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Abstract: We study a switching heroin epidemic model in this paper, in which the switching of supply
of heroin occurs due to the flowering period and fruiting period of opium poppy plants. Precisely, we
give three equations to represent the dynamics of the susceptible, the dynamics of the untreated drug
addicts and the dynamics of the drug addicts under treatment, respectively, within a local population,
and the coefficients of each equation are functions of Markov chains taking values in a finite state
space. The first concern is to prove the existence and uniqueness of a global positive solution to the
switching model. Then, the survival dynamics including the extinction and persistence of the untreated
drug addicts under some moderate conditions are derived. The corresponding numerical simulations
reveal that the densities of sample paths depend on regime switching, and larger intensities of the white
noises yield earlier times for extinction of the untreated drug addicts. Especially, when the switching
model degenerates to the constant model, we show the existence of the positive equilibrium point under
moderate conditions, and we give the expression of the probability density function around the positive
equilibrium point.

Keywords: heroin model; stationary distribution; extinction; regime switching; Fokker-Planck
equation; probability density function

1. Model establishment

Heroin is a semi-synthetic opioid drug, which is mainly extracted from opium poppy. Heroin was
originally developed as a drug to cure morphine addiction, but later it was found to be highly addictive,
dependence causing and toxic [1]. Heroin became one of the most popular drugs in the world [2].
White and Comiskey [3] were the first to study the spreading of heroin by using an ordinary differential
equation (ODE) compartmental model, and they separated the local population into three compartments
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based on the states of drug addicts: the susceptible individuals, the untreated drug addicts and drug
addicts under treatment. Based on White’s model, many scholars developed different mathematical
models to discuss the transmission mechanisms of heroin, such as age structure models [4-6], distributed
delay models [7-9] and nonlinear incidence models [10-13] as well. Within the above-mentioned works,
the authors found that the consumption of heroin was transmitted from a drug addict to a non-drug
addict, which was similar to the mechanism of the spreading of infectious diseases. They further
discussed the basic reproduction number R, as the threshold, and they determined the stability of the
drug-free equilibrium and the endemic equilibrium.

Meanwhile, environmental noises usually affected the dynamics of heroin models in [14—-19]. More
precisely, Liu et al. [14] proposed a stochastic heroin epidemic model, in which they obtained a threshold
for the extinction of the drug addicts. Further, [15] studied a stochastic heroin epidemic model with
the bilinear incidence within a varying population. Then, Wei et al. [16] analyzed the long-term
dynamics of a perturbed heroin epidemic model under non-degenerate noise. Later, Wei et al. [17]
established a heroin population model with the standard incidence rates between distinct patches, and
by constructing suitable Lyapunov functions, they established the sufficient criteria for the existence of
the addict elimination and the existence of an ergodic stationary distribution. The recent contributions
in [20-33] governed the continuous-time Markov chains taking values in a finite-state space to describe
the regime switchings, in which Markov-chains were memoryless, and the waiting time from one state
to another state usually obeyed the exponential distribution. Therefore, in this paper, we consider the
following stochastic heroin model with the bilinear incidence rate under regime switching:

dS() = [An(®) = BimE)S DU () — u(m(£)S (1) |de
+01(m(1)S (1B (1),

dU@) = [Bim@)S OU@) = pm®)U @) + B (mDUOT (1)
~(u(m(®)) + 61 (mONU @) |dt + o2 (m(D)U(1)dBy(2),

dT() = [pm)U() = Ba(mDUDT (1) = (u(m()) + 6,(m())T (1) |dt

+0or3(m(1))T (1)dB5(1),

(1.1)

where S (7) is the number of the susceptible individuals; U(¢) is the number of the untreated drug
addicts; and 7'(¢) is the number of the drug addicts under treatment at time ¢ respectively. Moreover,
N(t) = S() + U(t) + T(¢) denotes the total population size at time t; B;(¢) (i = 1,2, 3) are mutually
independent standard Brownian motions defined on a complete probability space (Q2, ¥,P) with a
filtration {¥,};»9, which is increasing and right continuous while ¥, contains all P-null sets; and
o? >0 (i = 1,2,3) denote the intensities of the white noises. A is the population density entering the
susceptible per unit of time, u is the natural death rate of the total population, p is the proportion of
drug users who are under treatment, ; is the rate that an individual becomes a drug user, 3, is the rate
that drug users under treatment relapsed to the untreated, ¢, is the drug-related death rate, ¢, is the
successful cure rate. We assume that all parameters of model (1.1) are non-negative.

Let m(r) be a right-continuous Markov chain on the complete probability space (€2, ¥, P) taking
values in a finite state space S = {1,2,--- ,N} for ¢+ > 0 and Ar > 0, which is generated by the
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transition matrix I' = (p;j)nxwn, 1.€., P{m(t + Ar) = jlm(t) = i} < p;;At + o(Ar) if i # j; otherwise,
Pim(t + At) = jlm(t) = i} < 1 + p;At + o(Ar) if i = j, where p;; > 0 is the transition rate from state i to
state jif i # j while Z,:l pij = 1.

