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the existence of invariant measures by applying Krylov-Bogolyubov’s method.

Keywords: stochastic delay equation; unbounded domain; fractional Ginzburg-Landau equation;
invariant measure

1. Introduction

The nonlinear Ginzburg-Landau equation plays an important role in the studies of physics, which
describes many interesting phenomena and has been studied extensively (see [1] for a more detailed
description). The fractional Ginzburg-Landau equation [2—4] is employed to describe processes in media
with fractional dispersion or long-range interaction. It becomes very popular because the fractional
derivative and fractional integral have broad applications in different fields of science [5-10].

Our work focuses on the existence of invariant measures of the autonomous fractional stochastic
delay Ginzburg-Landau equations on R":

du(®) + (1 + V) (=A)u()dt + (1 + i)|u(®)Put)dt + Au()dt = G(x, u(t — p))dt,

£ ) (1) + k()T 2()) AW (1), 1> 0, (1.1)
k=1
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with initial condition

u(s) = ¢(s), se€[-p,0], (1.2)

where u(x, t) is a complex-valued function on R" X [0, +0). In (1.1), 1 1s the imaginary unit, @, 8, u, v and
A are real constants with 8 > 0,4 > O and p > 0. (—A)* with 0 < @ < 1 is the fractional Laplace operator,
o1 x(x) € L*(R") and 0 (u) : C — R are nonlinear functions, k(x) € L*(R") () L*(R") and {W,};> , is a
sequence of independent standard real-valued Wiener process on a complete filtered probability space
(Q, F,{F:}ier, P), where {F,},cr is an increasing right continuous family of sub-o-algebras of ¥ that
contains all P-null sets.

The Ginzburg-Landau equation with fractional derivative was first introduced in [2]. There is a large
amount of literature which was used for investigating fractional deterministic Ginzburg-Landau equa-
tions such as [1] and stochastic equations such as [11-17]. These papers had respectively researched the
long-time deterministic as well as random dynamical systems of fractional equations with autonomous
forms and non-autonomous forms. However, in spite of quite a lot of contribution of the works, no
result is provided for the existence of pathwise pullback random attractors and invariant measures for
the delay stochastic Ginzburg-Landau equations.

The delay differential equations [18] was described the dynamical systems that rely on current and
past historical states. For the past few years, researchers had made great progress in the study of linear
and nonlinear delay differential equations, see [19-21]. Delay differential equations are widely used
in many fields, so investigating the solutions of equations has profound significance. Therefore, it’s
necessary that we establish the dynamics of delay stochastic Ginzburg-Landau equations.

The goal of this paper is to prove the existence of invariant measures of the stochastic Eqs (1.1)
and (1.2) in L*(Q; C([—p, 0], L>(R"))) by applying Krylov-Bogolyubov’s method. The main diffi-
culty of this paper is that deducing the uniform estimates of solutions (because of the nonlinear term
(1 + ip)|u(®)*Pu(t) and complex-valued solutions ), proving the weak compactness of a set distribution
laws of the segments of solutions in L*(Q; C([—p, 0], L>(R™))) (because the standard Sobolev embed-
dings are not compact on unbounded domains R"), and establishing the equicontinuity of solutions in
L*(Q; C([—p, 0], L*(R™))) (because the uniform estimates in L2(Q; C([—p, 0], L>(R"))) are not sufficient,
and the uniform estimates in L*>(Q; C([—p, 0], H'(R"))) are needed).

For the estimates of the nonlinear term (1 + iu)|u(f)|*u(t), we apply integrating by parts and nonnega-
tive definite quadratic form. There are Several methods to handle the noncompact on unbounded domain,
including weighted spaces [22—-24], weak Feller approach [25,26] and uniform tail-estimates [23,27].
We first obtain the uniform estimates of the tail of the solution as well as the technique of dyadic division,
then establish the weak compactness of a set of probability distribution of solutions in C([—p, 0], L*(R"))
applying the Ascoli-Arzela theorem.

Let S be the Schwartz space of rapidly decaying C* functions on R”. The fractional Laplace operator
(—=A)* for 0 < a < 1 is defined by, foru € S,

ux+y)+ulx-y)— 2u(x)d

1
(=A)"u(x) = —5C(n, @) , x€eR,
2 Rn |y|n+2cy Yy
where C(n, @) is a positive constant given by
ad°T n+2a
Cinay= )
mI'(l —a)
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By [28], the inner product ((—A)%u, (—A)%v) in the complex field is defined by

((_ A, (- A)%v) _ C(i;, @) fR N u(x) — u@))EE - vy) , v,

|X _ y|n+20

for u € H*(R"). The fractional Sobolev space H*(R") is endowed with the norm

2 TR ANg 2
el o gy = Nutlly2 gy + Cn, Q)II( A)2 ully2 gy

About the fractional derivative of fractional Ginzburg-Landau equations, there is another statement
in [29].

We organize the article as follows. In Section 2, we establish the well-posedness of (1.1) and (1.2)
in L?>(Q; C([-p,0], H)). In Sections 3 and 4, we derive the uniform estimates of solutions in
L*(Q; C([-p,0], H)) and L*(Q; C([—p, 0], V)), respectively. In Section 5, the existence of invariant
measures is obtained.

2. Preliminaries

In this section, we show the nonlinear drift term and the diffusion term in (1.1) which are needed for
the well-posedness of the stochastic delay Ginzburg-Landau Eqs (1.1) and (1.2) defined on R".
We assume that G : R" x C — C is continuous and satisfies

IG(x,u)| < |h(x)| +alu|, YxeR", ueC 2.1)
and
IVG(x, u)| < |h(x)| + &|Vul, Vx € R", u € C, (2.2)

where a and @ > 0 are constants and A(x), fz(x) € L>(R"). Moreover, G(x, u) is Lipschitz continuous in
u € C uniformly with respect to x € R". More precisely, there exists a constant C; > 0 such that

|IG(x,u1) — G(x,uy)| < Cqluy — us|, ¥x € R", uy,uy € C. (2.3)

For the diffusion coefficients of noise, we suppose that for each k € N*
Dl < oo, (2.4)
k=1

and that o,(«) : C — R is globally Lipschitz continuous; namely, for every k € N*, there exists a
positive number «; such that for all s, s, € C,

lo2.4(51) — 024(52) < @lsy — sal- (2.5)
We further assume that for each k € N*, there exist positive numbers By, B, ¥« and 9 such that

|024(8)] < B + yilsl, Vs € C, (2.6)
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and
Vo ($)| < Bi + %lVsl, Vs € C, 2.7)

where Y (@2 + % +¥? + 32 +#2) < +oo. In this paper, we deal with the stochastic Eqs (1.1) and (1.2) in
k=1

the space C([—p, 0], L*(R")). In the following discussion, we denote by H = L>(R"), V = H'(R").

A solution of problems (1.1) and (1.2) will be understood in the following sense.

Definition 2.1. We suppose that ¢(s) € L*(Q, C([—p,0], H)) is Fo-measurable. Then, a continuous
H-valued F,-adapted stochastic process u(x,t) is named a solution of problems (1.1) and (1.2), if

1) u is pathwise continuous on [0, +0), and F;-adapted for all t > 0,
ue LX(Q, C([0,T], H)) [ | LX(Q, L*([0,T1, V)

forall T >0,
2) u(s) = @(s) for —p < s <0,
3) Forallt >0and € €V,

(), €) + (1 + iv) f ((~A)%u(s). (-A)3¢)ds + f f (1 + i) u(s)é(x)dxds
0 0 JR”
+/lf0(u(s),§)ds (2.8)

= (¢(0),8) + fo (G(s,u(s = p)),&)ds + Z fo (o14(x) + k()02 (u(5)), §) AWi(s),
k=1

for almost all w € Q.

By the Galerkin method and the argument of Theorem 3.1 in [30], one can verify that if (2.1)—(2.7)
hold true, then, for every #-measurable function ¢(s) € L*(Q, C([—p, 0], H)), the problems (1.1) and (1.2)
has a unique solution u(x, t) in the sense of Definition 2.1.

Now, we establish the Lipschitz continuity of the solutions of the problems (1.1) and (1.2) with
respect to the initial data in L*(Q, C([—p, 0], H)).

Theorem 2.2. Suppose (2.1)—(2.6) hold, and Fo-measurable function ¢,, ¢, € L*(Q, C([-p,0], H)). If
u; = u(t, @) and u, = u(t, ;) are the solutions of the problems (1.1) and (1.2) with initial data ¢, and
@, respectively, then, for any t > 0,

E| sup llu(s, 1) — u(s, @2)II*| + E

—p<s<t

f lluCs, @1) — u(s, 902)||2VdS]
0

< CleCI’E[ sup |lei(s) — soz(S)]Ilz],

—p<s5<0

where C, and C, are positive constants independent of ¢, and @».
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Proof. Since both u; and u, are the solutions of the problems (1.1) and (1.2), we have, for all # > 0,

f t
uy — 1y + (1 + iv) f (=A)(uy — up)ds + (1 + ip) f (s PPy = o) s
0 0

t
+ /lf (uy —ur)ds
0

1 2.9
= ¢1(0) — 2(0) + fo (G(x,u1(s = p)) = G(x, uz(s — p)))ds

o f
+ Z f k(x)(024(u1) — 021 (u2))dWy.
k=1 Y0
By (2.9), the integration by parts of Ito’s formula and taking the real parts, we get, for all 7 > 0,

lluy = ua|? + 2f I(=2)% (uy — wo)|Pds + 2Ref f @ity — ) [lr P uy = luo[Purldxdss
+ 2/lf ) — wo*ds
= [le1(0) — @2(0)|* + 2Re f (ur = uz, G(x,u1 (s — p)) — G(x, uz(s — p)))ds (2.10)
; .

+ ; fo K (T 2 (11) = o ()Pl

[59)

#2Re [ (ul i, Y KOO 2) = T24() | AW,
0

k=1

For the third term in the first row of (2.10), one has
!
2Ref (it — w1 [P uy — |ua*Puyldxds
0 JRrn
!
= f f 20ui [P + 20un [P = 2Re(uyitn)(Jus [ + lun|#)d xd s
0 n
!
> f f 20ui P + 20unP* = 20us lluol (e[ + |ua*)dxd s
!
2 f f 20ur P42+ 20un P = (ug* + lua) (s [ + Jual*)dxd s
0 n
!
= f f i [2 + [P = [y PPlual® = [P luay [P dxd s
O n

!
B f (1 = 1ol ) |y > = |uo*)dxds = 0.
0 Jro
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By (2.10), we deduce that for ¢ > 0,

E[sup ot (r) — Mz(r)llz]

0<r<t

< E[ sup lei(s) — @a(s)II?

