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Abstract: This paper investigatesL2−L∞ control for memristive neural networks (MNNs) with a non-
necessarily differentiable time-varying delay. The objective is to design an output-feedback controller
to ensure theL2−L∞ stability of the considered MNN. A criterion on theL2−L∞ stability is proposed
using a Lyapunov functional, the Bessel-Legendre inequality, and the convex combination inequality.
Then, a linear matrix inequalities-based design scheme for the required output-feedback controller is
developed by decoupling nonlinear terms. Finally, two examples are presented to verify the proposed
L2 − L∞ stability criterion and design method.
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1. Introduction

Over the past few decades, stability analysis and controller design for memristive neural networks
(MNNs) with delays have drawn extensive attention from the automation community. Various
noteworthy findings have been reported in the literature. For instance, Zhang et al. [1] explored the
stabilizability of delayed complex-valued MNNs and proposed a new memory-based controller with
distinguishable real-imaginary parts that can achieve state convergence to an equilibrium point in
finite time. Wu and Zeng [2] proposed an optimal control law to minimize the general cost function
and derived the required gain control matrix within the framework of Filippov’s solution to achieve
exponential stabilization of MNNs. In [3], Li et al. addressed the control issue for quaternion-valued
fractional-order fuzzy MNNs by integrating quaternion algebra into fractional-order MNNs, where
the states and connection weights were treated as quaternion values. Recently, several researchers
have investigated MNNs with time-varying delays (TVDs) and reported important findings [4–8].
However, these studies imposed a condition of differentiability on the TVDs, which might be
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overly restrictive.
In dynamic systems, disturbances are likely to occur, and they can have a significant impact on the

system’s performance. To mitigate these effects, various robust control methods have been
developed [9–14]. For MNNs, Cao et al. [15] discussed synchronization of MNNs with uncertain
parameters and topologies, proposing an adaptive robust controller strategy. Ghous et al. [16] first
proposed conditions on the H∞ stability analysis, and then developed a state-feedback-based control
scheme. Yan et al. [17] explored H∞ control of MNNs with dynamic quantization by constructing
two different time-dependent bilateral cyclic functions using differential inclusions, and introduced a
design methodology for a quantized controller relied on linear matrix inequalities (LMIs). In recent
years, numerous results of L2 − L∞ control for various dynamic systems have been reported. Unlike
H∞ control, L2 − L∞ control can ensure that the energy-to-peak (ETP) gain from disturbance to the
output signal is less than a predetermined threshold for all energy-bounded disturbances.
Nevertheless, as far as we know, there are no reports on L2 − L∞ control studies for MNNs, not to
mention MNNs with TVDs.

Motivated by the above observations, this paper investigates the problem of L2 − L∞ control for
MNNs with TVD. In contrast to the TVDs discussed in previous literature, such as [4–8], in this
study, the delay factor under consideration is allowed to be non-differentiable. Due to the difficulty in
obtaining the full state information of a dynamic system, the controller scheme employed in this work
is based on output-feedback, as in [18–22]. The main objective is to design an output-feedback
controller that ensures the L2 − L∞ stability of the closed-loop MNN (i.e., guaranteeing the
asymptotic stability of the MNNs in the absence of disturbance and ensuring that the ETP gain from
the disturbance to the output signal is less than a prescribed L2 − L∞ disturbance-suppression level
when the disturbance is energy-bounded) [23]. We first propose a criterion for the L2 − L∞ stability
by using a Lyapunov functional, the Bessel-Legendre inequality (BLI), and the convex combination
inequality (CCI). Subsequently, we develop a design scheme for the required output-feedback
controller using a nonlinear decoupling technique. The scheme is based on LMIs that can be easily
verified using popular mathematical computing software. Finally, we apply two examples to validate
the proposed L2 − L∞ stability criterion and design method.

2. Preliminaries

This paper adopts the same notations as [24] unless explicitly stated otherwise. The time-delayed
MNN we consider is modeled as

ϕ̇(t) = − Dϕ(t) + A(ϕ(t)σ(ϕ(t)) + Ad(ϕ(t))σ(ϕ(t − ρ(t))) + Bu(t) + Ew(t),
u(t) = Ky(t),
y(t) = Cϕ(t),

(2.1)

where ϕ(t) = col{ϕ1(t), ϕ2(t), . . . , ϕn(t)} ∈ Rn denotes the state vector, ρ(t) is a TVD satisfying
ρ1 ≤ ρ(t) ≤ ρ2, and ρ1, ρ2 are constants. As in [25–29], the time delay under consideration is
allowed to be non-differentiable. The activation function for a neuron is defined as
σ(·) = col{σ1(·), σ2(·), . . . , σn(·)} ∈ Rn with σ j(0) = 0, j ∈ {1, . . . , n}. The positive self-feedback
matrix is indicated by D = diag{d1, d2, . . . , dn}, and A(ϕ(t)) = (ai j(ϕi(t)))n×n and
Ad(ϕ(t)) = (adi j(ϕi(t)))n×n represent the memristive connection weights. Unlike [30–33], the controller
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u(t) ∈ Rm to be designed is based on output-feedback, which is easier to implement. w(t) ∈ Rq is the
disturbance that belongs to L2[0,∞); B ∈ Rn×m, C ∈ Rn×q, and E ∈ Rv×n are known system matrices.
As in [34, 35], it is postulated that the state-dependent parameters related to (2.1) adhere to the
subsequent condition:

ai j (ϕi(t)) =
{

ăi j, |ϕi(t)| ≤ Ti,

âi j, |ϕi(t)| > Ti, i, j ∈ ν.

