 24*, the point (1%, £;(K), &(K)) moves along Lg continuously
from (1%, 0, & (K)) to (1%, &,(K), 0), so that the points left behind become unstable. From the point of
view of the competition, as the quantity of available food increases, the k-strategist loses ground, and
those equilibria where the relative growth of the k-strategist is high compared to the growth of the
r-strategist are the first to be destabilized. When K reaches the value a; + 21*, all interior equilibria
become destabilized, and the only stable equilibrium remaining is the endpoint of L in the (i, v)-plane.
This means that, at this value of the carrying capacity, the k-strategist dies out. One may prove that if
K is increased further, then even the equilibrium in the (u, v)-plane gets destabilized, but the prey and
the r-strategist continue to coexist in a periodic manner due to the occurrence of an Andronov-Hopf
bifurcation (see [14], Theorem 3.3, pp. 1304).

The main purpose of this exposition is to extend the result stated in Theorem 3.3 of [14] for the
reaction-diffusion systems (1.1)—(1.2), considering its restriction to the u,v or u,w planes. In other
words, we demonstrate that the prey and one of the predators (either the r-strategist or k-strategist) can
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continue to coexist periodically due to the occurrence of an Andronov-Hopf bifurcation, even when
diffusion is included in system (1.3). Although several researchers have addressed the spatial version
of systems (1.3) [16,17,19], to the best of our knowledge, no results have been reported in the literature
that examine the direction of the Hopf bifurcation and the stability of the emerging periodic solutions
for the restriction of system (1.1)—(1.2).

Following the bifurcation analysis carried out in Theorem 3.3 of [14] for the restriction of the
system (1.3), we conduct a detailed bifurcation study of the constant coexistence equilibrium solution
of systems (1.1)-(1.2), when restricted to the invariant planes u,v or u,w of R3, within the spatial
domain Q = (0, ¢xr), with £ € R*. We show that, under certain parameter conditions, the restriction of
systems (1.1)—(1.2) to these invariant planes undergoes a codimension-1 Hopf bifurcation.
Additionally, the resulting periodic orbits can be either spatially homogeneous, coinciding with the
periodic solution of the corresponding system of ordinary differential equations, or spatially
non-homogeneous, leading to temporal oscillations or non-constant stationary patterns. Furthermore,
we demonstrate that there exist exactly n Hopf bifurcation points where spatially non-homogeneous
periodic orbits emerge. These periodic orbits correspond to the spatial eigenmodes &E,”) (1<j<n),
where {r represents the length of the spatial domain. The integer n depends on ¢ and increases as
€ grows.

Although the analysis for the restriction of systems (1.1)—(1.2) to the invariant planes u, v or u, w of
R? resembles that in the literature [8], we highlight that, in this paper, we consider the restriction of a
deterministic competition model among two populations of microorganisms (the predators
populations) for a single nutrient (the prey population), in a chemostat with constant input rate. The
chemostat is a laboratory apparatus used for the continuous culture of microorganisms. It is
interesting to note that competition in predator-prey models differs from that of competition in
microbial populations, more popularly known as chemostat models. These models can be used to
study the competition between populations of microorganisms for a growth-limiting substract, and
have the advantage that certain biological parameters presumed to influence competitive outcome can
be controlled by the experiment. Evidently, in the case of predator-prey models, the predators have to
put effort in securing prey, while in microbes the predator is not required to put in effort as they grow
in cultured medium, and the nutrients reach the microbes. For this reason, though competition occurs
in microbes, the study yields different dynamics. The ecological environment created by a chemostat
is one of the few controlled experimental systems for testing microbial growth and competition. As a
tool in biotechnology, the chemostat plays an important role in bioprocessing. The basic phenomenon
is modeled and analyzed using the dynamical systems approach. Accordingly, our purpose of this
work is to demonstrate that the prey (considered the nutrient) and one of the predators (considered the
microorganisms: Either the r-strategist or k-strategist) may coexist periodically due to the occurrence
of an Andronov-Hopf bifurcation, even when diffusion is included in system (1.3).

Finally, it is worth observing that predator-prey models presenting Hopf bifurcation and
considering diffusion, as the model analyzed in this article, are a powerful tool to study complex
biological dynamics, such as those observed in pathology, immunology, and antimicrobial resistance.
Our model can be adapted to problems of tumor pathology, immunology, infections, and
antimicrobial resistance, where the prey can be considered tumor cells, pathogenic bacteria, and
sensitive and resistant bacterial populations, and predators as immune cells (T or NK lymphocytes),
macrophages or antibiotics and antimicrobials or phagocytes, respectively. In these cases, Hopf
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oscillations reflect the alternation between tumor growth and immune response, representing changes
in bacterial load and immune activation (as in recurrent sepsis) and dynamics of resistance emergence
and collapse of the sensitive population. On the other hand, the diffusion in each case simulates tumor
invasion into surrounding tissue and models the spread of infection through tissues or the flow of
immune cells and the movement of resistant bacteria in heterogeneous environments. Accordingly, a
predator-prey model that integrates Hopf bifurcation and diffusion can provide a solid basis for
understanding the complex dynamics of diseases and the interaction between pathogens and defense
systems, opening doors for more effective and personalized treatments.

This paper is organized as follows. In Section 2, we present a review of the method found in [7]
(see also [8]) for the calculation of the first Lyapunov coefficient for a general reaction-diffusion
system. In Section 3, we investigate the invariant regions for systems (1.1)—(1.2). Furthermore,
considering the restriction of systems (1.1)—(1.2) either to the u, v or u, w invariant planes of R?, we
defer a study of its homogeneous equilibrium points (or homogeneous solutions) and investigate their
asymptotic behavior. Finally, as an application of the Hopf bifurcation formula, we consider the
related codimension 1 Hopf bifurcation for the restricted system with the spatial domain Q = (0, {r),
¢ € R*. Specifically, we show the occurrence of spatially homogeneous and non-homogeneous
codimension 1 Hopf bifurcation for the restriction of systems (1.1)—(1.2) either to the u, v or u, w
planes of R3. A discussion follows in the final section.

2. Outline of the Hopf bifurcation method for a class of reaction diffusion systems

In this section, we provide an overview of the method outlined in [7] (see also [8, 9]) for
computing the first Lyapunov coefficient in a general reaction-diffusion system with Neumann
boundary conditions. Notably, the expression for the first Lyapunov coeflicient, denoted as [/, plays a
crucial role in analyzing the codimension-1 Hopf bifurcation in a class of reaction-diffusion systems
subject to Neumann boundary conditions.

Accordingly, we consider the reaction diffusion model represented by the following PDE system

u, = diAu+ f(u,v, K), xeQ, >0,

v, = drAv + g(u, v, K), xeQ, t>0, @D
subject to Neumann boundary conditions
L(x,)=2(x=0 on 0Qx(0,c), (2.2)
and initial conditions
u(x,0)=uy(x), v(x,0) =vg(x) on Q. (2.3)

Here, Q ¢ RY (N > 1), v = ¥(x) denotes the outer unit normal to dQ, A = 2?1:1 9?/0x;* is the
Laplacian operator, d; > 0, i = 1,2 are the diffusion rates, and K € R" is a parameter. As a starting
point in this exposition, we consider a one dimensional domain Q = (0, £{z) with £ € R*; the functions
f,g : RxR? — Rare C* (k > 5) with £(0,0,K) = g(0,0, K) = 0. We define the real-valued Sobolev
space

x = () € HX0.70) X H0.70) : (o v)lim0me = 0}
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and its complexification

xc i =x @iy ={x +ixy: x;,x € x}.

If we consider the Taylor expansion of the functions f and g at (0, 0, K), where K is the bifurcation
parameter, the linearized system associated with (2.1)—(2.3) at (0, 0, K) is given by

62
( “ ):L(K)( “ ) where L (K) :( hige +AK) - BK) )
Vi 1% C(K) dzm + D(K)

is the linearized operator with domain Dy k) = x¢ and
A(K) = £,(0,0,K); B(K) = 1,(0,0,K); C(K) = g,(0,0,K); D(K) = g,(0,0,K).

Thus, to study the occurrence of Hopf bifurcation, systems (2.1)—(2.3) must satisfy the following
hypothesis:

Hopf hypothesis: There exists a neighborhood B(Kj, d) of K, such that for K € B(K), 6), L(K) has a
pair of complex, simple, conjugate eigenvalues S(K) = a(K) + iw(K), continuously differentiable in K,
such that a(Ky) = 0, w(Kp) = wy > 0, and @’ (Kj) # 0. Furthermore, all other eigenvalues of L(K) have
no null real parts for K € B(Ky, ) — {Ko}.

Hence, to perform the Hopf bifurcation analysis of systems (2.1)—(2.3), we analyze the eigenvalues
of the differential operator L(K). This analysis starts by considering the Sturm-Liouville problem in
its basic form, which serves as a fundamental tool for reducing the dimensionality of the system and
enables efficient theoretical and numerical investigation.