—-p<s<0

+ ; E [L‘ ||K(0'2,k(u1) — O-Z,k(MZ))szS]

Z\[o (w1 —utp, k(x)(02 1 (U1) =02 4 (U2))A Wi ()

k=1

+2E [f lur = wall - IG(x, w1 (s = p)) = G(x, uz(s — p))lids
0

|

For the second term on the right-hand side of (2.11), by (2.3), one has

+2E | sup

O<r<t

2E [f lluy = ol - IG(x, w1 (s = p)) = G(x, ua(s —p))llds]
0

<E f s — wslPds| + E
[ JO ]

j(: IG(x, ui1(s — p)) — G(x, u(s — p))llzds]

[ s 7 s
<E f lluy — ualPds +céE[ f ||M1(S—P)—M2(S—P)||2ds]
[ JO ] 0

ai ] 1—p
=B f luy — uy|*ds| + CZE U ety — u2||2ds]
[0 B —p

! 0
<(1+CE [ f luy — us|Pds| + CZE [ f i (s) - ¢z(S)||2dS]
0 —p

!
< +Cf;)f ]E[sup g — uol?
0

0<r<s

ds + pcéE[ sup |loi(s) — <p2(s)||2] )

—p<s<0

For the third term on the right-hand side of (2.11), by (2.5), we have

[e9)

DE [ fo O 0'2,k(M2))||2dS]

k=1
© t © t

< 2 2R —wlPds| < 2 2 E —_wltld

< k@l ) o luy — wall"ds| < k(0= ) @i sup ||uy — up|” | ds.
k=1 0 k=1 0 0<r<s

(2.11)

(2.12)
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For the forth term on the right-hand side of (2.11), by Burkholder-Davis-Gundy’s inequality, one has

|

o0

D) [ = k0240 = s (5)
=1 0

1

2E | sup

O<r<t

< BE [ f Zl(ul =, K(X)(02,(ur) = 024 (112))) IzdS)

1
2
<BE (f leul — wl” - kIl - llorauitr) = o)l dS) (2.13)
0 %=1
< BiE | sup |l — ua|| - |l«llz [ a/k) (f llety — wal| dS) ]
OSSS[ =1
1 2 > o 2
<3 [Osigtnul — || + Bluknm Z ofE [ fo sup [lur = i ds],
where B is a constant produced by Burkholder-Davis-Gundy’s inequality.
It follows from (2.11)—(2.13) that for all ¢ > 0,
E [Sup llear (r) — uz(i’)llz] < 2(1 + pCEHE[ sup ligi(s) = ga(s)II’]
0<r<t —p<s<0
1 oo ! ; (2.14)
+2[1+CG+ (1 + —Bf) il > of f E [ sup |luy (r) — uz(r)IIZ] ds
2 k=1 0 0<r<s
Applying Gronwall inequality to (2.14), we obtain that for all 7 > 0,
E[sup [l (r) - uz(r)llz] < 2(1 + pCeEL sup lei(s) = a(s)II’], (2.15)
0<r<t —p<s<0

where ¢; =2 [1 +C% + (1 + %B?) IkllZ > ai]. By (2.10), there exists ¢, such that for all > 0,
k=1

!
E[f lluy — M2||%/ds] < & E[ sup |lpi(s) — @a(s)II*].
0

—p<s<0

3. Uniform estimates of solutions with initial data in C([—p, 0], H)

We assume that a, o, and 7y, are small enough in the sense, there exists a constant p > 2 such that

2'5Q2p - 1) a+2p2p - DIkl Y (aF + D) < p. 3.1)
k=1
By (3.1), one has

20l Y7 < A (3.2)
k=1
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and

V2a + 2Kl Y v < A.
k=1

(3.3)

The inequalities (3.1)—(3.3) are used to establish the uniform tail-estimate of the solution of (1.1)

and (1.2).

Lemma 3.1. Suppose (2.1)—(2.6) and (3.2) hold. If ¢(s) € L*(Q;C([—p, 0], H)), then, for all t > 0,

there exists a positive constant y; such that the solution u of (1.1) and (1.2) satisfies

! !
Elllu()I] + f e CE(lu(s)ll})ds + f & CVE(lu(s)I[553)ds
0 0

< MIE[ sup lle(s)II*| + M,
—p<s<0
and v v
t+p 1 2 2
[ Bt < (M1<r+p> : %)E[ sup I(s)71 + ~ Py
0 (n, @) —p<s<0 aC(n,a)

2(t + p)
C(n,a)

+

D o1l + 2B IKCOIP) + Ma(x + p),
k=1

where M, is a positive constant independent of .

Proof. By (1.1) and the integration by parts of Ito’s formula, we have for all > 0,
! N t 2842 t
(I + 2f (=) 2 us)|ds + 2f ()l + 2/1f llu(s)I*ds
0 0 0
f o t
=2Re f (u(s), G(x, u(s = p))ds + lp(O)II* + Z f llo71.4(x) + k(X024 (u(5))|Pds
0 = Jo
t (o)
+2Re f (u(s), Z T 1k(%) + k()02 (U(5))AWi(5).
0 k=1

The system (3.5) can be rewritten as
d(luOIP) + 20~ u@)|Pdt + 2Ol 2d1 + 2Alu)|Pdr

= 2Re(u(7), G(x, u(r — p)))dt + Z llo14(x) + k(X))
k=1

+ 2Re(u(1), Z 01,,(x) + k(X)o7 (u(1)))d Wi (2).
k=1

Assume that y; is a positive constant, one has

(3.4)

(3.5)

(3.6)
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! !
¢ lu(n)l? +2 f ¢ I(=A) 2 u(s)|Pds +2 f ()| Fyads
0 0
! !
= (1 -2 | llu(s)Pds + lp(O)|* + 2Re f e (u(s), G(x, u(s — p)))ds
0 0

£ f o 4 + ks (u(s)|’ds + 2Re f & (u(s), ) o x(x) + KX)o (1)) AW (s).
=1 0 0 k=1

f ellu(s)IIy, dS]
0

j; e Re(u(s), G(x, u(s — p)))dS] (3.7)

Taking the expectation, we have for all 7 > 0,

A
HE(lu)|?) + 2B f (=N u(s)|Pds| + 2E
0

!
f ¢ llus)IPds
0

+ kzz; E [f(; e#lS”O'l,k(X) + K(x)O-Z,k(M(S))HZdS] '

= E(lp(O)IP") + (1 = 21)E +2E

For the third term on the right-hand side (3.7), by (2.1), we have

2K [f e""Re(u(s), G(x,u(s — p)))ds| < 2f VB [lu(s)IIG(x, u(s — p)|l] ds
0 0

< V2a f e“”E(IIu(s)IIZ)ds+;/—3 f ¢ B[IG(x, u(s - p)IP| ds
0

0

< V2a f e“”E(IIu(s)IIz)ds+g f ¢ Nh(x)|Pds + V2a f ¢ E [llu(s - p)I?] ds
0 0

0 (3.8)

< V2a(l + &) f e”‘SE[Ilu(s)IIZ] ds+gllh(x)ll2 f e5ds
0

0

0
+ Vaaeh f Bl (s)IP1ds

0

< V2a(l + &%) f B [lu(s)IP| ds + IRIP + V2ape “E[ sup [lg()IP].

—p<s<0

\/_ M1t
aly

For the forth term on the right-hand side (3.7), by (2.6), we have

e

!
E [f o + KO'z,k(u(S))”ZdS]
0

>~
Il
—_

E[f & Qllor 1l + 2||K0'2,k(u(s))”2)ds]
0 (3.9)

IA

e +4Z [ e BB + o1

IA
o E e 1N

Mz T[Ms

IA

(Ilmkll + 2B k()P 6”1’+4ZVkIIK(X)IImee"”E(Ilu(S)IIZ)dS-

0

RS
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By (3.7)—(3.9), we obtain for all > 0,

!
HE(|lu)|?) + 2E f ¢N(=A) 2 u(s)|Pds| + 2E
0

!
26+2
f e“”uu(s)nﬁ;zds]
0

<+ \/Eape'“f’)E[ sup ||¢<s)||2]

—p<s<0
o : (3.10)
+ | =24+ V2a(1 + &7 + 4 Z y§||/<||im} f B llull?| ds
k=1 0
V2 2 <
+ == @I+ = (lloriall? + 2B k0)I) .
ap =
By (3.2), there exists a positive constant y; sufficiently small such that
2+ V2a + V2ae"* + 4 Z V)P < 22
k=1
Then, we have, for all r > 0,
t
E(llu()|?) + 2f e CVE(I(=M) 2 u(s)IP)ds
0
t !
+ f ¢ CIE(lu(o)IP)ds +2 f ¢ PE(lu(9)ll12)ds
0 0
1 (V2 N
< (1+ V2ape"")E( sup llp(s)II’) + " (7||h(x>||2 +2 > (ol + 2ﬁi||«(x)||2)),
—p<s<0 1 =1
which completes the proof of (3.4).
Integrating (3.6) on [0, f + p] and taking the expectation, one has
2 i g 2 e 2p+2 i 2
Elllu(z+p)II1+2E I(=A)2u(s)ll*ds|+2E Nu(I2ds |[+24E llu(s)ll"ds
0 0 0
1+p 0 t+p (3. 1 1)
= Elllp(O)I’] + 2E f Re(u(s), G(x, u(s — p)))ds| + Z E [ f llo1x + K(x)o'z,k(u(s))ds} :
0 = 0
For the second term on the right-hand side of (3.11), by (2.1), we have
t+p
2E [f Re(u, G(x, u(s — p)))ds]
0
(3.12)
i 2(t +
<2V24E U lulPds | + \/EapE[ sup lle()II? |+ M||h||2.
0 —p<s<0 a
For the third term on the right-hand side of (3.11), one has
& t+p
DE [ f o + mz,kw(s))ds]
= 0
= (3.13)

©0 o t+p
<20t +p) ) (o alP + 280KP) + 4 Y VIKIE [ f ||u||2ds] :
k=1 k=1 0
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Then, by (3.2) and (3.11)—(3.13), for all # > 0, we obtain,

2E [f pll(—A)gu(S)llzdS] <+ ‘/EGP)E[ sup ||90(S)||2]
0

—p<s<0

V2(t + p)

a

+2(1 + p) Z:(Ilm,kll2 + 2Bkl + IAC)IP.
k=1

The result then follows from (3.4).

The next lemma is used to obtain the uniform estimates of the segments of solutions in C([—p, 0], H).

Lemma 3.2. Suppose (2.1)~(2.6) and (3.2) hold. Then, for any ¢(s) € L*(Q, Fo; C([—p, 0], H)), the
solution of (1.1) satisfies that, for all t > p,

E( sup IIM(r)IIZ) < MaE[ sup lp()I’] + Mo,

t—p<r<t —p<s<0
where M, and M, are positive constants independent of .