adi j (ϕi(t)) =
{

ădi j, |ϕi(t)| ≤ Ti,

âdi j, |ϕi(t)| > Ti, i, j ∈ ν,

where Ti > 0 represents the switching jumps, and ăi j, âi j, ădi j, and âdi j, i, j ∈ ν are known constants. It
is evident that the MNN model (2.1) can be regarded as a state-dependent switched system.

Let us define

χa
i j (ϕi(t)) =

 sgn
(
ăi j − âi j

)
, |ϕi(t)| ≤ Ti,

− sgn
(
ăi j − âi j

)
, |ϕi(t)| > Ti,

χb
i j (ϕi(t)) =

 sgn
(
ădi j − âdi j

)
, |ϕi(t)| ≤ Ti,

− sgn
(
ădi j − âdi j

)
, |ϕi(t)| > Ti.

The MNN (2.1) is a differential system with state-dependent parameters. The solutions of the system
can be interpreted within Filippov’s framework. By using differential inclusion and set-valued mapping
theory, as in [16], the MNN can be transformed into an uncertain system as follows:

ϕ̇(t) = − (D − BKC)ϕ(t) + (A0 + A1∆(ϕ(t))A2)σ(ϕ(t))
+ (Ad0 + Ad1∆(ϕ(t − ρ(t)))Ad2)σ(ϕ(t − ρ(t))) + Ew(t), (2.2)

where

A0 =

(
ăi j

)
n×n
+

(
âi j

)
n×n

2
, Ad0 =

(
ădi j

)
n×n
+

(
âdi j

)
n×n

2
,

va
i j =

√(∣∣∣ăi j − âi j

∣∣∣) /2, vb
i j =

√(∣∣∣ădi j − âdi j

∣∣∣) /2,
A1 =

(
va

11v1, . . . , va
1nv1, . . . , va

n1vn, . . . , va
nnvn

)
n×n2 ,

Ad1 =
(
vb

11v1, . . . , vb
1nv1, . . . , vb

n1vn, . . . , vb
nnvn

)
n×n2
,

A2 =
(
va

11v1, . . . , va
1nvn, . . . , va

n1v1, . . . , va
nnvn

)T
n×n2 ,

Ad2 =
(
vb

11v1, . . . , vb
1nvn, . . . , vb

n1v1, . . . , vb
nnvn

)T

n×n2
,

∆(ϕ(t)) ∈ co
[
χa(ϕ(t))

]
, ∆(ϕ(t − ρ(t))) ∈ co

[
χb(ϕ(t))

]
,

χa(ϕ(t)) = diag{χa
11 (ϕ1(t)) , . . . , χa

1n (ϕ1(t)) , . . . , χa
n1 (ϕn(t)) , . . . , χa

nn (ϕn(t))},
χb(ϕ(t)) = diag{χb

11 (ϕ1(t)) , . . . , χb
1n (ϕ1(t)) , . . . , χb

n1 (ϕn(t)) , . . . , χb
nn (ϕn(t))}

with co[·] indicating the convex hull, and the vector vi denoting a column vector with a value of 1 in
its i-th entry and 0 in all other entries.
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Definition 1. System (2.2) is said to beL2−L∞ stable if it achieves asymptotic stability when w(t) ≡ 0,
and satisfies

sup
t≥0

{
yT (t)y(t)

}
≤ γ2

∫ ∞

0
wT (β)w(β)dβ (2.3)

under the zero-initial condition for a predefined constant γ > 0 and all w(t) ∈ L2[0,∞).

Lemma 1. [36] (BLI) For any given matrix Q ∈ Sn
+ and function ϕ : C[a, b]→ Rn, the inequality∫ b

a
ϕ̇T (r)Qϕ̇(r)dr ≥

1
b − a

ΩT diag{Q, 3Q, 5Q}Ω

holds, where

Ω =


ϕ(b) − ϕ(a)

ϕ(b) + ϕ(a) − 2
b−a

∫ b

a
ϕ(t)dt

ϕ(b) − ϕ(a)) − 6
b−a

∫ b

a
δa,b(t)ϕ(t)dt

 ,
δa,b(t) = 2

( t − a
b − a

)
− 1.

Lemma 2. [37] (CCI) For any given matrix Q ∈ Rn
+, if there exists a matrix X ∈ Rn×n such that[

Q X
XT Q

]
≥ 0, then, [ 1

α
Q 0
0 1

1−αQ

]
≥

[
Q X
XT Q

]
, ∀α ∈ (0, 1).

Lemma 3. [38] For any x, y ∈ Rn, scalar ι > 0, and positive definite n × n matrix Υ, the following
holds:

2xTy ≤
1
ι

xTΥx + ιyTΥ−1y.