In this paper, we assume that p;; > 0 fori, j=1,--- ,N with i # j. In model (1.1), the parameters
A, p, i, B1, B2, 01, 02, 0 (i = 1,2,3) are not constants; instead they are generated by a homogeneous
continuous-time Markov chain m(¢) for t > 0. That is, for each fixed k € S, A(k), p(k), u(k), Bi(k),
Ba(k), 61(k), 62(k) and o;(k) (i = 1,2, 3) are all positive constants. We assume that the Markov chain
m(t) is irreducible, which means that the system can switch from one regime to another regime. It
implies that the Markov chain m(¢) has a unique stationary distribution n = (7, m,,--- ,my) Which
can be determined by the equation 2T" = 0 subject to Yy, 7 = 1 and &, > O for any k € S. Define
R} ={xeR":x;>0,1 <i<n}. Forany vector g = (g(1), g(2),---,g(N)), let § = minges{g(k)} and
g = maxcs{g(k)}. Next, we will show the existence and uniqueness of a global positive solution. Then,
we will discuss the survival dynamics including the extinction and persistence of the untreated drug
addicts for the switching model (1.1). Further, we will investigate the probability density function of the
degenerated model (2.20) under some sufficient conditions.

2. Main results

In this section, we give the generalized SDEs
dX(1) = f(X(0), m(t))dt + g(X(1), m(1))dB(r), =0, (2.1)

with the initial values X(0) = Xy, m(0) = m, where B(-) and m(-) are the d-dimensional Brownian
motions and the right-continuous Markov chains, respectively. f(-,-) and g(:, -) respectively map R" X S
to R” and R™“ with g(X, k)g" (X, k) = (g; (X, k))nxn. For each k € S, let V(-, k) be any twice continuously
differentiable function, and the operator £ can be defined by

aV(X k) V(X k)
3 Z g/ (X, ) ——

LVX, k) = Z (X, k) TR AN,

£ puVx D).
i i,j=1 leN

2.1. Existence-and-uniqueness of the solution

We first of all consider the existence and uniqueness of a global positive solution before investigating
other long-term properties of model (1.1) in this section.
Theorem 1. For any initial value (S (0), U(0), T(0),m(0)) € R3 x S, there exists a unique solution
(S (@), U(®), T(t), m(t)) of model (1.1) on t > 0, and the solution will remain in R x S with probability one.
Proof. We write down similar lines as we did in [34, 35] and define the stopping time

1nf{t € [0,7,) : min{S (@), U@®), T(t)} < % or max {S @), U, T(t)} = r}.

Therefore, there exists an integer r; > ry such that P{r, < [} > & for each integer r > r|. Define a
C?-function V : R — R, as follows:

S
VIS, U,T)=S —c-In—+U~-1-InU+T-1-1InT,
c
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where c is a positive constant to be determined later. Let / > 1 be arbitrary, forany 0 <t <7, Al =
min{t,, [}, and applying Itd’s formula to V, we get

LV = —p(k)S — (uk) + 6,(k)U — (u(k) + 62(k)T

A(k U
- < S( ) _ s - patior — LX)

+ (cB1(k) + Ba(k))U + A(k)
+ (¢ + 2)uk) + pk) + 8, (k) + 62(k) + %(ca%(k) + 03(k) + o3(k))

v v - 1 v y o
<A+ (c+2p+p+d +52+§(c&%+&§+&§)+(cﬁl + By — it —01)U.
Choosing ¢ such that ¢, + 8, = ji + 61,
. « v 1
LVSA+(c+2i+p+0 +52+§(car§+&§+&§) =K.
The rest of the proof is similar to Theorem 1 in [17], so we omit it. The proof is complete.

2.2. Extinction of the untreated drug addicts within local population

For a long time, extinction always refers to the disappearance of infectious diseases in epidemiology.
So, the most important concern of the dynamical behaviors for the stochastic heroin model is to control
the spreading of heroin and the number of the untreated drug addicts. By the approaches given in [34-39],
together with constructing several Lyapunov functions, combining generalized It6’s formula and the strong
law of large numbers, we derive the moderate conditions for the extinction of the untreated drug addicts
to model (1.1). With these conditions, we find that the spreading of heroin ultimately vanishes in the
local population, in other words, the number of the untreated drug addicts declines to zero.

Lemma 1. Assume that fi > (572 V &3 v &3), and the solution (S (1), U(t), T(1), m(t)) of model (1.1) satisfies
1 [ 1 [
lim " 015 (8)dBy(s) = lim ;f oL U(s)dBy(s) =0 a.s.,
f—o00 0 f—o00 0
1 !
lim — 3T (s)dB3(s) =0 a.s..

t—oo f 0

Proof. We write down similar lines by the same approach as in Lemma 2.2 of [28], so the proof is easy
to check, and we omit the details.

Lemma 2. For t > 0, the solution (S (t), U(¢), T(t), m(t)) of model (1.1) satisfies
1
tlim ;(S O+U@®)+T@®))=0 a.s..

Proof. Define W(N) = (1 + Ny’ with p > 1, which gives

AW(N) = LW(N)dt + p(1 + Ny~ (o1(k)S dBy(¢) + > (k)UdBa(t) + o5 (k)TdB5(t)),
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where

LWN) = p(1 + NY'[AK) — u(k)S = (uk) + 6, (k)U — (u(k) + 6,(k)T]

plp-1)
2

+ (1 + NY 2(o1(k)S? + o3(k)U* + 3 (k)T?)
= p(1 + NY2[(1 + N)(AK) — u(b)S = (uk) + 6,(k)U
— (u(k) + 6,(k)T) + ’%l(af(k)sz + o5 (k)U? + o3(k)T?)]

) ~1
< p(1+ NY2[(1 + N)A - aN) + ’)T((r% V33V N

=p(1+Ny~?| - (i - ’%1(&% V&3V EDINT + (A - )N +A.