Proof. By (1.1) and integration by parts of Ito’s formula and taking the real part, we get for all > p
andr—p <r<t,

lu(r)II? +2 f I(=A) 2 u(s)lPds +2 f lu(s)|Iy2ds + 24 f lu(s)IPds
t—p t—p t—p

= llu(z = p)II* + 2Re f (u(s), G(x, u(s — p)))ds + Z f lo71.4(2) + k(T2 , (I (3.14)
t—p k=1 t—p

+2Re Z (u(s), (0714(x) + K(X)024(u(5))dWi(5)) -
k=1 ~1=p

For the second term on the right-hand side of (3.14), by (2.1) we have, forallt > pandr—p <r <t,

2Re f r (u(s), G(x, u(s — p)))ds
t=p
< 2f ()| - |G Cx, u(s — p)llds
t=p

< IIM(S)IIZdS+f IG(x, u(s — p))IFPds (3.15)
=p

t-p

< lu(s)|*ds + Zf s + 2a* f lluCs — p)lI*dss
t—p t—p

t-p

r f—p
< f lu()IPds + 2pllhl* + 24° f lu(s)|Pds.
t—p r

—-2p
For the third term on the right-hand side of of (3.14), forallt > pandt—p < r < t, by (2.6), we have

> f llom1 (%) + k(X)orx(u(s))IPds
k=1 YI=P

<2p ) lloilP + 4plldP Y 7+ 4l D 72 f lu(s)IPds.
k=1 k=1 k=1 1=p
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By (3.14)—(3.16), we obtain forall t > pand r —p < r < t,

’

(P < 3 + llut = p)II* + C4f luCs)lds

t=2p
+2RGZ f (u(s), (0714(x) + K(X)0 24 (u(5))dWi(5)) , 3.17)
k=1 YI7P

where ¢ = 2pllAl* + 2p Y} lloill* + 4pllkl* X 55 and s = 1 + 2a* + 4]l«|l7. X ;- By (3.17), we find
izl k=1 k=1
that for all # > p,

3c3+E[||u(r—p)||2]+c4 f B[R] ds

2p

E[ sup [lu(r)|?

1—p<r<t

+2E (M(S) (0 1.4(x) + k(X)0 21 (u($))dWi(5))

kl =p

sup
—p<r<t

} (3.18)

For the second term and the third term on the right-hand side of (3.18), by Lemma 3.1, we deduce
for all r > p,

B[lutr - p)IP| < supEllle(s)I") < MEL sup_lglF'] + 7, (3.19)
5> —p<s<
and
!
2 f B[lu)IF] ds < 2pcs sup Elllu(s)IP] < esB[ sup lglf'] + cs. (320
t—-2p §=—p —p<s<!

For the last term on the right-hand side of (3.18), by Burkholder-Davis-Gundy’s inequality and
Lemma 3.1, we obtain for all ¢ > p,

2E| sup f (u(s), m(x)+K<x>a2k<u<s>)dwk<s>)]
t—p<r<t k=1
<2B,E [Z | o +Kcrz,k<u<s>>>|2ds]
_ t—p
1 |y opelS [ 2 321
< B[ sup ()| +2B3E Z f o1+ k0o (u(s))]| ds] 3.21)
t—p<s<t 1—
1
<3 [_ililgqﬂu(s)ﬂz +2B§<2p2||mkn2+4p||x||22ﬁk

+ 8B2p|k]% Z yi sup E[flu(s)|I”].

5s>0

By Lemma 3.1 and (3.18)—(3.21), we deduce that for all # > p,
E[ sup ||u(r)ll2] < MoE[ sup [lg(s)I*] + M.
t—p<r<t —p<s<0

This completes the proof.

Mathematical Biosciences and Engineering Volume 21, Issue 4, 5456-5498.



5468

To establish the tightness of a family of distributions of solutions, we now derive uniform estimates
on the tails of solutions to the problems (1.1) and (1.2).

Lemma 3.3. Suppose (2.1)—(2.6) and (3.2) hold. If ¢(s) € L*(Q, C([—p, 01, H)). Then, for all t > 0, the
solution u of (1.1) and (1.2) satisfies

lim sup supf E[lu(z, x)|*]1dx = 0.
[x|=m

m—oo  >2—p

Proof. We suppose that 8(x) : R” — R is a smooth function with 0 < 6(x) < 1, for all x € R" defined by

Q(X):{o if |x <1,
1 if x> 2.

For fixed m € N, we denote that 6,,(x) = 6(:). By (1.1), we have

d(Ou) + (1 + V)0, (=A) udt + (1 + ip)6,,lul*Pudt + 26,,udt = 6,,G(x, u(t — p))dt

+ i O (01 & + KT )dW(1). (3.22)
=1
By (3.2), We can find u, sufficiently small such that
o + 2 V2a + 4|k i y2 —21<0. (3.23)
=1
By (3.22) and integration by parts of Ito’s formula and taking the expectation, we obtain

!
E[|6,ull*] + 2 f em(“‘”E[ f 9i|u|2ﬂ+2dx]ds
0 n

= ¢ E[ll6,p(0)"] - 2 f U E [Re(1 + )(=8) u, (=) (Gw) | ds
0 (3.24)

! !
+ (uy — 22) f 2R [Ilﬁmullz] ds + 2f 25 E [Re (Ot 0,,G(x, u(s — p)))] ds
0 0
00 1
£ 37 [eE [0, + ks .
k=1 YO

For the first term in the second row of (3.24), since ¢(s) € L*(Q, C([-p, 0], H)), we have for all
s € [—p, 0], E[lle(0)|*] < oo. It follows that for any & > 0, there exists a positive N; = N, (&, ¢) > 1, for
all m > Ny, one has fllem E[¢*(0, x)]dx < . Consequently,

E {11, OIF] = E[ 16-)(0, x>|2dx]
g m
(3.25)

_E [ f |9(%)¢(0, x)|2dx] < f E[lg(0, v)Pldx < &, ¥m > Ni.
|x|=m [x=m
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Now we consider the second term on the right-hand side of (3.24). We first have

- 2E [Re(l + iV)((=A) 2 u(s), (=A)F (Gu(s)))|

_ 2 ~ 2 —
= ~Cln. B |Re(l +1v) [u(0) ”(Y)][lz ();)|u£2 Gm(y)u(y)]] e
- 2 _ 2 2
— —C(n.a)E Re(l +iv) f f [u(x) — u()][6,,(x)(u(x) — u(y)) + u(y)(6,,(x) — 9,,,@))]] dxdy
R JRn |X y|n+2cl
2 _ 2
- _C(n.®E|Re(1 +v) f f G (Ou) = u@y) dxdy]
i Rt JRo |x — y[r+2e
_ 200N 2 —
_ C(n.a)E [Re(l i) f (u(x) u<y|>;<emy<|ﬁm GOV | dy]
R?‘l n
_ 2 2
< —C(n.)E|Re(l + iv) f f (u(x) — u(y))(g,,(x) — 6 ()’))M(y) ] (3.26)
Rt JRo |x — y|r+2e
_ 2 2
< o mﬁ[ [ [ = s0e0 - hoiey, H
— R JRn Ix y|n+2¢z
< 20 ) VI [ |b—,(y)|( (0x) = )G = 6, dx) dy]
[ Jrn R |x — y|r+2e
[ 2 3
<2C(n, @) V1 + VE ||u(s)||( f ( f K”(x)_”l(j)_)(j’:ffj _gm(y))ldx) dy)

|X _ y|n+2a RA |)C _ y|n+2(1

[ _ 2 _ 2 3
<2C(n, @) V1 +2E ||u(s)||( f ( lux) = uGE ;[ 1) = OO dx) dy) }
n Rn

We now prove the following inequality:

Hm - em 2
f (6, (x) (62)] de< S5 (3.27)
Rr |x _ y|n+2a m20z
Letx—y=hand % = z, then, we obtain,
I(Qm(X)—Qm(Y))IZd 3 0= —9(%)|2dh _f 6(2 +2) - 0(= )lzm”d
Re |X _ y|n+26r - Re |h|n+2a - R mn+2(x|Z|n+2(r 2z
1 6(2 +2) — 6(2)P
=2 2 dz
m o4 R |Z|n @
1 0(2 +2) — 6(2)F 1 0(2 +2) — 6(2)P
= o 2a n+2a dZ + 2a n+2a dZ
m <1 |z m lz>1 Izl (3.28)

IA

Ce |z* 4 1
;(I n+2a dZ + 2a n+2a dZ
m> Jy< 2l m* -1 12l

c; 1 4 1

6

2a f n+2af—2dZ + 2a f n+2adZ
m <1 |Z| m |zI>1 |Z|

CZE'ﬁ N 4¢4 B CZE‘6 + 4¢Cq

IA

IA
|
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This proves (3.27) with ¢¢ := c;C¢ + 4C6. By (3.26) and (3.27), we obtain,

— 2B |Re(1 + iv)((—A)2u(s), (-1) 1 Gu(s))|
< 2+ee(1 +v2)C(n, a)ym™ E |||u(s)|| \/f %dxdy‘
n RVL -
_ 2
< Veg(1 +v)C(n, a)ym™ (E(||u(s)||2) + E(f f dedy))
R}’l ]Rn

|X _ y|n+2(y
< Veo(1 +v2)C(n, a)m™ E(|lu(s)|IP) + 2 vee(1 + v2)m ™ EB(I(—=A) Zu(s)][*).

By (3.29), for the second term on the right-hand side of (3.24), we get

(3.29)

-2 f ¢ E|Re(l +iv)((—A)2u(s), (-A)* Gu(s)) | ds
0
< Veo(1 +v2)C(n, a)m™ f HSE[|u(s)|*1ds (3.30)
0
+24/es(1 +v2)m™ f FE[II(=A) 2 u(s)|[*1ds.
0

By Lemma 3.1, we have

Ves(1 +v2)C(n, a)m™ f 2O DE[|u(s)|1*1ds
0

s
< Ves(1 +v2)C(n, a)ym™ [MlE[ supollso(s)||2] + M, fo et sm0ds (3.31)
—p<s<
1 N
< Ves(1 +v2)C(n, a)ym™ — [M1E[ sup |lp(s)II*] + M, |.
H2 —p<s<0

By (3.31), we deduce that there exists N,(g, ) > Ny, forall t > 0 and m > N,,

Ves(1 +v)C(n, @)m™ f SB[ |u(s)|1P)ds < e.
0

By Lemma 3.1, there exists N3(g, ¢) > N, such that for all # > 0 and m > Ns,
t Y
2+es(1+v)m™ | e DE[(-A)2ul|*1ds
0

< 2+/es(1 +v3H)m™ [MlE[ sup |lo()I*] + M, | < &.