Lemma 4. (Schur’s complement) [39] For any given matrix S ∈ Sn
+, S =

[
Qa Qb

∗ Qc

]
< 0 is equivalent

to
Qc < 0, Qa − QbQ−1

c QT
b < 0.

Lemma 5. [40] For any natural number N, if there are a scalar µ > 0, and matrices Λ, Vi, Ui,
Yi (i = 1, · · · ,N) such that Λ V1 + µU1 · · ·VN + µUN

∗ diag
{
−µY1 − µYT

1 , · · · ,−µYN − µYT
N

}  < 0,

then we can obtain that

Λ +

N∑
i=1

He
(
ViY−1

i UT
i

)
< 0.

Assumption 1. [41] There is a positive matrix F = diag {F1, F2, . . . , Fn} such that∥∥∥σ j(a) − σ j(b)
∥∥∥ ≤ F j∥a − b∥, ∀a, b ∈ R. (2.4)

Now, the problem we investigate can be stated more precisely as follows: given the MNN (2.1)
with TVD that is not necessarily differentiable, we design an output-feedback controller u(t) = Ky(t)
to ensure the L2 − L∞ stability of MNN (2.2) as defined in Definition 1.
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3. L2 − L∞ stability analysis

For the sake of clarity in the presentation, the notations listed below will be employed in this section:

αi =
[

0n×(i−1)n In 0n×(18−i)n

]
, i = 1, . . . , 18,

G2 =
[
αT

1 − α
T
2 αT

1 + α
T
2 − 2αT

5 αT
1 − α

T
2 − 6αT

6

]T
,

G3 =
[
αT

2 − α
T
3 αT

2 + α
T
3 − 2αT

7 αT
2 − α

T
3 − 6αT

8

]T
,

G4 =
[
αT

3 − α
T
4 αT

3 + α
T
4 − 2αT

9 αT
3 − α

T
4 − 6αT

10

]T
,

Γ =
[

GT
3 GT

4

]T
, ϕt(r) = ϕ(t + r), ρ12 = ρ2 − ρ1,

G0 =
[
αT

15 α
T
1 − α

T
2 αT

1 + α
T
2 − 2αT

5 αT
2 − α

T
4 ĜT

0

]T
,

Ĝ0 = ρ12(α2 + α4) − 2(α11 + α13),

G1(θ) =
[
αT

1 ρ1α
T
5 ρ1α

T
6 αT

11 + α
T
13 ĜT

1 (θ)
]T
,

Ĝ1(θ) = (ρ2 − θ)(α11 + α14) + (θ − ρ1)(α12 − α13),

g1(θ) = (θ − ρ1)
[
α7

α8

]
−

[
α11

α12

]
,

g2(θ) = (ρ2 − θ)
[
α9

α10

]
−

[
α13

α14

]
,

η̂(t) =
[
η0(t) · · · η5(t) ϕ̇T (t) σT (ϕ(t)) σT (ϕ(t − ρ(t)) wT (t)

]T
,

η0(t) =
[
ϕT (t) ϕT (t − ρ1) ϕT (t − ρ(t)) ϕT (t − ρ2)

]T
,

η1(t) =
1
ρ1

[ ∫ 0

−ρ1
ϕT

t (r)dr
∫ 0

−ρ1
δ1(r)ϕT

t (r)dr
]T
,

η2(t) =
1

ρ(t) − ρ1

[ ∫ −ρ1

−ρ(t)
ϕT

t (r)dr
∫ −ρ1

−ρ(t)
δ2(r)ϕT

t (r)dr
]T
,

η3(t) =
1

ρ2 − ρ(t)

[ ∫ −ρ(t)
−ρ2
ϕT

t (r)dr
∫ −ρ(t)
−ρ2
δ3(r)ϕT

t (r)dr
]T
,

η4(t) = (ρ(t) − ρ1) η2(t), η5(t) = (ρ2 − ρ(t)) η3(t),

η6(t) =
[ ∫ −ρ1

−ρ2
ϕT

t (r)dr ρ12

∫ −ρ1

−ρ2
δ4(r)ϕT

t (r)dr
]T

(3.1)

where

δ1(r) = 2
r + ρ1

ρ1
− 1, δ2(r) = 2

r + ρ(t)
ρ(t) − ρ1

− 1,

δ3(r) = 2
r + ρ2

ρ2 − ρ(t)
− 1, δ4(r) = 2

r + ρ2

ρ12
− 1.

We can establish the following criterion for MNN (2.2).

Theorem 1. For given positive scalars ρ1, ρ2, if there exist matrices P =
(
P jk

)
5×5
∈ S5n

+ ,
M1,M2,Q1,Q2 ∈ Sn

+, W1,W2 ∈ Rn×n N1,N2 ∈ R18n×2n, positive diagonal matrices

Mathematical Biosciences and Engineering Volume 20, Issue 7, 13182–13199.