The remaining proof is referred as Lemma 2.3 of [28]. We omit the details.
Theorem 2. If the conditions

LTI R
,Ll>§(0'1VO'2VO'3)

and Lo
maxififol x _ (p+a+d+ 1&5) <0
2
hold, then
lim 2 <o

That is, the density of the untreated drug addicts will decline to zero with an exponential rate.

Proof. Model (1.1) gives

dS +U+T)<|A- (S +T) - (@+5)U|dr
+ 01SdB(t) + 7, UdB, (1) + d3TdB;(1).

Integrating (2.2) from O to ¢, we get

A0 lf [A =S () + T(s) = (i + 61)U(s)|ds + M@,
t tJo t
Together with
M) = f 518 (5)dB () + f F>U(s)dBa(s) + f 3T (5)dB5(s)
0 0 0
and

A =S +U@0)+T@®)—-S0)-U©) —-T(0),

(2.2)

(2.3)
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the expression (2.3) further gives

f |A = (@ +38)U(s)|ds + MT(” - @}. (2.4)
0

t

~ | =

! f (S(s) + T(s))ds < l{
tJo u

From model (1.1), we can see

%(m U(f) — In U(O)) < max{B, /}2}% f (S(s) + T(s))ds
0

N 1 7B, (t

~(pra+di+563)+ 72 t2().

(2.5)

Combining expressions (2.4) and (2.5), we have

InU@ _ maxiB, )
toT

Mo _ A0,
t t

{1 fot |A = (i +8)U(9)|ds +

t

.1 #By(H)  InU(O
_(p+,1+51+§&§)+(72t2()+nt()

Bi, Bt M(t)  A()y  F2Bx(H)  InUQ
<max{€1,,82}( (0 ())+0'2 2()+ nU(0)
l t t t t
A 3 3 ~, 1
+ —maxiﬁl,ﬁz} - (ﬁ + 0+ 0 + —6—%).
2
By the strong law of large numbers for local martingales, together with Lemma 1 and Lemma 2, we obtain

1 !
lim — 02dBy(s) =0 a.s.,

t—oo f 0
and .
1 ,
lim —{M(M(t) ~A®)+InUO)} =0 as.
oo f ll
If oo
max{f, B2} PN 1,
TA—(p+,u+61 +§0'2)<O,
this means that O
t
lim n t( ) < 0.
f—oo

In other words, by Definition 3.2 in [34], the density of the untreated drug addicts declines to extinction
exponentially. The proof is complete.

2.3. Persistence of the untreated drug addicts within local population

Next, we investigate the sufficient conditions of the existence of an ergodic stationary distribution for
model (1.1). Define

RS = Z JTkROk, (26)

keS
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where

1
Ro = c1(k)Ak) — p(k) — u(k) — 81 (k) — Eaé(lo,

and ¢, (k) is the solution of the linear system (2.7).

Lemma 3. For each k € S, the linear system

c1(uk) = ik = > puci() = 0 2.7)
=
has a unique solution c¢; = (c1(1),c1(2),- -+ ,c1(N))" > 0; moreover,
2 (k) (k) + 62(k)) = Ba(k) - ,Z puca(l) =0 (2.8)
=
has a unique solution c, = (c2(1), c2(2), -+ ,c2(N))" > 0.

Proof. The linear system (2.7) can be rewritten as the form of AV = B, where V € R, g =
Bi1(1),B:1(2),- -+ ,B1(N))", and

u(l) = pn —P12 s —PIN
—P21 H2)=pr - —PaN
A= ) )
—DPN1 —PnN2 <o u(N) — pyn

Obviously, A € ZVN and ZV = {B = (b;j)nxn : bij < 0,i # j}. By Lemma 5.3 in [40], we obtain that

determinant of (A;) is positive for k = 1,2,--- , N, where
u(l) = pu —P12 T —Pik
-pa M2)—pyn - —D2%k
Ay = . . .
—Dk1 —Pr2 o (k) = pr

In other words, the leading principal minors of A are all positive, which means that A is a nonsingular
M-matrix. For the vector 8, € R", the linear system (2.7) has a solution ¢; = (¢;(1),¢1(2), -+, ci(N))".
Similarly, we show that the linear system (2.8) has a solution ¢, = (c3(1), ¢2(2),- -+, c2(N))".

Theorem 3. If R) > 0, then model (1.1) admits a unique ergodic stationary distribution.
Proof. Let
x(t) =InS (@), y() =InU®), z() = InT (),

Mathematical Biosciences and Engineering Volume 20, Issue 7, 13222-13249.
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and then model (1.1) is rewritten as follows:

MX(’)) — Bi(m(1))e’ — (u(m(t)) + %ff %(m(t)))]dt

dx(1) :[ _

+ o (m(1))dB, (1),

dy(®) =[ﬁ1(m(t))ex — p(m()) + Ba(m(1))e” — (,u(M(t)) +61(m(1))
. (2.9)
+ Eag(m(t)))]dz + o5 (m(t))dBy(t),

p(m(1))e’
eZ

1
dz(1) =| = Bam(D)e’ = (um(®)) + 520m(1)) + 503 (m(r)))|de

+ o3(m(1))dB;(1).