—p<s<0

For the forth term on the right-hand side of (3.24), we obtain that there exists N4(e, ¢) > N3, for all
t>0and m > Ny,
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!
) f ¢ E [Re(O,,u, 0,,G(x, u(s — p)))] ds
0

IA

Va f eﬂz“-”E[uemu(s)nz]ds+% f S ODE[I,Gx, uls — p)IPIds
0

2a Jo
‘/5 2 0 (s—1) 2 ' (s—1) 2
—= R(x)dx+ V2a | S OE[10.0)I)ds +2V2a | S E[16,u(s)|1ds

alr Jixzm - 0

IA

IA

\/i 0 (s—1) 2 ' (s—1) 2
e+ V2a | &°CE[0u0(s)Plds + 2V2a | e DE[)|0,u(s)|*1ds.
—-p

apy 0
Since {¢(s) € L*(Q, H)|s € [—p, 0]} is compact, it has a open cover of balls with radius # which

denoted by {B(¢', i‘g)}gzl. Since ¢’ = ¢(s;) € L*(Q; C([-p,0], H)) fori = 1,2,--- , I, we obtain that for
given & > 0,

i

{p(s) € L*(Q; C([—p, 0], H))} C U._, {X € LX(Q, HIIX - ¢'llrzqm < —
Since ¢’ € L*(Q, H), there exists a positive constant N5 = Ns(g,¢) > Ny, for m > N5, we have

sup f Efl¢(si, 0Pldx < .
|x|=m

=12, ] 4
Then,
sup f Elle(s, 0)*1dx < g, VYm > Ns.
|x|>m

s€[=p,0]

Consequently, one has

2 f ¢2U"VE [Re(8,,u, 0,,G(x, u(s — p)))] ds
0 (3.32)

< £8+ V2 2ap £ +2V2a f ¢S DE[16,u(s)|*1ds.
agts

For the fifth term on the right-hand side of (3.24), by (2.6), we obtain

Zf e VE [||9m(0'1,k +K(x)0'2,k(”(s)))”2] ds
k=10

o i 00 /
= ZZ f NG, el 'ds + 2; fo |10 (DI | ds
<2 Z f s+ — i B f K (x)dx

l’t |x|=m | /12 k=1 k [x|=m

sl !
+AlkIE > 7 f ¢ VE[Gu(s)IP)ds
k=1

0
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Since Y |lo 4| < o0 and «(x) € L*(R") () L*(R™), there exists Ny = Ng(&, ¢) > Ns, for all £ > 0 and
k=1

m > Ng, we have

Z f oy 4 (xX)Pdx + f K(x)dx < &.
=1 v lxlzm [x|>m

Consequently, for the fifth term on the right-hand side of (3.24), we get for all # > 0 and m > Ng,

) ¢ 2 N
Z f 2GR [IIGm (14 + KOo2) ||2] ds < —(1+2 Zﬁ’%)g
k=1 0 H =l

o t
Al Y 7 f & EL||6,,u(s)|P1ds.
k=1 0

Therefore, for all t > 0 and m > Nk,

E[l16u()I] <

2 V2 2 N
2y ey 2 +£ap+—(1 *2) Ble
ap, 2 H2 I=1

+ (yz =24+ 2V2a + 4l > y,f)

=1
Taking the limit in the above equation and by (3.23), we have

t
f e CEL16,u(s)|*1ds.

0

lim sup supf E[|u(z, x)|*]1dx = 0,
|x|=m

m—oo  >2—p

which completes the proof.

Lemma 3.4. Suppose (2.1)—(2.6) and (3.2) hold. If ¢(s) € L*(Q, C([—p,0], H)), then the solution u
of (1.1) and (1.2) satisfies

limsupsupE [ sup f |lu(r, x)|2dx] =0.
m—oo >0 re[t—p,t] J|x|>m

Proof. By (3.22) and integration by parts of Ito’s formula and taking the real part, for all # > p and
r € [t — p,t], we have

e |0,,u(r)|* + 2 f e’ f 6% |ul# 2 dxds
t—p R"
= "2P||0,u(t — p)|I* - 2 f ¢*Re(1 +iv) (=8)7u(s), (-A)*Gu(s)) ds
t=p

7

+ (up — 22) f €2%)|6,,u(s)|*ds + 2Ref " (0,,u(s), 0,G(x,u(s — p)))ds
t—p t

-p

(3.33)

£y f 001 i + KO 24 u(s))|Pds

k=1 YI=P

+2Re Y f I Opa(5). 01+ k0 (u(5))AW ().
k=1 YI7P
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By (3.33), we deduce,

E[ sup [|6,u(r)I*]

t—p<r<t

< E[|6,u(t — p)II*] - 215[ sup f r e Re(1 + iv) ((—A)%u, (—A)%G,iu) ds]

1=p<r<t Jt—p

+ | — ZﬂlE[ sup ||0mu||26”2(“'_’)ds]

t=p<r<t Jt—p

' 3.34
+28| swp | e*’z“-”nemm«||9mG(x,u<s—p))||ds] 53
t=p<r<t Jt—p
+ E[ sup f |6, (0 + mz,k(ms)))nzds]
k=1 t=p<r<t Jt—p
+2B| sup | f e'““"%@mu(s),em(m,k+mz,k<u(s)>>)dwk<s)}.
t—p<r<t k=1 YI-P

For the first term on the right-hand side of (3.34), by Lemma 3.3, one has for any &€ > 0, there exists
Ni(g,¢) > 1 such that for allm > N, and ¢ > p,

E[16,,u(t — p)II’] < f Ellu(t — p, x)*ldx < &. (3.35)

|x|=m

For the second term on the right-hand side of (3.34), by (3.29), we have

_ ZE[ sup fr 26 IRe(1 + iv) ((—A)%u(s), (—A)%H,znu(s)) ds]

t=p<r<t Jt—p
< 2+4/c(1 +v*)C(n, a/)m_“E[ sup (f e”Z(S_’)Ilu(s)IIII(—A)gu(s)llds)]
t—p<r<t t—p

< 2+/ce(1 +2)C(n, @)m™*e"’E [( f e’“‘z("'_’)llu(s)llll(—A)gu(s)llds)] (3.36)

-p
t

f e“z“")ll(—A)gullzdS]}
t—-p

!
< Ves(1 +v)C(n, a)ym™ et {f 2CVE[||ul1ds + E
t_
!
f e~2<s-f>||(—A)§u||2ds]}.
t-p

0
By Lemma 3.1 and (3.36), we deduce that there exists N, (g, ¢) > N, such that for all m > N, and
t=>p,

< Veo(1 +v2)C(n, @)ym e {p sup E[llu(s)|*]1+E

s€[t—p,t]

—2E[ sup f r ¢ Re(1 + i) (=A)Fu(s), (—A)365u(s)) ds] <e. (3.37)

t=p<r<t Jt—p

For the third term on the right-hand side of (3.34), by Lemma 3.3, we obtain that for all m > N, and
t>p,
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r !
s — 2/1|E[ sup IIHmM(S)IIZe’”(H’dS] < |up = 2E [ f IIHmu(S)II2dS]
t—p<r<t Jt—p t—p
< |ur =2l sup E[ll6,u(s)IP] < |uz — 24lpe. (3.38)
t—p<s<t

For the forth term on the right-hand side of (3.34), by (2.1), we obtain

ZE[ sup f 2 )10,,u(s)|| - 10,G(x, u(S—p))IIa’S]

t—p<r<t Jt—p

1 —p
< f E[16,u()|P1ds + 2pll6,hIl* + 2a> f E[16,u(5)|1ds
t=2p

t—p

<p sup Ell6,u()I’]+ 2010,k +2a°0  sup  E[l6,u(s)I]],

t—p<s<t t—2p<s<t—p

which along with Lemma 3.3, we deduce that there exists Ns(g, ) > N, such that for all m > N3 and
t>p,

215[ sup f e25)10,,u(s)|| - 16,,G(x, u(s — p))llds] < (3 +2a%)pe. (3.39)
t—p<r<t Jt-p

For the fifth term on the right-hand side of (3.34), by (2.6), we have

(o8]

ZE[ sup f eﬂz“—’)nem(m,k+mz,k<u<s)>>||2ds]
k=1

t—p<r<t Jt—p
<2p > 0w 4lP +20 ) sup EllI0uk(x)ors(u()IP]
= =1 1mpss<t

<2 f o1 (0Pdx + 4p )" f K(OPdx + 4pllk(OI- Z 2 sup E[l6nu(s)IP].
k=1 ¥ Ixlzm k=1

|x|>m 1-p<s<t

By the condition «x(x) € L*(R")(L*(R"), (2.4) and Lemma 3.3, we deduce that there exists
Nu(g, ) > N3 such that for all m > N, and £ > p,

<2p(1+1+2) Be. (3.40)
k=1

ZE[ sup f &0, + k2 (u(s))IPds
t—p

k=1 t—p<r<t

For the sixth term on the right-hand side of (3.34), by (2.6), (3.40) and Burkholder-Davis-Gundy’s
inequality, we have,

Z f e/vlz‘ﬁ'(emu(s)’ Hmo-l,k + HmK(x)O'z’k(M(S)))de(s)
k=1

t=p

2E| sup

t—p<r<t

Z f’ 25 ,,u(S), O,u(01 & + K24 (1)) dWi(s)
k=1 YI=P

<2e PR sup

t—p<r<t

|

Mathematical Biosciences and Engineering Volume 21, Issue 4, 5456-5498.




5475

1
2

o N
< 2Bre PR ( f 42 % |(Ott(5), O + emk<x)az,k<u(s>>)|2ds]
|\ I=p k=1

[ . o0 2
< 2By PE| sup [|6u(s)l ( f 42 )" [l i + GmKO-Z,k(U(S))HZdS]
t

t—p<s<t —p k=1

1| | ’ C
< SE| sup [16,u(s)|? | +2B3E | e f 20 N 0n 01 + k(D)2 4 u(s)IPds
2 | t—p<s<t ] t—p k=1
1] 1 N ’
< E| sup [|6,u(s)|*|+ 2B§e2mp Z E[ sup f 20,074 + HmK(x)az,k(u(s))llzds]
2 | 1—p<s<t ] =1 t=p<r<t Ji—p
l [ 2— N 2\ D2 2uop
< SE| sup 0,u(s)IP|+4p(1 + A +2 > BB e,
2 | -—p<s<t ] =1

Above all, for all m > N, and t > 0, wWe obtain,

< |4+ 202 = 2p + (6 + 4aV)p + 4p(1 +2B,e™)(1 + A +2 Zﬁi)] e

k=1

E[ sup [16,u(nl

1—p<r<t

Therefore, we conclude

lim sup supE[ sup f lu(r, x)|2dx] = 0.
|x|=m

m—co 120 t—p<r<t

Lemma 3.5. Suppose (2.1)—(2.6) and (3.1) hold. If ¢(s) € L*(Q, C([-p, 0], H)), then there exists a
positive constant uz such that the solution u of (1.1) and (1.2) satisfies

sup E[||u(0)|*’] + sup E [ f e*““‘”||u<s>||2p-2||<—A>‘z’u<s>||2ds]
0

>—p >0 (3_41)
2p-1
< (1 + ape (4p — 2)‘2’7)15 |llelie? | + M,
where M5 is a positive constant independent of .
Proof. By (3.1), there exist positive constants u and €; such that
w1 2p-1 2
p+aef2 5 2p - T +4(p - D2p - DE” Y ol + kI8
=1
(3.42)