" =pp, x€(0,lm),
¢'(0) = ¢'(tm) = 0.

has eigenvalues y,, = Z—j, n=0,1,2,3,..., with corresponding eigenfunctions ¢,(x) = cos (%) Let
v\ = nx{( a,
(¢)_;cos7(bn), (2.4)

be an eigenfunction of L(K) with eigenvalue B(K), that is L(K)(¢r, )" = B(K)(, )’ . The following
proposition follows immediately by taking into account (2.4) and, therefore, the proof is omitted.

Proposition 1. For eachn = 0,1,2,3,... we have that (
defined by

Z" ) is an eigenvector of the operator L,(K)

AK) -4 B(K) )

MD{ C(K)  D(K)-%2

with eigenvalue B(K), that is

n

a, \ _ a B
Ln(K)(bn)_ﬁ(K)(b )7 n_0,1’2739'--’
where a, and b, are the Fourier coefficients of ¥ and ¢, respectively.
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Proposition 1 states that the eigenvalues of L(K) are given by the eigenvalues of L,(K) for n =
0,1,2,.... Therefore, we consider the characteristic equation of L,(K), which is given by

BT (K)B+D,K)=0, n=0,1,2, ...,

where

T,K)= [(A(K) - a%ll) + (D(K) - d%z)] and D,(K) = (A(K) - %)(D(K) - d%f) - B(K) C(K),

and the eigenvalues S(K) are given by

T.(K) = \JTX(K) — 4D,(K)
5 ,

B(K) = n=0,1,2,.... (2.5)

Following the framework of [7] (see also [8]), we can write system (2.1) in the abstract form

LZ—IZ:L(K)U+F(K,U), (2.6)

where

f(u,v,K) — A(K)u — B(K)v

FEU =1 v, k) - K- DK |’

with U = (u,v)" € y. In particular, at K = K,, system (2.6) takes the form

dUu
E = L(K())U‘I‘F()(U) where F()(U) = F(K(), U)

We introduce on ¢ the complex-valued L*(0, £x) inner product defined by
tn
(Uy,Up) = f(b_lluz +V1vp) dx,
0

with U; = (u;, v;)" € yc (i = 1,2), where (AU, U,) = AU, U,y . We denote by L* (K;) to the adjoint
operator L (Kj), which satisfies (U, L(K,)V) = (L*(Ko)U, V) for all U,V € yc with Dy-x,) = xc.
Consequently, the adjoint operator of L (Kj) is given by

digz +AK)  C(Ky) )

B(K))  dys + D(Ko)

L* (Ky) = (

As in Proposition 1, it can be proved that (a;, b;)T is an eigenvector of L; (Ky), n = 1,2,3,..., with
eigenvalue 5(Kj), where

2

n2
B(K,)  D(Ko) -4

(/iln2
L (Ko) ::(A(Kw—— C(Ko) )
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If the Hopf hypothesis holds at K = K, then L(Kj) has a pair of simple purely imaginary
eigenvalues +iw, if and only if there exists a unique n € N such that +iw, are purely imaginary
eigenvalues of L,(Kp). We denote the associated eigenvector by g = cos “*(a,, b,)", with a,, b, € C,
such that L(Ko)q = iwoq. Furthermore, we can choose ¢* = cos *%(a,, b)T € xc as an eigenfunction
of L*(Kj), such that

L (Ko)q" = —iwoq”, (q",q) =0 and (¢",q) = 1.
We introduce the spaces
X i ={zq+7q:z€C} and xy™ :={uecy:{(q", uy=0}.

Proposition 2. Let xy be the generalized eigenspace of L(Ky) corresponding to the eigenvalues with
null real parts and x** the space of functions u € y such that < q*,u >= 0. The space x can be
decomposed as y = x° ® x*™.

Proof. The proof of this proposition is found in [9]. O

From proposition 2, if U = (u, e X, there exists r = (ry, )l e x* and z € C such that

u __ r u = za, cos & + za, cos & + ry,
=zg+7g+| ' | or nEm e e e (2.7)
y r v = zb, cos 7 + Zb, cos TF + 1y.

Proposition 3. In coordinate (2.7), the variables z and r can be expressed as

= (g, U),

= U—(q. U~ @ Va2 29
Furthermore, in coordinate (2.8), system (2.6) assumes the form
L = iwoz +{q", Fo (U)),
& = L(Ko)r+H(zZ,71), 2.9)
where
H(z,z,r) = Fo(U) ={q", Fo (U))q —(q", Fo(U))q and Fo = Fo(zq +7q +1). (2.10)
Proof. The proof of this proposition is found in [9]. O
Following [7], Fo(U) = F(Ky, U) can be written as
Fo(U) = iBUU)+ :CW.UU) +o(IUII"). (2.11)

where Bxy = B(X, Y), Cxyz = C(X, Y, Z), are symmetric multilinear functions with X = (x, ) Y =

O'1s )’2)T .
In coordinates, we have

3 3
O*F; (K, O*F; (K,
By =S | LK) and G XY 2) = TEEom) |
on:o J on:o J
j,k:1 )7] 77k ;7:0 j,k,lzl )7] 77k771 ;7:()
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to then calculate, for later uses,

Cy _ nx e, _ nx .
B(q.9) = By = 0052%( d, ); B(q.q9) =B, = 00527( I ); C(q.4,3) = C,y3 = cos’ 7( in )

where

Chn = fuuai + 2fuvanbn + ﬁ/vb%’
dn = guuaﬁ + 2guvanbn + gvvbi,

en = fultnl + fur (b +@by) + fo Il

o = gulanl + g (@b, +aub) + g Ibl (-12)
g = fuulanl @n+ fuuw (2100 by + @25) + fus (2154 @y + B284) + fovs 1Bl b,
he = Quulanl® @ + Guw (21anl® by + @2By) + guvn (21bal” @y + b2an) + Guvw 1bal” by
with all the partial derivatives evaluated in (0, 0, Kj). From (2.10), (2.11) and given that
H H
H(z,Z,r) = %zz + Hyzz + %zz + o(lz] |7, (2.13)

we have

Hy =By, — <q*anq>q - <51*’qu> g, Hi =By - <q*’Bqé>q - <é*,qu> q
Ho> = Bgz = (4" Bag) ¢ — (7", B7) 4.

From Appendix A of [7], system (2.9) has a center manifold that can be represented locally as the
graphic of a smooth function

W) = {(z,z,r) : r = V(z,2)},

with V: C?2 — X**. Thus, we can write r in the form

r = V(z,2)
1 =k 3
- ! gk
= 2 gprkdZ +o(|)
Jk=2
— 0,2 ro2 52

S +mzz+ 5T+ 0(|Z|3)’

with (g, ;) = 0and rj = 7y € C2, j+k = 2.
Proposition 4. From (2.10), (2.11), and (2.13), and observing that

dr Ordz Ordz
=X T o (Ko + H(z,
dr ~ ozdr oz dr (Ko)r + H(z,2,r),

we obtain
—[L(Ko) = 2iwollro = Byy—(q".Byy)q—(q".By) g

—L (Ko) riy = qu— q*anq /e q*’qu] g,
—[L(Ko) + 2iwol1rea = Bgg —(q",Bsz) 4 —(q",Bsz) G
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Proof. The proof of this proposition is found in [9]. O

{n
It can be verified that f cos’ "—[xdx = ( for all » € N and, therefore
0

(4:Byg) = (a"Baz) = (4. Bz) = (7" Byg) = (7. Byg) = (7", Bs) = 0.
Consequently,

— [L(Ky) - 2iwpl]™"' B, if neN,
r20 = _[L(K _2 -1 _ * _(A* = ‘f —
0) = 2iwol1™ (Byy — (" Byg) g — (7. Byy) @) if n =0,

—[L(Kp) = 2iwoI]™ [(% cos (2%") + %) Cn )] ’ if neN, (2.14)

— [L(Ko) — 2iwol]™ [( Z’Z ) _ <q*,qu>( ZZ ) _ <é*,qu>( ZS )] , if n=0.

Likewise

ko] (Seos () + %)( “ )] it nen,

_[L(Ko)]_l[( jﬁ; )— <q*,BqC_I>( ZE )_@*,qu)( Zz )] if n=0.

It is worth observing that the calculation of [2iwyl — L(KO)]_1 and [L(KO)]_l in (2.14) and (2.15) are
restricted to the subspaces spanned by the eigen-modes 1 and cos(z%‘).
Consequently, the reaction—diffusion system (2.9) restricted to the center manifold is given by

rn =

(2.15)

dz . . — 8ij i—j 4
i iwoz +4{q", Fo(V(z,2)) = iwgz + Z i‘_"ZZ + O(|z]"),

2<i+j<3 YT

where

820 = <q*’qu> 5811 = <61*,qu> 802 = <C[*,qu> and 821 = 2<q*’ Br11q> + <CI*’Br20q> + <q*, qui]kzl6)

Therefore, the Poincare normal form of (2.6) for K in a neighborhood of K, can be written in the form

dz . % i
- = (@+iog+ z; ci(K) (22,

where a + iw = a(K) + iw(K), z is a complex variable, M > 1 and c;(K) are complex-valued
coeflicients (see [7,9]). The value c;(K)) is given by

¢ (Ko) = ﬁ(gzogn —2|811|2—%|802|2)+ g (2.17)

Mathematical Biosciences and Engineering Volume 22, Issue 10, 2559-2594.