Equivalently, we study the stationary distribution of model (2.9) by using Lemma 2.1 in [41] (also
referred as Lemma 5.1 in [36]).
Step 1. The assumption p;; > 0 for i # j implies that condition (i) in Lemma 2.1 in [41] is satisfied.
Step 2. The diffusion matrix

oﬁ(k) 0 0
D(x, k) = 0 o3k) O
0 0 0'§(k)
of model (2.9) is positive definite, which implies that condition (ii) in Lemma 2.1 in [41] holds.
Step 3. We define a C>-function

W(x7 y, Z, k) = (ex + ey + eZ)(H+1)

0+1
— Blci(k)(e*+ &)+ (k)& + ) +y+wi] —x -z,

such that 8 € (0, 1) satisfying
a—0.505% >0, j+6,—0.505%>0, a+6,—0.505% >0,

and such that B > 0 satisfying
fi' + i —=BRy < -2,

here w; will be determined later. Obviously, there exists a point (xo, Yo, 29, k) at which the minimum
value W (xo, Yo, 20, k) is taken. We define a non-negative C>-Lyapunov function as follows:

V(-x’ya <, k) = W(x’y’ 2, k) - W(XO’YOa 205 k) (210)
Denote
— X y z\(0+1)
Vl(x,y,Z,k) 0+1(€ +e +€) 5
Va(x,y,2,k) = —c1(k)(e" + &) — ca(k)(e” + &) — y — wy,
Vi(y, k) = —x,
V4(X, k) = —Z.
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By using the generalized Itd’s formula, together with the elementary equality
(@a+b+¢)0 <3+’ + %, fora>0,b>0,c>0,

we obtain

LV = (e + € + &)[Alk) — pk)e® — (u(k) + 61(k))e” — (k) + 02(k))e?]

0
+ E(ex +e + ez)g_l((f%(k)ezx + o%(k)ezy + o%(k)ezz)

2.11)
< 3'A(k) (™ + e + ) + g(af(k)e“’”)x + o3k + o3 (ke ?)
— (k) + 62(k))e ™V — (ke D" = (u(k) + 61 (k))e ",
and picking the coefficients by terms gives that
P TS | PSS SR SV T ~oa By e
LV, < —(u—zal)e " —(,u+51 —50'2)6 " y—(,u+(52—§0'3)e T
(2.12)
+ 3%A(™ + ” + &%).
According to the similar discussion and Lemma 3, we obtain
LVs = —ci(B)[Ak) — p(k)e™ = p(k)e” + Ba(k)e’™ — (u(k) + 61(k))e’]
— a(B)[Bi(k)e™ — (uk) + 61(k))e” — (uk) + 52(k))e’]
1
— Bi(k)e” — Bo(k)e” + p(k) + p(k) + 6,(k) + Evg(k) - Z prw(l)
leS
= > puer(D(e" +€) = " puca(l)(e + ¢)
leS leS
< [e1®ptey = 1) = Y pucr(D]e’
leS
+ 2o + 62(0) = Bok) = ), pues(d e o)

leS

+ [e1()(p() + (k) + 61 (k) + 2 (k) (k) + 61(k))

= > puer® = ) pucadle’

leS leS

1
+ p(k) + u(k) + 6,(k) + 505(/6) — c1(k)Ak) - Z praw(l)

leS

= —Ro — Z prw(l)

leS

+ 1P +81(0) + k)61 (K) — 6:0)) + Bi(k) + B e,
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with {
Ry = c1(k)A(k) — p(k) — (k) — 61(k) — Eﬁg(k)-
-, Ron)", since the generator matrix I is irreducible, there exists a

We define a vector Ry = (Ry, Rop, - -
-, wy)" such that

solution of the Poisson system w = (wy, - -

N
= (D mRo)T = Ro, (2.14)
k=1
where 1 is a column vector in which all elements are one, which further implies
Ror + Z Prw(l) = Z T Rox,
leS
and together with (2.6), the expression (2.13) turns into
LVy < =R+ [E1(p +6) + E61 + B + o€ (2.15)
By the same arguments, we derive
A 1 A
LV; = ——( L e + ) + SR < —— +pie + i+ 507, (2.16)
pk) y 1
LV, < ——= +ﬁ2(k)e + 1+ 5y + 203 2.17)
ec
Thus the following result is derived
, (2.18)

LV =LV +BLV, + LV3+ LV4 < f(x,9,2) = fi(x) + L) + f3(2)

where
Al =—(a gfr )e#*Dx 4 30K — ;\ 20U+ 0, + (0'1 +52),
£O) = ~(f+ 61 = 553)e D + 3 Re” + By + B)e’
+ B[ — Ry + (&1(P + 61) + &1 + Bi + Br)e],
f(2) = (ﬂ +6, - g ) O+1): 4 39K % — g.

Furthermore, we have
f,y, 20 < i)+ i+ fi = —oo, if x = +o00rx = —00

and the same arguments give that
fy,2) < fi' + L) + f5 = =00, if y = +oo,
faey. < '+ LW+ = A+ —BRy <=2, ify > —oo,

fy.2) < fi' + '+ f5(z) = —co, if z > +o00rz = —c0
Volume 20, Issue 7, 13222-13249.
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Therefore, we take & > 0 sufficiently large, and let
U=(-¢c6&)X(—¢g,&) X (—¢,&) X(-¢&,8).

Then,
LV(x,y,2,k) < -1, (x,y,2,k) € U X S.

Hence condition (iii) of Lemma 2.1 in [41] is verified.