+4602p - DIKIF. Y7 < 2pd
k=1

Given n € N, let 7, be a stopping time as defined by

T, = Inf{t > 0 : |u(®)|| > n},
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and as usual, we set 7, = +oo if { > 0 : ||u(?)|| > n} = 0. By the continuity of solutions, we have

lim 7, = +co0.

n—oo

Applying Ito’s formula, we obtain

dQlu(IP?) = d((lluIP)”)
= Pl PP Vd(lu(OIP) + 2p(p — Dllu@|P7~?

x 3 |, o1 + koapu@))| dr.
k=1

Substituting (3.6) into (3.43), we infer

d(lu)P?) = =2pllu@IP?PN=A)2 u@)Pdr = 2pllu@)P?Vllu@If,5dt — 2pAlu@)dt

[2B+2

+ 2pllu()|PPVRe(u(®), G(x, ut — p)))dt

+ pllu@)|Pr Z llom1 4(x) + k() 4 (DIt

k=1
+ 2pllu@IP " Re(u(®), Y 0r14(x) + k(T2 (u(t))dWi(r)
k=1
+2p(p = DIu@IPY™ > (@), o + ko)) dr.
k=1

We also get the formula
(@) = pe lu(@)|P dt + “d(|lu(@)|*").

Substituting (3.44) into (3.45) and integrating on (0,7 A 7,) with > 0, we deduce
ATy, N
e ue A TP + 2pf NuIPP =2 u(s)IPds
ATy 0 840 ATy,
= —2Pf e’”llu(S)Ilz(”_”IIM(S)IIL'f;zdS + llpO)IP? + (u — 2p/1)f e llu(s)|IPPds
0 0

+2p f " e lu(s)| P VRe(u(s), G(x, u(s — p)))ds
0

© AT,

+p Z f CNu(HIPP oy g + koo a(u(s))ld's

"2 ), fo " P Reu(). 0+ 02 ()W)

k=1
o AT,

+2p(p-1) ) f (PP |(u(s), o5 + ko)) ds.

(3.43)

(3.44)

(3.45)

(3.46)
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Taking the expectation, we obtain for ¢t > 0,
tAT)
E [ llu(t A 1,)|"| + 2pE [ f e’”llu(S)llz(”‘”ll(—A)gu(S)IIZdS]
0

AT,
= —2pE [ f & |lu(s)IPPVlu(s)1%, 5 ds
0

4 [l (O)IP? [Hu-2p DB [ fo eﬂfnu(s)nzf’ds}

+2pE [ fo " (PP Re(u(s), Glx u(s - p)))ds]

+p kil B [ fo " SN+ mz,k(ms))nzds]

+2p(p—1) 2 E [ fo mn ()PP (u(s), o1 + ko ()| dS] (3.47)
< E[llpO)I] + (4 - 2p)E [ fo eﬂsnu(s)uzf’ds]

+2pE [ | " (PO Re(u(s). Glx (s - p)))ds]

+p 2 E [ fo o e u()IPPllor i + KO'Z,k(u(S))HZdS]

+2p(p-1) ) B [ fo (P [(u(s), 1 + ko) ds] :
k=1

Next, we estimate the terms on the right-hand side of (3.47).
For the third term on the right-hand side of (3.47), by Young’s inequality and (2.1), we infer

20F [ f ! e ||u(s)|PP~VRe(u(s), G(x, u(s — p)))ds]
0
< 26E [ f ! e llu()PP NG (x, uls — p>>||2ds]
0

. AT,
<ae2"Hp-HHFE U e‘”llu(s)llz"ds]
0

-1 \7 N )
- (22P—1a2peﬂp) E[f(; NG (x, u(s — p)ll°ds

W 1 [ (T (3.48)
< ae521_5(2p -1)»E f e‘”llu(s)lldeS]
[ Jo

2p-1

2 _ 1 2p AT, ‘
+ 227! (p— E [ f e (Il + @ lju(s - p)||2”)ds]
0

22p—142p pup

T tAT
<ae¥2"EQp - 1)FE f eﬂsnu(s)nZPdS]
| JO

1(4p—2

2p-1
2p w ot
T\ azrem ) Il e + ape (4p - 2) 5 Bl |
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For the forth term on the right-hand side of (3.47), we infer
ATy,
<2p ) E [ f e’“llu(s)lIZ(”‘”IIcn,kllzds] (3.49)
0

For the first term on the right-hand side of (3.49), we have

©0 AT,
2p ) E [ f e“||u<s>||2<”‘”||m,k||2ds]
=1 0

Y o . ) = (3.50)
<2Ap- 1" Y lloill’B [ f ¢ lu()IPds| + —5 > lloriadPe
k=1 0 HE 3
For the second term on the right-hand side of (3.49), we have
°° AT,
2PZE [f e“SIIM(S)IIZ(”_”IIK(fz,k(u(S))llzdS]
k=1 0
00 AT, sl AT,
< 4plki? > BIE [ f e [lu(s)*7 Vs | + 4plil > viE [ f e“||u(s)||2pds]
k=1 0 k=1 0 3.51)

2p R AT,
<4(p- D" P Y BE [ f e”~‘||u<s)||2ﬂds]
k=1 0

4 b & tATy ‘
+ 5P ) B + 4pliliz Y RE [ f e“‘*nu(s)nzf’ds] :
HE k=1 k=1 0

By (3.49)—(3.51), we obtain

o0

A
PYE|| e Mu)IP Vo i+ korauus)IPds
k=1 0

2p

4p =D S Mo rall + B + 4plicie 72
k=1 k=1

<

E [ f K eﬂsnu(s)uz!’ds] (3.52)
0

2 (e8]
+ e Z:(Ilm,kll2 + 2|[k[2B2))e.

1 k=1
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For the fifth term on the right-hand side of (3.47), applying (3.52), we have
o AT, )
2p(p-1) ) E [ f O Nlu( )PP |(uls), o1 i + koraa(u(s)))| dS]
k=1 0

<2p(p-1) Y E [ f ()Pl + mz,kw(s))nzds]
S (3.53)

2p

8(p— 17"

<

D o4l + IKIPED) + 8p(p = DIkl > 2
k=1 k=1

ATy,
E [ f e“sllu(s)llz”“ds]
0

L4

P
pey

From (3.47), (3.48), (3.52) and (3.53), we obtain that for ¢ > 0,

D ol + 2B e
k=1

AT,
B[ llut A )| + 2pE [ f e*”||u(s)||2<f’-”||<—A)%u(s)||2ds]
0

< (1 + ape%;(4p - 2)2'5,71)15, [||¢||él;]
2p-1 2p
+ (/J ~2pA+aei2 B Qp - 1D +4(p - H2p - D" .

) AT,
x Y (o gl + IKIPBY) + 4p2p = Dk y,%] E [ fo eﬂsnu(s>||2f’ds]
k=1

k=1

1 (4p-2
+(”

i azl’eﬂp

2p-1

ka 4p-1) <

) IBIFre + == 3 sl + 20 e
1 k=1

Then by (3.42) and (3.54), we obtain that for # > 0,

AT,
E [e““llu(t A 7,)|7] + 2pE [ f e“‘||u<s)||2<f"“||(—A)3u(s)||2ds]
0

2p-1
o 2p-1 1(4p—-2\%
< (1+ apetiap - 2% B 1ol ] + ,L_z(ai’“eﬁp) P e (3.55)

Ap-1)
+ L2 S el + 20kPBE) e
k=1

1

Letting n — oo, by Fatou’s Lemma, we deduce that for ¢ > 0,

E|e“lu(IP?] + 2pE [ f eﬂf||u(s)||2<f’-”||<—A>%u(s)||2ds]

0
2p-1
g xl 2p 1 (4p -2\ 2p ut
< (1 +ape’ (40 -2)" )E[||so||c,,]+l—l(a2peﬂp) (R
p-D <
+ ZE 2 S ol + 20dPBE)e
L B
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Hence, we have for ¢ > 0,

E [l | + 2pB [ f e“““)||u(s)||2<P—1>||(—A)‘z’u(s)uzds]
0

" ot 1 (4p -2\
< (1 + ape? (4p — 2) )E [||90||éi] + l:( L ) 17?7

azp etp
4p-1) <
+ =L ol + 20kIPB).

k=1

1

This implies the desired estimate.
4. Uniform estimates of solutions with initial data in C([—p, 0], V)

In this section, we establish the uniform estimates of solutions of problems (1.1) and (1.2) with
initial data in C([—p, 0], V). To the end, we assume that for each k € N, the function o, € V and

D llorially < . (4.1)
k=1

Furthermore, we assume that the function « € V and there exists a constant C > 0 such that
[Vk(x)| < C. 4.2)

In the sequel, we further assume that the constant a, ¥, in (2.7) are sufficiently small in the sense that
there exists a constant p > 2 such that

SRS 2p-1 - - . A
a2' "5 Qp =) +2pQ2p ~ Dl ) (B + B+ + 9D < p3- (43)
k=1

By (4.3), we can find

Vaa + 2Kl Y 92 < (4.4)
k=1

N

Lemma 4.1. Suppose (2.1)—~(2.7) and (4.4) hold. If o(s) € L*(Q; C([—p, 0], V), then, for all t > 0, there
exists a positive constant py such that the solution u of (1.1) and (1.2) satisfies

sup E{|Vu(o)’] + sup E [ fo e”“S-”n(—A)"?’u(s)llzds] < My (Elllglz, ] + 1), 4.5)

s=—p 5>
where My is a positive constant independent of .

Proof. By (4.4), there exists a positive constant u; such that

=22+ 8l Y 92 <0, (4.6)
k=1
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By (1.1) and applying Ito’s formula to e“l’||Vu(t)||2, we have fort > 0,
! a+l !
¢\ Vu(o)|* + 2 f (=AY T u(s)|Pds + 2 f ¢"*Re ((1 + i) u()|Pu(s), —Au(s)) ds
0 0
t !
= (1 - 20) f 5 Vu(s)[Pds + [Vo(O)] + 2Re f ¢ (G(x, u(s — p)), —Au(s))ds
0 0

) t
- f V(0 x + Ko u(s))Pds
k=1 Y0

o t
+2 Z Ref e (o k(%) + k(X)o7 1 (u(5)), —Au(s)) dWi(s).
k=1 0
Taking the expectation, we have for all # > 0,

VB[ Vu(d)|PH2E F

!
f ¢ T u(s)|Pds
0

f ¢ *Re ((1+)lu(s) P u(s)-Au(s)) ds]
0

= (u; - 2DE [ f || Vu(s)|[ds
0

+; E [L eulS||V(0—1»k+K0-2,k(M(S)))||2dS:| .