2571

Definition 1. The first Lyaponov coefficient is defined by

L(Ko) = Rle®o) = lRe(ﬁ (820811 - 2|811|2 - % |802|2) + %gzl), (2.18)

wo wo
with g0, &11, o2, and g»y given by (2.16).

Taking into account the Hopf hypothesis, from Theorem II and Remark 3 in chapter 1 of [7],
system (2.6) exhibits Hopf bifurcation in K = Kj. Furthermore, for K = K(s) with s sufficiently
small, there exists a family of T(s)-periodic continuously differentiable solutions
(u(s)(x, 1), v(s)(x, 1), K(s)), such that u(0) = v(0) = 0, where

27t —2mit
u(s)(x,t) = s (a,,eW + anem) cos7x+o (sz) ,
omit - i (2.19)
v(s)(x,t) = s (bne”s) + b,eTo )cos “x+o0 (sz) ,
with
o o
T(s)==— > w05 +o(s""); 7O =1; 7(0)=0;
wo 5
" -1 Re (¢ (K,
7(0)= — [lm (e (Kpy) - Rl D) (Ko)] :
wo a’ (Ko)

77(0) = 0, and &’ (K;) # 0 is the transversality condition.
We have the following theorem.

Theorem 1. Assume that Hopf Hypothesis is satisfied. Then, system (2.6) undergoes a Hopf
bifurcation, that is, it has a family of real-valued T(s)-periodic solutions (u(s)(x, t), v(s)(x, 1), K(s)) for
s sufficiently small bifurcating from (0,0, Ky) € x X R, and there exists a unique n € Ny such that
(u(s)(x, 1), v(s)(x, 1)) can be parameterized in the form of (2.19). Furthermore:

1) The Hopf bifurcation is supercritical if

1
mRe (c1 (Kp)) <0

2) The Hopf bifurcation is subcritical if

Y (KO)Re (c1 (Ko)) > 0,

where o (Ky) is the derivative of the real part of the eigenvalue of L(K) at K = K.

3) If the other eigenvalues of L(Ky) have real part negative, then the bifurcation of the periodic
solutions is stable if Re (c| (Ky)) < 0 and unstable if Re (¢, (Ky)) > 0.

3. Stability and bifurcation analysis for the restriction of systems (1.1)—(1.2)

As a start point of this section, we observe that the first quadrant is an invariant region for the
restriction of systems (1.1)—(1.2) to the u, v plane. Next, we discuss the homogeneous solutions and
investigate their asymptotic behavior. For sake of completeness, we study the persistence and
permanence properties, and the global attractor for the solutions of the restricted system. Finally, we
consider the related codimension 1 Hopf bifurcation with the spatial domain Q = (0, {r), £ € R*. We
point out that all the analysis carried out in this section is analogous for the restriction of
systems (1.1)—(1.2) to the u, w plane and is omitted.
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3.1. Equilibria and stability analysis

We now consider the restriction of the systems (1.1)—(1.2) to the plane u, v. For sake of simplicity,
from now on, we drop the index of the variables and parameters composing systems (1.1)—(1.2), despite
the diffusion rates; we also rename S, mi, a; as d, m, a, respectively. Accordingly, the restricted
system to be studied is represented by the following PDE model

U, :dluxx+yu(1 —%)—mﬁv, xeQ, >0, 3.0
Vi = davy + m==v —dv, xeQ, >0,

atu

with Neumann boundary conditions and initial conditions

u (0,0 =v,(0,0 =0, u,(nl,1) =v,(nl,1) =0, t>0,

u(x,0)=ug(x), v(x,0)=vy(x), x € Q. (3.2)
Here, Q = (0, ¢r) is an open connected bounded interval of R with £ € R™.
Proposition 5. The region ¥ = {(u,v) : u >0, v > 0} is invariant for systems (3.1)—(3.2)
Proof. This is immediate from [20], Theorem 14.11 pp. 203. m|

In the following, we discuss the homogeneous solutions of systems (3.1)—(3.2), that is, the solutions
of the system

Yy —2u—-m=—v =0, t>0,

at+u

m-2v—-dv =0, t>0.

atu

(3.3)

Let A = m“—il be the prey quantity threshold for the predator species. Then, aside from the solutions
(ug, vo) = (0,0) and (uy,v;) = (K, 0), system (3.3) has biologically interesting solutions only if m > d
and K > A. We observe that the predator species may survive only if 0 < 4 < K, the latter condition
implying m > d too. Throughout this paper, we assume that the inequality 0 < A < K holds. Thus, the
homogeneous solutions of systems (3.1)—(3.2) are the origin (ug, vo) = (0, 0), the point (¢, vy) = (K, 0),
and the point (u,, v,) = (/1, W)

To study the qualitative behavior of these homogeneous solutions, observe that the linearization of

system (3.1) at a critical point (u*, v*) is given by

u
=d|Au+ 1-— — , e, t>0,
=@t (7( K K (a+u)? Carw” 7 (3.4)
mav +( e —d)v, xeQ, t>0,

v, = drAv + u
! (a + u)? a+u*

with boundary and initial conditions given by (3.2).
Let O =g <uy <pp <..— ooand{y,} " be the eigenvalues and eigenfunctions of the Laplacian
operator in  with Neumann boundary on 9€Q:

Ay, =, in Q,

%:O on 0Q.

(3.5)
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(o)

- o 18 an orthonormal basis of L*(Q).

We can assume that {i,,}

Let ¢ = (u,v), D = diag(d,, d,), and J be the matrix

v(-%)-F -y -
JWw v =
(ﬁf;*)z ;j:; —d
Then, (3.4) can be written as
d¢
— = DA¢ + J .
o ¢+ Jo

Thus, the solution of (3.4), (3.2) with initial condition ¢(-, 0) = ¢y, is given by
B(x,0) = > eI g0,y (), (3.6)
n=0

where (¢o, ) = [, Bo()a(x) dx.

It follows from the linearization principle that a homogeneous solution of (3.1)—(3.2) is locally
asymptotically stable if the eigenvalues of all matrices J — u, D have negative real parts. If there exists
an n such that J — p,D has an eigenvalue with positive real part, then the solution is unstable.

Remark 1. Note that if (u*,v*) is an unstable equilibrium for the flow of the corresponding ODE
system of system (3.1)—(3.2) then (u*,v") is also an unstable homogeneous equilibrium for the flow of
(3.1)—(3.2), since the subspace of the function independent of x is invariant for the flow of (3.1)—(3.2).

Proposition 6. The homogeneous equilibrium (ug, vo) = (0,0) of systems (3.1)—(3.2) is unstable. On
the other hand, the homogeneous equilibrium (u;,v,) = (K,0) of systems (3.1)—(3.2) is unstable if
0 < A < K; itis locally asymptotically stable if 0 < K < A.

Proof. The instability of the equilibrium (ug, vy) = (0,0) at uy = 0 follows from the fact that matrix
J(0,0) has two eingvalues: One y > 0 and other —d < 0. On the other hand, for yy = 0, (1, v;) = (K, 0)
and 0 < A < K, J(K, 0) has a positive eigenvalue, which implies the instability of (K,0); if0 < K < da
straightforward calculation shows that the equilibrium (X, 0) is stable according to Theorem 1.7 given
in [21], since the eigenvalues of all matrix J — u,D, n = 0, 1, 2, ..., have negative real parts. O

1 y(K-A)(a+A)

In the following, we study the local stability of E = (u,, v,) = ( o

interest if

), which is of biological

0<A<K. (3.7)

To study the local stability of equilibrium E, we assume condition (3.7) from now on. The Jacobian
matrix J evaluated at E is given by

_Ay_ryd _ya®-H  _ md
vy -9 —-% K@) at
J(E) =
ya(K-2) mi _ g
K@) at
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Observing that 24 — d = 0, we obtain
a+Aa

YA VKD
K K(a+2) a+A
J(E) =
ya(K-2) 0
K(a+2)

Proposition 7. If 1 < K < a + 24, the homogeneous equilibrium E = (/1, ﬂ%ﬁ“”)) of systems (3.1)—
(3.2) is locally asymptotically stable. If K > a + 24, then E is unstable.