13187

T1,T2,Λ1,Λ2,Λ3,Λ4, and a matrix X ∈ R3n×3n such that

Ψ =

[
R̃2 X
XT R̃2

]
≥ 0, (3.2)

CTC − P11 < 0, (3.3)
Θi(θ) Ξ1 Ξ2 Ξ3 Ξ4

∗ −Λ1 0 0 0
∗ ∗ −Λ3 0 0
∗ ∗ ∗ −Λ2 0
∗ ∗ ∗ ∗ −Λ4


< 0 (3.4)

for i = 1, 2, and any θ in R,

Θi(θ) = Θi
0(θ) + 2αT

1 WT
1 Eα18 + 2αT

15WT
2 Eα18 + α18γ

2Iα18,

Θi
0(θ) = He

[(
GT

1 (θ)PG0

)
+ N1g1(θ) + N2g2(θ)

]
+ Ĥ + 2αT

1 (−WT
1 − DT

KW2)α15

+ 2αT
1 (WT

1 A0 + T1F)α16 + 2αT
3 T2Fα17 + 2αT

1 WT
1 Ad0α17 + 2αT

15WT
2 A0α16

+ 2αT
15WT

2 Ad0α17 −GT
2 R̃1G2 − Γ

TΨΓ + M̂ − α18α18,

M̂ = diag{M1,−M1 + M2, 0n×n,−M2, 014n×14n},

Ĥ = diag{He(−WT
1 DK), 013n×13n,He(−WT

2 ) + ρ2
1Q1 + ρ

2
12Q2,

He(−T T
1 ) + AT

2 (Λ1 + Λ2)A2,He(−T T
2 ) + AT

d2(Λ3 + Λ4)Ad2, 0n×n},

R̃i = diag{Ri, 3Ri, 5Ri} i = 1, 2,
DK = D − BKC,

Ξ1 = [WT
1 A1 017n×2n]T ,

Ξ2 = [WT
1 Ad1 017n×2n]T ,

Ξ3 = [014n×2n WT
2 A1 03n×2n]T ,

Ξ4 = [014n×2n WT
2 Ad1 03n×2n]T ,

then, MNN (2.2) achieves L2 − L∞ stability.

Proof. Construct the following Lyapunov functional:

V(ϕt, ϕ̇t) = V1(ϕt) + V2(ϕt) + V3(ϕt, ϕ̇t),
V1(ϕt) = ϕ̃T (t)Pϕ̃(t),

V2(ϕt) =
∫ t

t−ρ1

ϕT (r)M1ϕ(r)dr +
∫ t−ρ1

t−ρ2

ϕT (r)M2ϕ(r)dr,

V3(ϕt, ϕ̇t) = ρ1

∫ 0

−ρ1

∫ t

t+θ
ϕ̇T (r)Q1ϕ̇(r)drdθ + ρ12

∫ −ρ1

−ρ2

∫ t

t+θ
ϕ̇T (r)Q2ϕ̇(r)drdθ,

where
ϕ̃(t) = col {ϕ(t), ρ1η1(t), η6(t)} .
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Differentiating V1(ϕt) along the trajectories of (2.2), we obtain

V̇1(ϕt) = 2ϕ̃T (t)P ˙̃ϕ(t).

If we let ϕ, η̂ stand for ϕ(t) and η̂(t), then we get

ρ1η̇1(t) =
[
αT

1 − α
T
2 αT

1 + α
T
2 − 2αT

5

]T
η̂,

η̇6(t) =
[
αT

2 − α
T
4 ρ12α

T
2 + ρ12α

T
4 − 2αT

11 − 2αT
13

]T
η̂

=
[
αT

2 − α
T
4 ĜT

0

]T
η̂,

leading to
˙̃ϕ(t) = G0η̂,

where G0 is defined as shown in (3.1), and

ϕ(t) = α1η̂, ρ1η1(t) = ρ1

[
αT

5 αT
6

]T
η̂.

Consider the last element of ϕ̃(t) (i.e., η6(t)). We can get

η6(t) =


∫ −ρ1

−ρ
ϕt(r)dr

ρ12

∫ −ρ1

−ρ
δ4(r)ϕt(r)dr

 + 
∫ −ρ
−ρ2
ϕt(r)dr

ρ12

∫ −ρ
−ρ2
δ4(r)ϕt(r)dr

 . (3.5)

From the given expression, we observe that the initial n elements can be represented as (α11 + α13) η̂.
For the remaining n components, it is necessary to determine two expressions of δ4(s) based on δ2(s)
and δ3(s), respectively. Some calculations show

ρ12δ4(r) = (ρ − ρ1) δ2(r) + (ρ2 − ρ)

= (ρ2 − ρ) δ3(r) − (ρ − ρ1) . (3.6)

Reinjecting (3.6) into (3.5) leads to

ρ12

(∫ −ρ1

−ρ

δ4(r)ϕt(r)dr +
∫ −ρ

−ρ2

δ4(r)ϕt(r)dr
)

=

∫ −ρ1

−ρ

[
(ρ − ρ1) δ2(r) + (ρ2 − ρ)

]
ϕt(r)dr +

∫ −ρ

−ρ2

[
(ρ2 − ρ) δ3(r) − (ρ − ρ1)

]
ϕt(r)dr

= Ĝ1(ρ)η̂.