HE[IVp(O)I 2B

Re f e"‘s(G(x,u(s—p)),—Au(S))dS] 4.7)
0

First, we estimate the third term on the left-hand side of (4.7). Applying integrating by parts, we have

Re (1 + ign)lul®u, Au)

= —Re(1 +ig) | ((B+ DIuPP\VulP + plul* " uVn)?*) dx

RVL

1+i 1-i (4.8)
= | |uf®D (—(ﬁ + Dlul*|Vul* + M(Wﬁ)z + M(ﬁvu)z) dx
Ril
:f [ul?#Vtrace(Y MY™),
Rn
where
” H B+l A+
- uVu e —% —
uViu ’ pl-iw) B+l |-
2 2
and Y* is the conjugate transpose of the matrix Y. We observe that the condition 8 < \/11_2 1 implies
+u2—
that the matrix M is nonpositive definite. Hence, we obtain
!
2E [ f ¢*Re ((1 + imlu(s)Pu(s), Au(s)) ds | < 0. (4.9)
0

Next, we estimate the terms on the right-hand side of (4.7). For the third term on the right-hand side
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of (4.7), applying (2.2) and Gagliardo-Nirenberg inequality, we have

2 [Ref e (G(x, u(s — p)), —Au(s))ds] <2E [f I Vu()|IIVG(x, u(s — p))llds]
0 0

_ ; t

<E f ¢ |[Vu(s)|Pds| + E f e“”IIVG(x,u(s—p))ll2dS]
[ Jo 0
_ ; ! R !

<E f 5 Vu(s)|2ds +2E[ f e5llh()|Pds +2&2E[ f E“ISHV”(S‘P)”Z"S] (4-10)
[ Jo 0 ’
[ !

<E f AT us)|Pds [ ||iz<x>||2e“"
| JO

c 2a*
+— sup E[|lu(s)IPle""+— sup E[|[Ve(s)I*le"",

1 520 M1 —p<s<0

where c is a positive constant from Gagliardo-Nirenberg inequality. For the forth term on the right-hand
side of (4.7), applying (2.6) and (2.7), we have

E [ fo eIV + KUz,k(u(S)))llzdS] <2 Z E [ fo eﬂlS(||V0'1,k||2+||V(K0'2,k(u(s)))”2)ds]

Ele EFlw IV

<= > IVolPe™ Z [ f ¢ (BUIVKIPAB KP4y, Cllu P97 Kl V(I ) s
= (4.11)
< Z(ankn +4BLIVP + 4B + 4C%y; sup Bllu(s)| ])e“”
k=1 §2
© !
" 8Z?iIIK(X)|I2mE[f e”'SIIVU(S)IIZdS]-
k=1 0
By (4.7), (4.10) and (4.11), we obtain
!
E[[|Va()|* HE f em—n”(_m“zlu(s)||2ds]
0
2 . = !
<E[IVeO)IF | + lhCoIP + (m — 2+ 8l Y %}E [ f e“‘SHVu(s)uzds]
0
2 (e . = 4.12)
+—|=+4|C? + c||k||5 sup E[||u(s)|I*]
m [2 [ ;y Ieli? Z ))f; ()
2 N 2 2 N2 2 2‘&2 2
+ =3 (Vo +4(ﬁk+ﬁk>||x||v)+ﬂ— sup E[lIV¢()I’)
1 =1 1 —p<s<
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Then by (4.6) and (4.12), we obtain that for all 7 > 0,

E[l[Vu()|’] + E fe“'(s_’)ll(—A)aglu(S)IIst

0

_ 2 . 2 (c - =
<E|IVeOIF e H I - (5+4<C2 D vi+clikie D 70| sup Elllu(o)I]
1 1 k=1 k=1

s2—p
2« A 2a°
+ = 3 (Vo P + 408 + BDIKR) + = sup E[IVe(s)IP]
M M1 —p<s<0

Then by (4.13) and Lemma 3.1, we obtain the estimates (4.5).

(4.13)

Lemma 4.2. Suppose (2.1)—(2.7) and (4.4) hold. If ¢(s) € L*(Q; C([—p,0],V)), then the solution u

of (1.1) and (1.2) satisfies
2 2
sup {E[ sup [[Vu(r| ]} < Ms (ElllglZ, 1 +1).
t>p t—p<r<t
where Ms is a positive constant independent of .

Proof. By (1.1) and Ito’s formula, we get forallt > pandr—p <r <t,
IVu()I? + 2[; I=2) u(s)|Pds
+2 f " Re ((1 + iw)lu(s)Pu(s), —Au(s)) ds + 24 f r IVu(s)lPds
1-p 1=p
= |IVu(t - p)I” + 2Re fr (G(x, u(s — p)), —Au(s))ds
t=p

) f V(1 + ke, (u(s))IPds
k=1 YI=P

+2 Z Ref (o 1x(x) + K(X)T 21 (u(5)), —Au(s)) AW (s).
k=1 =p
For the third term on the left-hand side of (4.15), applying (4.8), we have

-2 fr Re ((1 + i) u()Pu(s), —Au(s)) ds <0.

-p

(4.14)

(4.15)

(4.16)

For the second term on the right-hand side of (4.15), applying (2.2) and Gagliardo-Nirenberg inequality,
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we have

2Re fr (G(x, u(s = p)), —Au(s))ds < Zfr IVu(SIIVG(x, uls — p)llds
1—p I=p

'

IVu(s)IPds + | IIVG(x, u(s - p))IPds

Y ‘P ; (4.17)
IIVu(s)IIst+2 f Ih(0IPds +22° [ [IVu(s - p)lPds
t—p
r—p
f 168) % u(s)IPds+2pllA(OIP + 24 f IVu()IPds+ c f luCs)|ds.
2p

For the third term on the right-hand side of (4.15), applying (2.6) and (2.7), we have

> f ||V<m,k+mz,k<u<s>>>||2dss22 f IV 14l + Ve, ))IP)dls
k=1 Y1~ =

<2p2||vfnk|| +8p[||VK|| Zﬁk+||x|| Zﬁk] (4.18)
+8C227kf IIM(S)IIZdS+8IIKIILmZ f IVu(s)|Pds.

By (4.4) and (4.15)—(4.18), we infer that forall t > pandt —p < r < t,

IVu(r)I> < ey + IVu(t = p)I* + sz llu()IPdls + 2512[ IVu(s)IPds

t—2p t—2p

o ) (4.19)
#2) Re [ (@140 + Kr2a(u(). ~Bu(s) W),
k=1 =p
where ¢, and ¢, are positive constants. By (4.19), we deduce that for all 7 > p,
E| sup ||Vu(r>||2] <1 +E[IVut = p)IP| + ¢ f E [lu(s)I? + |Vu()IP | ds
t—p<r<t 2
! g (4.20)
+2E| sup (0'1 1 (X) + k()02 (U(s)), —Au(s)) dWi(s)
—p<r<t k 1 l‘—

For the second term on the right-hand side of (4.20), by Lemma 4.1 we infer that for all 7 > p,

E [IVu(t - p)IIP] < sup E [IVu(o)IP | < 5B [llgllz, | + 3. 421)
$2—p
For the third term on the right-hand side of (4.20), by Lemmas 3.1 and 4.1 we infer that for all 7 > p,

& f E [llu(s)II> + V(I | ds < 2pc; sup B [lu(s)I> + IVu()IP | < caB[llgllg, | + ca. (4.2

t=2p s=—p
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For the last term on the right-hand side of (4.20), by BDG inequality, (4.18), Lemmas 3.1 and 4.1,
we deduce that for all # > p,

2E| sup

t—p<r<t

Z f (T1.(x) + K(X) T2, (u(s)), —Au(s)) AW (s)
k=1 YI7P

< 2¢sE (Z f |(a'1,k(x) + k(X))o 1 (u(s)), —Au(s))|2 dS) ]
k=1 YI=P

< 2¢sE (Z f ”VM(S)HZHV(O'I,k(x)+K(x)0'2,k(u(s)))”2d5)
|\ k=1 YI=P

A
)
&
es]

(4.23)

sup IIVu(S)II(Z f 1% (Ul,k(x)+K(x)az,k(u(S)))||2dS)
k=1 YI=P

1—p<s<t

1_[ | > (7
< 3B| sup [Vu(s)I|+265B | > f ||V(m,k(x>+K(x)az,k(u<s>>)||2ds]
| t—p<s<t ] k=1 t—p
1 [ T t
< SE| sup IVu(s)IF| +cs+ s f E [lu(s)I? + |Vu()IP | ds
| 1—p<s<t ] t—p
1 :
< 5E| sup IVu()I | + ¢ + pc (SUPEIIM(S)||2+SUPIIVM(S)||2)
| t—p<s<t | 520 5>0
1 :
< JE| sup [IVu(s)I? + c7E [llgllg, | + 7.
| t—p<s<t

By (4.20)—(4.23), we obtain that for all > p,
E[ sup ||Vu<r)||2] < csE [llgllg, | + co,
t—p<r<t

which completes the proof.

Lemma 4.3. Suppose (2.1)—(2.7) and (3.1) hold. If ¢(s) € L*’(Q, C([—p, 0], V)), then there exists a
positive constant us such that the solution u of (1.1) and (1.2) satisfies

!
sup E[[Vu(n)||*"] +SUPE[f e”5<s_t)||Vu(s)||2(P_l)||(—A)”51u(s)||2ds]

r2—p 120 0 (4.24)
< Ms (BlleliZ | + 1),
where Ms is a positive constant independent of .
Proof. By (3.1), there exist positive constants £ and €, such that
w2 2 AN 2 2 N\ a2
pHA(p— D + = +8C(p - D2p - Dl Y 7 +8p2p — DllkllE D 7
He P k=1 4.25)

+2(p = 1)2p = D > (Vo P + 4BFIVKPH4BIP) < 2pa.

k=1
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By (1.1) and applying Ito’s formula to e*||Vu(?)||*”, we get for ¢t > 0,
! v+1
e IVu()|*? + 2pf IVu()IPPVII(=A) = u(s)llPds
0
Tt
+2p f || Vu(s)|*P~VRe ((1 + i)u(s)Pu(s), —Au(s)) ds

0

t

~ IO + - 2p) [ e Iuras
0

+2pRe f EIVu()IPP (G (x, u(s — p)), —Au(s))ds
0

0 f
+p), f HNVu(S)IPT VNIV o1k + koo (u(s))IPds
k=1 V0

© f
+2p Z Ref V()PP (014 + koo, (uls)), —Au(s)) dWi(s)
k=1 0

+2p(p-1) ) Re f VU()PP (014 + ks iu(s)), —Au(s)| ds.