Proof. The characteristic polynomial associated with
L 7 Sl R | —md
K T Kaw 1Mn a1
J(E) = p,D =
a(K-2)
K —dapt
is given by
) yd  yAK - /l)] ( yd  yAK - /l)) mAya(K — 1)
=&+ |d +do)y + — - ———— €+ udo|pndy + — - +
p&) =& +|(di +dou K T K@+ & + pndo| Hnd, K~ Ka+d K@+ 17
YAKK-2)

Since by hypothesis K < a + 24, then (d; + do)u, + V—I? — XKarp > Oforalln > 0. Hence, from
Theorem 1.7 given in [21], the homogeneous solution E of (3.1)—(3.2) is locally asymptotically stable.
On the other hand, if K > a+ 24, a straightforward calculation shows that for n = 0, J(E) has a positive
eigenvalue and, therefore, E is unstable. m]

In theoretical ecology, positivity and boundedness of the system establishes the biological well
behaved nature of the system. On the other hand, persistence and permanence are important in the
sense that they describe long term behavior of the system. Due to many reasons, such as pollution,
over predation, over exploitation, mismanagement of natural resources, several species become extinct,
and many others are at the point of extinction. Accordingly, the concept of persistence, meaning the
survival of species for a longer time, has drawn lot of attention (see [22-25]). Analytically, a system
is said to be persistent if it persists for each population, that is, if tlirg inf x(#) > O (stronger case)
or zllglo sup x (t) > 0 (weaker case) for each population x(¢) of the system. Geometrically, persistence

means that trajectories that initiate in a positive cone are eventually bounded away from coordinate
planes. Later, one assures the survival of species in a biological sense.
For sake of completeness, we study the global attractor and persistence property for the solutions

of systems (3.1)—(3.2). We show that that the region R = [0, K] X [0, (g + 1)K|Q[], where |Q| = fdx,
Q

is a global attractor that attracts all time-dependent solutions of the systems (3.1)—(3.2), regardless of
initial functions. Finally, we note that the positive constant solution E of systems (3.1)—(3.2) is globally
asymptotically stable under certain hypotheses. The next two propositions can be proved by the slight
modifications of Theorems 2.1 and 2.2 given in [19] and the proof is omitted.

Proposition 8. The non-negative solution (u,v) of the systems (3.1)—(3.2) satisfies lim sup u(t,x) < K
—00

and lim sup v(z, x) < (g + DKIQ| on Q.
t—o00
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Proposition 9. The positive solution (u,v) of systems (3.1)—(3.2) satisﬁes lim inf wu(t,x) > 6 and
t—00

liminf v(z, x) > 6 on Q, for some sufficiently small 5§ > 0, provzded <=

t—0o0 +K

Remark 2. In view of Proposition 8, we conclude the boundedness of the solutions of systems (3.1)—
(3.2) and consequently, the system under consideration is dissipative. Therefore, any solution is defined
fort > 0 and eventually enter the attracting compact set R = [0, K] X [0, ([Zl + 1)K|Q|], which implies
that R is positive invariant. Hence, the system is dissipative, and its global attractor is contained in R.

In theoretical ecology, positivity and boundedness of the system establishes the biological well behaved
nature of the system On the other hand, Proposition 9 ensures that systems (3.1)—(3.2) is persistent,

provided that £ < 2= Persistence is important in the sense that it describes a long term behavior of
the system. Accordmgly, the concept of persistence means the survival of species for longer.

Proposition 10. If 0 < 1 < K < a + A, then the positive constant solution E of systems (3.1)—(3.2) is
globally asymptotically stable.

Proof. The result can be obtained by the slight modification of Theorem 2.5 given in [19]. For a
positive solution (u(t, x), v(t, x)), we define the functional

N

W) = fV(M,V) dx where V(u,v) = Mds+f 7V o
Q ;

*
u a+s

Thus, we have

W' () = fg(T e d Au + =5 —d,A\v) dx + fQ [Vu(y(1 = $)u — Zv) + V(2= — d)v] dx
adu* u v? mu 1 u
- ad+lu* fg Ivuzl dx - d v j;! lezl dx + fQ [(m T atut )(Y( ’""K) - V) + (V -V ) a+u d)] dx.
(3.8)
Since 0 =y(1 — )u Syt = 2 —d, we have
* u V2
W@ = —‘;‘%fg 'Vuz' dx — dyv* fg%dx
Y= y(1-"u
+ Jo G - (= - )l dx (3.9)
ul? a vP? ma —a=A-u)(u=2)*
= —d 2L [ B gy - g, e [FIOE gy g e [ B 00D gy <00 V> 0
where, u* = A and v* = = Y&ty O

Km

In the following, we concentrate on the investigation of codimension 1 Hopf bifurcation for
systems (3.1)—(3.2).

3.2. Spatially homogeneous and non-homogeneous Hopf bifurcation for the constant coexistence
steady state E

In this subsection, we focus on analyzing the codimension-1 Hopf bifurcation in the
system (3.1)—(3.2), considering both spatially homogeneous and non-homogeneous cases.
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Additionally, we determine the direction of the Hopf bifurcation and the stability of the emerging
periodic solutions. It is worth noting that in [19], the authors examined the Hopf bifurcation in a class
of reaction-diffusion predator-prey models, where the systems (3.1)—(3.2) was treated as a particular
case. However, to the best of our knowledge, neither the direction of the Hopf bifurcation nor the
stability of the bifurcating periodic solutions was studied. Therefore, our main goal in this subsection
is to establish, through Hopf bifurcation, the emergence of periodic orbits in the restriction of
systems (1.1)—(1.2) to the invariant u, v plane, as well as to determine the direction of the Hopf
bifurcation and the stability of the resulting periodic solutions, following the analysis carried out in
the ODE version of systems (1.1)—(1.2) (see [14] and other works such as [18,26,27]).

For the study of Hopf bifurcation, we take K as the bifurcation parameter and demonstrate that at
K = a + 24, systems (3.1)—(3.2) undergoes a codimension-1 Hopf bifurcation. The resulting periodic
orbits can be either spatially homogeneous, coinciding with the periodic solution of the associated
ODE system, or spatially non-homogeneous. Furthermore, we establish that there exist exactly n Hopf
bifurcation points where spatially non-homogeneous periodic orbits emerge. To structure our analysis
according to the framework presented in Section 2, we shift the critical point E = (4, W) of the
systems (3.1)—(3.2) to the origin through a coordinate transformation

= u-A4a,
_ Y(K-D(a+d) (3.10)
Km ’

= D>

1%

and let u and v denote & and ¥, respectively. For the sake of simplicity, we denote E = (4, &), with

& = W so that systems (3.1)—(3.2) takes the form

= dyttg, =y (u+ ) (1= 40) - @08 e (0, £m), 1> 0,

WDE) g aried (3.11)
v,—dzvxx:m%—d(v+§1), x € (0,¢n), t>0,
satisfying the conditions
u, (0,1) = v, (0,0 =0, t>0,
u,(nl,t) =v,(xl,t) =0, t>0, (3.12)
M(X,O):MO(X)—/LV(X,O):V()(X)_é‘:l, XG(O’fﬂ)'
Setting
u+Ady mu+)+&) mu+ ) (v+&)
v, K) = H(1- )— d g(u,v,K) = —d ,
flu v, K) =y G+ (1= ey and g, K) = T E S —d (v )

as in Section 2, we consider the linearization of systems (3.11)—(3.12) around the origin E, = (0, 0)

AK) -4 B(K)

2

C(K)  D(K)- %=

di 2 + AK) B(K)

um:( CK) L+ DK)

) and L, (K) = ( ) (3.13)

where

A(K) = £,(0,0,K) = &2 gy = £,(0,0,K) = —d,

K(a+A)

— _ Y(K=Ma _ —
C(K) - gu (09 Oa K) - yK(a+/1) B D(K) - gv (09 09 K) - 0
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The characteristic equation of L,(K) is given by
-T.K)S +D,(K)=0nr=0,1,2,3,..., (3.14)

where

n —a— n2 a n n a
T.(K) = A(K) - (dl+d2) — )I/l(KK(aq.,l)M) _ (d1+;§2) and D,(K) = _,y/l(li((mj;l) diﬂ + dldz d/ll(([(izil)) ,
(3.15)
and «,(K) + iw,(K) are eigenvalues of L, with «,(K) = @ and w,(K) = % \/D,,(K) - a%(K).
We identify the Hopf bifurcation value K that satisfies the Hopf hypothesis that is, for which there

exist an € N U {0}, such that

T,.(Kyp) =0, D,(Ky) >0, and T;j(Ky) # 0, D;(Kop) # Ofor j#n; (3.16)

and for the unique pair of complex eigenvalues near the imaginary axis I'(K) = a(K) + iw(K), we
shall verify that ’(Kj) # 0. Note that if 1 < K < a + 24, we conclude from (3.15) that E is locally
asymptotically stable for systems (3.11)—(3.12). This local stability has already been established in
Proposition 7 of Subsection 3.1. This suggests that any potential bifurcation point K, must be on the
interval [a + 24, o).

The next proposition shows that K = Ky, = a + 21 is the smallest bifurcation value at which E (E)
is a spatially homogeneous transversal Hopf point for systems (3.11)—(3.12) (for systems (3.1)—(3.2)),
respectively.

Proposition 11. At Ky = a + 24 systems (3.11)—(3.12) satisfies the Hopf hypothesis. Consequently, E
is a transversal Hopf point for systems (3.11)—(3.12), which undergoes a Hopf bifurcation at K.