Hence, we obtain that η6(t) =
[
αT

11 + α
T
13 ĜT

1 (ρ)
]
η̂ and

ϕ̃(t) = G1(ρ)η̂.

Moreover, based on the definition of η̂, it is apparent that

(ρ − ρ1)η2(t) − η4(t) =0,
(ρ2 − ρ)η3(t) − η5(t) =0.
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Therefore, using the matrices g1 and g2 defined in (3.1), the following equality holds for any matrices
N1,N2 ∈ R

18n×2n:

2η̂T (N1g1(ρ) + N2g2(ρ)) η̂ = 0.

The derivatives of V̇1(ϕt), V̇2(ϕt), and V̇3(ϕt) in MNN (2.2) can be computed as follows:

V̇1(ϕt) = η̂T He
[(

GT
1 (ρ)PG0

)
+ N1g1(ρ) + N2g2(ρ))

]
η̂, (3.7)

V̇2(ϕt) = ϕT (t)M1ϕ(t) − ϕT (t − ρ1)M1ϕ(t − ρ1)
+ ϕT (t − ρ1)M2ϕ(t − ρ1) − ϕT (t − ρ2)M2ϕ(t − ρ2)
= η̂T M̂η̂, (3.8)

V̇3(ϕt, ϕ̇t) = ρ12

[∫ −ρ1

−ρ2

(
ϕ̇T (t)Q2ϕ̇(t) − ϕ̇T (t + θ)Q2ϕ̇(t + θ)

)
dθ

]
+ ρ1

[∫ 0

−ρ1

(
ϕ̇T (t)Q1ϕ̇(t) − ϕ̇T (t + θ)Q1ϕ̇(t + θ)

)
dθ

]
= ρ2

12ϕ̇
T (t)Q2ϕ̇(t) − ρ12

∫ −ρ1

−ρ2

ϕ̇T (t + θ)Q2ϕ̇(t + θ)dθ

+ ρ2
1ϕ̇

T (t)Q1ϕ̇(t) − ρ1

∫ 0

−ρ1

ϕ̇T (t + θ)Q1ϕ̇(t + θ)dθ

= ϕ̇T (t)
(
ρ2

1Q1 + ρ
2
12Q2

)
ϕ̇(t) − ρ1

∫ t

t−ρ1

ϕ̇T (r)Q1ϕ̇(r)dr − ρ12

∫ t−ρ1

t−ρ2

ϕ̇T (r)Q2ϕ̇(r)dr. (3.9)

Using Lemma 1, we can get

−ρ1

∫ t

t−ρ1

ϕ̇T (r)Q1ϕ̇(r)dr ≤ −


α1 − α2

α1 + α2 − 2α5

α1 − α2 − 6α6


T

R̃1


α1 − α2

α1 + α2 − 2α5

α1 − α2 − 6α6


= −GT

2 R̃1G2,

and

−ρ12

∫ t−ρ1

t−ρ2

ϕ̇T (r)Q2ϕ̇(r)dr ≤ −
ρ12

ρ2 − ρ


α3 − α4

α3 + α4 − 2α9

α3 − α4 − 6α10


T

R̃2


α3 − α4

α3 + α4 − 2α9

α3 − α4 − 6α10


−
ρ12

ρ − ρ1


α2 − α3

α2 + α3 − 2α7

α2 − α3 − 6α8


T

R̃2


α2 − α3

α2 + α3 − 2α7

α2 − α3 − 6α8


= −

ρ12

ρ2 − ρ
GT

4 R̃2G4 −
ρ12

ρ − ρ1
GT

3 R̃2G3

= −
[

GT
3 GT

4

]  ρ12
ρ−ρ1

R̃2 0
0 ρ12

ρ2−ρ
R̃2

 [ G3

G4

]
.
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For the matrix X ∈ R3n×3n, and by using Lemma 2, the derivative of V3(ϕt, ϕ̇t) is given by

V̇3(ϕt, ϕ̇t) ≤ ϕ̇T (t)
(
ρ2

1Q1 + ρ
2
12Q2

)
ϕ̇(t) −GT

2 R̃1G2

−
[

GT
3 GT

4

] [ R̃2 X
XT R̃2

] [
G3

G4

]
= η̂T

[
αT

15

(
ρ2

1Q1 + ρ
2
12Q2

)
α15 + GT

2 R̃1G2 − Γ
TΨΓ

]
η̂.

(3.10)

Then, we consider the free-weighting n × n matrices, W1 and W2, under the conditions of MNN (2.2),
we can conclude that the following equation holds true:

0 =2
[
ϕT(t)WT

1 + ϕ̇
T(t)WT

2

] [
−ϕ̇(t) − DKϕ(t) + A0σ(ϕ(t)) + Ad0σ(ϕ(t − ρ(t))

]
+ 2

[
ϕT(t)WT

1 + ϕ̇
T(t)WT

2

]
[A1∆(ϕ(t))A2σ(ϕ(t)) + Ad1∆(ϕ(t − ρ(t)))Ad2σ(ϕ(t − ρ(t)))]. (3.11)