k=1 0

Taking the expectation, we have for ¢ > 0,
!
B [IIVu(t)IIZ”] +2pE [ f e”‘IIVu(s)IIZ(”‘”II(—A)”51u(s)llzds]
0
!
+2pE [ f ¢ IVu()IPPRe (1 + i)lu()Pu(s), —Au(s)) ds]
0
!
=E [IIVso(O)IIZ"] +(u—2pAE [ f e“SIIVu(s)IIZ"ds]
0
: (4.26)
+2pE [Re f NI Vu(s)|PP (G (x, u(s — p)), —Au(s))ds]
0

+p Z E [fo ONVu()IPP VIV (o x + KO—Z,k(u(S)))HZdS]
k=1

+2p(p-1) Z E [Re f ¢ IVu(HIPP? (o1 + koo x(u(s)), —Au(s))|2 ds] .
k=1 0

By (4.8), we get the third term on the left-hand side of (4.26) is nonnegative. Next, we estimate each
term on the right-hand side of (4.26). For the third term on the right-hand side of (4.26), applying (2.2),
Gagliardo-Nirenberg inequality and Young’s inequality,
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we deduce
2pE [Re f | Vu(HIPP (G (x, us = p)), —Au(s))ds]
0
<2pE [ f &I Vu(s)|PP~ V| Vu(s)IIIVG(x, u(s—p))llds]
0

< pE

!
f CIVuls)IPPVNIVuls)IPds
0

+ pE

f O IVu(s)IPPPIVG(x, u(s - p))llzdS]
0

!
<pE fe’“‘||Vu(s)||2<P‘1>||Vu(s)||2ds
0

s
4+ 2E [ f o IVu(s)|2e- DY ds
0

A
+2pa’E [ f e NIVu)IIPP | Vu(s —p)IIZdS] (4.27)
0

< pE

f(; & IVu(IPP VA T w(IP + cllu(s)|P)ds

2 . 2 ' s
+ <A | eds
El 0

2002 _[ ("
+ E[ f e’”lqu(s)IIzpds]
€ 0

1

2 2pd? !
+(4(p—1)61”1+ p‘f,)E[ f e”SIIVu(s)||2pds]
HE 0

1

P !
+4(p - DelE [ f | Vu(s)|Pds
0

< pE

!
f & IVu(IPTVNEA) F u(s)lPds
0

| B 2pa?
+ 5GP + =2 sup E[IVg()IP?] e + e sup B lu(s)|* | .
HE; M€ —p<s<0 520

For the forth term on the right-hand side of (4.26), applying (2.7), we infer
& t
p Z E [ f NVu)IPP VNIV (o + KUz,k(u(S)))IIZdS]
k=1 0

© !
<2p ) B [ f V()P ol ds
0

+2PZE[ f || Vu(s)| 7 1)IIV(KCTz,k(u(S)))IIZdS]
0

k=1

(4.28)
o0 t
+8p ) E [ fo V()PP (BIVKIPBIKIPHVEC (P32 K V()P ds]

k
(o8] ! .
<2p ) B [ f V()P (190 4l + 482V IP+45B2 ) ds]
0

oo f
+ 8l D HE [ f e’”lqu(S)llz”dS] :
k=1

0

e t
+8C7p ) %iE [ f IVu(s)IP? lu(s)|Pds
k=1

0
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Then applying Young’s inequality, (4.28) can be estimated by
Z [f O NIVu()IPP VIV (o + ko k(u(S)))IlzdS}
k=1
! 2
f e ((2p 2)6 T IVu(s)|P + —)d ]
0 €

fe’“((4p e IIVM(S)IIZP+—IIM(S)||2”) ]
0

1
+8p||K||LwZ [ f e |Vu<s>||2pds] (4.29)
=|2p -2 Z(nvmkn + 4BV K45, )
k=1
t
+2C%(4p - D€ Z?’k+8p||K||L°°Z E[ f e“SHVu(s)nZPds]
k=1 0

o0 8C
+ 3 (Vo P+ 4BV P+4B2IKIP ) e’”+— Z ¥i supE [ llu(s)[I*7 | &
k=1

1 lkl 5>0

o)
1

< > (101 + 4BV KIPH4B2IKI) x B
k=

+2C? i YiE

[ee)

For the fifth term on the right-hand side of (4.26), applying integrating by parts and (4.29), we get
2p(p-1) ) E [Re f V()PP (1 + koo 1 (u(s)), —Au(s))| ds]
k=1 0

<2p(p-1) Z E [f e IVu()IPP V(o1 + K0'2,k(u(s)))||2ds]
k=1 0

(o)

P A
<2p-1|2p -2 > (Vo + 4BAIVKI+4B Ikl (4.30)
k=1
s t
+2C*(4p - 4)e Zyk + 8p||K||LwZ E[f e#S”Vu(s)Hzpds]
k=1 0

) Al ’”+16C2(p 1)Z:VksupE[||u(s)||2p]e’”

€ ue; = 0

+Z IIVCnk||2+4[3k||VK||2+4,3k|| |
k=1
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By (4.26), (4.27), (4.29) and (4.30), we obtain

E [IVu@IP? | + pB f ¢ Vu(s) PP PlI(-A) T u(s)llzds]
0

2pa
+ ;p +8C3(p - D2p - Del! Zyg
l

p—2pl+4(o— e

E [IVe(O)I”] e +

(o8]

o] . R
+8pQ2p - DIkl Y 92 +2(p - D@p = Vel Y (IVo1 4l + 4B2VxIP4B21IKIP)
k=1

k=1

. | 2 (4.31)
X E f e"“")IIVu(s)IIZ”ds] + —5IAIP + =5 sup E V(5]
0 ,UEI ﬂfl —p<s<0
= ~ 4
+esup B[P ] + Y. (Vo + 4821V lP4B2 I P) =
5>0 k=1 1
8C*(2p-1) 5
+ — su E ||u(s)|| b
/.161 Z Ve s>0p ]
Then by (4.25) and (4.31), we deduce that for all # > 0,
t
E [IVu(@IP” | + pB f SNV A)”%‘uu)nzds]
0
2p —yt 2p 2p&2 2p
< B[INe@IP7] e + il + 222 sup B[I9p(s)IP]
ME 1 /JEl —p<s<0
2 N 2 2 2\ 3 =2 (4.32)
+ esupE[llu()IP” | + 3 (Vo 4l + 4BV xIP4B2IKIE) =
520 p €
8C2(2p -1) 5
— su E IIM(S)II ?
/lE] Z e s>(13 ]
Therefore, by (4.33) and Lemma 3.5, there exists a constant M5 independent of ¢ such that
sup E [IVu()|”? | + supE[ f CINVuIPPVII- A)a;lu(s)llzds}
2—p 20 0 (4.33)

< MsE|liglier |+ 1).

For convenience, we write A = (1 +iv)(—A)® + Al. Then, similar to Theorem 6.5 in [31], the solution
of (1.1) and (1.2) can be expressed as

u(t) = e 'u(0) - f eI + i) u()PPu(s)ds

, ’ - (4.34)

+ f eMIGC, u(s - p)ds + ) f e N0y + koo (u(5)))dWi(s).
0 = Yo

The next lemma is concerned with the Holder continuity ofsolutions in time which is needed to prove
the tightness of distributions of solutions.
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Lemma 4.4. Suppose (2.1)=(2.7) and (3.1) hold. If ¢(s) € L*(Q, C([-p, 0], V)), then the solution u
of (1.1) and (1.2) satisfies, for any t > r > 0,

Elllu(r) = u(nIP’] < Mo(lt = rI” + |t = r??), (4.35)
where Mg is a positive constant depending on ¢, but independent of t and r.

Proof. By (4.34), we get fort > r > 0,

u(t) = e u(r) - f e A + ilu(s)Pu(s)ds

/ ) ‘ (4.36)
+ f e A IG(, uls — p))ds + Z f e (o1 g + ko (U(8))AW(5).
r kII r
Then we infer
52r d .
llu(t) — u(r)|[?? < T [||(€_A(H) — Du()|*? + ||f e A + i) |u(s)Pu(s)ds|*
’ (4.37)

! & !
+| f e MIG(, u(s = p))ds|[*F + || Z f e M0y 4 + kO 1 (u($))AWi(9)IPP ] :
r k=1 r
Taking the expectation of (4.37), we have forallz > r > 0,

2 52[7 —A(t-r 2 52p t —A(t—s . 2 2
Elllu() — u(nli*] < —-ElliCe D —Du(r)| 1+ E ||f e M A+ ip)lu(s)Puls)ds| >

[ee)
12,
k=1

2p

5 f
+—E [II f e AIG(, u(s—p))ds|*

5r
+—E
4 4

r

f e_A(t_s)(O'Lk+KO'2,k(u(S)))de(S)||2p] .
(4.38)

For the first term on the right-hand side of (4.38), by Theorem 1.4.3 in [32] , we find that there exists
a positive number Cy depending on o such that for all # > r > 0,

5%
Bl =DunIP?] < Cott = rYEIIR ).

Applying Lemmas 3.5 and 4.3, we obtain for all > r > 0,

5%r
Bl = Du(nIPr] < Cit = )" (4.39)
For the second term on the right-hand side of (4.38), by the contraction property of e, we infer

that forallz > r > 0,
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t t 2p
E[Ilfe_A(t_”(l+iu)|u(S)|2ﬁu(S)dS||2”]S(1+u2)”El(f |||u(S)|zﬁ”||dS) l
< (1+4°)’E [(f |||u(S)|2"3+1||2”dS)] (t—r!
< (L+p2)P sup B ()7 | €@ = 2.

We deduce the estimate sup E [(||u(s)||i(2%2’;fll)))p] <M (E[II(,DH%V] + 1) similarly to Lemma 3.5 together
s=>0

with Lemma 3.3 in [1]. Hence, the second term on the right-hand side of (4.38) can be estimated by
!
E [n f e A1 +iy)|u(s)|2ﬁu(s)ds||2”] < Cot — 1), (4.40)

For the third term on the right-hand side of (4.38), by the contraction property of e’ and (2.1) and

Lemma 3.5, we deduce that forall > r > 0,
52p t 2p
< TE {(f G, u(s—p))IIdS) l

5%

t
TE[II f e NIG(, u(s—p))dsIP

52p t 2p
< TE l(f ({17l +a||u(s—p)||)dS) }

2 f
< STE [( f (Al + a||u<s—p)||>2"ds)] (t—ry! (4.41)
02p ' t
< — (= f (1aIP? + a7 | llu(s—p)IP? ) ds
10%° r
<= (||h||2” +a* supE [||u(s)||21’]) (t— 1) < C3(t—1r)™.
t>—p

For the forth term the right-hand side of (4.38), from the BDG inequality, the contraction property of
e, (2.6) Holder’s inequality and Lemma 3.5, we deduce

[ee)
12
k=1

5% ‘e i
< 2| [ e rusnIPds
4 L\Y7 k=1
t

5%

—E
4

f e (o, +KO'2,k(M(S)))de(S)H2p}

r

[

s | ) o\
<2-CE f 3 2l 4l + Ioras(u()IP)ds
L T k=1

5r

[ ; p
< GE f Z 2llory 4l + 21IlB; + 2|lkllimy,fll(u(s))IIQ)ds) }
L\Y7 k=1
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52p
< —C4E
=5 4

00 00 ! p
[2 D ol + 20IkiPBDE = 1) +4Z iy f ||u<s>||2ds) ]
102 R 0 t ) 14
<—c4[Z<||mk|| + 2]l ﬁk) (t— r)p+—c4[ ZHKHM] E[( f (o)l ds)]
L0 2 [Z(Hm,knz * 2||K||2ﬁ,%) (t=ry
102 4.42
+—c4( Zuxumyk) (t=r" f (llu(s)II?? | ds #42)

1 P
sT (Z(Hmkn +2||K||/3k) (="

102[) 00 p
¥ c4(2§ ||K||Lmyk) (t = 1)” sup E [llu(s)|P”
k=1

8 5>0
< Cs(t - r)”.