Proof. From (3.15), we obtain a(Kj) = 0 and wy(Ky) = VDy(Ko) > 0. Therefore, Ly(ky) has a pair
of pure imaginary eigenvalues. Furthermore, we conclude that @, (Ky) < O for all » > 0. Hence,
all eigenvalues of L,(Ky), n > 0 has negative real part. Finally, a strightforward calculation gives
ﬁan(l() >(0foralln=0,1,2,3... and K € [K)), 00), in particular for K = K. O

Remark 3. The result in Proposition 11 for n = 0 corresponds to the Hopf bifurcation of a spatially
homogeneous periodic solution that is known from previous studies [14,26]. Apparently, Ky = a + 21
is also the unique value of K for the Hopf bifurcation of spatially homogeneous periodic solution for
any [ > 0.

In the following, we concentrate on the study of the spatially non-homogeneous codimension 1
Hopf bifurcation for systems (3.11)—(3.12) for n > 1 that is, we identify the values of the bifurcation
parameter K which satisfies the Hopf hypothesis. Thus we observe that the linearized operator of
systems (3.11)—(3.12) evaluated at £, = (0,0) is given by (3.13), and the trace 7,(K) and the
determinant D,(K) are given in (3.15). As observed previously, any potential bifurcation point K must
be on the interval [a + 24, 00).

For d,,d,, d, and A fixed, we choose ¢ appropriately. Define

d, +d. A
L 2, n € N where M, = 14
M., a+ A

t,=n > 0. (3.17)
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Then, for £, < £ < {,,; and 1 < j < n, we define K; as the roots of the equation

(d +dy) j2
£2

YAK —a-22) (d+dy)j

AK) - K@@+l 2

=0 or equivalently =0. (3.18)

These roots satisfy Ky < K} < K; < --- < K,,.

Remark 4. We observe that the roots K;, j = 1,2, ...,n, indeed exist for {,, < € < {,,, and satisfies
Ky<K <Ky,<---<K,.

e Note that if n = 1 and {;, < { < {,, we have a unique bifurcation points K,, which is root

yA(K—a—22) di+dy _ . _ yal?
KarD) — &~ 0 and given by K, = m(a + 21). Note that

YA? — (d, + d»)(a + A) > 0 since €, = /d1+dz < . Hence, K, < K.
e On the other hand, ifn = 2 and €, < € < 53, we have two bifurcation points, namely K, which

of the equation

. . yAK-a=24)  (di+dy) _ . _ yAR(a+21) . .
is root of the equation KGtD 7 —2 0 and given by K, = AP r @D ATy and K, which
. . yAK-a=2d)  (dy+d)2? . _ YA (a+2.)

is root of the equation K@D —— = 0and given by K, = T T Note that

Ao
a+d a+/l

YA = (dy + dy)(a + ) > 0 and yAL* — 4(d, + dy)(a + A) > O since &, = [LL ¢, =2 [4td
and €, <, < €. Furthermore, Ky < K; < K.
Following the previous argument, for €, < £ < €., we have exactly n+ 1 possible Hopf bifurcation

. . YA (a + 22)

tsK=K; j=1,2,....,n d dby K; = - ,
potnis id n defined by K, = @+ )
Ky<K <K),<---<K,.

and these points satisfy that

2
The next proposition shows that D,(K;) > 0 for all n € NU {0}, provided % (M) <4

a

2
Proposition 12. If 1= (<2)" < & then D,(K,) > 0 for all n € NU{0}, j=1.2,....n

Proof. It is easy to see that M, > % and —-M, < —% Therefore, from (3.15) and (3.17),
we have

K/l)a

n\? n\*
D”(K)>_d2M*(Z) +d1d2(?) +d7( K Ja+ 1

On the other hand, since we are looking for bifurcation point K on the interval [a + 24, c0), we have

/1 K /l . . .
K > a+ A. Hence, —% > —m and &= > Tw which implies that

n\? n\* a \?
Dn(K)>—d2M* (Z) +d1d2(z) +d’)/(a+/l) .

2
Defining ¥(y) := —~daM.y* + d d>y* + dy(ﬁ) , with y = 2, we conclude that

. 2 [ ara)2
Py) >0 if ﬁ;(%ﬂ) <4
O
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Proposition 13. For the bifurcation values K = K; with j=1,2,...,n, we have

an(Ky) =0 if n=j
ay(K;))>0 if n<j,
a,(K;) <0 if n>j

We collect the above results and apply Theorem 1 to obtain the following Theorem:

Theorem 2. Assume that d,,d,, m and d are positive constants satisfying

M () < (3.19)

ddy &’
and {,, as defined in (3.17). Then, for any € € (€, {,.1], there exist n + 1 points K;(€), j=0,1,2,...,n,
satisfying

Ky<Ki<K)y<---<K,,
such that systems (3.11)—(3.12) undergoes a Hopf bifurcation at these points.
i) The bifurcating periodic solutions from K = Ky are spatially homogeneous, which coincides with the
periodic solution of the corresponding ODE system.
ii) The bifurcating periodic solutions from K = K;, j = 1,2,...,n, are spatially non-homogeneous.

Next, we consider the bifurcation direction and stability of the bifurcating spatially homogeneous
periodic solutions.

Theorem 3. Consider the one-parameter family of differential equations (3.11)—(3.12). The first
Lyapunov coefficient associated with equilibrium E, for parameter values satisfying K = Ky = a + 24
is given by [,(Ky) = —w(}%) % As [1(Ky) < 0, the one-parameter family of differential equations
(3.11)—~(3.12) undergoes a supercritical codimension 1 Hopf bifurcation at K = K, and the
bifurcating spatially homogeneous periodic solutions are locally asymptotically stable, which

coincides with the periodic solution of the corresponding ODE system.

Proof. According to Theorem 1, to determine the stability and bifurcation direction of the bifurcating
periodic solution, we shall calculate Re(c;(ky)), where c; (ko) is given by (2.17). Note that

0 —d 0 ya
LO(KO) = ( a ) and L*(KO) = ( (a+24) )
(aZZ/l) 0 0 —d 0

The eigenvalues associated with Ly(Ky) are +iw(Ky) where w(Ky) = wg = 4/ (;:y; nt the eigenvectors of
Lo(Ko) and Lj(Ky) are given by

B 1 | ao . 1 LY [ a
o= ) () o= w2 )- ()

respectively. Furthermore,

—2yA —2a
fuu(o O KO) = WZ/"’M, fuv(oa 09 KO) = _/l(a+/1)’ ﬁzv(o 0 KO) 09 guu(O, 09 KO) = Wazwa
guv(O 0 KO) = /l(a+/l)’

— _ _ 2ad
gw(0,0, Ko) =0, fguu(o’ 0, Ko) = m Jun(0,0, Ko) = 755,
— ay
(0, 0, Ko) = @D’

guuv(o» 0, KO) = —2ud ng(O, 0, KO) = guvv(oa 0, KO) =0, ﬁ;vv(o’ 0, KO) = ﬁlvv(O, 0, KO) =0

Aa+)?’°
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Thus, we conclude that

010 P10 020
qu:( 1o ); qu:( o ); C(m:( 020 )

where
S = 2y A% +2awp(a+2)i (: _ —2ady-2a(a+2)woi _ —2yA
10 Aa+)(a+22) > 510 = T @) @2d) > P10 = Gy
o = —2ay O = — 6ay _ _2awypi _ ay 2awqi
10 = i@z » 020 = T @ran  a@r? 0 €20 T Gintaean T e

A straightforward calculation gives

* _ ad Ay awg —ayd . % _ —yA ady .
<q ) qu) = (/l(a+/l) - (a+/l)(a+2/l)) + (/l(a+/l) + wo(a+/1)(a+2/l)) L <q ’ ch‘/> = ((a+/l)(a+2/l)) + (a)o(a+/l)(u+2/l)) L
=% _ _ ad _ /1’)/ aw a’yd .
<q ’ Bq‘]) - ( Ala+A) (a+/l)(a+2/l)) + (/l(a+/l) + wo(a+/l)(a+2/l)) L
* ) _ _ 3ay _ _ad 3ayd __awg .
<q ’ quq) - ( (a+A)*(a+22) /l(a+/l)2) + ((a+/l)2(a+2/l)w0 /l(u+/l)2) L

Thus, we calculate H,y and H;; as follows:
_ 610 % ao — do _
Hy = ( S0 )— <‘] anq>( Co )_ <‘1 ’qu>( %o ) =0,
(PO _/pn \[G ) /. p \[ G0 _
o=( 0 )-Goma) () (m) &) =0
The previous equations imply that r,y = r;; = 0 and <q*, qu> = (q*, Brm> = 0. Therefore,

Re c¢y(ko) = Re {ﬁ <q*»qu> <‘1*’Bqé> + %(q*’ qut'1>} = _% <0.

Now, since wy > 0 we conclude that w < 0. Hence, according to Theorem 1, the Hopf

bifurcation is supercritical, and the bifurcating periodic solutions are locally asymptotically stable. O

The bifurcation direction and stability of the spatially non-homogeneous bifurcating periodic
solutions are determined in the following theorem.