2.4. Probability density function of model (2.20) within local population

Lemma 4. [42] Let Y be a symmetric positive definite matrix, such that the three dimensional algebraic
equation
G5+ AgYo + YAl =0 (2.19)
holds, where Gy = diag{1, 0,0}, and
—C1 —Cp —C3
Ag=| 1 0 0
0 1 0

and also that ¢y > 0,c3 > 0 and c;c; — ¢3 > 0, then Yy follows

Cy 0 -1

\ = 1 01 0
2(cicr = ¢3) -1 0 a

C3

Lemma S. [42] Let Yy be a symmetric positive semi-definite matrix, such that the three-dimensional
algebraic equation

G(z) + AOTI + TIAS =0
holds, where G = diag{1,0, 0}, and
—-d; —-d, —ds
AO = 1 0 0 .
0 0 dss.
Also, dy > 0,d, > 0, and thus Y takes the form

i 1 1
T = dlag{Z_dl’ m,O}.

Next, as a special case, we consider the degenerated model (2.20) as follows:
dS (1) =[A = BiIS(OU @) — uS (D]dt + oS (D)dB1 (1),
dU(@) =[BiS U @) = pU@) + BUNT (1) = (u + 1)U (1) dt
+ 0 U(0)dBy(1),
dT (1) =[pU(1) = BUT (1) — (u + 6)T (0)]dt + 03T (1)d B (D).

(2.20)

Mathematical Biosciences and Engineering Volume 20, Issue 7, 13222-13249.
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Then, we investigate the existence of the probability density function of model (2.20). First of all, we
consider the existence of the positive equilibrium point to model (2.20).

Theorem 4. [f the conditions

mpmy

g1 =0, 1+m>0, (2.21)

or
g1<0, A>0, BA—mp-—mmy >0, (2.22)

or
g1<0, A=0, (Bom —pBim3)(my+ p)+Pa(mip—piA) >0, (2.23)

hold, then, model (2.20) admits a positive equilibrium point P*, where g\, m,m,, m3 and A could be
found later.

Proof. Let (z1,22,z3)" = (InS,In U, InT)", by using It6’s formula, the following is derived from
model (2.20) that

2

dz =[6A71 - Bie” — (,u + %)]dt + o 1dBy (1),

2
(o
Aoy =|fre” = p + pre” = (u+ 01 + ) |dr + 02dBy(0). (2.24)

dzsz _[ 2T ﬁzezz (/J + 0, + O;)]dl + 03dB5(1).

Then, we determine the unique local equilibrium point
P = (S, U"T") = (&1, €%, €%),

by solving the following equations:
A . o?
= Bt -l ) =0,

Bre — p + fre’s — (u +0; + —) =0, (2.25)
2

peTS — Brer — (,u +0, + 2) =0,
2

in which

— BT + T
IM>O’ U*:m3—>0’
Bi p =BT

and T satisfies the following quadratic equation

St =

aiT?> +g.T +g3=0, (2.26)
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with
g1 = Bifams — Bymy,
g2 = 2Bomyp + Pomimy — 1A — Bimams — Bimsp,
83 = PipA —mmyp - mlpz,
and
o} o 3
m =,u+7,m2:,u+(51+7,m3 =,u+52+7.

Next, we discuss the value of g by three cases.
Case 1. If g; = 0 (i.e., Bym3 — Bom; = 0), and

mymy

L L
mp —BiA

> 0,

together with

& = Po(mip —BiN), g3 = p(BiA —mimy —myp),

as (2.27) is valid, then we get

8 _ PBiIA —mymy —mp) _ —E(l + mmy;
82 Ba(mip = BiA) B2 mp = BiA
and thus Eq (2.26) has a unique positive root.
Case 2. If g; < 0, then we get

)<O,

A =g§ - 48183
=[2Bomy p + Bamymy — Bifa A — Bymyms — Bymap)’
+ 4B, p(Bamy — Bim3)(BIA — mp — mymy).

Next, we turn to analyze the value of A. When
A>O, ,81A—m1p—m1m2>0,
which further gives

83 _ BipA —mimyp —mip® _ p(BiA —mymy — mp)
81 BiBams — Bom, Ba(Bimz — Brmy)

Thus, Eq (2.26) has a unique positive root. When

A=0, (Bom —pBim3)(my + p)+Ba(mp—pBiA) >0,

which gives that
& 2Bomyp + Bomymy — Bip A — Bimoms — Bimap

2¢1 2B>(Bimz — Bamy)
_ (Bomy — Bimz)(my + p) + Bo(mip — B1A) S

2B2(Bamy — Bim3)

0,

<0.

(2.27)

(2.28)

(2.29)
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and thus Eq (2.26) has a unique positive root.

Case 3. When g; > 0, if the drug addicts under treatment 7'(¢) has a unique positive root, the value
of 8, will be very small, and the drug addicts U(f) and susceptible individuals S (¢) are negative, so we
omit this case.

Theorem 5. [f the conditions of Theorem 4 are satisfied, and
AB} = msap > 0, (2.30)
then, model (2.20) possesses a probability density function
oS, U,T) = (2r)" |2| 2e -1n & n % n L)s7ln & n K In T)T’

and the positive definite matrix X is presented later.

Proof. Let x; = z; — z} fori = 1,2, 3, and the linearized equation of model (2.24) is written as

dx; =(=anx; — anx; + a;3x3)dt + o1 dB, (1),
de :((121)61 + axnx, + a23x3)dt + 0'de2(1‘), (231)
dxs3 =(az1x; + azx; — azzxz)dt + 03dBs(1),
where
ay = Ae™1, a1, = e, a3 = 0,
ay = B1€7,ay = 0,ax; = fre”,
az; = 0,a3 = pe™5 — Bre>,as; = pe

* *
574

Let X = (x1,x2, x3)", B(t) = (B\(1), B2(1), B3(1))", M = diag{o|, 0,03} and

—dpp —an 0
A = ajy 0 ans
0 asz;  —dasjz

Therefore, Eq (2.31) can be equally rewritten as
dX(r) = AX(¢r)dt + MdB(t).