Given that ∆(ϕ(t))∆(ϕ(t)) ≤ I and ∆(ϕ(t − ρ(t)))∆(ϕ(t − ρ(t))) ≤ I, we can derive the following set of
four inequalities for positive diagonal matrices Λ1,Λ2,Λ3,Λ4:

2ϕT(t)WT
1 A1∆(ϕ(t))A2σ(ϕ(t)) ≤ ϕT(t)WT

1 A1Λ
−1
1 AT

1 W1ϕ(t) + σT(ϕ(t))AT
2Λ1A2σ(ϕ(t)), (3.12)

2ϕ̇T(t)WT
2 A1∆(ϕ(t))A2σ(ϕ(t)) ≤ ϕ̇T(t)WT

2 A1Λ
−1
2 AT

1 W2ϕ̇(t) + σT(ϕ(t))AT
2Λ2A2σ(ϕ(t)), (3.13)

2ϕT(t)WT
1 Ad1∆(ϕ(t − ρ(t)))Ad2σ(ϕ(t − ρ(t)))

≤ ϕT(t)WT
1 Ad1Λ

−1
3 AT

d1W1ϕ(t) + σT(ϕ(t − ρ(t)))AT
d2Λ3Ad2σ(ϕ(t − ρ(t))), (3.14)

2ϕ̇T(t)WT
2 Ad1∆(ϕ(t − ρ(t)))Ad2σ(ϕ(t − ρ(t)))

≤ ϕ̇T(t)WT
2 Ad1Λ

−1
4 AT

d1W2ϕ̇(t) + σT(ϕ(t − ρ(t)))AT
d2Λ4Ad2σ(ϕ(t − ρ(t))). (3.15)

Under the condition specified in (2.4) for neuron activation functions, the following inequalities hold:

0 ≤ 2ϕT (t)T1Fσ(ϕ(t)) − 2σT (ϕ(t))T1σ(ϕ(t)),
0 ≤ 2ϕT (t − ρ(t))T2Fσ(ϕ(t − ρ(t))) − 2σT (ϕ(t − ρ(t)))T2σ(ϕ(t − ρ(t))).

(3.16)

Through a synthesis of Eqs (3.7)–(3.16), we arrive at the ensuing outcome:

V̇(ϕt, ϕ̇t) ≤ η̂T
(
He[

(
GT

1 (θ)PG0

)
+ N1g1(θ) + N2g2(θ)] + αT

15

(
ρ2

1Q1 + ρ
2
12Q2

)
α15 + Ĥ + M̂

−GT
2 R̃1G2 − Γ

TΨΓ + 2αT
1 (−WT

1 − DT
KW2)α15 + 2αT

3 T2Fα17 + 2αT
1 (WT

1 A0 + T1F)α16

+ 2αT
1 WT

1 Ad0α17 + 2αT
15WT

2 A0α16 + 2αT
15WT

2 Ad0α17

)
η̂ + wT (t)w(t)

= η̂TΘi
0(θ)η̂ + wT (t)w(t). (3.17)

Utilizing the convexity property of Θi
0(·), we infer from (3.4) that

Θi
0(ρ(t))) < 0 (3.18)

for all ρ(t) ∈
[
ρ1, ρ2

]
. After taking (3.18) into account, it can be inferred from (3.17) that

V̇i

(
ϕt, ϕ̇t

)
≤ wT (t)w(t), (3.19)

In the case where w(t) ≡ 0, we can obtain the following expression from (3.19):

V̇i

(
ϕt, ϕ̇t

)
≤ 0.

Mathematical Biosciences and Engineering Volume 20, Issue 7, 13182–13199.



13191

According to Lyapunov’s theory, for all non-zero ϕ(t), MNN (2.2) is guaranteed to exhibit asymptotic
stability. On the other side, when w(t) , 0, an index function can be introduced and defined as follows:

J(t) = y(t)T y(t) − γ2
∫ t

0
w(r)T w(r)dr.

Assuming zero initial condition, applying the Newton-Leibniz formula results in:

J(t) = y(t)T y(t) − γ2
∫ t

0
w(r)T w(r)dr +

∫ t

0
V̇(r)dr − (V(t) − V(0)).

≤ ϕT (t)
(
CTC − P11

)
ϕ(t) +

∫ t

0

(
V̇(r) − γ2w(r)T w(r)

)
ds

≤ ϕT (t)
(
CTC − P11

)
ϕ(t) +

∫ t

0
η̂TΘi(θ)η̂ds.

From (3.3) and (3.4), it follows that for all w(t) , 0, we have J(t) ≤ 0. Therefore, MNN (2.2) has
L2 − L∞ stability. □

4. L2 − L∞ control

The objective of this section is to discuss the issue of L2 − L∞ control concerning MNN (2.2) with
TVD. The following theorem provides a design strategy based on LMIs:

Theorem 2. For given positive scalars γ, ε, ρ1, and ρ2, if there exist matrices P =
(
P jk

)
5×5
∈ S5n

+ ,
M1,M2,Q1,Q2, L,U ∈ Sn

+, W1,W2 ∈ Rn×n, N1,N2 ∈ R18n×2n, positive diagonal matrices
T1,T2,Λ1,Λ2,Λ3,Λ4, and a matrix X ∈ R3n×3n. Such that (3.2), (3.3), and