Theorem 4. The Hopf bifurcation for systems (3.11)~(3.12) at K = K;, j = 1,2,...,n, is supercritial
if Re(c|(K;)) < 0 and subcritical if Re(c\(K;)) > 0, where c\(K) is given by (2.17). Furthermore, the
bifurcating spatially non-homogeneous periodic solutions are stable (resp. unstable) if Re(c,(K;)) < 0
(resp. if Re(ci(K;)) > 0).

Proof. Observe that

i din?
L(K)=( dige + AU B ] and  L(K) =(A(K)‘f_2 5 ]
with
A(K) = £(0,0,K) = 220 B(K) = £,(0,0,K) = —d,  C(K) = 2,(0,0,K) = ZA¢

K(a+2)

and D(K) =g,(0,0,K) = 0.

K(a+2)
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Forn = jand K = K;, we have

dzj b :
Li( ,)—( bp | and  LUK) = ( e C(dejé)]
C(K;) -%& -d -%L

2
with eigenvalues given by +iwy = +i4/dC(K;) — 2 ; and the respective eigenfunctions are given by
cos(jx)( J ) cos(jx)( ! ) d g cos(jx)( a ) cos(jx)( fi * dozj;i ]
g=cos| =N T =cos( TN bp o | and g =cos| )| L =cos( T gnt
¢ C] 4 ;% - 170 £ Cj £ —m,

which are obtained solving both equations (L;(K;) — iwol)g =0 and (L;(K i) +iwel)g" = 0. On the
other hand, n # 0 implies that <q*, qu> = <q*, Bq,7> = 0, therefore

Cl(Kj) = <q > Br1|q> + E <q > BV206> + E <q > qut7> :
Thus, the first Lyapunov coefficient 1is determined by calculating the quantities

<C[*, Br|111> 5 % <C[*, Brzol?> ; % <q*’ C‘M’?> °
To obtain ryy and ry1, we solve the following equations:

4d2]
. -1 | 2iwy + —d (12d1d,-33) j*~30* ]
[21(1)0] - L2J (KJ)] - a1+a/2i [ C(Kj) 210)0 _ (dz—;dl)jz Where all €4
_ dijf+dyj* .
and p = 60)0 ([—2) 5
. -1 | 2iw -d &30
anday = —%;dz)jz;
4dy j
-1 | - d _ Pod+(12didr-3d3)
[sz(Kj)] - 0!_5( _C(KJ) (dz—;zdl)j2 where a5 = ) A =
and [L (K )]_1 1 ( 0 d )
0 ; = =7 2 .
J BC(K)) —C( Kj) (dl*%zz)J
Thus, we obtain that
pyy = Gt s (20w + “55) 6, - dg; | (aysion [ 2iwod — di] ) )
= 2 .
2 C(K,)6; + (leo - G 2| CK)S; + (2iwy - L) g
(3.20)
and
= agl cos %x 40;221 pj — dﬁj ) _ 1 ( dl?] , ) (321)
? C(K)p; — L=2ly, | 2O —C(K)p; + A2,
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From (3.20) and (3.21), we conclude that r»y and ry; are given by
rzoz(f)cos%xwt(r) and rn:(_g)cosﬁx+(f),
n X -n X

& = (Cllﬂétzi)fl [( )5 _ d{}] D= ((ll+ﬂ’21) [C(K )(5 + (210) (da— 3d1)J )éf}]
v = lowtld [21w06 - dgj], = (ortlos) [C(K )8 + (2iwy — L) ]

_ (d1+dr) /2
~ 1 . C(K-) 4 MFD) g
_ % 4d2] ~ (dr— 3d1 (dr=3d))}* ~ 9, ~ P 2 J
& = 2( +d19), = ( C(Kjpj+ 19), T= -y K= K
On the other hand, note that at (O, 0,K j), we have
_ —27a2—6ya/l—27/12+2ayK i _ d . _ _ _N.
fuu - Kj(a+/l)2 - ’ fuv - _/1(24_,1) s fvv - fvvv - fuvv - 07
_ _ 6ay(K;-1) . _ _2ad . “2ay(K;j-1) |
ﬁtuu - _W B ﬁmv - /l(aaT)z s 8w = W,
_ _ad ) _ bay(Kj=1) _ “2ay(Ki-1)
8w = Ala+1) s Suuu = Kj(a+1) > Buuv = Kj@+)?
8w = uw = 0 v 8w = 0.

As we know that

2
€j ez d
we obtain
- fuu§+fuv77+fuv§6' 2jx X fuuT+fuv)(+fqu X
B(ry,q) = ( 7 |cos (22) cos (£ 7T ) cos (£ ,
209 S + ] + 8ukT; (F)eos(7) + ST + X + T (%)
and
fuué‘ + fuvn + ﬁtvcjf ) 2jx ( fuuT + fuv)( + fuvc ) X
B (ry1, = cos (22) cos (£ T ) cos ().
(ri1:9) ( Guil + Gl + guC i€ ( ¢ ) ( ¢ ) SuuT + &uwX + &uwCjT ( t )

Now, from (2.12), it follows that:

— iwo . _ . _ iwo .
0 j— fuu 2= fuv > P1j = fuu , O2j = fuuu ~ 4 fuuva
— le . — . — lwo
glj = 8uu — 2 guv ) Qlj = 8uu > 792j = uuu — d Euuv-

Since forall n # 0

{n n

f0032 @) fcos )cos2 @) dx=% | fcos4 M)dx = 3z
¢ ¢ 4 ¢ 8

0 0
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the expressions for <q*, Br20q>, <q*, B, q>, and <q*, quq> are given by

(0 Brog) = 2 (fuk + fum + fbT)) + 2T (8w + 8l + 8wéT)) + 28 (fuT + fuk + ful)T)

+€”c* (gWT + &)X + &uwCiT),
(3.22)

(0:Brg) = F&(fuk + fult + funkT;) + 5 (8w + 8l + 8utT)) + 2 (fut + furk + funlT)

+€”c* (gWT + 8wk + 8w CjiT
(3.23)

and

(¢".Coa) = F(@o;+c0)). (3.24)

The expressions for &, 1, 7, and y can be written in the form & = & + ié;, 1 = ng + in;, T = Tx + i1y,
and y = yg + iyy, respectively, where

4d. 4w? S8wod» 2
Er = 2(a?+a?) 21 fuu Ofuv dguu) 2(&?—?—0{%) (szfuu - %fuv + Za)OgW) ,

é:l = 2((1’(21-:-(1%) (zwof”“ N %ﬁw + 2w0guv) N Z(aQ—iag) (4d2! fW + 4 fuv dguu) s

C(Kj)fuu Ca 3dl )] — 8uu + 4 d guv) (zwoguu - 2C(K)ﬂfuv + 2%5’14\/) ’

G
2008 — 2C(Kj)%fuv 2%&”) Ty +(12) (C(K ) fou — (dy— 3d1)/ @G3df, Lg% ogw),

w2
TR = 2((1%-;—042‘) (4 Ofuv dguu) Z(a "y 2) (2w0fuu + zwoguv)

A )

m - 2(a2+a%)

o = z(,ygl—iZ) (2a)0fuu + Zwoguv) 2(a +a/2) (4 fuv dguu) s
o = g (R S ) sty (g + 2480~ 20U 1),
X1 = —2(a§+aﬁ) (Zwoguu 2(d1+?22311 wo = 2C(Kj)%fw) — 2( zmz) (C(K )fuu _ (d1+d2)J S + 40)3%)_

Furthermore, the expressions for £, 7}, 7, and ¥ are given by

= af 4d2/

& = %1 ( pj+dd; )

S (d3=3d1) >
7= 5 (-CKp,; + L5100,
~ 19

T TCK)

. C(K])p +M 9

X = dC(K)
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Thus, the real part of <q*,quq>, <q*,Br20q>, and <q*,qu> are given by

Re<q*,quq> =
Re (4" Buug) =

o J*
[fuuu — ae fuuv + Suuv | »
fudidr* | foidr®  guéid _ gwmid
fuufR + fuvnR + ui)ogz + mwog UZ)O - uwo

I:fuwfRdez _ fuvé:lw() fngdZ‘/ + fmfldzj _ gL¢1'§1d2j2:|

+  &I= oolw
e

+
NN -N— ESEN

ae d e dont — 8uéRr wol?

wtidof | 2funTids j*

(zfuuTR + 2fquR + wol? + dwof‘%
(2me1d2/ + quvTRdZJ + zfuvTRdZI 2fuvTIU)O)

wol2 aez d€2 d

zguuTId 2gqu1d 2ngIdZ./

( + =0t m v ZgWTR) ,
Fud + fuli + ] + L [2fu + 2fuk + 2807]
T+ 2o+ fuli+ 26l + g0 + 28 7]

Fuu (E+22) + fiu (14 20) + g0 (€ + 27) .