According to the relative theory in Gardiner [43], there is a unique density function ®(X) around the
positive equilibrium point P* which satisfies the following equation (i.e., Fokker-Planck equation):

q

3
Z 7_ + —[( an Xy — apx; + a;3xz)P]
2 (2.32)

0
+ x—[(azlxl + anx; + axx3)P] + x—[a31X1 +anx; —azpx;)P] =0
2 3

On the basis of Roozen [44], we can approximate it with a Gaussian distribution

D(X) = O(xq, X2, X3) = Coe—%(X1,Xz,X3)Q(X1,X2,X3)T
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where Cj is a positive constant, which is determined by

f D(x1, X2, x3)dxdxrdx; = 1.
R3

Also, the real symmetric inverse matrix Q meets the subsequent algebraic equation
OM*Q+ QA +A"Q =0,
such that ¥ = Q7', and then we derive
M? + AL +3A" = 0. (2.33)

Furthermore, we have C, = (271)‘%|Z|‘%.
According to the finite independent superposition principle, we express Eq (2.33) as the sum of the
solutions of the following algebraic sub-equations:

M} + A% + AT =0,k =1,2,3, (2.34)
where
M, = diag(c,0,0), M, = diag(0, 0, 0), M5 = diag(0, 0, 03)
with
=% +3+ 33, M = M+ Mj + M.
Obviously, the characteristic polynomial of matrix A is
B+ p 2+ pd+p; =0,
with

p1 = as +a,
P2 = anass + apdaz — dxas, (2.35)

P3 = dppdrdsz — dpdzsdsz;.
We find that

Al = =asxz+ap >0,
1=P1 33 11 (2.36)

_ _ 2 2
Ay = pipr — p3 = aj,a33 + andpas + aj1ay; — 4x3a34a33,

due to a},as; + aa3, > 0, and direct substitution gives that

m3T*(AB} — Bamsp) .
p— BT

We derive that A is a Hurwitz matrix. Next, we will prove that X is positive definite.

anapdy — a3axndss = 0. (2.37)
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Step 1. We consider the algebraic equation
M} + AT, + AT =0, (2.38)

and our discussion will be separated into two cases according to the value of as,.
Case 1.1. If as; # 0, according to Li et al. [45], we select the standardized transformation matrix

a1 —azdss 61%3 + asans
Hl = 0 asy —as3 . (239)
0 0 1

such that B, = H|AH 1“. By direct calculation, we obtain

Y1 Y2 Y3
Bl = 1 0 O ’
0 1 0

where

Y1 = ap + ass,
Y2

Y3 = d2az1433 — dq1d3A3).

apasz + appday — axsdasy,

Furthermore, algebraic Eq (2.38) can be converted to the equivalent
H MiH! + BiH\2H! + HX,H Bl =0,
letting
® = 0, H\Z1H 01 = aziax0y,
and algebraic Eq (2.38) is converted as
G;+B®, +0,B] =0. (2.40)

We notice that the real parts of the eigenvalues of A are all negative, so B; is a Hurwitz matrix. By
Lemma 4, O, is positive definite and takes the form

Q) 0 -1
1
@, = 0 1 0
202=y3)| _1 o 2L
Y3

Therefore, X, = o7H;'©;(H)™.
Case 1.2. If az, = 0, we choose H, such that B, = I-AllAHl‘1 with

R ay 0 ax R -by —by -—b;3
H] = O 1 0 ,B] = 1 O 0 .
0 0 1 0 0 -—as
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where

by = ay1,by = apay, by = apas; — aams.

One can equivalently transform (2.38) into

[:IIM%I:I{ + Blﬁlzlﬁ{ + lelﬁ{B{ =0,

letting
O, =0’ H\ 2 H] 01 = azi 0.

The algebraic Eq (2.38) becomes

with

A ) 1 1
®, = dlag{2_b]’ TS }

Therefore, X; = 92H7'@, (A7)
Step 2. Let us consider the following algebraic equation

M; + A%, + AT =0,

we select the corresponding elimination matrix J, and let A, = J,AJ; ! with

01 0 0 _ dind) s
10 0 1 _ as
T2 = e A2 =1 gy —as3
a32 0 k2
with
b = apdpip  appdsjz
o - .
asp asy
Case 2.1. If k, # 0, we then let B, = HyA,H;" with
kaay, —ka(an +az) d —q1
H, = 0 ) —ay |\By=| 1
0 0 1 0

where

g1 = ap +ass,
g> = a11as3 + apay; — axsasy,

g3 = a1pdz1ds3 — Aa11a23asz.

Mathematical Biosciences and Engineering
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2.41)
(2.42)
(2.43)
1
11
—q3
0 | (2.44)
0
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Moreover, algebraic Eq (2.43) is equivalently transformed into
(HoJ)M5(HaJ2)" + Bo[(HoJo)Za(HaJo)' ] + [(HaJ2)Ea(HaJo) 1B; = 0,
and letting
®2 = 05 (Hy))E2(Ha o), 02 = kaazno,

algebraic Eq (2.43) is converted as

Gi + B,0®, + ®,B] =0, (2.45)
with
. g 0 -1
®, = 0 1 0
22— -1 o &L
q3

In other words, £, = p3(HJ2) '@, [(HaJ2)" 17"
Case 2.2. If k, = 0, then we select H, and let B, = HZAZI:IZ‘l with

. axp —azx 0 ) —wW; —Wy —Ws3
A= 0 1 0lB=1 0 o0 |
0 0o 1 0 0 —ap

where
W) = 43z, Wy = A0y — A3Azp, W3 = —dz1433.