Therefore, from (4.38)—(4.42), we obtain there exists C¢ > 0 independent of 7 and r, such that for all
t>r>0,
E[llu(t) — u(DIP] < Co(lt = rl” + [t = ).

The proof is complete.
5. Existence of invariant measures

In this section, we first recall the definition of invariant measure and transition operator. Then we
construct a compact subset of C([—p, 0]; H) in order to prove the tightness of the sequence of invariant
measure my on C([—p, 0]; H).

Recall that for any initial time 7, and every ¥, -measurable function ¢(s) € L*(Q, C([-p,0], H)),
problems (1.1) and (1.2) has a unique solution u(¢; ty, ¢) for ¢t € [ty — p, 00). For convenience, given
t >ty and F,-measurable function ¢(s) € L*(Q, C([—p, 0], H)), the segment of u(t; ty, ¢) on [t — p, 1] is
written as

u(to, p)(s) = u(t + s; 19, ) for every s € [—p,0].

Then u,(ty, ¢) € L>(Q, C([—p, 0], H)) for all t > #,. We introduce the transition operator for (1.1).
If ¢(s) : C([-p,0], H) — R is a bounded Borel function, then for initial time r with O < r < ¢ and
w(s) € C([—p, 0], H), we write
(Pr9)(@) = Elg(u,(r, 9))].

Particularly, for I € B(C([—p, 0], H)), 0 < r < tand ¢ € C([—p, 0], H), we have

p(r,g:t,1) = (prdr)(@) = Plw € Qlu,(r, ) €T},

where 1 is the characteristic function of I'. Then p(r, ¢; ¢, -) is the distribution of u,(0, ¢) in C([—p, 0], H).
In the following context, we will write py; as p;.
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Recall that a probability measure .# on C([—p, 0], H) is called an invariant measure, if for all > 0
and every bounded and continuous function ¢ : C([—-p,0]; H) — R,

[ wowdne= [ sodi. foratizo
C([-p,01:H) C([—p.01:H)
According to [33], we infer that the transition operator {p,,}o<,<; has the following properties.

Lemma 5.1. Suppose (2.1)—(2.7) and (4.1)—(4.3) hold. One has

(a) The family {p,;}o<r<: is Feller; that is, if ¢ : C([—p, 0], H) — R is bounded and continuous, then
for any 0 < r < t, the function p,;¢ : C([-p,0], H) — R is also bounded and continuous.

(b) The family {p,.}o<,<: is homogeneous (in time); that is, forany 0 <r <t,

p(r?"p;t? ) = p(oa‘p’t_ r, )’VSO € C([_p,o]aH)

(c) Givenr > 0 and ¢ € C([-p, 0], H), the process {u,(r, )} is a C([—p, 0], H)-valued Markov
process. Consequently, if ¢ : C([—p, 0], H) — R is a bounded Borel function, then for any 0 < s <r <t,
P-almost surely,

(P5.9)@) = (Ps.(Pri®)) @), Yo € C([—p, 0], H),

and the Chapman-Kolmogorov equation is valid:
p(s,;t,1) = f p(s,oir,dy)p(r, y;1,1),
C([-p,01.H)

forany ¢ € C([—p,0], H) and " € B(C([—p, 0], H)).
Now, we establish the existence of invariant measures of problems (1.1) and (1.2).

Theorem 5.2. Suppose (2.1)—(2.7) and (4.1)—(4.3) hold. Then (1.1) and (1.2) processes an invariant
measure on C([—p, 0], H).

Proof. We employ Krylov-Bogolyubov’s method to the solution u(¢, 0, 0) of problems (1.1) and (1.2),
where the initial condition ¢ = 0 at the initial time 0. Because of this particular ¢ € C([—p, 0], V) C
C([—p, 0], H), we know that all results obtained in the previous Sections 3 and 4 are valid. For simplicity,
the solution u(t, 0, 0) is written as u(¢) and the segment 1,(0, 0) as u,. For k € N*, we set

1 k+p
My = %f p(0,0;1¢,-)dt. 5.1
19

Step 1. We prove the tightness of {.#,};2, in C([-p, 0], H). Applying Lemmas 3.2 and 4.2, we get
that there exists C; > 0 such that for all ¢ > p,

E

sup ||u,(s)||%,] <C,. (5.2)

—p<s<0

By (5.2) and Chebyshev’s inequality, we have that for all > p,

C
SIT;_)O as R — oo,

1
P({ sup |lu,(s)lly > R}) < FE[ sup [l (Il

—p<s<0 —p<s<0
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and hence for every € > 0, there exists R; = R;(g) > 0 such that for all > p,

P({ sup |[u($)|ly = Rl}) < %8. (5.3)

—p<s<0

By Lemma 4.4, we get that there exists C, > 0 such that forall t > p and r, s € [—p, 0],
Elllu,(r) — u(s)IIP’] < Co(1 + |r = s = sI7,
and hence for all t > pand r, s € [—p, 0],
Elllus(r) = wi()IPP] < Co(1 + pP)lr = sl (5.4)

Since p > 2, applying (5.4) and the usual technique of dyadic division, we obtain that there exists
R, = Ry(¢) > 0 such that for all ¢ > p,

- 1
P[ sup 1) — (M, ] >1- s (5.5)
—p<s<r<0 |r —_ sl 4[) 3

By Lemma 3.4, we get that for given £ > 0 and m € N, there exists an integer n,, = n,(g,m) > 1

such that for all ¢ > p,
) &
E[—Egsgo lenm lu(t + s, x)| dx] S S

which implies that for all # > p and m € N,

1
P({ sup f u(t + 5, x)*dx > 2—}) < 2'"15[ sup f lu(z + 5, 0)Pdx| < 2;2 (5.6)
—p<5<0 Jx|2n,, —p<s<0 J|x|zny,
By (5.6), we infer that for all ¢ > p,
(o8] (o) 1
2
P(YE:Jl {_2;20 lenm lu(t + s, x)|“dx > —}] < Z 4_1
and hence for all t > p,
) 1 1
P4 sup lu(t + s, x)|"dx < — forallme N;|>1 - -¢. 5.7)
—p<5<0 Jx|2ny, 2m 4
Let
={&D¢ﬂk+%swﬂﬁmwﬁ&@*, (5.8)
—p<s<0
¢ (r) — Z(s)l]
My, =4 € C([-p,0),H) :  sup # <Ry(e)}, (5.9)
—p<s<r<0 |y — | % 49
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M = {§ € C([-p,0],H) : sup f 1£(s, x)PPdx < ZL’" forallm e N} , (5.10)
—p<s<0 Jx|>ny,
and
M, = Mo [ Y Moo [ | M. (5.11)

From (5.3), (5.5) and (5.7)—(5.11), we obtain that for all # > p,
Pu, e My)>1-¢. (5.12)
By (5.1) and (5.12), we deduce that for all k € N,
M (M) > 1 —e. (5.13)

Next, we prove the set M, is precompact in C([—p, 0], H). First, we prove for every s € [—p, 0]
the set {{(s) : { € M.} is a precompact subset of H. By (5.8) and (5.11), we obtain that for every
s € [-p, 0], the set {{(s) : { € M.} is bounded in V. Let Q,, = {x € R" : |x| < n,,}. Then we get that
the set {£ (S)lQm { € M.} is bounded in H' (Q,) and hence precompact in LZ(QmO) due to compactness
of the embeddmg H'(Q,,) — L*(Q,,). This implies that the set {¢ ($)la,, : ¢ € M.} has a finite open
cover of balls with radius 1(5 n LZ(QmO) Note that for every ¢ > 0, there exists my = my(6) € N such
that for all £ € M,,

52

1
,0)Pdx < — < —. 5.14
ﬁ - 1£(s, x)|7dx < o < g (5.14)

Hence, by (5.14), the set {{(s) : { € M.} has a finite open cover of balls with radius %6 in L*(R").
Since 6 > 0 is arbitrary, we obtain that the set {{(s) : { € M,} is percompact in H. Then from (5.9)
and (5.11), we obtain that M, is equicontinuous in C([—p, 0], H). Therefore, by the Ascoli-Arzela
theorem we deduce that M, is precompact in C([—p, 0], H), which along with (5.13) shows that {n};”
is tight on C([—p, 0], H).

Step 2. We prove the existence of invariant measures of problems (1.1) and (1.2). Since the sequence
{ A}, is tight on C([—p, 0]; H), there exists a probability measure m on C([—p,0]; H), we take a
subsequence of {.#}(not rebel) such that .#; — m, as k — oo. In the following, we prove .Z is an
invariant measure of (1.1) and (1.2). Applying (5.1) and the Chapman-Kolmogorov equation, we obtain
that for every ¢ > 0 and every ¢ : C([—p,0]; H) —» R,

k+
f owd.# (v) = lim l f ' (f o(v)p(0,0; s, a’v)) ds
C([—p,01;H) C([-p,0L:H)

k+p—t
= lim - f (f d(v)p(0,0; s + ¢, dv)) ds
koo k C-p.01:H)

k+p
= lim — f (f o(v)p(0,0; s + ¢, dv)) ds
koo k Cll-p.0L:H)

1 k+p
= lim - (f (f d(WV)p(s, @; s + t, dv)) p0,0; s, dgo)) ds
koo ko J, Cll=p.0L:H) \JC(=p,01;H)
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1 k+p
= lim — f (f (f d(W)p0, p; t, dv)) p0,0; s, dgo)) ds
k= k C1—p0L:H) \JC(1—p.01:1)

= f ( f d()p(0, ¢; t, dV)) d. /()
C([-p,01:H) C([-p,01:H)

_ f (Pob) @) (),
C([-p,0;H)

which completes the proof.
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