RC <q*, Br11t1> =

FNT NN

Therefore,

Re|ci(K))]

Re <q*,Br11Q> + %Re <q*’Brzot?> + %Re <6]*,qu§> ,
= L (B 27) + 1o G+ 20) + S (€ + 27) + 125 fun (Er + 27R) + §fou (6 + 270)

glgﬁw (nR + 2XR) - %guv (gR + 2TR) L wofuv (gl + 2TI) + éj)unguu (gl + 27-1)

1 1d 1 ‘] uy' +2 uy
8w2]¢72fuv (T’I + 2)(1) ngfgzguv (é:l +27 ) + 8(4)352 U fldf o

3w0 [guu (f[ + 271) + 8w (77[ + 2)(1)] 16 [fuuu - d€2 fuuv + guuv]
(3.25)
As we show in Proposition 11, ,(K) > Oforn =0,1,2,... and K € [K), o). Hence, according to
Theorem 1, the Hopf bifurcation is supercritial if Re (¢;(K;)) < 0 and subcritical if Re (¢;(K;)) > 0.
Furthermore, the bifurcating spatially non-homogeneous periodic solutions are stable (resp. unstable)
if Re (¢1(K;)) < 0 (resp. if Re (¢1(K;)) > 0). O

The following example illustrates the analytical results obtained in this section regarding the
codimension 1 Hopf bifurcation, when the bifurcating spatially non-homogeneous periodic solutions
are stable. It is worth noting that obtaining Re (¢;(K;)) < 0 and Re (¢;(K;)) > 0, leads to the
occurrence of a degenerated Hopf bifurcation when Re (¢1(K;)) = 0.We do not consider the case
where the bifurcating spatially non-homogeneous periodic solutions are unstable since we could not
fit the data to get Re (¢ (K;)) > 0. Thus, the system may not present a degenerated Hopf bifurcation.

Example 1. If we consider the following values of the parameters d, = 0.5, d, = 0.5, m = 0.9,
a=0.6, y=09,d=0.3, and 1 = 0.3, we get Ky = 1.2, {,, = 1.825n, and therefore, condition (3.19)
is satisfied, which implies D,(K;) > 0 for alln e NU{0}, j =1,2,3,...,n

o Forn =1, we choose £ = 2.5 € ({,,0;] ~ (1.825;3.651]. Solving the equation 0‘3(15(_1‘2) - ﬁ =0
we get K| = 2.57. Therefore, the Hopf bifurcation points are {Ky, K;} = {1.2,2.57}.
For Ky = 1.2, we get w(Ky) = 0.1837 and [,(Ky) =~ -2.26 < 0.
For K, = 2.57, we obtain the following:

Fu=0A4TI8 ¢ fo=—0.6667 : fuy=—-39259 : fo. = 14815
Euu = -1.1778 > 8w = 0.6667 s uuu = 3.9259 v uw = —-1.1778
f;;v = 8w = 0 5 fuvv = 8uw = 0 5 .ﬁ/vv = 8w = 0;
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2
. 1 o Ly i
- Jx C gt = x\| Z )
q—cos(t,)(ﬁ_i(ﬂ 5 q —cos(f) gt
dae? d trwo

Furthermore, we have

. -1 2iwy + 4 —d
(Zla)()l - sz (K])) = _allazi ‘ e’ . B B ﬁ
CKj)  2iwy—(dr—3d)) 7

_ ; b47 _
(2lw01 _ LO (KJ)) 1 _ _ -:a i ( 210-)0 + 2 ‘ d j2 ]
3T C(KJ) 2lw0—(d2—3d1)t,—2
where
wo =0.3906 ; C(2.57)=0.5300 ; a; = —0.4002;
a, = 0.3750 ; a3z = —0.4514 ; ay = —0.1250;
as =0.2102 ; of+a;=030079 ; o3+ =0.21939;
0; = 04778 + 1.7362i; p;j = 0.4T78; o;=-3.9259 - 1.9291i;
i =-1.1778 — 1.7362i; 0j =—1.1778; ¥ = 3.9259 + 1.5336i;
and

&r=14693 ; &=-04344 ; ng=-1.1186 ; n; =—-0.7012;
tR=0.7772 ; 1,=-12056 ; yr=-19290 ; y;=0.2265;
EF=-12041 ; 7i=-0.1541; ; 7=22222 ; j=-04074.

Consequently, determining the quantities 1y, 11, <q*, B, q> , <q*, qu> , and <q*, qug>, and
plugging the obtained results in (3.25), we get

Re[ci(Ky)] = Re <q*, qu> + %Re <q*, B,20q> + %Re <q*, quq>
= -0.0140 <O0.

Hence,
L(2.57) = -0.0358 < 0.

e Forn = 2and j = 1,2 we have £ = 5.0 € ({,03] ~ (3.651,5.477]. Solving the equation
w —0.04 = O we get K| = 1.3846. likewise, solving the equation w —0.16 = 0 we get
K, = 2.5714. therefore, the Hopf bifurcation points are {Ky, K, K>} = {1.2,1.3846,2.5714}.

For Ky = 1.2,we obtain w (Ky) = 0.1837 and consequently, 1,(1.2) ~ -2.26 < 0.
For K| = 1.3846, we obtain the following:

fue = =0.2556 3 fi, = —0.6667 ; fiu =—3.4815 ; fu, = 1.4815
g =-1.0444 ; g, =0.6667 ; gu.=34815 ; g, =-1.0444

f;;v = 8w = 0 5 fuvv = 8uw = 0 5 .ﬁ/vv = 8w = 0;
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1

Jjx 1 jx -+ dsj =1
q = COS (7) M e ; q* = COS (7) n g;(;_nf .
B l,B _ Pt

{rwg

Furthermore, we have

. -1 Diwy + LA —d
(2la)01 - sz (KJ)) = ﬁ 0 e . 2
1T C(KJ) 21(,()0 — (d2 — 3d1) 7
= Diwg + L ~d
(2iwol - Lo(K))) = | T P
3T C(K)) 2iwg = (dr — 3dy) &
where
wo = 0.3750; C(1.3846) = 0.4700; a; = —-0.4182;
a, = 0.0900; 01% + 0/% = 0.18299; a3z = —0.4214;
ay = —0.0300; a_% + ai =0.17848,; as = —144.0008,;
0; = —0.2556 + 1.6665i;  p; = —0.2556; o;=-3.4815-1.8517i
{j = —1.0444 — 1.6665i; 0j = —1.0444; ¥ = 3.4815 + 1.3054i;
and

&R =12020 ; & =-0.2693 ; ng=-12595 ; n;, =-0.1913;
T, =1.0796 ; 1, =-04427 ; yr=-13885 ; x;=0.0197;
E=-1.0156 ; #=0.5613 T =22222 ;& = 1.1481.

Consequently, determining the quantities 1y, 1y, <q*, qu> , <q*, B, 1q> , and <q*, quq>, and
plugging the obtained results in (3.25), we get

Re[ci(K1)] = Re <q*’ qu> + %Re <q*’ Br20(?> + %Re <q*’ qufl>
= -2.4335.
Hence,
[1(1.3846) = -6.4893 < 0.

For K> = 2.5714, we have

fu = 04778 3 fur = —=0.6667 ; fuw =-3.9259 ; fu = 14815
G =—1.1778 ' guw =06667 ; guw=-1.1778 : guw = 3.9259

f;’v =8w = 0 > fuvv = 8uw = 0 ; ﬁ)vv = 8w = 0;

2
. 1 . I Val
_ Jx . * Jx tn  wonl?
q—cos({,)( S B —cos({,) @ .
de? d
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Furthermore,
(Zia) I '(K.))—l B 1 2iwo + dz;jZ —d
0 2j J a1 +asi C(K]) 21(,4)() _ (d2 _ 3d1) é_j
0 0 J a3 +agi C(K]) 2ia)0 - (d2 - 3d1) é—z
where

wp = 0.3906; C(2.5714) = 0.5300; a; = —0.4002;
as = 0.3750; a/% + a% = 0.30079; as = —0.4514;
ay = —0.1250; a; + a; = 0.21939; as =0.2102;

0; =0.4778 + 1.7362i; p; = 0.4778,; o =-3.9259 - 1.9291i;
i =-117718 = 1.7362i;  0; =-1.1778;  ; = 3.9259 + 1.5336ii;

and

fp=14693; & =-04344; npp=-1.1186; 1, = —0.7012;
TR =0.7772;  1,=-12056; ygr=-1.9290;  y; = 0.2265;
£=-12041; #=-0.1541;  #=22222; g =-04074.

Consequently, determining the quantities 1y, i1, <q*, B, q> , <q*, qu> , and <q*, quq>, and
plugging the obtained results in (3.25), we get

Re(q". By q) + 1Re(q". Bryg) + 1Re {(q". Cyyq)
= —1.1445 < 0.

Re[c1(K>)]

Hence,
[, (2.5714) = -=2.9301 < 0.

Remark 5. As mentioned, the results concerning the Hopf bifurcation for the corresponding ODE
version of systems (1.1)—(1.2), were obtained in [14] (see also [26]). We note that the results
presented, can also be obtained for systems (1.1)-(1.2) restricted to the u, w plane, as obtained
in [14] Theorem 3.3 pp. 1304, for the ODE version of systems (1.1)—(1.2). However, the calculations
are analogous and we d not present them here.