One can equivalently transform (2.43) into
(ﬁ2J2)M§(ﬁ2]2)T + By[(H2J2)Sa(Ha o) ] + [(Ha )20 (HaJ0) 1B = 0,
letting
0, = 0,°(HyJ2)2(Hy o), 05 = axno,
which by Lemma 5 is simplified as
G: + B,®, + 0,87 =0, (2.46)

with

N . 1 1
0, = dlag{Z_w]’ 2w1w2’0}'

Therefore, X, = pX(H2J2) "' O,[(H2J2)" 17"
Step 3. Let us consider the algebraic equation

M3 + AZ; + 3:AT =0, (2.47)
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and we select J; and let A3 = J3AJ;" with
0 01 —as33 asp 0
J3 = 010 ,A3 = ans 0 any .
1 00 0 -—ap -an

We find Hs such that B; = H3;A3H;' with

—appdsz dindn G%I — apds —§1 —% =83
H3 = 0 —din —ai ,B'; = 1 0 0 . (248)
0 0 1 0 1 0
where
§1 = apn +assz,
S2 = anasz + apdz — adsn,
§3 = dj2dr1433 — A11d23A43).
So, (2.47) is equivalently transformed into
(H3J3)M3(H3J3)" + B3[(H3J3)E3(H3J3)" ] + [(H3J3)Z3(H3J3)" 1BS = 0,
and letting
O = 05°(H3J3)2Z3(HsJ3)", 03 = anaxos,
algebraic Eq (2.47) is converted as
G; + B3®; + @3B] =0, (2.49)
with
\Y) 0 -1
1 01 0
;3= ———
: 2(s152 — 83) -1 0 St
$3

In other words, 23 = Q%(H3J3)_l ®; [(H3J3)T]_1 .
3. Examples and numerical experiments

We assume that the Markov chain m(r) takes values in the state space S = {1, 2} with the generator

~_( 080 0.80
| 020 -020)

The initial value is (S (0), U(0), T(0)) = (0.70,0.50, 0.40), and the unique stationary distribution of m(t)
is m = (my,m) = (0.20,0.80), respectively. We next apply two methods to simulate the sample paths of
model (1).
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Milstein’s higher order method (MHOM). The discretization equations of model (1.1) by MHOM
in [46] are written as follows:

Sis1 =Si + (AGK) = Bi(R)S Ui — u(k)S ) At + o1 (K)S ; VAt
+0.507(k)S 7 (vi,; — DAL,

Ui =U; + (B1(0)S i U; + Bo()U;T; — (u(k) + p(k) + 61(k)) U;)At
+ o (R)U; VAtvg; + 0.502() Ui, — DAL,

Tivt =Ti + (p(k) = Bo(R)UIT: = (u(k) + 62(k) T) At + o3 () T; VAt
+0.505k)T7 (v, — DA, i=0,1,2,-

3.1

Partially truncated Euler-Maruyama method (PTEMM). The PTEMM in [47] is written as follows:
V3 x 103

1/Sz+ U2+T2

and the discretization equations of model (1.1) are written in (3.2), so the verifications of assumptions
in [48] are straightforward

At =107, h(AD = A5, w'(r) = \f X, =
3

i =8; + (AK) = fians — u(k)S ;) At + gia; VAtv,,
Uit =Ui + (fanei = (k) + p(k) + 61(K) UDAt + gani VAtv, (3.2)
Tiot =Ti + (p(K) = foni — k) + 5,(k) T) At + g3a,; VAtv,
where i =0,1,2,--- and
Sisei = AAX)B1()S Ui, faari = (1A Xo) (B1(K)S Ui + Bo(R)UT),
Sanei = LA X)Bo()UT;,  giai = (1A Xe) o1(k)S 4,
g = (L A Xo) (KU, g = (LA Xo) o3(K) T

vy.; are the Gaussian random variables, which follow the standard normal distribution N'(0, 1). Next, we
use PTEMM to simulate the figures in Examples 1-3.

Table 1. Values of parameters to model (1.1).

Group k Ak) ptk) ptk) 61(k) 6(k) Bitk) Batk) oitk) o3k) o3k
M 1 060 0.65 035 020 025 025 035 0200 0450 0.100
2 040 055 025 0.10 020 0.5 0.25 0.100 0.350 0.050
an 1 060 0.65 035 020 025 025 035 0.200 0.490 0.100
2 040 055 025 0.10 020 0.15 0.25 0.100 0.400 0.050
am 1 060 030 025 020 025 055 0.65 0.002 0.003 0.003
2 040 020 0.15 0.10 0.20 045 0.55 0.001 0.001 0.002

Example 1 We choose (I) and (II) of Table 1 to simulate the extinction in Theorem 2. By (I), we obtain

1 ~ 1
102550205 = v v o, DO R (s 4 Lo - omss <o
il
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By (II), we derive

1 31, B2} . 1
f1=025> 0245 = 5@V TV F), maxiifol x _ (p+i+81+563) = 0260 <.
Compare the trajectories of solutions under conditions (I) and (II), and the time spent in Figure 2 under
(IT) is shorter than that in Figure 1 under (I) when the intensities of the white noises increase.