Θ̃i(θ) Ξ1 Ξ2 Ξ3 Ξ4 Ξ5

∗ −Λ1 0 0 0 0
∗ ∗ −Λ3 0 0 0
∗ ∗ ∗ −Λ2 0 0
∗ ∗ ∗ ∗ −Λ4 0
∗ ∗ ∗ ∗ ∗ −ε(L + LT )


< 0, (4.1)

Θ̃i(θ) = Θ̃i
0(θ) + 2αT

1 BUCα1 + 2αT
1 CT UT BTα15,

Θ̃i
0(θ) = He[(GT

1 (θ)PG0) + N1g1(θ) + N2g2(θ)] −GT
2 R̃1G2 − Γ

TΨΓ + H̃ + M̂

+ 2αT
1 (−WT

1 − DT W2)α15 + 2αT
1 (WT

1 A0 + T1F)α16 + 2αT
1 WT

1 Ad0α17

+ 2αT
3 T2Fα17 + 2αT

15WT
2 A0α16 + 2αT

15WT
2 Ad0α17 + 2αT

1 WT
1 Eα18 + 2αT

15WT
2 Eα18,

M̂ = diag(M1,−M1 + M2, 0n×n,−M2, 014n×14n),

H̃ = diag
(
He(−WT

1 D), 013n×13n,He(−WT
2 ) + ρ2

1Q1 + ρ
2
12Q2,

He(−T T
1 ) + AT

2 (Λ1 + Λ2)A2,He(−T T
2 ) + AT

d2(Λ3 + Λ4)Ad2,−γ
2I

)
,

Ξ5 = [WT
1 B − BL + εUTCT 013n×n WT

2 B − BL + εUTCT 03n×n]T ,
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and the other notations used are the same as in Theorem 1, then, the control gain for the desired
output-feedback controller can then be calculated by

K = L−1U. (4.2)

Proof. The inequality expressed in Eq (4.1) can be restated in the following form:

Ω + He (∆BK∆C) < 0 (4.3)

where

Ω = Θ̃i
0(θ),

∆B = [WT
1 B 013n×n WT

2 B 03n×n]T ,

∆C = [C 013n×n C 03n×n].

Recognizing (4.2), the Eq (4.3) can be rewritten as:

Ω + He
(
∆JU∆C + (∆B − ∆JL) L−1U∆C

)
< 0 (4.4)

where

∆J =
[

B 0n×13n B 0n×3n

]T
.

In light of Lemma 5, it follows that the validity of inequality (4.4) is guaranteed by (4.1), culminating
in the completion of the proof. □

5. Number examples

Two numerical examples are presented to demonstrate the effectiveness of the L2 − L∞ stability
analysis for the MNN with non-necessarily differentiable TVD, and the proposed output-feedback
controller design method.
Example 1. In this context, we consider MNN (2.1) with n = 2 and activation functions σ(ϕ j(t)) =
tanh(ϕ j(t)) for j = 1, 2, which satisfies (2.4). The network parameters are selected in accordance
with [34]:

D(ϕ(t)) =
[

d1 (ϕ1(t)) 0
0 d2 (ϕ2(t))

]
,

A(ϕ(t)) =
[

a11 (ϕ1(t)) 0.6
0.5 a22 (ϕ2(t))

]
,

Ad(ϕ(t)) =
[
−0.1 ad12 (ϕ1(t))
ad21 (ϕ2(t)) −0.2

]
,

where

d1 (ϕ1(t)) =
{

1, |ϕ1(t)| ≤ 0.5,
0.9, |ϕ1(t)| > 0.5,

d2 (ϕ2(t)) =
{

0.9, |ϕ2(t)| ≤ 0.5,
1, |ϕ2(t)| > 0.5,

a11 (ϕ1(t)) =
{

0, |ϕ1(t)| ≤ 0.5,
−0.1, |ϕ1(t)| > 0.5,

a22 (ϕ2(t)) =
{
−0.1, |ϕ2(t)| ≤ 0.5,
0, |ϕ2(t)| > 0.5,

ad12 (ϕ1(t)) =
{

0.6, |ϕ1(t)| ≤ 0.5,
0.1, |ϕ1(t)| > 0.5,

ad21 (ϕ2(t)) =
{

0.3, |ϕ2(t)| ≤ 0.5,
0.2, |ϕ2(t)| > 0.5.

Mathematical Biosciences and Engineering Volume 20, Issue 7, 13182–13199.
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Then, we can obtain that

D =
[

0.95 0
0 0.95

]
, A0 =

[
−0.05 0.6
0.5 −0.05

]
, Ad0 =

[
−0.1 0.35
0.25 −0.2

]
,

A1 =

[ √
0.05 0 0 0

0 0 0
√

0.05

]
, AT

2 =

[ √
0.05 0 0 0

0 0 0
√

0.05

]
,

Ad1 =

[
0
√

0.25 0 0
0 0

√
0.05 0

]
, AT

d2 =

[
0 0

√
0.05 0

0
√

0.25 0 0

]
.

Table 1. Maximum allowable value ρ2, ρ12 for given ρ1.