4. Numerical simulations

We use several numerical simulations to illustrate and complement our analytical results. The
simulations are generated by using the Matlab pdepe solver, which solves initial-boundary value
problems for parabolic-elliptic PDEs in 1-D. We have identified a critical parameter values for the

systems (3.11)—(3.12) namely, K = Ky = a + 2A. This is the smallest Hopf bifurcation point.
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Spatial solutions of the predator-prey system (P,N.t)

200 —

180 —|

160 —

20 —|

00 —

t (time)

80 —

60 —

40 —.

20 —

02 =

Figure 1. Numerical simulation for the ODE version of systems (1.1)—(1.2): u(?); v(¢).
We consider the following values of parameters: n = 0,K = 0.9,a = 0.6,y = 09,m =

0.9,d = 0.3, and A4 = 0.3, where the initial condition are taken at (0.8, 0.9) and (0.5, 0.5). The
equilibrium solution E = (0.3, 0.6) is asymptotically stable.

Spatial solutions of the predator-prey system (P,N,t)

t (time)
g

P (predator) B N (prey)

Figure 2. Numerical simulation for the ODE version of systems (1.1)—(1.2): u(?); v(¢).
We consider the following values of parameters: n = 0,Ky = 1.2,a = 0.6,y = 0.9,m =

0.9,d = 0.3, and A4 = 0.3, where the initial condition are taken at (0.8, 0.9) and (0.5, 0.5). The
equilibrium solution E = (0.3, 0.675) is stable.
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Spatial solutions of the predator-prey system (P,N.t)

-— S
P (predator) I ! N (prey)

Figure 3. Numerical simulation for the ODE version of systems (1.1)—(1.2): u(t); v(). We
consider the following values of parameters: n = 0, K = 1.3a = 0.6,y = 09m = 0.9d =
0.3, , 4 = 0.3, where the initial condition are taken at (0.8, 0.9) and (0.5, 0.5). The equilibrium
solution E = (0.3,0.692) is unstable and the solution converges to a spatially homogenous
periodic orbit.

The corresponding ODE version of systems (1.1)—(1.2) involves parameters: y, m, a, d, A, and K.
First, we choose parameters y = 0.9, m = 0.9, a = 0.6, d = 0.3, and 4 = 0.3. In this case, the Hopf
bifurcation value is Ky = 1.2 The equilibrium solution E = (u,,v,) is locally asymptotically stable
when K < Kj. At K = K, the equilibrium solution E loses the stability through a Hopf bifurcation.
These are shown in Figures 1-3, where the initial condition are taken at (0.8,0.9) and (0.5, 0.5).

On the other hand, our PDE models (3.11)—(3.12) involves parameters vy, m, a, d, A, K, d,, and d,.
One can choose the length parameter / so that several steady state bifurcation points occurs at K values
bigger than K. If n = 1, and we choose ¢ = 3.2 with the values of parameters d; = 0.5, d, = 0.5,
a=06,y=09,m=0.9,1=0.3,andd = 0.3, then we have K, = 1.2. In Figures 4-6, we ilustrate the
asymptotic behavior of the homogeneous solution of systems (3.11)—(3.12) for different values of K.
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Figure 4. Numerical simulation of systems (3.11)—(3.12): (left) u(x,t); (right) v(x,t). We
consider the following values of parameters: n = 1, £ = 3.2, K = 0.9, d, = 0.5,d, = 0.5,
a=0.6,y=0.9,m=0.9, and d = 0.3, where the initial condition is taken at (uo(x), vo(x)) =
(0.5 + 0.2 sin(x), 0.5 + 0.2 sin(x)). The homogeneous equilibrium solution E = (0.3, 0.6) is
asymptotically stable.

Figure 5. Numerical simulation of systems (3.11)—(3.12): (left) u(x, t); (right) v(x,t). We
consider the following values of parameters: n = 1, £ = 3.2, K = 1.2,d, = 0.5, d, = 0.5,
a=0.6,y=0.9,m=0.9, and d = 0.3, where the initial condition is taken at (uo(x), vo(x)) =
(0.5 + 0.2 sin(x), 0.5 + 0.2 sin(x)). The homogeneous equilibrium solution £ = (0.3,0.675)
is stable.

consider the following values of parameters: n = 1, £ = 3.2, K = 1.3, d; = 0.5, d, = 0.5,
a=0.6,y=0.9,m=0.9, and d = 0.3, where the initial condition is taken at (uo(x), vo(x)) =
(0.3+0.2sin(x), 0.7 + 0.2 sin(x)). The homogeneous equilibrium solution E = (0.3,0.692) is
unstable and the solution converges to a spatially homogenous periodic orbit.
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5. Conclusions and remarks

The most realistic population models are those that consider the effect of space on species
dynamics, which requires the use of reaction-diffusion equations. These models describe how
populations grow and evolve in one-, two-, or three-dimensional environments, incorporating both
biological interactions and spatial processes. In this context, Hopf bifurcation plays a crucial role, as
it determines the emergence of periodic oscillations in populations, influencing their
long-term coexistence.

In Section 2, we analyze the general reaction-diffusion systems (2.1)—(2.3) under Neumann
boundary conditions in the spatial domain Q = (0; ¢x), with £ € R*. We apply the method developed
in [8] to derive expressions for the first Lyapunov coefficient, enabling us to verify the
non-degeneracy conditions for codimension 1 Hopf bifurcation. These results provide crucial insights
into the emergence of periodic orbits and their spatial behavior, identifying how diffusion influences
the stability of periodic solutions. Furthermore, the procedure used can be extended to compute
higher-order Lyapunov coeflicients, broadening the analysis of the system’s dynamics.

As an application of this approach, we consider a model in which two predator species compete for
the same prey. In the absence of predators, the prey follows logistic growth, while predation is
modeled using a generalized Holling III functional response. In this scenario, one predator acts as a
K-strategist and the other as an r-strategist, generating different coexistence patterns. In Section 3, we
demonstrate that when one of the predators is absent, systems (3.1)—(3.2) undergoes a codimension 1
Hopf bifurcation, leading to the emergence of periodic solutions. Depending on the system’s
conditions, these solutions can be spatially homogeneous, coinciding with the dynamics described by
the corresponding ODE model, or spatially non-homogeneous, giving rise to temporal oscillations or
stationary spatial patterns. This result is key to understanding how diffusion and Hopf bifurcation can
facilitate periodic species coexistence. From microbiological and ecological perspectives, these
findings indicate that spatial heterogeneity and microbial dispersal can enhance microbial diversity by
facilitating oscillatory coexistence, preventing competitive exclusion, and generating spatiotemporal
niches where sensitive and resistant strains or species can persist. Notably, the coexistence of K and r
strategist microbial populations in structured environments reflects patterns observed in real-world
ecosystems, such as biofilms, soil communities, and the gut microbiome, where species with
contrasting life history strategies partition space and resources. This spatial and functional
differentiation reduces direct competition and contributes to overall ecosystem stability.

Researchers have analyzed the ODE version of systems (1.1)-(1.2) and obtained similar
bifurcation results in [14, 26, 27]. However, our analysis confirms that diffusion does not
fundamentally alter the qualitative behavior of the system but reinforces it, sustaining species
coexistence even in heterogeneous environments.

This highlights the importance of spatial processes in microbial ecology and conservation, where
the connectivity of microhabitats (such as pores in soil or niches in biofilms) can critically influence
the persistence and resilience of microbial populations. Understanding how diffusion interacts with
local dynamics provides valuable insights for designing interventions to maintain microbial diversity,
control infections, or manage antibiotic resistance in natural and clinical settings. We emphasize that
the cascade of Hopf and steady-state bifurcations described in this paper illustrates the complex
self-organized spatiotemporal dynamics of diffusive ecological systems. Although we focus on the
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three-dimensional restriction of the system of partial differential equations given by (1.1)—(1.2), the
methods employed can be extended to higher-dimensional systems or those with more parameters,
enabling a more detailed analysis of the role of diffusion in population stability and growth.
Biologically, this suggests that higher-dimensional microbial habitats, such as polymicrobial biofilms
or gut environments, may harbor even more intricate dynamic regimes where both spatial complexity
and local interactions shape microbial persistence and fluctuations. Incorporating such complexity is
essential to accurately predict microbial responses to environmental change, antibiotic treatments, or
microbial invasions.

Finally, as mentioned in the introduction, the predator-prey model studied in this paper, which
presents Hopf bifurcation and considers diffusion, is a powerful tool to study complex biological
dynamics, such as those observed in pathology, immunology, and antimicrobial resistance. Our model
in particular can be adapted to problems of tumor pathology, immunology, infections, and
antimicrobial resistance where the prey can be considered tumor cells, pathogenic bacteria, and
sensitive and resistant bacterial populations, and predators as immune cells, macrophages or
antibiotics, antimicrobials, or phagocytes. This interdisciplinary applicability highlights the biological
relevance of our findings, as they can inform medical strategies for controlling tumors, infections, or
the evolution of resistance by leveraging oscillatory and spatially structured population dynamics. We
defer our work in this direction to a subsequent exposition.
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