35
3
05
[
25 2
? 04
k3
2 £ £
g g
203 203
g g
15 £ <
I I
02 02
1
05 1 1

1500 2000 2500 3000 ] 500 1000 1500 2000
Time (hour) Time (hour)

Figure 1. The extinction of the untreated drug addicts to model (1.1) under (I) with initial
conditions (S (0), U(0), T(0)) = (0.70,0.50,0.40) and o-f(l) = 0.2, 0'%(2) = 0.1,0'%(1) =
0.45,0'5(2) = 0.35,0'3(1) = 0.1,0'%(2) = 0.05.

3s
3
05 05
= =
25 5 5
9 04 @ 0.4
s 8
2 £ £
g g
503 503
15 £ £
I I
02 02
1
05 01 01

1500 2000 2500 3000 o 500 1000 1500
Time (hour) Time (hour)

Figure 2. The extinction of the untreated drug addicts to model (1.1) under (IT) with initial
conditions (S (0), U(0), T(0)) = (0.70,0.50,0.40) and 0'%(1) = 0.2, 0'%(2) = 0.1, 0'3(1) =
0.49,0'3(2) =04, 0'5(1) = 0.1,0‘%(2) = 0.05.

Example 2 We choose (III) of Table 1 to present the results in Theorem 3. In fact, the following
condition is valid:
Ry = > mRo = 0.707 > 0.
keS

As shown in Figure 3, the densities of the susceptible, the untreated drug addicts, and the drug addicts
under treatment are stationary over time. The related simulations are demonstrated by MHOM in the
middle and by PTEMM on the right. Moreover, for 50000 sample paths in total, the distributions of
frequency for the solution of model (1.1) are carried out in Figure 4.
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Figure 3. The stationary distributions with same Markov chain (left) under MHOM (middle)
and PTEMM (right) respectively.

1 11 12 13 14 15 05 09 1 0 005 01 015 02 025 03 03 04 045 05
Density of Density of U Density of T

Figure 4. Histogram of S (), U(¢), T(t) to model (1) with 50000 sample paths.

07 08 09

Example 3 We choose the data in Table 2 to verify the conditions of Theorem 4 and Theorem 5.
By (IV), the conditions

mpms
mip — i\

hold, we derive the equilibrium point P* = (1.078,0.861,0.407) by Theorem 4. Meanwhile, the
stochastic persistence of density function of model (2.20) is demonstrated in Figure 5.

1+ =0.618 > 0, A8} — m3Brp = 0.043 > 0
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Table 2. Values of parameters to model (2.20).

Group A p u 1 5> Bi B> o1 o5 o3

Iv) 0.60 0.35 0.15 0.125 0.115 0400 0.532 0.125 0.045 0.035
V) 0.60 0.35 0.05 0.150 0.055 0.400 0.380 0.170 0.080 0.044
(VI) 0.60 0.35 0.17 0.050 0.070 0.261 0.450 0.188 0.045 0.035

0 05

0 05 1 15

Figure 5. Persistence and density function of model (2.20) around (1.078, 0.861, 0.407).
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Figure 6. Persistence and density function of model (2.20) around (0.746,1.670,0.768).
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Or, we take parameter (V) to compute the following conditions
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BiA —myp —mimy = 0.105 > 0, ABT — m3B,p = 0.106 > 0
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then, the equilibrium point P* = (0.746, 1.670, 0.768) is followed. Further, the stochastic persistence
of density function of model (2.20) is shown in Figure 6. Or, by selecting parameter (VI), the
following conditions

(Bomy — Bim3)(my + p) + Ba(mip — BiA) = 0.160 > 0, ABT — m3B,p = 0.079 > 0

hold, we obtain the positive equilibrium point P* = (0.967,0.845,0.679). So, the same dynamical
properties appear, and we omit this case hereby.

4. Conclusions and discussion

Heroin is an addictive drug made from the various opium poppy plants around the world. The price
and spreading of heroin depend on the flowering period (usually May—July for a year) and the fruiting
period (usually June—August for a year). So, we give an SUT epidemic model with regime switching to
describe the flowering period and fruiting period of opium poppy plants in this paper. We are motivated
by the switching between flowering period and fruiting period of opium poppy plants in years, and the
recent contributions [17, 30, 31] on epidemic models. We focus on the survival analysis of switching
model (1.1) and its probability density function of constant model (2.20) for investigating their long-time
dynamical properties.

For the switching SUT epidemic model (1.1), the existence and uniqueness is first derived with
probability one in Theorem 1 by contradiction and stochastic analysis. Further, Theorem 2, Figures 1
and 2 verify the extinction of the switching SUT model under moderate conditions in theoretical and
numerical aspects. The simulations therein also reveal that the larger intensities of the white noises make
the time of extinction earlier. As a consequence of theoretical investigation, we derive the important
index R;) > 0 of the existence and uniqueness of the ergodic stationary distribution in Theorem 3. The
corresponding sample paths and histogram frequencies are demonstrated in Figures 3 and 4, respectively,
in which Milstein’s higher order method and partially truncated Euler-Maruyama method both verify
well under the same Markovian chain.

For the constant SUT epidemic model (2.20), we aim at the existence of the positive equilibrium
point in Theorem 4 and the existence of probability density function in Theorem 35, respectively. One of
three types of sufficient conditions is required for determining a positive equilibrium point, and details
could be found in Example 3. The sample paths of model (2.20) under distinct positive equilibrium
points are demonstrated in Figure 5. Further, the expression of probability density function around the
positive equilibrium point is obtained in Theorem 5 after we prove that coefficient matrix A is a Hurwitz
matrix and diffusion matrix X is positive definite by using the Fokker-Planck equation.
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