ρ1 0 0.5 1 1.5 2 2.5 3
ρ2 3.04 3.46 3.85 4.21 4.59 5.01 5.46
ρ12 3.04 2.96 2.85 2.71 2.59 2.51 2.46

The presented results in Table 1 demonstrate the upper delay bound and the allowable time delay
in the non-differentiable TVD system governed by MNN (2.2) for different values of the parameter ρ1.
The analysis indicates that the upper bound of the time delay (ρ2) increases as the lower bound of the
time delay (ρ1) increases, while the allowable time delay interval (ρ12) decreases.
Example 2. Consider MNN (2.1) with n = 2, where the activation functions for neurons j = 1, 2 are
given by σ(ϕ j(t)) = tanh(ϕ j(t)) and σ(ϕ j(t − ρ(t))) = tanh(ϕ j(t − ρ(t))). These functions satisfy the
condition in (2.4). The other parameters are as follows:

w(t) =
[

1.8e−0.5t 1.8e−0.5t
]
, ρ(t) = 1 + 2.8 |sin(t)| ,

D =
[

0.9 0
0 0.9

]
, B =

[
4 2
1 3

]
, E =

[
0.1 0.2
0.3 0.4

]
, C =

[
1 2
1 1

]
,

A(ϕ(t)) =
[

a11 (ϕ1(t)) a12 (ϕ1(t))
a21 (ϕ1(t)) a22 (ϕ2(t))

]
, Ad(ϕ(t)) =

[
−0.1 ad12 (ϕ1(t))
ad21 (ϕ2(t)) −0.2

]
,

where

a11 (ϕ1(t)) =
{

1, |ϕ1(t)| ≤ 1,
1.5, |ϕ1(t)| > 1,

a12 (ϕ1(t)) =
{

1.4, |ϕ1(t)| ≤ 1,
1.7, |ϕ1(t)| > 1,

a21 (ϕ1(t)) =
{
−3, |ϕ1(t)| ≤ 1,
−3.2, |ϕ1(t)| > 1,

a22 (ϕ2(t)) =
{

2, |ϕ2(t)| ≤ 1,
1.6, |ϕ2(t)| > 1,

ad12 (ϕ1(t)) =
{

0.6, |ϕ1(t)| ≤ 1,
0.1, |ϕ1(t)| > 1,

ad21 (ϕ2(t)) =
{

0.3, |ϕ2(t)| ≤ 1,
0.2, |ϕ2(t)| > 1.

By excluding matrix C, the matrices are identical to these in [16], and MNN (2.2) can be acquired
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with the parameters listed below:

A0 =

[
1.25 1.55
−3.1 1.8

]
, A1 =

[
0.5

√
0.15 0 0

0 0
√

0.1
√

0.2

]
,

Ad0 =

[
−0.1 0.35
0.25 −0.2

]
, A2 =

[
0.5 0

√
0.1 0

0
√

0.15 0
√

0.2

]T

,

Ad1 =

[
0
√

0.25 0 0
0 0

√
0.05 0

]
, Ad2 =

[
0 0

√
0.05 0

0
√

0.25 0 0

]T

.

Under the parameters specified above, Figure 1 illustrates the state trajectories of the system (2.2),
where the initial condition is set to ϕ(t) = [2 4]T and u(t) ≡ 0. The figure demonstrates that the
system trajectories fail to converge to zero without any control input.

0 10 20 30 40 50

-4

-3

-2

-1

0

1

2

3

4

Figure 1. The state trajectories of MNN system (2.1) without control.

For this example, the control methods presented in [4–8] are not applicable since the time delay
is not differentiable. However, the present control method is suitable for stabilizing MNN (2.2). The
determination of the required gain matrices can be achieved by utilizing Theorem 2, which yields the
following result:

K =
[

13.5374 −15.4456
−15.2271 13.2160

]
. (5.1)

In the simulation, we set

γ = 1, ε = 0.9, ϕ(t) = [2 5]T ,

L(t) =

(
sup0≤t

{
yT (t)y(t)

})1/2(∫ t

0
wT (β)w(β)dβ

)1/2 , F =
[
1 0
0 1

]
.
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Figure 2 presents MNN (2.2) state trajectories in response to control inputs. It is apparent that under
the controller (5.1) specified by Theorem 2, MNN (2.2) states achieve L2−L∞ stablility. Additionally,
Figure 3 depicts the evolution of L(t). Controller design efficacy is confirmed through simulation
results.

0 0.2 0.4 0.6 0.8 1

-0.5

0

0.5

1

1.5

2

2.5

3

3.5

4

Figure 2. The state trajectories of MNN (2.1) with control.

0 0.2 0.4 0.6 0.8 1

0

0.05

0.1

0.15

Figure 3. L(t).

6. Conclusions

This paper has investigated L2 − L∞ control for MNNs a with non-necessarily differentiable TVD.
A criterion on the L2 − L∞ stability was proposed using a Lyapunov functional, the BLI, and the
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CCI. Then, a LMIs-based design scheme for the required output-feedback controller was developed
by decoupling nonlinear terms. Finally, two examples were presented to verify the proposed L2 − L∞

stability criterion and design method.
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